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Abstract: In this article, we propose a new methodology to construct and study generalized three-step
numerical methods for solving nonlinear equations in Banach spaces. These methods are very general
and include other methods already in the literature as special cases. The convergence analysis of the
specialized methods is been given by assuming the existence of high-order derivatives which are
not shown in these methods. Therefore, these constraints limit the applicability of the methods to
equations involving operators that are sufficiently many times differentiable although the methods
may converge. Moreover, the convergence is shown under a different set of conditions. Motivated by
the optimization considerations and the above concerns, we present a unified convergence analysis
for the generalized numerical methods relying on conditions involving only the operators appearing
in the method. This is the novelty of the article. Special cases and examples are presented to conclude
this article.
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1. Introduction

A plethora of applications from diverse disciplines of computational sciences are
converted to nonlinear equations such as

F(x) =0 ¢y

using modeling (mathematical) [1-4]. The nonlinear operator F is defined on an open and
convex subset () of a Banach space X with values in X. The solution of the equation is
denoted by x.. Numerical methods are mainly used to find x.. This is the case since the
analytic form of the solution x, is obtained in special cases.

Researchers, as well as practitioners, have proposed numerous numerical methods
under a different set of convergence conditions using high-order derivatives, which are not
present in the methods.

Let us consider an example.

Example 1. Define the function F on X = [—0.5,1.5] by

F(t) = {

BInt? +£5 -4, t#0
0, t=0
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Clearly, the point t, = 1 solves the equation F(t) = 0. It follows that

F"(t) = 6Int*+60t> — 24t +22.

Then, the function F does not have a bounded third derivative in X.

Hence, many high convergence methods (although they may converge) cannot apply
to show convergence. In order to address these concerns, we propose a unified approach
for dealing with the convergence of these numerical methods that take into account only
the operators appearing on them. Hence, the usage of these methods becomes possible and
under weaker conditions.

Let xg € Q) be a starting point. Define the generalized numerical method Vn = 0,1,2, ...

by
Yn = an=a(xy)
zp = by= b(xn/]/n) )
Xny1 = Cn = (Xn,Yn, zn),

wherea: () — X, b: 3 x Q — Xand c: Q x Q) x ) — X are given operators chosen
so that lim,, 0 X, = Xs.
The specialization of (2) is

Yn = Xp+ “nF(xn)
Zy = Up+ ﬁnF(xn) + ’)’nF(yn) (©)]
Xpt1 = U+ O0nF(xn) + €nF(Yn) + 0aF(z0),

where u,, = x, Or Uy = Yy, Uy = Xy O Uy = Yy OF Uy = 2z, and &y, By, Yn, On, €n, O are linear
operators on (2, (O x () and Q) x () x (), with values in X, respectively. By choosing some
of the linear operators equal to the O linear operators in (3), we obtain the methods studied
in [5]. Moreover, if X = Rk, then we obtain the methods studied in [6,7]. In particular, the
methods in [5] are of the special form

Yn = Xp— OirllF(xn)
Zn = Yn— Oziip(yn) (4)
Xp41 = Zn— O;ﬁl—"(zn),
Yn = Xn— sF’(xn)_lF(xn)
zn = Xp— Og,F(xp) (5)
Xpn+l = Zn— O5,nF(ZH)/

where they, as the methods in [7,8], are of the form

Yn = xn_F’(xn)_lF(xn)
Zn = Yn— OpuF (xu) "Flyn) (6)
Xp+1 = Zn — O7,nF/(xn>71F(Zn)/

where s € R is a given parameter, and Oy ,, k = 1,2,...,7 are linear operators acting
between () and X. In particular, operators must have a special form to obtain the fourth,
seventh or eighth order of convergence.

Further specifications of operators “O” lead to well-studied methods, a few of which
are listed below (other choices can be found in [6,7,9,10]):
Newton method (second order) [1,4,11,12]:

Yn = Xy — F'(x,) "V F(x). (7)
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Jarrat method (second order) [13]:
i = 0 — 2F' (o) ") ®)
Traub-type method (fifth order) [14]:
Yo = xn—F(xu) ' F(xn)
Zn = Xn— F/(xn)ilF(yn) 9
Xpp1 = Xp—F (x2) 7 F(zn).
Homeir method (third order) [15]:
Yn = Xp— %F’(xn)*lF(xn)
Xpe1 = Yn— F'(xn) Fyn). (10)
Cordero-Torregrosa (third Order) [2]:
Yo = Xn—F(x3) ' Fxn)
Yup1 = Xn— 6<F’(xn) +4F’(W)>F’(yn)—1p(xn). (11)
or
Yn = xn—F'(x4) 'F(xn) (12)
Y = Xn—2 [ZF/(?)X”Z‘V”) PRty o (e S )} e,
Noor-Wasseem method (third order) [3]:
Yo = Xu—F (xu) "F(xn)
an = AP )| ) (13
Xiao-Yin method (third order) [16]:
Yo = xn—F (x2) "F(xa)
G = T 2| (P () — F (o)) 4 F (o) ). (14)
Corder-Torregrosa method (fifth order) [2]:
Yo = Xn— %F’(xn)le(xn)
2= = 5 OF () = F'u)  OF () + F () F () () (19
Yt = 2 (GF () + 5F (1) E(zn).
or
Yo = xn—F(xa)"'F(x)
2w = Xn = 2(F (yn) + F'(xn)) " F(xn) (16)

xn+1 = Zn _F/(yn)_lF(Zn).
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Sharma-Arora method (fifth order) [17,18]:

Yn = Xn— F/(xn)ilF(xn)
Xn+1 = Xn — (21:/(%1)_1 - F/(xn)_l)l:(xn)-

Xiao-Yin method (fifth order) [16]:

Yn = Xpn— %F,(xn)ilp(xn)
o = g BF () + F () )E ()
Y = x5 [ BF )~ F'x) ! Fla)

Traub-type method (second order) [14]:

Yn = Xn— [wnr xn/'P]ilp(xn)
wy, = xy+dF(x,),

where [.,; F] : Q x Q — L(X, X) is a divided difference of order one.
Moccari-Lofti method (fourth order) [19]:

Yn = Xn— [xnr wn}F]ilp(xn)

X1 = Yn— (Yn, Wn; F] + [Yn, xn; F] = [0, 00; F]) 7' F(yn).

Wang-Zang method (seventh order) [8,16,20]:

Yn = Xpn— [wn/ xn}F]_lF(xn)
Zy = MS(xn/ yn)
Xn+l = Zn — ([Zn/ Xns F] + [Zn/yn} F] - [yn/ Xn, F])ilp(zn)/

where Mjg is any fourth-order Steffensen-type iteration method.
Sharma-Arora method (seventh order) [17]:

Yn = Xn— W, xn; F] 71 (xn)
zn = Yn— (31— [wn, Xu; F)\ (Y, Xu; F] + [y, W F]))
[wn,xn;F]’l)F(yn)
Xup1 = zn— [ZnYn; ) ([wn, x0; F]

+[Yn, xn; F] — [zn,xn;F])[wn,xn;F}_lF(zn).

(17)

(18)

(19)

(20)

(21)

(22)

The local, as well as the semi-local, convergence for methods (4) and (5), were pre-
sented in [17], respectively, using hypotheses relating only to the operators on these meth-
ods. However, the local convergence analysis of method (6) requires the usage of derivatives
or divided differences of higher than two orders, which do not appear in method (6). These
high-order derivatives restrict the applicability of method (6) to equations whose operator

F has high-order derivatives, although method (6) may converge (see Example 1).

Similar restrictions exist for the convergence of the aforementioned methods of order

three or above.

It is also worth noticing that the fifth convergence order method by Sharma [18]

yn — .Xn *FI(.Xn)_lF(x”)
Zn = Yn— 5Fl(xn)7lp(yn)

Vet = yn— 9F (6) V() + F (xn) ()

(23)
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cannot be handled with the analyses given previously [5-7] for method (4), method (5), or
method (6).

Based on all of the above, clearly, it is important to study the convergence of method (2)
and its specialization method (3) with the approach employed for method (4) or (5). This
way, the resulting unified convergence criteria can apply to their specialized methods listed
or not listed previously. Hence, this is the motivation as well as the novelty of the article.

There are two important types of convergence: the semi-local and the local. The
semi-local uses information involving the initial point to provide criteria, assuring the
convergence of the numerical method, while the local one is based on the information
about the solution to find the radii of the convergence balls.

The local convergence results are vital, although the solution is unknown in general
since the convergence order of the numerical method can be found. This kind of result also
demonstrates the degree of difficulty in selecting starting points. There are cases when the
radius of convergence of the numerical method can be determined without the knowledge
of the solution.

As an example, let X = R. Suppose function F satisfies an autonomous differen-
tial [5,21] equation of the form

H(F(t)) = F'(t),

where H is a continuous function. Notice that H(F(t.)) = F'(t.) or F/(t,) = H(0). In the
case of F(t) = ¢! — 1, we can choose H(t) = t + 1 (see also the numerical section).

Moreover, the local results can apply to projection numerical methods, such as
Arnoldi’s, the generalized minimum residual numerical method (GMRES), the generalized
conjugate numerical method (GCS) for combined Newton/finite projection numerical
methods, and in relation to the mesh independence principle to develop the cheapest and
most efficient mesh refinement techniques [1,5,11,21].

In this article, we introduce a majorant sequence and use our idea of recurrent functions
to extend the applicability of the numerical method (2). Our analysis includes error bounds
and results on the uniqueness of x, based on computable Lipschitz constants not given
before in [5,13,21-24] and in other similar studies using the Taylor series. This idea is very
general. Hence, it applies also to other numerical methods [10,14,22,25].

The convergence analysis of method (2) and method (3) is given in Section 2. Moreover,
the special choices of operators appear in the method in Sections 3 and 4. Concluding
remarks, open problems, and future work complete this article.

2. Convergence Analysis of Method

The local is followed by the semi-local convergence analysis. Let S = [0, c0) and
So = [0,pp) for some pg > 0. Consider functions k1 : So — R, hp : Sy x So — R and
h3 : S x Sp x So — R be continuous and nondecreasing in each variable.
Suppose that equations
hi(t)—1=0,i=1,2,3 (24)

have the smallest solutions, p; € S — {0}. The parameter p defined by
p = min{p;} (25)

shall be shown to be a radius of convergence for method (2). Let S; = [0, p). It follows by
the definition of radius p that forall t € S;

0 < h(t) <1 (26)

The notation U(x, ¢) denotes an open ball with center x € X and of radius ¢ > 0. By
U[x, ¢], we denote the closure of U(x,¢).

The following conditions are used in the local convergence analysis of the method (2).

Suppose the following:
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(H1) Equation F(x) = 0 has a solution x, € Q.
(F2) fla(x) = x|l < By ([l = xa] ) [l — x4]],

16Cx,y) = x| < ha(flx = il ly = 2} [ = 2]

and
le(x,y,2) = x|l < Ba(|[x = xal|, Iy — x4l [z = 2] [[x = x|
forall x,y,z € Qy = QN U(x,p0)-

(H3) Equations (24) have smallest solutions p; € Sy — {0};
(H4) U[x«,p] C Q, where the radius p is given by Formula (25).

Next, the main local convergence analysis is presented for method (2).

Theorem 1. Suppose that the conditions (H1)-(H4) hold and xg € U(x.,r) — {x.}. Then, the
sequence {x, } generated by method (2) is well defined and converges to x... Moreover, the following
estimates hold Vn =0,1,2,...

lyn — 2l < ha(flxen — 2D |20 = x]] < 2w — 24|l <o (27)
lzn — x| < ha(lxn = xsll, [[yn — 2l ll2en — 24 ]| < [Jn — x| (28)

and
a1 = xull < a(ltn = el = 2l 120 = Dl = ] <t — 2]l (29)

Proof. Let xg € U(x+«,po). Then, it follows from the first condition in (H1) the definition of
p, (26) (for i = 1) and the first substep of method (2) for n = 0 that

1Yo = x| < hn(flxo = 2«0 = x| < [lxo = x| <o, (30)

showing estimate (27) for n = 0 and the iterate yy € U(xy, p). Similarly,

20 — xll < ha(llxo — x«l, [[yo — x«[]) 10 — x|
< ha([lxo — x|, [lyo — x|
< ha([lxo — x|, lxo — x4 [0 — x| < [0 — x| (31)
and
a1 —xef| < hs(l[xo — xs], [[yo — x|, 1z — 2 ) [|x0 — 24|
< ha([lxo — x|, lxo — x|l 0 — x]) [[x0 — x|

showing estimates (28), (29), respectively and the iterates zp, x; € U(x«,p). By simply
replacing xo, Yo, Zo, X1 by Xk, Yk, zk, Xk+1 in the preceding calculations, the induction for
estimates (27)—(29) is terminated. Then, from the estimate

k1 = 2l < dlfxe — 2]l < o,

where
d = h3(||x0 — x«l], [[xo — x« |, [|xo — x«||) € [0,1) (32)

we conclude x 1 € Ulxy, p] and limg oo X = x4. O

Remark 1. It follows from the proof of Theorem 1 that y, z can be chosen in particular as y, = a(xy)
and zy, = b(xp,Yn). Thus, the condition (H2) should hold for all x,a(x),b(x,y) € Qg and not
x,Y,z € Q. Clearly, in this case, the resulting functions h; are at least as tight as the functions h;,
leading to an at least as large radius of convergence p as p (see the numerical section).
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Concerning the semi-local convergence of method (2), let us introduce scalar sequences
{tn}, {sn} and {u, } defined for ty) = 0,50 = 17 > 0 and the rest of the iterates, depending
on operators 4, b, c and F (see how in the next section). These sequences shall be shown to
be majorizing for method (2). However, first, a convergence result for these sequence is
needed.

Lemma 1. Suppose thatVn =0,1,2,...
th <sp <uy < tnt (33)

and
t, <A (34)

for some A > 0. Then, the sequence {t, } is convergent to its unique least upper bound t,. € [0, A].

Proof. It follows from conditions (33) and (34) that sequence {t,} is nondecreasing and
bounded from above by A, and as such, it converges to .. O

Theorem 2. Suppose the following:

(H5) Iterates {x,}, {yn}, {zn} generated by method (2) exist, belong in U(xo, t.) and satisfy the
conditions of Lemma 1 foralln =0,1,2, ...

(H6) [|a(xp) — xul| < sp — tn,

16(xn,yn) — yull < tin —sn

and
lle(xn, Yn,zn) — zu|| < thyr — n

foralln =0,1,2,...and
(H7) U[xo, t:] C Q.
Then, there exists x, € U[xg, t«] such that lim,_e Xy = Xs.

Proof. It follows by condition (H5) that sequence {t,} is complete as convergent. Thus,
by condition (H6), sequence {x,} is also complete in a Banach space X, and as such, it
converges to some x, € U|[xo, t] (since U[xo, t.] is a closed set). [J

Remark 2. (i) Additional conditions are needed to show F(x,) = 0. The same is true for the results
on the uniqueness of the solution.
(ii) The limit point t, is not given in the closed form. So, it can be replaced by A in Theorem 2.

3. Special Cases I

The iterates of method (3) are assumed to exist, and operator F has a divided difference
of order one.
Local Convergence

Three possibilities are presented for the local cases based on different estimates for the
determination of the functions ;. It follows by method (3) that

(P1) yn — x4 = xn — Xu + anF(xn) = (I + an[xn, x; F]) (20 — x4),

Zny — Xy = (I“F'Yn[]/n/x*}l:])(]/n_x*)“’ﬁn[xn/x*/'F](xn_x*)
= [(I+vnlyn xe F])(I 4+ an[xn, x4; F]) + Bulxn, «; F]] (xn — x4)
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and

Xn+1 — Xx = (I+9n[zn/x*;l:])<zn_x*)+fsn[xn/x*}1:](xn_x*)
+€n []/n/ x*;F} (yn - x*)
= [(I+0n[zn, x4 F]) (I + Yn[Yn, x4; F]) (I + Bu[xn, x4; F])
+d, [xn/ X, F] + en[yn/ x*}F](I +ay [xn/ X, F])](xn - x*)

Hence, the functions h; are selected to satisfy Vx,, yu,z, € Q
11+ an[xn, 25 F]|| < Ba([lxn — x4]]),
(I + Ynlyn, 2 F]) (I + an[xn, 45 F]) + Bu[xn, 2 F]|| < ha([[xn — x|, [lyn — x4]])
I1(T + Oz, x.; F]) (I + Y [yn, x5 F]) (I + Bulxn, Xs; F])

+6y [xn/ x*}F] + €, [yn/ x*}F](I + oy [xnr x*;F])”
< ha(llxn — xell, [lyn — 2l 120 — 2.

A practical non-discrete choice for the function h;, is given by
I+ a(x)[x, x; F]]| < hy(]]x — x4]|) Vx € Q.
Another choice is given by

M= sup |1+ a)[xx;Fl.

xeQ)[[x—x || <t

The choices of functions h; and h3 can follow similarly. ‘
(P2) Let M' : QO — X be a linear operator. By M}, we denote M'(x,) Vn = 0,1,2,....
Then, it follows from method (3)

Yn—Xs = Xp— X4 — M}lF(xn) + (an + My)F(xy,)
= (I — Ma[xn, x; F]) + (a0 + Ma) [xn, X5 F]) (0 — x2),
Zp — Xy = ((I—M%[ymx*;F])Jr(%+M%)[}/n,x*;F])(yn—x*)

and
Xpg1 — X = (I = Mi[zn, X; F]) + (65 + M) [20, X5 F]) (20 — x2).

Thus, the functions h; must satisfy
1T+ anll < ha([ln = 24])),

(L4 7)) (I + an) || < Ba ([l = x|, [yn — 2])

and
41 = x| SN (L4 00) (L + ) (L+an) || < ha(flxn — 24 |l, [lyn — x|, |20 — x]))-

Clearly, the function /1; can be chosen again as in case (P1). The functions /; and /3
can be defined similarly.
(P3) Assume 3 function ¢ : [0,00) — R continuous and non-decreasing such that

1" () 71 (F (%) = F'(x:) || < go(llx — xa]) ¥V € Q.

Then, we can write

F(xy) = F(xy) — F(x4) = /01 F (x4 0(xy — x4))d0(xp — x4)
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leading to
1P/ () Fen)ll < [ o6l = x. el — ]
Then, by method (3) we obtain, in turn, that
Yn—xe = [I+anF (x)F (x)7

x (/01 F'(xs + 0(xn — x.))d6 — F'(x,) + F’(x*)>](xn —x),

so, the function h; must satisfy

1
||1+an/0 F'(x + 0(xn — x.))d0]| <y (|lxn — )

or
1
M= sup ||1+a(x)/ F'(2t +0(xn — x1))db||
[x—x.| <t xeQ 0
or 1
IIIJroan’Oc*)H(l+/0 @o(0l|xn — x:[)d0) < ha([|xn — x4[)
or

)= sup  1+a(F I+ [ go(@lx - x.)de)

[[x—x4]| <t,x€Qd

Similarly, for the other two steps, we obtain in the last choice

lzn = xall < 1T+ () (1 + /01 Po(Bllyn — x«[1)d0) [lyn — x|
B )10+ [ 9@l — o) 0 — .|
and

1 = xall < 1T+ 00 F (xa) [[(1+ /01 P0(0l[zn — x:[1)d0) [[zn — x|

IO )0+ [ ol — x.)46) o — .

e G0+ [ 0@l — x.)8) s — .

Thus, the function h, satisfies
1+ 20E )1+ [ ol — x.140) [y — .|

1
+H!3nF'(x*)II(1+/O 90(6]]xn — x.|[)46)

< ha([lxn = x| [lyn = x4[)

or

ha(s,t) = sup [+ v (x)F (x|

lx—xall<s, lly—x« || <t
1
><(1+/0 @o(6t)do)t)

1
HIBEF )1+ [ go(6s)a0))
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Finally, concerning the choice of the function /3, by the third substep of method (3)

1
1 = 2| < ||1+9nF'(x*)||(1+/0 90 (0112 — x:[)d6) |20 — x|

1

+18nF' () [1(1 +/0 P0(0]1xn — x| )d0)[| 2 — x|
1

+lenF' () (1 +/O P0(0llyn — x:1)d0)[|yn — x|,

so the function /3 must satisfy

1

1T+ 6, F' () [ (1 + /0 P0(0llyn — x:[)d0)ha([lxn — x|, [[yn — x:[[)
1

HonF (2 [1(1 +/0 P0(6l[xn — x.|[)d0)
1

+lenF' (x.)[1(1 +/0 Po(Bllyn — xx[1)d0)hy (|| xn — x])

< Ba(llxn = xell, lyn — xell, (|20 — x4[1)
or

h(x,s, t,u) = sup u(x,s, t,u),
[x—xl|<s, ly—x: | <t, 22 || <u

where
pstu) = 1+60)F ()
1
<(1+ [ go(@u)do)ha(t,s)
HO@F @I+ [ goles)de)
He@F @I+ [ gol(erde ()

The functions hy and h3 can also be defined with the other two choices as those of
function hy given previously.
Semi-local Convergence

Concerning this case, we can have instead of the conditions of Theorem 2 (see (H6))
but for method (3)

lanF (xn)|| < sp — tn,
|BnF (xn) + YuE(yn)|| < tn —sn

and
102 F (x0) + €nF(yn) + 04F (z)|| < tyy1 —un Yn=0,1,2,....

Notice that under these choices,
[y — xn|l < 'sn—tn

|20 — yull < un —sn
and
lxn41 — zall < typp1 — un.

Then, the conclusions of Theorem 2 hold for method (3). Even more specialized choices
of linear operators appearing on these methods as well as function #; can be found in the
Introduction, the next section, or in [1,2,11,21] and the references therein.
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4. Special Cases II

The section contains even more specialized cases of method (2) and method (3). In
particular, we study the local and semi-local convergence first of method (22) and second
of method (20). Notice that to obtain method (22), we set in method (3)

Ky = _F,(xn)ilz Up = yi’l/,Bl’l = O/r)/f’l = _SF/(xn)il’
1
Oon = Y Oy = O, en = _gp’(xn)‘l and 0, = —2F'(x,). (35)

Moreover, for method (20), we let

&n = _[xn/wn;l:]il/ Uy = yn,ﬁn =0,z, = Xn41,
Tn = ([]/n/wn}F] + []/n/xn}F] - [xn/wn}F])ilz bn=€,=0,=0 (36)

and v, = z,.

5. Local Convergence of Method

The local convergence analysis of method (23) utilizes some functions parameters. Let
S =10,0).

Suppose the following:
(i) 3 function wg : S — R continuous and non-decreasing such that equation

wo(t)—1=0

has a smallest solution pg € S — {0}. Let Sg = [0, po)-
(ii) 3 function w : Sy — R continuous and non-decreasing such that equation

() —1=0

has a smallest solution p; € Sy — {0}, where the function ;1 : Sy — R defined by

_ Jpw((1—0)t)de

P t) 1 —wp(t)

(iii) Equation
wo(h(t)t) =1=0

has a smallest solution g; € Sy — {0}. Let

o = min{po, 1}

and 51 = [0, fp).
(iv) Equation
hg(t) —1=0

has a smallest solution p; € S; — {0}, where the function h, : $; — R is defined as

3 w((1 — 0)hy (t)t)do
1 —wo(hy(t)t)
w((1+ I (£)H) (1 + [y wo(Ohy (£)t)d6)
(1 —wo(t))(1 —wo(hi(t)t))
4(1+ [ wo(6hy (£)t)d6
1= wo(t) 1(t).

ho(t)

+
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(v) Equation
h3(t)—1=0

has a smallest solution p3 € S1 — {0}, where the function h3 : 5 — R is defined by

1
() = o)+ 20D ziofef,fo((tt)f)de)hl(”

1
1+ [ wol@ha(t))do)hs (1)
The parameter p defined by

p =min{p;} j=1,2,3 (37)

is proven to be a radius of convergence for method (2) in Theorem 3. Let S; = [0, p). Then,
it follows by these definitions that Vt € S,

0 <wp(t) <1 (38)
0 < wo(hy(B)t) <1 (39)

and
0<hi(t) <1 (40)

The conditions required are as follows:
(C1) Equation F ( ) = 0 has a simple solution x, € Q.
(C2) ||F"(x0) "1 (F'(x) — F'(x*) ) < wo([lx = x.]) Vx € Q.
Set () = (x*, Po)
(C3) [ () =1 (F'(
and
(C4) U[xo, p] C Q.
Next, the main local convergence result follows for method (23).

y) F)l <w(lly —x[) Vxy € O

Theorem 3. Suppose that conditions (C1)—(C4) hold and xo € U(x«,p) — {x«}. Then, the
sequence {x, } generated by method (23) is well defined in U(x,p), remains in U(xx,p) Vn =
0,1,2,...and is convergent to x.. Moreover, the following assertions hold:

lyn — x| < Ba([xn — xe]DlIxn — x| < 2w — 24| < p, (41)
20 — x| < ha([lxn — xel[ )20 — 2 || < [Jn — x4]], (42)

and
201 — x| < ha(llxn — 2| 1200 — x| < [l — x4, (43)

where functions h; are defined previously and the radius p is given by Formula (37).

Proof. Let u € U(x.,p) — {x«}. By using conditions (C1), (C2) and (37), we have that

IF () H(F'(u) = F'(x )| < wo(flo — x4l) < awo(r) < 1. (44)

It follows by (44) and the Banach lemma on invertible operators [11,15] that F(u)~! €
L(X,X) and
1

!/ -1/
R E (P}

(45)

If u = xo, then the iterate y is well defined by the first substep of method (23) and we
can write
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Yo— X« = xo—x.—F(x0) "F(x0)

= Flo) [ (P 400~ w)d0 - F ) (xo - %), (49)

In view of (C1)—(C3), (45) (for u = xg), (40) (for i = 1) and (46), we obtain in turn that

1
Jo w((1 = 6)[lxo — x«[)d6]|x0 — x|
1 —wo([|lxo — x«[[)
h(llxo — x«lDl1x0 — x| < [0 — x| <. (47)

IN

1o — x|l

IN

Thus, the iterate yy € U(xy,r) and (41) holds for n = 0. The iterate z is well defined
by the second substep of method (23), so we can write

Z0— X« = yo—Xo—5F (x0) 'F(yo)
= yo—x—F(y0) 'F(vo)
+F'(yo) " (F(x0) — F'(y0))F'(x0) "' F(yo0)
—4F'(x0) " F(vo)- (48)

Notice that linear operator F/(yo) ~! exists by (45) (for u = yj). It follows by (37), (40)
(for j = 1), (C3), (45) (for u = xg,yp), in turn that

Jo w((1—8)lyo — x.||)d6
1—wo([lyo — x:1])

w(|lyo — xoll) (1 + f wo(Bllyo — x.]|)d6)
(1~ wo([[xo — 1) (T — wo([lyo — *«]))
40#ﬁm@%—umwhm_hn

lzo — x| <

1 —wo(||xo — x])
< ha(llxo = xal[)l[xo — x| < flxo — x4]]- (49)

Thus, the iterate zyp € U(x,, p) and (42) holds for n = 0, where we also used (C1) and
(C2) to obtain the estimate

1P e) o)l = 1) [ F et 00 — )0 — F ()
()0~ x|
1
< 1+ [ wo@llyo—x.])do)lyo — ..

Moreover, the iterate x1 is well defined by the third substep of method (23), so we
can have

1
x1 = X. = yo — x. — 2F'(x0) 7 (9F (vo) + F(20)),

leading to

1(9(1+ [ wo(8]lyo — x:]|)d8)|yo — x|
X1 — X« < — Xl + =
H 1 || ||3/0 || 5( l_wO(HyO_x*H)

1
4+ [ an(olzo ~ x.1)de) z0 — 5.1
< sl — xell — x| < llxo — .l <. 50)

Therefore, the iterate x; € U(xx,p) and (43) holds for n = 0.
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Switch xg, vo, 20, X1 bY X, Y, Zm, X1 ¥Ym = 0,1,2. .. in the preceding calculations to
complete the induction for the estimates (41)—(43). Then, by the estimate

1 = xall < dllxm — 2]l <, 1)

where d = h3(||xp — x«||) € [0,1), we obtain that x,, 11 € U(xs,p) and lity,—coXm =
Xy O

The uniqueness of the solution result for method (23) follows.

Proposition 1. Suppose the following:

(i) Equation F(x) = 0 has a simple solution x, € U(xx,r) C Q for somer > 0.
(ii) Condition (C2) holds.

(iii) There exists r1 > r such that

/O " 00(0r)d6 < 1. (52)

Set Oy = U|[xy,r1] N Q. Then, the only solution of equation F(x) = 0 in the set () is x..

Proof. Lety. € D; be such that F(y,) = 0. Define the linear operator | = f01 h(xs +0(ys —
x4 ))d0. It then follows by (ii) and (52) that

1
IhGe) =) < [ wo(elly. —x.)do
1
< /0 wo(6r)d6 < 1.

Hence, we deduce x, = y. by the invertibility of | and the estimate J(x, — y«) =
F(x.) —F(y«) =0. O

Remark 3. Under all conditions of Theorem 3, we can set p = r.

Example 2. Consider the motion system
F(v1) =", Fj(v3) = (e —1)va + 1, Fj(v3) =1

with Fi(0) = F(0) = F3(0) = 0. Let F = (Fy, By, F3)". Let X = R3,Q = U[0,1], x, =
(0,0,0). Let function F on Q) for v = (vy,v5,v3)"" given as

-1
F(v) = (e"1 -1, %Ug +vp,03)".

Using this definition, we obtain the derivative as
el 0 0
Fo)=] 0 (e—1v+1 0 |.
0 0 1

Hence, F'(x,) = I. Let v € R3 with v = (vq,vo,v3)!". Moreover, the nor for N € R? x R3
is

3
N|| = .
INJ| g%i;lllnm

Conditions (C1)-(C3) are verified for wy(t) = (e — 1)t and w(t) = 2(1 + ﬁ)t Then, the
radii are

p1 = 0.3030, p, = 0.1033 = pand p3 = 0.1461.
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Example 3. If X = C[0, 1] is equipped with the max-norm, Q) = U[0, 1], consider G : QO — E;
given as

G(A)(x) = p(x) — 6 /0 L ytA(r) . (53)

We obtain
G (AM@))(x) = &(x) — 18 /01 xTA(T)2&(7)dt, foreach &€ D.

Clearly, x. = 0 and the conditions (C1)—(C3) hold for wo(t) = 9t and w(t) = 18t. Then, the
radii are
p1 = 0.0556, p; = 0.0089 = pand p3 = 0.0206.

6. Semi-Local Convergence of Method

As in the local case, we use some functions and parameters for the method (23).
Suppose:
There exists function vy : S — R that is continuous and non-decreasing such
that equation
Z)Q(f) —1=0

has a smallest solution 1y € S — {0}. Consider function v : Sy — R to be continuous and
non-decreasing. Define the scalar sequences fory > 0and Vn =0,1,2,... by

to = 0,s0=1
e 5 [) 0(6(su — tn))d0(sy — ty)
A 1 —vo(tn) '
1 1
tig1 = Up+ m[(l —i—/o vo(un + 0(tty — $4))d60 (1t — sp) (54)

+3 /01 0(0(sn — t0))d0(sn — t)]
1 1
Spt1 = tpp1t m[/o 0(0(tny1 — tn))d0(ty1 — tn)
(1t /01 00(08)d0 (Ey1 — 5 )]-

This sequence is proven to be majorizing for method (23) in Theorem 4. However, first,
we provide a general convergence result for sequence (54).

Lemma 2. Suppose thatVn =0,1,2,...
vp(tn) < 1 (55)

and there exists T € [0, Ty) such that
th < T. (56)

Then, sequence {t,} converges to some t. € [0, T].

Proof. It follows by (54)—(56) that sequence {f,} is non-decreasing and bounded from
above by 7. Hence, it converges to its unique least upper bound t.. O

Next, the operator F is related to the scalar functions.

Suppose the following:
(h1) There exists xg € Q, 7 > 0 such that F'(xo) "'L(By, B1) and ||F'(x0) ' F(xo)|| < 7.
(h2) [|F’ (x0) = (F' (x) — F'(x0)) || < vo([lx — xo]]) for all x € Q0.

Set QO3 = QN U(xg, ).
(03) [|F'(x0) " (F'(y) — F'(x))]| < oy — x|}) for all x, € Q5.
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(h4) Conditions of Lemma 2 hold.
and
(h5) Ulx, ts] C Q.
We present the semi-local convergence result for the method (23).

Theorem 4. Suppose that conditions (h1)—(h5) hold. Then, sequence {x,} given by method (23) is
well defined, remains in U|xy, t«| and converges to a solution x, € U[xy, t] of equation F(x) = 0.
Moreover, the following assertions hold:

||]/n - xn” <sp —tu, (57)
120 — Yull < un —sn (58)

and
X041 = znl| < tpyr — (59)

Proof. Mathematical induction is utilized to show estimates (57)-(59). Using (h1) and
method (23) forn =0

lyo — xol| = [|F' (x0) *F(x0)|| < =50 — to < ta.

Thus, the iterate v € U|xo, t«] and (57) holds for n = 0.
Let u € U[x, t«]. Then, as in Theorem 3, we get

1

F'(u) 'F(x)]| € —————.
|| ( ) ( 0)” = 1—?)0(||M—X0||

(60)

Hence, if we set u = xy, iterates o, zp and x; are well defined by method (23) for n = 0.
Suppose iterates xy, yx, zx, Xx+1 also exist for all integer values k smaller than . Then, we
have the estimates

lzn —yull = 5)F'(xa) " F(yn)]
5 fo 0(0llyn — xu))d0lly — x|
1 —oo([|lxn — x0l])
5 f) 0(6][si — tu))d0(sy — tn)
- 1—Uo(tn)
X041 —zall = H%F’(xn)*l(F(yn)—F(zn>>+3F’(xn)”F(yn)ll
1

1 —vo(][xn — xo|

1
+3 | 0l — x| 461y — ]

<ty — Un

= Un — Sn,

1 r1
yla+ 5/0 v0(llzn = xol[ + 0llzn = yn [ )dO)[|yn — x|

A

and

|Yns1 — Xuga1l = ||F/(xn+1)71F(xn+l)H
IF' (1)~ F' (x0) | IF (x0) T F (x11) |

IN

1 1
= / v (6]]x - X deo||x — X
a 1_00(”xn+1_9€0”){ 0 (Bllxn41 nl[)d0]|x,11 nll
1
+(1+/0 vo(0||xn — x0l)d0) || x+1 — Y]
S T
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where we also used

F(Vﬂ) = F(Vﬂ) — F(xn) — F/(xn)(]/n — Xp)
1
= /O [P (2 + 0y — %))d0 — F ()] (Y — %),

SO
1
IF' (x0) "' F(ya) || < /O 0(0lyn — xull)d0lyn — xu |l
and
F(xy41) = F(xpg1) —F(xn) — F/(xn)(]/n )
_F/(xn)(xn-s-l —xn) + F/(xn)(xnﬂ — Xp)
= F(xp41) — F(xn) = F'(xn) (xpg1 — %) + F'(x0) (Xps1 — Yn),
SO
/ -1 !
|[F'(x0) " F(xns1)l| < /0 0(0lxn1 — xn))d0|[Xn41 — xn|
+(1+vo([[xn — x0[) %041 — yal|
1
< [ 0Ot — t)dO(trir — 1)
+(1+v0(tn))(tns1 — sn), (61)
lzn —xo0ll < llza = yull + llyn — xoll
< Uy —Syt+sy—ty <ty
and

01 =20l < lngr = 2zall + [[z0 — x|
< fpgr —uUp +uy —to <ty
Hence, sequence {t, } is majorizing for method (2) and iterates {x, }, {yn }, {zx } belong
in U[x, t+]. The sequence {x,} is complete in Banach space X and as such, it converges to
some x, € U[xp, t;]. By using the continuity of F and letting n — oo in (61), we deduce
F(x,) =0. O
Proposition 2. Suppose:
(i) There exists a solution x, € U(xo, p2) of equation F(x) = 0 for some pp > 0.

(i1) Condition (h2) holds.
(iii) There exists p3 > pp such that

1
/0 00((1 = 0)p2 + 6p3)df < 1. 62)
Set Qq = QN U|xg, p3). Then, x is the only solution of equation F(x) = 0 in the region Q.

Proof. Let y, € 4 with F(y,) = 0. Define the linear operator Q = fol F'(xy + 0(y« —
xx))df. Then, by (h2) and (62), we obtain in turn that

IF'(x0) Q= F'(x0))Il < /O.l vo((1 = 6)[lx0 — vl + 0[] x0 — x[[ )6
< /01 Uo((l — 9)p2 + 9p3)dp <1.

Thus, x« = y«. O
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The next two examples show how to choose the functions vy, v, and the parameter 7.

Example 4. Set X = R. Let us consider a scalar function F defined on the set Q0 = U[xo, 1 — p]
for e (0,1) by
F(x)=x*—pu.

Choose xg = 1. Then, the conditions (h1)—(h3) are verified for n = 1_Ty,vo(if) =B -t

and v(t) = 2(1+ 3%;‘)1?

Example 5. Consider X = C|0,1] and Q) = U[0, 1]. Then the problem [5]

[1]
—~
=)
~
I
=
[1]
—~
—_
N
I
-

is also given as integral equation of the form

1
E(qp) = qz+/0 O(q2,91) (B (q1) + 12%(q1))dq1

where 1 is a constant and ©(qy, q1) is the Green’s function
n(l—q2), @ <q
O(q2,71) =
(72:01) { @(1-0), 5 <n
Consider F : () — X as

[F(x)](q2) = x(q2) — g2 — /01 O(q2, 1) (x> (q1) + 1x*(q1) )dqy.

Choose Eo(q2) = qp and QO = U(Eo, €p). Then, clearly U(Eg,€e9) C U(0,€ep + 1), since
IEo0|l = 1. If 2t < 5. Then, conditions (C1)—(C3) are satisfied for

21+3p0+6 L+6pg +3
wo() = T2 w(t) = =

Hence, wo(t) < w(t).

7. Local Convergence of Method

The local analysis is using on certain parameters and real functions. Let Ly, L and « be

positive parameters. Set T; = [0, m] provided that (2 4+ a)Ly < 1.

Define the function /11 : Ty — R by

(I +4a)Lt
m(t) =12 (2+a)Lot’

Notice that parameter p

1
T A+a)Ll+ (2+a)k

o
is the only solution of equation
hy (t) —1=0

in the set Tj.
Define the parameter pg by
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Notice that pg < p. Set Ty = [0, po].
Define the function h : Ty — R by

(2+2a + hy(t))Lhy(t)t
hy(t) = :
1-(2+a)(Lo+ L)t
The equation
hz(t) —1=0
has a smallest solution p € Ty — {0} by the intermediate value theorem, since 1;(0) —1 = —1

and hy(t) — coasy — p, . It shall be shown that R is a radius of convergence for
method (20). It follows by these definitions that vt € Tj

0< (Lo+L)2+a)t<1 (63)
0<h(t) <1 (64)

and
0<hy(t) <1. (65)

The following conditions are used:
(C1) There exists a solution x, € Q of equation F(x) = 0 such that F/(x.)~! € L(X, X).
(C2) There exist positive parameters Ly and & such that Vv,z € ()

IF' (x.) " ([0, F] = F'(x:)) || < Lo(llo — x| + ||z = x)
and
[F(x) ]| < aflx — x|
Set (O = U(xy,p) N QL
(C3) There exists a positive constant L > 0 such that Vx,y,v,z € (g
IF' () ([, 5 F] = [0,z FD) || < L(J|lx — ol + [ly — z)

and
(C4) U[xo, p] C Q.

Next, the local convergence of method (20) is presented using the preceding terminol-
ogy and conditions.

Theorem 5. Under conditions (C1)—(C4), further suppose that xo € U(x,p). Then, the sequence
{xn} generated by method (20) is well defined in U(x., p), stays in U(xx,p) Yn =0,1,2,...and
is convergent to X, S0 that

[yn = 2]l < Ba(lln = 2|20 = 2] < o = x| < O (66)

and
2041 — x| < ha(llxn — 2| 1200 — x| < {[2en — x4, (67)

where the functions hq, hy and the radius p are defined previously.

Proof. It follows by method (20), (C1), (C2) and xp € U(x4, p) in turn that

IF (x4) " (Ao — F'(x2)) | IF" (x+) " ([x0, x0 + F(x0); F] — F'(x)) |

< Lo(2]lxo — x| + ||[F(x0) — F(x:)]])
< Lo(2+4a)lxo — x«||
< Lo(2+a)p. (68)

It follows by (68) and the Banach lemma on invertible operators [24] that A e
L(X,X) and
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1
(2+a)Loflxo — x|

Hence, the iterate g exists by the first substep of method (20) for n = 0. It follows
from the first substep of method (20), (C2) and (C3), that

|45 F (x)ll < = (69)

lyo— x| < [lxo — % — Ay F(xo)
[ Ag 'F/ () F'(2) "1 (Ao — (F(x0) — F(x:))) (x — 0 — x|

< 1A F ) IF (x0) (Ao — (F(xo) — EGxea))lllxo — .

L(Jlx0 — x| + | F(x0) — F(x.))
S T L ) - 70
< In(lxo— 270 - x2]) < llxo — ]| < p.

Thus, the iterate yg € U(x4,p) and (66) holds for n = 0. Similarly, by the second
substep of method (20), we have

IF’ (x4) " ([yo, wo; F]
—[vo, x0; F] — [xo, wo; F] — [xs, x«; F]) ||

IF" ()~ (Bo — F'(x.))l|

< Lllyo — woll + Lo(llyo — x| + [[wo — x«]))
< L(llyo = x«ll + llwo — x[l) + Lo(llyo — x| + [[wo — x4 )
< LHl)@+op< =1 71)
Hence, B, € L(X, X) and
1

1By F' (x| < 1 (72)

— (L+Lo)(2+a)l|xo — x|

Thus, the iterate x; exists by the second sub-step of method (20). Then, as in (70) we
obtain in turn that

lvr =2l < llyo — %2 — By " E(yo)
< |IBg TF () [[IF ()~ (Bo = (F(yo) — F(x:))llyo — x|
< N Ge) " (lyo, wo; F] + [yo, %0 F] — [0, w0; F] — [yo, . : F])|
o 1— (L4 Lo)(2+a)|lxo — x|
[0 — x|l
< L@t ha(lxo=xf)xo =2l 0y

1= (L+Lo)(2+a)[xo — x|
[0 — x4 (73)
< hp(llxo = xl)llxo — x| < lxo — x| < p.

Therefore, the iterate x; € U(xy, p) and (67) holds for n = 0.
Simply replace xo, Yo, X1 Y X, Y, X1 Vi = 0,1,2. .. in the preceding calculations
to complete the induction for (66) and (67). It then follows from the estimate

12mg1 = el < prllm — 2l < p, (74)

where, u = hy(||xo — x«]|) € [0,1) leading to x,,, 11 € U(xx, 0) and litty,— 00Xy = Xs. O

Concerning the uniqueness of the solution x, (not given in [9]), we provide the result.
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Proposition 3. Suppose:
(i) The point x. is a simple solution x,. € U(xy,r) C Q for some r > 0 of equation F(x) = 0.
(ii) There exists positive parameter Ly such that Yy € )

1" () ™ (e s F] = F'(2:)) | < Lally — 24| (75)

(iii) There exists r1 > r such that
Liry < 1. (76)

Set Oy = U|xy, r1] N Q. Then, x. is the only solution of equation F(x) = 0 in the set ().

Proof. Set P = [x,, y; F] for some y, € D, with F(y,) = 0. It follows by (i), (75) and (76)
that
IF"(x)7HP = F'(x))|| < Lullys — x) < 1.
Thus, we conclude x, = y. by the invertability of P and identity P(x« — y) =
F(xs) —F(y«) =0. O

Remark 4. (i) Notice that not all conditions of Theorem 5 are used in Proposition 3. If they were,
then we can set r1 = p.
(ii) By the definition of set (31 we have

O C Q. (77)

Therefore, the parameter
L <Ly, (78)

where Ly is the corresponding Lipschitz constant in [1,3,9,19] appearing in the condition Vx,y,z € Q)
IE (x) ™ ([ ys F] = [,z F| < La(llx = o]l + [ly — 2] (79)
Thus, the radius of convergence Rg in [1,7,8,20] uses Ly instead of L. That is by (78)
Rg < p. (80)
Examples where (77), (78) and (80) are strict can be found in [2,5,11-13,15,21-24].

8. Majorizing Sequences for Method

Let Ko, K, be given positive parameters and § € [0,1), Ko < K, 7 > 0,and T = [0,1).
Consider recurrent polynomials defined on the interval T forn = 1,2, ... by

f;gl)(t) = Kt2”17 + Ktzn*l;y +2Kg(14t+...+ t2n+1)17
+Ko (£ 4 2e22my 2y 45— 1,
A = Ky K 22y
+2Ko(1+t+ ...+t )y 46 -1,
eVt = KP+KP—Kt—K+2Ko(£ +14)
2n+3 n+2\44,, 2n+1 21N 42
Ko (#2172 4+ 2412ty — Ko (P77 + 2627,
g () = KP4+ KB +202)Ry

+2Ko(t3 + t*) — Kt — K(t +2)t*"y,
i = gl -gM,
@ = g% n-gPm),
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and polynomials
g8 (1) = g1 (1) = KE + K2 — Kt — K+ 2K (£ + 1),

g2 () = ga(t) = KB +2Ko (£ + #*) — Kt = g3(t)t

and
g(t) = (£ —1)2(t° + 4t* + 63 + 6> + 5t +2).

Then, the following auxiliary result connecting these polynomials can be shown.

Lemma 3. The following assertions hold:

fih® = £V + gl e, Q)
280 = 120 + 8D (e, ®2)
WM (1) = g Koty (83)
(1) = g(HKey, (84)
polynomials g and g, have smallest zeros in the interval T — {0} denoted by &1 and y, respectively,
i) > 0vte [0,8) (85)
and
W2 (1) >0V te08) (86)
Moreover, define functions on the interval T by
Wy = 1 (1)
() = 1im gl () (87)
i @) 2)
oo’ (F) = lim g, (t). (88)
Then,
g8 () = gi(H) Vi€ 0,m), (89)
g2 (1) =gV te 0a), (90)
fih® < SV 0Py Y e 0.2), o
RO <SP0+ 208 Y 1€ 0,8), ©2)
fih@) < AV @), 93)
and ) X
fih@) < 52 @), (94)

Proof. Assertions (81)—(84) hold by the definition of these functions and basic algebra. By
the intermediate value theorem polynomials g; and g3 have zeros in the interval T — {0},
since ¢1(0) = —K, g1(1) = 4Kp, $2(0) = —K and g»(1) = 4Ky. Then, assertions (85) and
(86) follow by the definition of these polynomials and zeros ¢; and &,. Next, assertions (91)
and (94) also follow from (87), (88) and the definition of these polynomials. [
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The preceding result is connected to the scalar sequence defined Vn = 0,1,2,... by
to=10,50 =1,

K(i +9)y
1-— K0(277 + 5)/
K(thrl —ty +Sn — tn><tn+1 - Sn)
1-— K0(2tn+1 + Y+ 5)
K(sn+1 — by + 'Yn)(sn-H — tn+1)
1—Ko(2s41+9) '

tl = SO+

S+l = tpp1+ (95)

tn+2 = 5n+1+

where v, = K(ty41 — ty + 50— tn) (tus1 —Sn), 6 > 70.
K(s1—t1+70) K(t1+s0) —
Moreover, define parameters {1 = T-Ko(25,40)” &= TR (2hT1050) and a = max{¢1,&},
Then, the first convergence result for sequence {t,} follows.

Lemma 4. Suppose

Kp<1,0<&,0<&Ha<é<1, (96)
Ve <o (97)

and
Y(g,) <o. (98)

Then, scalar sequence {t,} is non-decreasing, bounded from above by t.. = 1%@’ and con-
verges to its unique least upper bound t, € [0, t.]. Moreover, the following error bounds hold

0 < typ1 —sn < &(sn—ta) < 3"y, (99)
0<sy—ty < C(tn - Snfl) < €2n;7 (100)

and
Y1 < Tn < Y0 (101)

Proof. Assertions (99)—(101) hold if we show using induction that

K(tyo1 —tn+ 50— ty)
1- KO(Ztn-H + I+ 5)

0< <&, (102)

K(sp+1 — tus1 +vn)

0< < &, 103
1= Koo +0) (109
and
tn < su < fpp1 (104)
By the definition of t;, we obtain
t 1-K
L— T,

so 1—Ko(27+96)

so sp < t1, and (103) holds for n = 0. Suppose assertions (101)-(103) hold for each
m=20,1,2,3,...,n. By (99) and (100) we have

b + 821 < Sppq + E2M Ty 4 &My

<
< A&+ + My
17§2m+1

Sm

and
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S + €2m+117 < tn+ §2m+lrl _'_€2m17

nAEy 4.y
_ x2m+2
S el e 15_5 7 < b (106)

tm+1

By the induction hypotheses sequences {t,, }, {s } are increasing. Evidently, estimate
(101) holds if

1— §2m+2
ngerlU 4 ngm;? —|—2K0§ . g 1
+Ko8é + ¢ymKo —¢ <0
or
Rl <oatt=g, (107)

where 7, < K(g2m+1 4 2g2m)z2m+1,2 By (91), (93), and (98) estimate (107) holds.
Similarly, assertion (103) holds if
K€2m+217 + K2(§2m+17l 4 2§2m17)€2m+177
+22Kg(1+ ¢+ ...+ " )y +62—¢<0
or
D <oatt=p. (108)

By (92) and (94), assertion (108) holds. Hence, (100) and (103) also hold. Notice that
vy can be written as y, = K(E, + E})E2, where E, = t,.1 —t, > 0, E} =5, —t,, and
E2 = t,.1 — sy > 0. Hence, we get

Epi1— En = tyyo — 2typ1 + 1, < E(E* —1)(E+ 1)y <0,

Epir— By =spg1 —tupr — (sn — ta) < E(F*— 1)y <0,
and
B2y = Ep = tugo — Sus1 — (tup1 — sn) < 1 - 1)y <0,
SO
Ynt+1 < In < Y0

It follows that sequence {t, } is non-decreasing, bounded from above by t,.. Thus, it
converges to t,. [

Next, a second convergence result for sequence (95) is presented but the sufficient
criteria are weaker but more difficult to verify than those of Lemma 4.

Lemma 5. Suppose

Kos <1, (109)
Ko(2tyq1 490 +0) <1, (110)
and
Ko(2s,41 +0) <1 (111)
hold. Then, sequence {t} is increasing and bounded from above by t;* = lglléé"s, so it converges to

its unique least upper bound t; € [0, t7*].

Proof. It follows from the definition of sequence (95), and conditions (109)—(111). O

9. Semi-Local Convergence of Method

The conditions (C) shall be used in the semi-local convergence analysis of method (20).
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Suppose
(C1) There exist xg € Q77 > 0,0 € [0,1) such that A, € L(X, X), |Ay 'F(xo)| < 1, and
[ F(xo0)[| < 0.
(C2) There exists Ky > 0 such that for all u,v € Q)

1A ([u, 0; F] = Ao) || < Ko(llu — xol + o — wol]).

Set Qg = U (xg, 152%) N Q2 for Kb < 1.

(C3) There exists K > 0 such that for all u, v,1,7 € Q)

1Ag " ([, 0 F] = [, F])|| < K([Ju = ]| + [lo - 3])).

[ te+oorty, if conditions of Lemma 4 hold
(C4) Ulxo,p +9] € O, where p = { t] + o or t7*, if conditions of Lemma 5 hold.
Remark 5. The results in [19] are given in the non-affine form. The benefits of using affine invariant
results over non-affine are well-known [1,5,11,21]. In particular, they assumed || A 1 || < pBand

(C3)"||[x,y; F] — [%,7; F]|| < K(||]x — || + ||y — 7l|) holds for all x,y, X i € Q. By the definition
of the set (), we get
Oy CQ, (112)
so
Ky < BK (113)
and
K < BK. (114)
Hence, K can replace BK in the results in [19]. Notice also that using (C3)’ they estimated
1B, 11 Ao|l < - (115)
nHT = — BR(25,41 +9)
and .
Ayt (Anp — Ao)| < — _ , 116
where {t,}, {5, } are defined forn =0,1,2,...byty =0, 50 = 1,
; < . _BR(1+9)
o= _ PO
! 0t T BR(250 +9)
5 7 By
Sip1 = fnpr — 117
Sk "1 BR(2B + T +9) 47
7 - 5.1 BK(u+1 — Fug1 + n) Gug1 — Fug1)
n+2 n+1 1_ ﬁK(2§n+1 T 5) ’

where ¥y, = K(Fy01 — Fn + 80 — ) (Fy1 — 5n), 6 > 0. But using the weaker condition (C2) we
obtain respectively,

1
B L Apll < 11
and .
AN (A, 1 — A < 119

which are tighter estimates than (115) and (116), respectively. Hence, Ko, K can replace BK, B, K
and (118), (119) can replace (115), (116), respectively, in the proof of Theorem 3 in [19]. Examples
where (112)—(114) are strict can be found in [1,5,11,21]. Simple induction shows that
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0<sp—ty <3p—Fy (120)
0 <tpp1—8n < typ1—3n (121)

and

n—-o0

These estimates justify the claims made at the introduction of this work along the same lines.
The local results in [19] can also be extended using our technigue.

Next, we present the semi-local convergence result for the method (20).

Theorem 6. Suppose that conditions (C) hold. Then, iteration {x,} generated by method (20)
exists in U[xg, t«], remains in U[xo, t.] and limy 00 Xy = x. € U[x, t+] with F(xs) = 0, so
that

Iy — x4|| < te —ty.

Proof. It follows from the comment above Theorem 6. [

Next, we present the uniqueness of the solution result, where conditions (C) are not
necessarily utilized.

Proposition 4. Suppose the following:
(i) There exists a simple solution x, € U(xg,r) C Q for some r > 0.
(ii) Condition (C2) holds
and
(iii) There exists r* > r such that Ko(r +r* + ) < 1.
Set O = U(xo, %(O‘)H)) N Q. Then, the element x, is the only solution of equation
F(x) = 0 in the region ().

Proof. Letz* € (); with F(z*) = 0. Define Q = [x., z*; F]. Then, in view of (ii) and (iii),
1457(Q = Ao)|l < Ko([lx« = xoll + |2 = wol| < Ko(r+7*+6) < 1.

Therefore, we conclude z* = x, is a consequence of the invertibility of Q and the
identity Q(x. —z*) = F(x,) — F(z*) =0. O

Remark 6. (i) Notice that r can be chosen to be t..
(ii) The results can be extended further as follows. Replace
(C3)" || Ay ([u,v; F] = [@,5; F]) || < R(|lu—a| +|jo—9|),Vu,i € Qo v=u—A(u)"'F(u)
and o = A(a1) "' F(i1). Then, we have
(iii) K < K.

Another way is if we define the set )y = U(xq, %ﬁjw — 1) provided that Ko(6 + vg) <
1. Moreover, suppose Qp C Q. Then, we have Qy C Q if condition (C3)" on Q, say, with
constant Ky. Then, we have that

Ky <K

also holds. Hence, tighter K or Ky can replace K in Theorem 6.

10. Conclusions

The convergence analysis is developed for generalized three-step numerical methods.
The advantages of the new approach include weaker convergence criteria and a uniform
set of conditions utilizing information on these methods in contrast to earlier works on
special cases of these methods, where the existence of high-order derivatives is assumed to
prove convergence. The methodology is very general and does not depend on the methods.
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That is why it can be applied to multi-step and other numerical methods that shall be the
topic of future work.

The weak point of this methodology is the observation that the computation of the
majorant functions “h” at this generality is hard in general. Notice that this is not the
case for the special cases of method (2) or method (3) given below them (see, for example,
Examples 4 and 5). As far as we know, there is no other methodology that can be compared
to the one introduced in this article to handle the semi-local or the local convergence of
method (2) or method (3) at this generality.
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