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Abstract: The prediction and smoothing fusion problems in multisensor systems with mixed uncer-
tainties and correlated noises are addressed in the tessarine domain, under Ty-properness conditions.
Bernoulli distributed random tessarine processes are introduced to describe one-step randomly
delayed and missing measurements. Centralized and distributed fusion methods are applied in a
Ty-proper setting, k = 1,2, which considerably reduce the dimension of the processes involved. As a
consequence, efficient centralized and distributed fusion prediction and smoothing algorithms are
devised with a lower computational cost than that derived from a real formalism. The performance
of these algorithms is analyzed by using numerical simulations where different uncertainty situations

are considered: updated/delayed and missing measurements.
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1. Introduction

Multisensor systems and data fusion techniques are receiving increasing research
and practical attention due to their ability to provide more robust estimation procedures
than those that use a single sensor, as well as their broad applications in fields such as
robotics, image processing, autonomous navigation, and smart homes, among others [1-5].
In estimation problems from noisy sensor measurements, the best known and most widely
applied procedure is the Kalman filter and its different extensions, which are based on a
state—space system (see, for example, [5-8]).

Of great interest are those systems that incorporate the effect of possible uncertainties
into the measurements caused by physical failures in the sensors and measurement noises
as well as failures in data transmission, all of which result in random delayed and missing
measurements.

These uncertainties can be modeled by using stochastic parameters, being widely
spread to consider Bernoulli distributed random processes. In these uncertainty scenarios,
an extensive literature exists on the design of efficient recursive estimation algorithms (see,
e g., [9-15], and references therein).

Depending on how raw data from different sensors are processed, two fundamental
multisensor information fusion approaches are used: centralized and distributed fusion
methods. In the centralized fusion structure, data coming from multiple sources are directly
sent to a single fusion center, where the optimal estimator can be obtained, whereas in the
distributed fusion strategy, these data are independently transmitted to individual nodes
Attribution (CC BY) license (https://  Where local estimators are computed and sent in a second layer to the fusion center, produc-
creativecommons.org/licenses /by / ing robust and reliable estimators with a lower computational cost. These two approaches
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estimation algorithms have been designed under different initial hypotheses. Specifically,
when the signal to be estimated is modeled by a state—space model with uncertain measure-
ments, filtering, prediction, and smoothing algorithms have been proposed in [9-11] from
a centralized fusion perspective and in [13-15] by applying distributed fusion techniques.

Alternatively, the multisensor fusion estimation problem has also been analyzed by
using 4D hypercomplex algebras [16-23]. These algebras appear to be a natural extension
of complex algebras comprising a real part and three imaginary parts, which gives rise to
ideal structures for describing phenomena in the real physical world. Moreover, the use
of these algebras in different practical problems has revealed their supremacy over their
treatment in the real space [24-27]. In this field, quaternions have been the most common
4D hypercomplex algebra in signal processing, since they have the desirable property of
being a normed division algebra. Unlike quaternions, tessarines constitute a commutative
algebra which facilitates the extension of the main results obtained in the real and complex
fields to the four-dimensional case, and the use of tessarines as a signal processing tool has
been gaining popularity in the last few years [22,23,28].

In general, the most suitable processing for these signals is the widely linear processing
(WL) based on four-dimensional augmented vectors given by the signal itself and its three
principal conjugations. Nevertheless, some properness properties related to the vanishing
of the complementary functions make it possible to determine the type of processing to be
used, which is based on reduced-dimensional processes that lead to computational savings
without losing accuracy. This computational cost reduction cannot be achieved from a real
formalism [24,29-31].

In the tessarine domain, two types of properness have recently been introduced,
namely T; and T,-properness [24,32], and they have been satisfactorily applied in multi-
sensor fusion estimation problems with uncertainties in the measurements [22,23]. In [22],
Ty-proper, k = 1,2, centralized fusion algorithms of reduced dimension are proposed
for the computation of the optimal (in the least-squares sense) filter, predictor, and fixed-
point smoother of the state in systems with random one-step delays and correlated noises.
In [23], a more general problem with random sensor delays and missing measurements is
analyzed. Under Tj-properness conditions, k = 1,2, the authors have devised computa-
tionally efficient centralized and distributed fusion filtering algorithms by considering the
LS distributed weighted fusion criterion. However, the prediction and smoothing problems
remain to be solved.

Therefore, our aim in this paper is to address the prediction and smoothing problems
under T-properness conditions, k = 1, 2, from both centralized and distributed approaches.
As in [23], the state to be estimated is assumed to be observed through a state—space
model with correlated noises, where measurements may be updated, one-step delayed,
or contain only noise according to Bernoulli tessarine random variables. In this setting,
both centralized and distributed fusion prediction and smoothing algorithms are provided.
The advantage of these algorithms is that they have a lower computational load than
their counterparts derived from a real processing. The behavior of these algorithms is
numerically analyzed for different uncertainty scenarios by means of simulation examples,
in which the prediction and smoothing results are also compared with the filter.

With this purpose, the remainder of the paper is structured as follows: Section 2
presents the basic concepts and properties regarding the signal processing in the tessarine
field. In Section 3, the multisensor fusion estimation problem for systems with random
one-step sensor delays and missing measurements is formulated in the tessarine domain,
by considering a Ty-proper scenario, k = 1,2. Sections 4 and 5 provide, respectively, the
Ty-proper distributed and centralized fusion estimation algorithms for the computation
of the corresponding prediction and smoothing estimators, as well as their mean square
errors. Specifically, in Section 4, the least squares (LS) local estimators are first determined,
and in a second layer, a weighted linear combination of these local estimators, in LS sense,
is used to generate the distributed fusion estimators.

Afterwards, Section 6 includes numerical simulations to illustrate the performance
of the proposed algorithms in different settings: both T;-proper and T-proper scenar-
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ios, different uncertainty situations (one-step delay, missing measurements, and mixed
uncertainties), centralized and distributed fusion methods, and different prediction and
smoothing problems. Finally, the main conclusions of the paper are drawn in Section 7. For
the sake of readability, all the proofs have been moved to Appendices A-D.

Notation: The notation used throughout this paper is fairly standard. The superscripts
“x7 17, and “H” denote the tessarine conjugate, transpose, and Hermitian transpose.
Boldface uppercase letters refer to matrices, boldface lowercase letters refer to column
vectors, and lightface lowercase letters are used for scalar quantities. In particular, 0;;xm
represents the n X m zero matrix, I, is the identity matrix of dimension 7, and 1, (respec-
tively, 0,,) is the column vector of dimension #n whose elements are all 1 (respectively, 0).
Moreover, Z, R and T represent the set of integer, real, and tessarine numbers, respec-
tively. Then, A € R"™™ (respectively, A € T"*™) indicates that A is a real (respectively,
tessarine) n X m matrix, and a € R” (respectively, a € T") means that a is a n-dimensional
real (respectively, tessarine) vector. Additionally, E[-] and Cov(-) are the expectation and
covariance operators, respectively; diag(-) is a diagonal (or block diagonal) matrix with
entries (block entries) on the main diagonal. Finally, “o” and “®” symbolize the Hadamard
and Kronecker products, respectively, and s, is the Kronecker delta function.

2. Tessarine Processing

The tessarine domain is a commutative extension of the complex domain comprising
a real part and three imaginary parts [28]. In this section, the main concepts and properties
present in the tessarine domain are established.

Note that, unless otherwise stated, all the random variables are assumed to have
zero-mean throughout this paper.

Definition 1. A tessarine random signal vector x(t) € T" can be defined as a stochastic process of
the form [32]
x(t) = % () + 1y () + 1'%y () +17"%0 (1), t € Z,

withx, (t) € R", forv =r,n,n', 1", real random signal vectors, and the triad {n,n’,n" } satisfying
the following identities:

!/ 1

' =n", 0" =, q"n=—y, P=y"?=-1 y?=1

Definition 2. The pseudo-autocorrelation function of x(t) € T" is defined as Ry (t,s) = E[x(t)x#(s)],
Vt,s € Z, and the pseudo-cross-correlation function of x(t), y(t) € T" as Ryy(t,s) = E
Vt, s € Z.

Given a random signal x(t) € T", the real vector formed by its components is de-
noted by

T
X (t) = [x;f(t),x};(t),x',g,(t),x',g,,(t)} , tEZ.
Moreover, the conjugate of x(t) is defined as
X () = x () — 11y (£) + 1'% (8) = 51" % (1),

and the following auxiliary tessarines are introduced:

Xﬂ,gt) =% (1) + 115 (£) — 1'%, (£) — 11" (1),
X (1) = xp (£) — 1y (£) — 1'%, (£) + 17" (8).
For a complete description of the second-order statistics of x(t), the augmented tes-

sarine signal vector x(t) = [x (£),x* (t),x"" (t),x"" (t)]T might be defined, which satisfies
the following relationship with x"(¢):

x(t) = 2TX (1),
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where T = LA ® I, with

1 17 17/ 17//
1 _17 17/ _17//

A= ,
Loy
1 —n —7 1

and where THT = I,.

In this context, based on the vanishing of the different pseudo-correlation functions
Ry (£,8), v = *,1,1",[29,32] introduced two interesting types of properness, named T;
and Ty-properness, which are included in the following definition.

Definition 3. A random signal x(t) € T" is Tq-proper (respectively, To-proper) if, and only if,
Ry (t,8), with v = *,1,5" (respectively, v = n,4"), vanish Vt,s € Z.

Analogously, two random signals x(t) € T™ and y(t) € T"2 are cross T1-proper, (respec-
tively, cross To-proper) if, and only if, Rxyv (t,s), with v = *,1,5" (respectively, v = 1,1"),
vanish Vt,s € 7.

Finally, x(t) and y(t) are jointly Ty-proper (respectively, jointly To-proper) if, and only if,
they are T1-proper (respectively, To-proper) and cross T1-proper (respectively, cross To-proper).

Note that the T; and T,-properness properties have a direct impact on the signal
processing approach. Thus, the optimal linear processing in the tessarine domain is the
widely linear (WL) processing that entails operating on the augmented tessarine vector
x(t) € T#". Nevertheless, under Ty-properness conditions, k = 1,2, the WL processing is
reduced to a Ty-proper linear processing, which implies a considerable reduction in the
dimension of the processes involved. Particularly, Tq-proper linear processing considers
the tessarine random signal itself , x(t) € T", and T,-proper linear processing takes into

account the 2n-dimensional augmented vector given by the signal and its conjugate [29].

Definition 4. Given two random tessarine signal vectors x(t),y(s) € T", the product x between
them is defined as

x(£) xy(s) = xr(t) 0 yr(s) + 1%y (£) 0 yy (5) + 1'%y (£) 0 yyr (5) + 17" x4y (£) 0y ().

Property 1. The augmented vector of x(t) x y(s) is x(t) xy(s) = D*(t)y(s), where D*(t) =
T diag(x"(t))TE.

3. Problem Statement

Consider a networked system given by an n-dimensional tessarine state x(f) € T"
which is observed from R sensors, each of which provides measurements z()(t) € T”,
i = 1,...,R, perturbed by additive noises. Specifically, this system is assumed to be
described by the following state-space model:

x(t+ 1) =Fy ()x(t) + Fo(£)x* (t) + F3(£)x" (t) + F4()x"" (t) + u(t), t >0,

20 =x(t) +vD (), t>1, i=1,...,R, @
where F]-(t) e T"*", j =1,...,4, are deterministic matrices, and u(t),v(i)(t) € T" are
correlated tessarine white noises with pseudo-variances Q(t) and R (t), respectively, and
E[u(t)v®"(s)] = S0 (t)6; 5. Moreover, v() (£) is independent of v{/) (t), for any two sensors
i # j, and the initial state x(0), with E[x(0)x#(0)] = Py, is independent of u(t) and v/ (¢),
fort >0,i=1,...,R.
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Remark 1. Unlike the state—space systems considered in the conventional linear processing, which
only use the information supplied by the signal itself, the state equation in (1) captures the full
second-order information available in the state transmission.

The measurements available from each sensor are assumed to be affected by random
network-induced delay and missing measurements, according to the following model:

v ()
y" (1)

Y00 % 20+ () 20t =1) + (10— 2P (1) = (1) x v (1), £>2,
Z9(1).

For each sensori = 1,...,R and, for j = 1,2, 'y](i)(t) = ['y](li)(t),. . .,'y](i)(t)]T € T"isa
tessarine random vector whose elements ’y](i) (t),form =1,...,n, are composed of indepen-
dent Bernoulli random variables, 'y](’i)v
(i)

p j,; ,(t), which indicate whether the corresponding component of the available measure-

(t), withv = r,1,4',1", with known probabilities

ment is updated (7§Z’V(t) = 1), one-step delayed ('Yéi,)l,u(t) = 1), or only contains noise
(T () = 73, (1) = 0)
The following hypotheses on the Bernoulli random variables are assumed:

1. Foreachi=1,...,R, m=1,...,n, v=r,14,1,1", they must satisfy that 'yi?l,v(t) +
7§2,u<t) =1lor 'ygln)llv(t) + 'Yg,,),/v(ﬂ = 0 at every instant of time, i.e., if one of them
takes the value 0, the other one is 1, or both are 0.

pﬁz/v(t)+p(i) (t) <1,foreveryi=1,...,R, m=1,...,.n,v=rn14,14"

2m,V
Foreachsensori=1,...R,andj=1,2, 'y](l)
and also 'y@ (t) and 'y(l) (t) are independent for i # I.

] ]
4, 'y](l) (t) is independent of x(t), u(t) and v() (t),foranyi,l=1,...,R.

(t) and 'y]@ (s) are independent for s # ¢,

In this setting, we consider the optimal (in the least-squares sense) linear estimation
problem of the state x(¢) on the basis of the measurements available from the R sensors:
{y),...,yO(s)},i=1,...,R.

To exploit the complete second-order statistical information available, the augmented
statistics should be considered. With this purpose, the following WL model is defined from
(1), (2), and Property 1:

x(t+1) = @®(t)x(t)+a(t), t>0, 3)
20 = x(t)+v(), t>1, 4)
s = D (020 + D1 ()20 (- 1)+ D0 (99D, t>2, ()
with () (1) = z() (1), and where
Fi(t) Fa(t) Fs(t) Fu(t)
B(f) — Fy(t)  Fi(t) Fy(t) F;(t)
W=1HEwn Fo o Ee

Moreover, E[a(t)a®(t)] = Q(t), E[v0) ()90 (1)] = RO (1), E[a()vD"(1)] =80 (1), and
E[x(0)x"(0)] = Py.

By considering that x(t) and y(?) (t) are jointly Ty-proper, the available measurement
Equation (5) can be rewritten in a reduced dimension form as follows:

) (@) _, 0

. (i . (i) , _ _ .
vyt =D (20 (1) + D ()20t —1)+ D, T (v, t>2, (6
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with y,(:) (1) = [Ikn,Oan@_k)n} z()(1), and where
0
D (t) = delag( ())TH i=1,...,R j=1,2,
NGOG . . . '
D, LEE! (t) =Tk d1ag(14n — 'ygl) (t) — 'yél) (t))’TH, i=1,...,R,
with 1
Tk = EBk ® ITl/
and
1 n v 7", fork=1
By = Loy g g _
[ 1 =y g =" | fork = 2.
Moreover,
v 7 70) ) .
n’ () =£|D) (1] = {nk (t),Oan(4,k)n}, i=1,..,R =12,
1—n @ o (D) 1o () (, ’ @
Hk nen (t) = El:D nen (t):| [Ikn Hll< (t) H% (t) 0kn><(4 k) ] i=1..,R,
where
I (1) = diag (pj, (), Pl (D), i=1,..,R, j=12,
. i) 8
(i j j
H];)( ) 1 (¢) Hb@(t) , i=1...,R j=12,
2l m () ()
with

(1) . . . . . i i
) (1) = diag (ply, (5) + p0), (6), . P00+ (D), =1 R =12,
) () = dlag(p](.;),r(t) — (), P (1)~ p}(?/q,(t)), i=1,...,R j=12

Remark 2. Note that the Ty-properness means a reduction in the dimension of the available
measurements by a half (if k = 2) or by a quarter (if k = 1). '

Analagously, in a Ty-proper setting, the processes x(t), u(t) z)(t), v()(t) and ®(t)
can be replaced by x1(t) £ x(t), ui(t) = u(t), zgz)(t) 2 20, ()(t) £ V(i)(t , and
®(t) = Fy(t); and, in a Ty-proper settings, they can be replaced by x(t) = d

, ‘ T T
wat) £ [u(e), (1) 28 (1) 2 [20(),20" ()], v () & [V (1), (8)] " an
(B0 RO

E5(t) Fi(t)
g . g . x

Furthermore, E {uk(t)ul({l) (t)} = Q]((Z)(t), E[vk(t)vl((l> (t)} = R](J)(t), E[uk(t)vl(cz) (t)}
s\ (t), and E[x(0)x¥(0)] = Py,.

This reduction in dimension results in computational savings in the estimation algorithms
proposed, which cannot be attained from a real formalism.

In [23], conditions on the state—space model (3) which guarantee the Ty-properness, for
k = 1,2, of the processes involved are provided.

Then, by considering Tj-proper conditions, our aim is to obtain the LS linear estimator

of the state x(t) from the set of measurements {y,(;) (1),... ,y]((l) (s)},i=1,...,R. Recently,
this problem has been solved for the case of t = s (filtering problem), providing both
Ty-proper centralized and distributed fusion filtering algorithms with similar performance
to that obtained from a vectorial real approach but with a lower computational cost [23]. In
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this paper, this approach is extended to tackle the prediction (case t > s) and smoothing
(case t < s) problems by using both centralized and distributed methods.

4. Ty-Proper Distributed Fusion LS Linear Estimation

In this section, the distributed fusion LS linear estimation problem is addressed under
T-proper conditions.

The distributed fusion method consists of two steps: First, the measurements of each
sensor are used to generate local LS linear estimators. Then, similar to the distributed
fusion method used in [23], a fusion criterion based on weighted matrices in the LS sense is
applied to generate the distributed fusion LS linear estimator as a linear combination of the
local estimators. Next, these two steps are carried out.

4.1. Local Ty-Proper LS Linear Estimation Algorithms

Consider the multisensor system given by (3)-(4) and (6). The local Tx-proper LS linear
estimator of x(t), denoted by () (t|s) is obtained by extracting the first n components
of f(,(f) (t|s), where )A(,(Ci) (t|s) is given by the projection of x(t) onto the set of measurements
{y,((i) (1),..., y,((i) (s)}, for k = 1,2, under Ty-proper conditions.

Theorems 1-3 provide the algorithms to compute the LS linear estimator, f(l(f) (tls),

as well as their mean square errors, P}(cl) (t|s), for the filtering, prediction, and smoothing
estimation problems. It should be remarked that the formulas of the LS linear filtering
algorithm given in Theorem 1 were devised in [23]. They are included in this section without
proof since they are used to initialize the LS linear prediction and smoothing algorithms.
The proof of Theorems 2 and 3 are deferred to Appendixes A and B, respectively.

Theorem 1 (Local LS linear filter). For each sensor i = 1,...,R, the optimal filter, f(,((i) (t|1),
obtained from the system defined by Equations (3)—(4) and (6), is computed through the following
recursive expressions:

g0ty =50t — 1) + L (e (), t>1,
where )A(]((i) (t + 1|t) can be recursively calculated as
87 (t+ 1)) = @ (08 (t]t) + HY (el (1), t>1,

with ﬁ,((i) (110) = )A(,((i) (0|0) = Oy, as the initial conditions.
The innovations, e,El) (t), satisfy the recursive equation:
, , @ (i
e (1) =y () - ()% (el 1)

) (5 - - ©)
—n§<><t)(f(,§l>(t—1|t—1)+G]§”(t—1)e§>(t—1)), t>2,

with elgi)(l) = yl((i)(l) as the initial condition, and Gl(f)(t) = R,((i) (1) (Ikn - Him (i,‘))(),((ir1 (1).
Moreouver, L,(f)(t) = ®,(<i)(t)ﬂl(:)7l(t) and H](j)(t) = S}{”(t)(lkn - H%@(t))ﬂl(j)il(t),

where the matrices @,(ci) (t) are obtained by this expression:

0, (1) = B (et ~ )1 (1) + @t — )P (¢~ 1] - DI (1)
—H(-1) (et —1) +6 - nof - 1) 1" o
+ (st - 1) - @t - e (t— )6 (- 1)) (1), £>2;

e\’ (1) = Dy(1),
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with ;
Dy (1) = [Iknloknx(4fk)n]]j(1) [Iknroknx(élfk)n} , (11)

and D(t) obtained from the recursive formula:

D(t) = ®(t—1)D(t—1)®(t —1) +Q(t—1), t>1;, D(0) =P, (12)
The pseudo-covariance matrix of the innovations, Q](j) (t), is computed as follows:
) (1) =) () + 3 () + 93] (0 + 1) () + ¥ ()
(i i (i (@
0 (O (e - (1) + 1 <>Jk< n’ ()
(i) g (D) (i (i i)
1 (" - Y () + 12 () (PP (¢ 1) - 1)
—0 -1 (t-1) -6 -1e (t—1)
-G -nal -6l (t—1)) 20(p), t>2

0!’ (1) = De(1) + R (1),

(13)

(1) = Tk( (1-%" ) (1-%" ) } : (T”R<f><t>’r))’r£

and
10t = @ ()PP (1)) —H (nel)" (1) — e (el (Gl () + sV (1)

~H ol 66 ¢).

Finally, the pseudo-covariance matrices of the filtering errors, P]({i) (t|t), are obtained from the
following recursive formula:

p(tlt) = P (el —1) -0 (0’ (e’ (1), t=1,
with P,((i) (t +1|t), calculated by the equation
P (1 4+111) = @R () @f(1) — (6] (B (1)
~a) e (et -1 (Hal " () + i), t>1,
and the initial conditions: P (0|0) P, P]((i)(1|0) = Di(1).

Theorem 2 (Local LS linear predictor). For each sensor i = 1,...,R, the optimal predictor,
)A(]((i) (t|s), t > s, obtained from the system defined by Equations (3), (4) and (6), is computed as
follows:

3 (ts) = @t — 1) (E—1]s), t>s5+1, (14)

with the initial condition: the one-step predictor, f(,({ ) (s +1|s), given in Theorem 1.
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Moreover, the pseudo-covariance matrices of the prediction errors, P,(Ci) (t|s), satisfy the follow-
ing recursive formula:

P (ts) = e(t — P (F— 1[s)@F(t—1) + Qlt = 1), t>5+1, (15)

(@)

with the initial condition: the one-step prediction error, P’ (s + 1|s), calculated from Theorem 1.

Theorem 3 (Local LS linear smoother). For each sensor i = 1,..., R, the optimal smoother

)?]((i) (t|s), t < s, obtained from the system defined by Equations (3), (4) and (6), is computed through
the following recursive formulas:

3 (ts) = (¢l — 1) + L) (65)e’(5), s> 4, (16)

with the initial condition: the filter, f(l({i) (t|t), computed from Theorem 1. The innovations el(f) (s)
are recursively computed from (9), and Ll(f) (t,5) = @I({i) (t, S)Q,(frl (s), with Q,((i) (s) given by (13),
and

0 (t,s) =B (t)s — DA (s — 1) — 0 (1,5 — 1)B) (s — 1), (17)
with the initial condition: @,@(t, t) = @,((i)(t), computed from (10), and A,(Ci) (s) = H}((i) (s +
1)@ (s) + 127 (s +1), B (5) = 11" (s + YH (5) + 12" (5 + 1)G\)(5), and

B (t,5) = B (ts - ) @f(s —1) — 0 (t,s - )H (s - 1) = 0 (1, )LV (s — 1), (18)

with the initial condition: E]({i)(t, t) = P,(ci) (t|t), computed from Theorem 1.

Finally, the pseudo-covariance matrices of the smoothing errors, Pl(ci) (t|s), satisfy the following
recursive formula:

PO t)s) =P (ts —1) — 0 (1,5)0) ()0 (1,5), s>t (19)
with the initial condition: the local LS filtering error, P,((i) (t|t), given in Theorem 1.

4.2. Distributed Ty-Proper LS Linear Estimation Algorithms
Now, to determine the distributed LS linear estimators under Ty-proper conditions,
a linear combination of the local LS linear estimators {f(,(cl) (tls),--., )A(I(CR) (t\s)} computed

in Section 4.1 is considered to obtain the distributed LS linear estimator XP (s). The
weights of this linear combination are those that minimize the mean square error. Then,

the distributed Tj-proper LS linear estimator %" R (t|s) is obtained by extracting the first
n-components from X (t|s).

By applying the LS optimality criterion, the distributed fusion LS linear estimator,
%P (t|s), can be expressed by the form

K (Hs) = Ti(t, ), (1,5)%i (£]s),
- T T T
where X(t[s) = [f(,ﬁ” (t]s), ..., &%) (t|s)} ,and

Ti(ts) = [xk(tﬁg(qs)] - [K,Ell)(t,s),...,rc,ﬁm(t,s)},

Kilt,s) = E[§k(tls)§ﬁ(f\s)] = [’C;Eij)(ffs>}i,j=1,...,ze'

with K7 (¢,5) = E [ﬁ,ﬁ">(t|s)f<,§f>“(t|s)]
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Moreover, the associated error pseudo-covariance matrix, PkD (t|s), satisfies the equation
PP (t[s) = Dy(t) — Ti(t,s)IC, Mt s) TR(t
x (ts) = Dy(t) = Ti(t, )G, (t,5) T (L),

o T ™ . .
with Dy(t) = {Ikn/Oknx(z;—k)n] D(t) {Iknfoknx(z;—k)n] ,and D(¢) given in (12).
Therefore, the distributed Ty-proper LS linear estimators can be completely deter-
mined from the local LS linear estimators )A(,((Z) (t|s) of each sensori = 1,...,R, and the

computation of their pseudo-cross-covariance matrices KZ](;] ) (t,s).

The following theorems (Theorems 4-6) provide recursive formulas for the efficient
computation of such matrices in the filtering, prediction, and smoothing problem, respec-
tively. Note that the filtering pseudo-cross-covariance matrices presented in Theorem 4
were obtained in [23], and hence the proof is omitted. They have been included here
because they are used in Theorems 5 and 6. The proof of these theorems for the prediction
and smoothing problems are deferred to Appendices C and D, respectively.

Theorem 4 (Filtering pseudo-cross-covariance matrices). The pseudo-cross-covariance matrices
of the local filters, Kl](:] ) (t), are calculated as follows:

KDty = kDt —1) + N L (1) + 100 £ (1), ¢>1,

where K,iij ) (t + 1, t) are the pseudo-cross-covariance matrices of the local one-step predictors, which
satisfy the equation

1 (t4+1,t) = @y () (17 (@fi(1) + N (0m (1))
+HO (eI (t 11,0, t>1,
with K,(Cij) (1,0) = K,({ij) (0) = Ogyyxkn as the initial conditions.
Moreover, ./\f,((ij) (t) = ﬁl((ij) (t) + L]((i) (t)M,(:j) (t), where
() = (K,(fi)(t,t —1) =Kt t - 1))H,{(” (1)
+ ot 1) (1 (- 1) - 1 (- 1)) ()
@1 (00— 1) - N -1) T ()
+ (C,(j)(t “1e (1) - £t - 16 (1 - 1))11%”)@), t>2,

with E,((ij)(l) = Oy, xkn a8 the initial condition, and where C,((i)(t) = <I>k(t)L](<i)(t) + H,({i)(t),
@,((l) (t) is obtained from (10),

oy (t) = Rz(ci)(f) (Ikn - (t))‘sijr t>2,

with 4 (1) = R (1)6;;, and
L e L e R A
where
if (@ i ij (@) if (@) i
M) =1 )0 1) - £ (1) + (1 - 12" 1)) 0 (1) + 12" (1) (@ (¢~ 1,1)

+0W -1, - t-1,6 -6t - 1M (-1, t)), t>2,
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with M,(:j) (1) =Di(1) + R,(cl) (1)0;; as the initial condition, and where
o) (t—1,1) = (Dy(t—1) - K (¢ — 1))A,(j)”(t —1)-e(t-1)B (t-1),

ij iH () i (i)
0 (-1, = s (t— i’ (1) + RO (£ — 1)12" ()8

—ol (- (Al - 1)+ B (- 1),
£ (t-1,1) = (zc,(ji)(t —1) -k - 1))A,<j>”(t 1) - NP —1)BY (- 1)

+0 (¢t —1)H (- (1) + L0t — 1)l (¢t - 1’ (1),

and

MD (-1, =0t - 1)AY (1 - 1)

(-8 - 1) - £ (- 1) W 1)
(0l -1 - AP -1 - 60 - M - 1) T ),

fort > 2, and A,((i) (t) and Bl(j) (t) defined in Theorem 3.

Theorem 5 (Prediction pseudo-cross-covariance matrices). The pseudo-cross-covariance matri-

ces of the local predictors, IC,((ij ) (t,s), for t > s+ 1, are computed through the equation:

KD (ts) = dp(t— 1)K (t = 1,5)@f (t = 1), t>s+1, (20)
with the initial condition: IC,(cij ) (t+1,t), given in Theorem 4.

Theorem 6 (Smoothing pseudo-cross-covariance matrices). The pseudo-cross-covariance matri-

ces of the local smoothers, KZ,((ij ) (t,s), for t < s, are obtained from the following equations:

Kl](fj)(t,s) = Kl]((ij)(t,s -1) —i—J\/‘]({ij)(t,s)L]((j)H(t,s) + L,({i)(t,s)ﬁl(:j)y(t,s), t<s, (21)

with the initial condition: IC]((ij)(t, t) = IC,((ij)(t), given in Theorem 4, J\/',((ij)(t,s) = [:,((ij) (t,s) +
L,(Ci)(t,s)M,((”) (s), and
£ (t,5) = [0 (15— 1) - O (8,5 - 1)| AT (s 1)
+0"(ts — 1HHD (s - " (s) + LI (1,5 — )@Y (s — NI (5) (22
N (s —1)BI (s 1), t<s,

with the initial condition: E,((ij ) (t,t) = El({[j ) (t), given in Theorem 4, and where

0 (t,s) = 0 (t,s — 1)@ (s — 1) + N (t,5 - )HD (s — 1) + N (1, 5)L0" (5)
+ L (45 L0 (s), t<s,
; y (23)
with the initial condition: (’)]((l] ) (t,t) = KII((” ) (t), given in Theorem 4.

4.3. Computational Complexity

In this section, the computational complexity associated with the proposed distributed
Tj-proper LS linear estimation algorithms is analyzed.
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First, it should be remarked that due to the isomorphism between the WL processing
in the quaternion or tessarine domain and the R* processing, the three approaches are
completely equivalent, and the same computational complexity is required in each of them.
However, this equivalence vanishes under properness conditions when compared to their
counterparts derived from real-valued processing.

Effectively, under Ty, for k = 1,2, properness conditions, the dimension of the ob-
servation vector is reduced 4/k times, which leads to estimation algorithms with a lower
computational load with respect to the ones derived from a WL or R* approach (see [30] for
further details). Specifically, for each iteration, this computational load is of order O(64n%)
for the local LS linear algorithms devised from a real formalism, whereas this is of order
O(k3n3) for the T, fork = 1,2, algorithms.

Moreover, the computational load for the distributed linear estimation algorithms
obtained from a real formalism is of order O (64R31n%), whereas this is of order O (k>R3n?),
k = 1,2, for the distributed Tj-proper LS linear estimation algorithms.

5. Ty-Proper Centralized Fusion LS Linear Estimation

In this section, the centralized fusion estimation problem is addressed under Ty-proper
conditions. With this approach, the measurement data from each sensor are directly sent to
the fusion center to be processed.

Therefore, let us define the stacking vector of the augmented real measurements as

T T T
Z(t) = [Z(l) #),...,zR) (t)} , and consider the following augmented state—space system
under Ty-proper conditions:

L (24)

where y (1) = AZ(1), with Ay = I ® [Ikn,Oan@_k)n}. Moreover, &, = 1g ® L,

D) (1) = Yediag (7](1) ) Y*, j = 1,2,and D 77 (t) = Y diag (Lura — 7 () — 75(1) Y,
T T

with 77 (t) = [7]( O (t)] Y =R@Tand Y =1z T.

Additionally, R(t) = E[¥(t)¥(t)] = dlag(l_{( )(t),...,RB)(¢ )), E[a(t)v¥(s)] =
S(t)és, with the matrix S(t) given by S(t) = { )(t),...,8R)(¢t )} and

. 'Y(i) 17'y<i)7'y(i) . . .
with IT/ (t)and IT, "' " (t),fori=1,...,R, givenin (7).

In this setting, the centralized fusion Ty-proper LS linear estimator, X'k (¢|s) is the
optimal LS linear estimator of the state xi (f) from the measurements {yy(1),...,yx(s)}. In
a similar way to Section 4.1, this estimator is obtained by extracting the first # components
of xk(t|s) where X (t|s) is given by the projection of x(¢) onto the the set of measurements

{yk )( 1),..., y,(( )( )}, for k = 1,2, under Ty-proper conditions.

Theorems 7-9 provide the algorithms to compute the centralized fusion Tj-proper
LS linear filtering, prediction, and smoothing estimators, KTk (t|s), as well as their mean
square errors, PTk(t|s). It should be mentioned that the centralized fusion Ty-proper LS
linear filtering algorithm presented in Theorem 7 was devised in [23], and it will be used in
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both the prediction and smoothing algorithms. The proof of these Theorems is obtained by
following a similar reasoning to that of Theorems 1-9 on the state—space system (24).

Theorem 7 (Centralized fusion Ty-proper LS linear filter). The optimal centralized fusion
Ty-proper LS linear filter, X"k (t|t), is obtained by extracting the first n components of X (t|t), which
is recursively calculated as follows:

Ri(H]t) = Xe(t[t = 1) + Li(Hex(t) =1,
where Xy (t + 1|t) can be recursively computed as
Rie(E+1]t) = ()X (t]t) + Hie(t)er(t) £2>1,

with % (1]0) = £ (0|0) = Oy, as the initial conditions.
The innovations, €x(t), are obtained as follows:

ex(t) = yi(t) — T (1) Ex&pe (t]t — 1)
T2 () (B (F — 1]t — 1) + Gt — Deg(t— 1)), t>2,

with €, (1) = yi(1) as the initial condition, and By = 1g ® I, Gk(t) = Rye(t) (Tur — TI2(t))
Q1 (), with Re(t) = dlag( rRY (1), . ..,R,§R>(t)).

(25)

k(1) = O(t )Qk_l(t),zmd Hy (t) = S (t) (Tkur — H%(t))ﬂk_l(t), where Sy (t) =
s, s ()] and T () = diag<nf;”(t),...,n{f“(ﬂ),forj = 1,2, with T, (1)
given in (8).

The matrices Oy (t) are computed from the equation

Moreover, L

O(t) = Py(t|t — 1) ST () + By (t — 1)Py(t — 1]t — 1)E{TIF(t
— Hy(t — 1) (ExO(t — 1) + Gi(t — 1) (t — 1)) "
+ (St = 1) = @kt = 1)@k (t — 1)G{(t — 1)) II(t),
O(1) = 13 ® Di(1),
with Dy(1) given in (11).
The pseudo-covariance matrix of the innovations, O (t), is obtained from the expression
Q(t) =¥, (1) + ¥o, (¢ )+‘I’zk( ) +¥5, (1) + ¥a, (1)
+ T (1) Ex Py (¢t — DE{TL(H) + I(O)]k(f — DITE(H)
+ () (F = DI (8) + T (E) (2 Pe(t — 1]t~ 1)E]
— m@(t — 1)GH(t 1) — Gyt — )0t — 1)&]
— Gi(t— 1) (t = 1)GE(t —1))IIE(t), t>2;
O (1) = Ig @ Di(1) + Re(1),

(26)

where
¥1, (1) = Yi(Cov(#(1) o (Y'E,D()EIY)) Y,
wzk(t):Yk(c:ov(ﬂ(t),*;(t))o Y'E, (®(t - 1) (t—l):,{+5(t—1))y})yk,
s, (1) = Y4 (Cov(73(1) o (Y'E,D(t — DEIY))YY,
4, (1) = i (E[ (Larn = 75(8)) (Larn — 75(5) 7] © (YR()Y) ) ¥

\_/\_/
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with D(t) computed in (12), and ] (t) given by

Ji(t) = Ex{ (@x(0)Pr(t]t) — He (1) OF (1)) B — @k (1) Ok (1)GE (1)
+ Si(t) — He(HOx(H)GE (1) }-

Finally, the filtering error pseudo-covariance matrix, PTk(t|t), is obtained from Py (t|t), recur-
sively computed through the following equation:

Py(t]t) = Py(t|t — 1) — O () (1) O (1),
with Py (0(0) = Po, as the initial condition, and

Pi(t+1]t) = @(t)Pi(t|t) B (t) — By (1) Ok () H (1)
— H(HO(1)@f () — H (O (H{ (1) + Qi(1),
with P.(1|0) = Dy(1) as the initial condition.

Theorem 8 (Centralized fusion Ty-proper LS linear predictor). The optimal centralized fusion
Ty-proper LS linear predictor, X"k (t|s), t > s, is obtained by extracting the first n components of
Xy (t|s), which satisfies the expression

R (t)s) = @t — D&e(t—1]s), t>s+1,

with the initial condition: the one-step predictor, X (s + 1|s), given in Theorem 7.
Moreover, the pseudo-covariance matrices of the prediction errors, P (t|s), t > s, are obtained
from Py (t|s), which satisfies the following recursive formula:

Pi(t|s) = @(t — 1)Pi(t — 1|s)®@f(t —1), t>s+1,

with the initial condition: the pseudo covariance matrix of the one-step prediction error, Py (s + 1|s),
computed from Theorem 7.

Theorem 9 (Centralized Ty-proper LS linear smoother). The optimal centralized fusion Ty-
proper LS linear smoother, X"k (t|s), t < s, is obtained by extracting the first n components of
Xy (t|s), which satisfies the following expression:

R (ts) = X (t|s — 1) + Li(t,5)er(s), s>,

with the initial condition: the filter Xy (t|t), computed from Theorem 7. The innovations €(s) are
recursively computed from (25), and L (t,s) = @k(t,s)ﬂgl(s), with Oy (s) given by (26) and

O4(t,5) = Ex(ts — DAL(s — 1) - O (t,s — 1)Bf(s — 1),

with the initial condition: ®y(t) given in Theorem 7, and Ay (s) = IT}(s + 1)@k (s) + 2 (s + 1),
By (s) = I} (s + 1)Hy(s) + IT12(s + 1)Gy(s), and

Er(t,s) = Ex(t[s — 1)@f(s — 1) — Ok (t,s — 1)HI (s — 1) — O (t,5)LE(s — 1),

with By (t,t) = Py (t|t) as the initial condition.
Finally, the pseudo-covariance matrix of the smoothing errors, P'k(t|s), t < s are obtained
from P,((’) (t|s), which satisfies the following recursive formula:

P(ts) = Pr(tls—1) — @k(t,s)ﬂlzl(s)(af(t,s), s>t

with the initial condition: the pseudo-covariance matrix of the filtering error, Pi(t|t), given in
Theorem 7.
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Remark 3. A similar analysis to the one performed in Section 4.3 on the computational complexity
of the proposed algorithms can be performed here. In this case, the computational load for each
iteration of the centralized LS linear estimation algorithms obtained from a real formalism is of order
O(64R3n>), whereas this is of order O(K*R3n3), k = 1,2, for the centralized Ty-proper LS linear
estimation algorithms.

6. Numerical Example

In this section, the behavior and effectiveness of the Ty-proper distributed and cen-
tralized algorithms given in Sections 4.2 and 5, respectively, are analyzed by means of two
numerical examples.

In the first example, the performance of these algorithms is illustrated under different
uncertainty scenarios. In the second example, a general setting that is intended to be
adoptable for use in a variety of practical applications is considered to evaluate the better
behavior of the proposed Ty estimators over their counterparts in the quaternion domain.

6.1. Example 1

With the aim of assessing the performance of the proposed theoretical algorithms,
prediction and smoothing estimates obtained through both centralized and distributed
fusion algorithms are compared with the corresponding filtering ones and also compared
with each other by considering different situations of uncertainty in the measurements
and both Ty- proper, with k = 1, 2, scenarios. With this purpose, a scalar tessarine signal
x(t) € T satisfying the following equation:

x(t+1) =F(H)x(t) +u(t), t>0, (27)

is considered. The aim is to estimate x(t) from the measurements obtained from five sensors,
modeled by the following measurement equation available at each sensori =1, ...,5:

(0 =1 )20+ O+ 20 - 1) + (=10 =0 (1) x 0D (0), 122

(28)
where the real measurement, z() (t), satisfies the equation

20 =x(t)+09(1), t>1,i=1,...,5

In the state Equation (27), F;(t) = 0.9+ 0.3 4+ 0.14" + 0.1y € T, and the covariance
matrices of the real state noise are given as follows:

a 0 ¢ O

0 b 0
E[u'(t)u’T(s)} =1 ¢ 0 4 (C) Ots,

0 c 0b

witha = b = 0.9,c = 0.3, in the T-proper case, and a = 0.9,b = 0.6,c = 0.3, in the
T,-proper case.

Moreover, in the measurement Equation (28) available, the parameters pﬁ (t) of the
(

Bernoulli random variables 'yj?(t), fori=1,...,5,j=1,2,and v =r,1,1'y", are assumed

to be constant in time, that is, p](.,ig (t) = p](,lg, and characterized as follows:
- in the Ty -proper scenario, p](.? = p](i), forallv=r,y,97'y",j=1,2,i=1,...,5 and

- in the T»-proper scenario, pj(lr) = p](»,lg, and p](;;, = p](.,i;,,, forj=1,2,i=1,...,5.
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Furthermore, the correlation between the additive noises, u(t) and v(?)(t), is obtained
from the following relation between them:

oD (t) = au(t) +w(t), t>1,

with a1 = 0.5, ap = 0.3, a3 = 0.4, a4 = 0.6, a5 = 0.2, and where u(t) and w(i)(t)'are
independent, and the real covariance matrices of the tessarine white Gaussian noises w'? (t)
are given by

o T
E {W(l) (Hyw! (f)} = diag(Bi, Bifi, Bi), t=>1,
with 1 =3, B, =7, B3 = 15, B4 = 21, B5 = 25.
To complete the conditions that guarantee the joint Ty-properness between the state

x(t) and measurements y(?) (¢), the variance matrix of the real initial state is assumed to be
given as follows:

d 0
0 e
f 0

O O~
N O O

0 f
withd = e = 6,f = —5.5, in the Ty-proper case, and d = 3,e = 4,f = —2.5, in the
Ty-proper one.

Under the above conditions, and considering the hypotheses of independence estab-
lished in Section 3 on the Bernoulli random variables, the initial state and the additive
noises and the prediction and smoothing error variances have been computed for both
centralized and distributed fusion estimation methods by considering different values of
the Bernoulli parameters in the T;-proper scenario as well as in the T,-proper scenario.
More specifically, the following six cases have been analyzed in each scenario:

e  Inthe Ty-proper scenario:
- Casel:pl) =02,pY) =08,vi=1,...,5

W —08,pY) =02,vi=1,...,5
W = 0.25,p8) =0,vi=1,...,5
5

- Case2'p)
)
- Cased: p\ =075, p0) =0, vi=1,...,5
p Pz 1 VAR
i)
i)

- Case3:p

~.

- Caseb: pg =01, pé)—Ol Vi=1,...,

- Caseé: pg —OBpé)—OB Vi=1,...,

e In the Ty-proper scenario:

- Casel: (p§ ), pgg) (0.15,0.2), (pgi, pg;) (0.85,0.8),Vi=1,...,5;
- Case2: (p§ ), pgg,) = (0.85,0.8), (pg’i pg;) (0.15,02),¥i=1,...,5;
- Case3: (p§ ), py;) = (0.25,0.2), (pgz pg;) = (0,0),Vi=1,...,5

- Cased: (pi)pl)) = (075,07), (p1), P}, ) = (0,0),¥i =1,....5;

- Case5: (p)),pl))) = (01,005, (p)p5),) = (01,01), ¥i =1,....5;
- Case6: (pg;, p;}?,) = (0.3,0.35), (p§ ), pg;,) = (03,03),Vi=1,...,5.

Note that in each Ty-proper scenario, for k = 1,2, all the uncertainty situations are

considered. Specifically, in Cases 1 and 2, since pgl) + pg) =1,foralli =1,...,5,in the
T;-proper scenario, (respectively, pglz + sz = pgzﬂ)?, + p%, =1,foralli =1,...,5 in the
T,-proper scenario), they represent the delay situation in different levels. In other words,
in Case 1, there is a greater probability that the corresponding measurement component
is delayed one instant of time. In contrast, in Case 2 there is a high probability that the
corresponding measurement component is updated. The situation of missing measurements
is reflected in Cases 3 and 4, where it is more probable that the corresponding measurement
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component contains only noise in Case 3, and a signal plus noise in Case 4. Finally, in
Cases 5 and 6, two situations of mixed uncertainties have been considered, which allow the
performance of the estimators to be compared as the probability that the corresponding
measurement component is delayed or updated increases.

As a measure of the accuracy of the estimators, the filtering, prediction, and smooth-
ing error variances have been calculated and displayed versus time in Figures 1-4; also,
the mean of these error variances (whose calculus expressions are described in Table 1)
have been shown in Tables 2 and 3. Note that these measures allow us to compare the
performance of the estimators. That is, those estimators whose error variances have the
smaller value present a better performance than those with a greater error variance (same
consideration for the mean of the error variances).

Table 1. Expressions for filtering, prediction, and smoothing mean square errors.

Fusion Method Filtering Prediction Smoothing
100 100—71 100
Centralized ME; = &5 3~ PT(t|t) MEy: = o= Y, PU(t+7|t)  MEgc = g Y PTe(t|t+ 1)
t=1 t=1 t=1
100 100-7 100
Distributed MED = (& Y PPty MED, = i Y PPt Tt) MER =g Y PP (Ht+ 1)
t=1 t=1 t=1

The error variances have been calculated for prediction and smoothing estimators, as
well as for the filtering estimators in several stages, in all the cases previously described.
By way of illustration, only one case for each situation of delay, missing measurements, and
mixed uncertainties has been displayed in figures containing prediction errors (Figures 1
and 3) as well as in figures drawing smoothing errors (Figures 1 and 4), although the mean
square errors for each case have been included in Tables 2 and 3 for the Ty and T,-proper
scenarios, respectively. More specifically, the centralized and distributed fusion prediction
error variances, PTk(t 4+ t|t) and pD (t + t|t), respectively, for T = 1,2,3,4, as well as
the corresponding filtering ones, are displayed in Figure 1 for Cases 1, 3, and 5 in the T;-
proper scenario and for the same Cases in the T-proper scenario in Figure 3. Analogously,
Figures 2 and 4 depict the centralized and distributed fusion smoothing error variances,
PTx(t|t 4 1) and pD (t|t + ), respectively, for T = 1,2, 3,4, as well as the corresponding
filtering variances, for Cases 2, 4, and 6 in the T;-proper scenario (Figure 2), and for the
same Cases in the T»-proper scenario (Figure 4).

Figures 1 and 3 allow the centralized and distributed fusion prediction error variances
to be compared with each other in each case and also with the corresponding filtering
variances. So, it can be observed that on the one hand, the prediction error variances are
greater than the corresponding filtering ones, and on the other hand, they also increase as
T (the number of the prediction stage) is greater. Analogously, from Figures 2 and 4, we
can confirm that smoothing algorithms provide better estimations than the corresponding
filtering ones, and the accuracy of the smoothers also improves as 7 (that is, as the number
of measurements used to estimate the state) increases. Moreover, the centralized fusion
algorithms provide better estimations than the corresponding distributed ones since they
are optimal estimators versus the suboptimal ones obtained from the distributed fusion
methods.
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Figure 1. Filtering and prediction error variances in the T;-proper scenario for Cases 1, 3, and 5
computed by using the centralized fusion algorithm (on the left) and the distributed algorithm (on
the right).
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Figure 2. Filtering and smoothing error variances in the Ti-proper scenario for Cases 2, 4, and 6

computed by using the centralized fusion algorithm (on the left) and the distributed algorithm (on

the right).
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Figure 3. Filtering and prediction error variances in the Ty-proper scenario for Cases 1, 3, and 5
computed by using the centralized fusion algorithm (on the left) and the distributed algorithm (on

the right).
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Figure 4. Filtering and smoothing error variances in the Ti-proper scenario for Cases 2, 4, and 6

computed by using the centralized fusion algorithm (on the left) and the distributed algorithm (on

the right).

To compare the cases considered in each uncertainty situation, the means of the filter-
ing, prediction and smoothing errors variances (whose calculus expressions are described
in Table 1), are shown in Tables 2 and 3 for the T and T>-proper scenarios, respectively. In
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addition to the considerations drawn from Figures 1-4, the following conclusions can be
derived from Table 2, in the T;-proper scenario:

Better performance of the centralized estimators over the distributed ones. Effectively, in
Case 1, it can be observed that the mean of the centralized and distributed filtering
error variances, ME Ji and MEJ’;J , takes the values 6.9234 and 7.6676, respectively,
which indicate a better performance of the centralized filters over the distributed ones.
The same conclusion can be deduced when comparing the means of the prediction
and smoothing error variances at the same stage 7. As an example, observe that
the mean of the centralized and distributed prediction error variances for T = 3,
denoted by ME, 3 and ME E, 3, respectively, take the values 15.0486 and 15.6886, and
the one corresponding to the mean of the centralized and distributed smoothing error
variances at stage T = 2 are given by ME;, = 4.7648, and MEE2 = 5.1388. Similar
considerations can be made for all the cases.

Better performance of the smoothing estimators over the filtering ones and both, in turn,
over the prediction ones. Effectively, in Case 1, the following relation is true: ME 51 =
5.9197 < MEJI;7 =7.6676 < ME;?,l = 10.3765. Similar conclusions are obtained in all
the cases and for any 7.

Worse performance of the prediction estimators as the stage T increases (the opposite considera-
tion for the smoothing estimators). As an example, in Case 1, it is observed that ME,; =
9.6168 < ME,» = 12.4458 < ME, 3 = 15.0486 < ME, 4 = 17.4433 (for the prediction
errors) and ME;; = 5.3697 > ME;, = 4.7648 > ME,3 = 4.5051 > ME;, = 4.3921
(for the smoothing errors). Similar considerations can be made for all the cases.

Table 2. Filtering, prediction, and smoothing mean square errors in the T;-proper scenario.

Cases Filtering Prediction: Smoothing:
MEf MEp,T ME; .
MEP MED, MEZ,
T=1 T=2 T=3 T=4 T=1 T=2 T=3 T=4
1 6.9234 9.6168 12.4458 15.0486 17.4433 5.3697 4.7648 4.5051 4.3921
7.6676 10.3765 13.1431 15.6886 18.0306 5.9197 5.1388 4.7790 4.6328
2 4.5390 6.7719 9.8292 12.6421 15.2299 3.7946 3.5424 3.4435 34212
5.5281 7.8469 10.8171 13.5498 16.0640 4.5354 4.1401 3.9973 3.9622
3 16.2548 18.2474 20.3810 22.3444 24.1511 14.9311 13.9736 13.2796 12.7753
16.5213 18.5119 20.6221 22.5641 24.3512 15.1552 14.1378 13.3827 12.8245
4 5.7176 7.9889 10.9485 13.6715 16.1767 4.8191 4.4473 4.2898 42218
6.4844 8.8057 11.7014 14.3629 16.8116 5.4013 4.8981 4.6787 4.5968
5 20.5823 224152 242120 25.8656 27.3876 19.1857 18.1108 17.2780 16.6324
20.9046 22.7121 24.4833 26.1134 27.6139 19.5125 18.4190 17.5536 16.8704
6 8.9821 11.5869 14.2575 16.7147 18.9754 7.3064 6.4887 6.0641 5.8423
9.5247 12.0809 14.7101 17.1292 19.3550 7.7961 6.8709 6.3559 6.0840

Moreover, the following conclusions can be drawn by comparing Cases 1 and 2 in the

delay situation, Cases 3 and 4 in the situation of missing measurements, and Cases 5 and 6 for
mixed uncertainties. Specifically:

In the delay situation: For Cases 1 and 2, it can be observed that the estimations obtained
in Case 2 outperform the ones obtained in Case 1, due to the fact that in this case, the
probability that the measurements are updated is greater than that of Case 1.

In the situation of missing measurements: For Cases 3 and 4, the probability that the
measurements contain only noise is smaller in Case 4 than in Case 3; hence, better
estimations are obtained.

In the situation of mixed uncertainties: For Cases 5 and 6, better estimations are obtained
in Case 6 versus Case 5 since there is a greater probability that the measurements are
updated or delayed and a lower probability that they contain only noise.
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These same conclusions obtained from Table 2 for the T-proper case can be drawn
from Table 3 for the T,-proper one.

Table 3. Filtering, prediction, and smoothing mean square errors in the T,-proper scenario.

Cases Filtering Prediction: Smoothing:

ME; MEp . ME; -

ME? MEp . MED,
T=1 T=2 T=3 T=4 T=1 T=2 T=3 T=4
1 6.0702 8.3156 10.6490 12.7959 14.7711 4.7329 41974 3.9544 3.8409
6.6500 8.9052 11.1900 13.2922 15.2263 5.1555 4.4732 4.1470 4.0052
2 3.8564 5.6914 8.2355 10.5761 12.7295 3.2399 3.0210 2.9380 2.9049
4.6005 6.5058 8.9830 11.2629 13.3605 3.7966 3.4710 3.3482 3.3127
3 14.9522 16.5263 18.1980 19.7363 21.1520 13.8800 13.0793 12.4797 12.0298
15.3920 16.9481 18.5837 20.0890 21.4744 14.3013 13.4627 12.8189 12.3261
4 5.1916 7.0810 9.5134 11.7514 13.8103 4.3965 4.0439 3.8817 3.8049
5.9890 7.9173 10.2815 12.4568 14.4581 5.0333 4.5557 4.3248 4.2216
5 18.7493 20.1627 21.5402 22.8080 23.9750 17.6607 16.8025 16.1205 15.5780
19.4711 20.8326 22.1542 23.3709 24.4909 18.4132 17.5593 16.8643 16.2995
6 7.1621 9.3053 11.5591 13.6328 15.5406 5.8434 52147 4.8912 4.7212
7.9999 10.1092 12.2969 14.3097 16.1617 6.5764 5.8134 5.3839 5.1533

6.2. Example 2

In this second example, the effectiveness of our method is assessed in a realistic setting
where the superiority of the proposed estimators over their counterparts in the quaternion
domain under Ty-properness conditions is analyzed in the case of a single sensor.

Specifically, we consider the following general equation of motion [21]:

9% _
ot

a—q) = and

3 w (29)

where w is the input of the system, and ¢ represents the variable of interest with ¢ indicating
its range of change.

Note that the equations given in (29) are applicable in a wide variety of practical
situations including bearings-only and rotation tracking. In the case of bearing-only
tracking applications, the input typically represents force or acceleration, and in a rotation
tracking scenario, it represents the torque or angular acceleration.

Consider the equivalent discrete-time model of (29)

x(t+1) = ( AT )x(t)+ { AZZT/Z }w(t), F=1,...,100.

with x(t) = [@(t), ¢(t)]", and initial condition x(0) = 0,,1. Moreover, AT = 0.04 denotes
the sampling interval, and the input w(t) is a tessarine white noise with real covariance
matrix given by

N © W
S W o
LWonN

(Sts

LW o PNOo

0 20

By way of illustration, assume that the measurements available come from one sensor
according to the equation (2), where v(t) = [v1(t),v5(t)]" is a tessarine white noise such
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that v1(t) and v, (t) are independent and their associated real covariance matrices are
given by

0 65 0 01
E[V:"“)V:"(S)}: 01 0 65 o |% mM=L2

0 01 0 65

Moreover, the independent Bernoulli random variables 'y]-mrv(t), forj=1,2,m=1,2,and
v =r1,7,1'n", have constant parameters pj,, , (t) = Pjm,v-

In this setting, the comparative analysis is carried under both Ty-proper, k = 1,2
scenarios, by considering the following Bernoulli parameters:

- T;-proper scenario: p11, = 0.2, p1oy = 0.3, po1, = 0.4 and py, = 04, for all
v=r,4,1'n", and

- T,-proper scenario: py1, = pi,y =07 and P11y = Piyr = 0.3, poy = p1oy = 0.1
and ppp, = proyr = 0.8, p21y = p21y = 0.2 and pyy1, = parr = 0.5, and pay,r =

P2y = 0.4 and P22y = Py = 0.2.

Then, for each Ty-proper scenario, k = 1,2, the Ty-proper LS linear estimation error
variances Py (t|s) are compared with their counterparts in the quaternion domain, i.e., the
quaternion strictly linear (QSL) and the quaternion semi-widely linear (QSWL) estimation
error variances, denoted by PRSE(t[s) and PRSWL(#|s), respectively. As a measurement
for comparison, we consider the difference between both errors for the prediction and
smoothing problems given by the expressions:

- Ty-proper scenario: Dy (t[s) = PR5L(t|s) — Py(t]s).
- T,-proper scenario: Dy (t|s) = PRSWE(t[s) — P,(t]s).

Figures 5 and 6 display these differences for the variable of interest ¢(t) in the T
and T»-proper case, respectively. All the graphics show the superiority of the Tj-proper
estimators over their counterparts in the quaternion domain. Moreover, in the prediction
problem, this superiority is higher as time ahead in the prediction stage is greater, whereas
in the smoothing problem, a better performance of the Ty-proper estimators is achieved
in situations with a lower number of measurements used to estimate the state. Note that
similar results are obtained for the component ¢(t) of state vector x(t). These graphs have
been omitted to not increase the length of the paper.
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Figure 5. Difference between QSL and T;-proper error variances for the prediction (on the left) and
smoothing (on the right) problems in the T;-proper scenario.
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Figure 6. Difference between QSWL and T,-proper error variances for the prediction (on the left)
and the smoothing (on the right) problems in the T,-proper scenario.

7. Discussion

The multisensor fusion prediction and smoothing estimation problems in systems
with random sensor delays, missing measurements, and correlated noises have been
investigated. As usual, these uncertainties are assumed to be modeled by independent
Bernoulli distributed random processes.

Unlike most of the results existing in the literature, the problem has been addressed in
the tessarine domain. An extremely interesting characteristic of this type of processing is
the possibility to reduce the dimension of the problem when the processes involved are
Ti-proper. In practice, these properness characteristics can be statistically tested. Then,
both distributed and centralized fusion estimation algorithms are proposed under Ty-
properness conditions, which offer significant computational advantages when compared
to their counterparts derived from a real-valued processing.

It should be highlighted that as an alternative to tessarines, some other 4D hypercom-
plex algebras, such as quaternions, could have been used. The convenience of using a
tessarine or quaternion processing depends on the particular property conditions verified
by the processes involved. Additionally, in future research, more general structures, such
as the generalised Segre’s quaternions, which include tessarines as a particular case, would
offer the possibility to choose the best commutative algebra according to its properness
characteristics.
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Appendix A. Proof of Theorem 2

Based on an innovation approach, the optimal LS linear predictor, X()(t|s), for each
sensori = 1,..., R, can be obtained from the following expression [32]:

where (:)]((i) (t,1) =E {)‘((t)e,si)ﬁ(l)] , Q]((D (I)=E [el((i) (l)e,((i)H(l)} , and the innovations elgi) (t) =
y,((i) (t) — 9,?) (¢t — 1), with y,(j) (t|t — 1) the local LS linear estimator of y,((i) () based on the
set of available measurements {yl(ci) (1),.. .,y,(:) (t—1) } Then, using the state equation
in (3), and taking into account the fact that E {1‘1( t‘)e]((i)H (s)] = 04y, xkn, for t > s, the following
expression is obtained:

D (ts) =d(t—1)xD(t—1]s), t>s+1. (A1)

Therefore, Equation (14) is immediately derived by characterizing (A1) for both Ty-
proper scenarios.
Moreover, from (A1), the following equation is obtained:

xO(t)s) =@t —1D)xD(t—1s) +a(t—1), t>s+1, (A2)

where () (ts) = x(t) — XD (t|s) and XD (t —1]s) = x(t — 1) — xO(t — 1|s). Hence,
Equation (15) is deduced by characterizing (A2) for both Tj-proper scenarios.

Appendix B. Proof of Theorem 3

. Similar to the Proof of Theorem 2 given in Appendix A, the optimal LS linear smoother,
%) (t|s), can be expressed as follows [2]:

) s N1 .
0(ts) = Y0 (500l el 1), s>t (43)
I=1

and hence, the following recursive expression is easily derived:
£ (¢[s) = %D (tls — 1) + T (£, 5)el) (s), s> ¢, (A4)

Then, Equation (16) is easily derived from (A4), and taking into account the character-
istics of both Tj-proper scenarios.

Analogously, the optimal LS linear filter, (") (s|s), and the one-stage predictor, () (s|s —
1), admit the following expressions:

(i) (s]s) = £ (s]s — 1) + L (s)el’ (), (A5)

>>

and
£ (s]s —1) = ®(s — )& (s — s — 1) + A (s — 1)el (s — 1), (A6)

respectively, where I:,(ci) (s) = @,(Ci) (S)Q]((i)_l (s), with (:),(ci) (s) = @,(ci) (s,s), and I:I](ci) (s—1)=

_ _n (0 N
s<z>(s_1)n£1 ") s—10 (s—1).
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Now, from (6) and (9), we have
. H (i)
0 (t,s) = E[x(t)f((f) (s|s—1)}ngl (s)
(¥

+ (B (s -1 -8 (s - )6 (s - 1)) (),

gl )i . @)F
where E{’ (t,s = 1) = E[x()%"(s = 1]s = 1)|,and 6" (s = 1) = RO (s — )11 ) (s -

1)0,(;) ](s —1). Thus, from (3), (A5), and (A6), and reordering terms, Equation (17) is
derived by using the characteristics of both Ty-proper scenarios on the resulting expression.
Its initial condition is immediately deduced from its definition.

In a similar way, from (3), (A5), and (A6), the expression (18) is directly obtained by
virtue of the Ty-properness conditions.

Finally, the recursive formula (19) for the pseudo covariance matrix of the smoothing

errors P ( |s) is easily derived from (16).

Appendix C. Proof of Theorem 5
From (A1), the pseudo-cross-covariance matrix K )(t,s) = E{ ) (t|s)&U) (t|s)}, for
t > s+ 1, takes the form

KD (ts) =@t —1DRD (t—1,5)@0(t—1), t>s+1.

Hence, by characterizing this expression for both Ty-proper scenarios, Equation (20)
can be deduced.

Appendix D. Proof of Theorem 6
From (16), K (t,s)E [f((i) (t]s)x0)" (t|s)} , for s > t, can be expressed as follows:

KD (t,5) = KD (1,5 — 1) + M (1, (1,9) + L (1,5) 20 (15), s>t (A7)

where N7 (t,5) = E[ﬁ(ﬁ(ﬂs)e,ﬁi)”(s)} = 20 (t,5) + LI (t,5) M (5), with £17) (¢,5) =

X0 (s — 1)€£i)H(S):| . Then, Equation (21) is easily derived by characterizing (A7) for
both Ty-proper scenarios. The initial condition is directly obtained from its definition.
Next, from (9), the following expression for E,El] ) (t,s), with's > t, is obtained:

207(,5) = E[89 (s 1)y (5)] ~ E[£0 (s — 130" sl ~ )] (9
. .,

(A8)
y ( . & <
~ 0 (s (5) - A (s -G s - DI (5), s>+,

with @) (t,s) =E [fc(i) (t|s)§(f)ﬁ(s|s)} . Now, by using (6), the hypotheses on the model,
and Equations (A3) and (A6), the following equation can be obtained:

E[0(tls - 1)y (5)] = 07,5~ AT (s - 1)
)H
10 (s A" (st (s)
)H

+L (s — 1)@y (s - 1)11;32 (s),
E[ ) (s — 1)) (|s—1)] 5 (15— 1)®(s — 1) + M (1,5 - 1)AV (5 — 1),

(A9)
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where A]((J) (s—1) = sz) (s)®(s —1) + Hzé/) (s). Then, by substituting (A9) in (A8), re-

ordering terms, and taking into account the characteristics of the Ty-proper scenarios,

Equation (22) is deduced. Its initial condition is determined by its proper definition.
Finally, to derive Equation (23), the following expression will be used,

£0)(sls) = ®(s — )& (s —1)s = 1) + A (s = 1)el (s = 1) + TV (s)el (), (A10)

immediately obtained from (A5) and (A6). Then, by using the definition of ol (t,5), (A4)
and (A10), reordering terms in the resultant expression, and applying the characterization
of both Ty-proper scenarios, Equation (23) can be deduced. From its definition, the initial
condition is established.
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