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Abstract: Multicomponent stress—strength reliability (MSR) is explored for the system with Burr
XII distributed components under Type-II censoring. When the distributions of strength and stress
variables have Burr XII distributions with common or unequal inner shape parameters, the existence
and uniqueness of the maximum likelihood estimators are investigated and established. The asso-
ciated approximate confidence intervals are obtained by using the asymptotic normal distribution
theory along with the delta method and parametric bootstrap procedure, respectively. Moreover,
alternative generalized pivotal quantities-based point and confidence interval estimators are devel-
oped. Additionally, a likelihood ratio test is presented to diagnose the equivalence of both inner
shape parameters or not. Conclusively, Monte Carlo simulations and real data analysis are conducted
for illustration.

Keywords: multicomponent stress—strength model; Burr XII distribution; maximum likelihood
estimation; generalized pivotal estimation; asymptotic theory

MSC: 62N05

1. Introduction

The stress—strength model, under which a system or unit survives if its strength is
greater than the stress imposed, plays a considerable role in lifetime studies, engineering
applications, supply and demand applications, and others. The associated stress—strength
reliability (SSR), R, is defined to be R = P(Y < X), where X represents the strength of
the system or unit and Y is the associated stress applied on it. Generally, the strength X
is defined as the quality characteristics of the main subject and the stress is defined as the
quality characteristics Y of the opposite subject in the model. To address the aforementioned
stress—strength model, three examples are given for illustration. The first example is about
mechanical engineering applications. The strength of the long horizontal part for a crane,
denoted by X, is required to exceed the stress of loading weight of the lifting object for
operation. We denote the stress of loading weight by Y. The SSR of R = P(Y < X) can
be an important measure for assessing the quality of crane. The second example is about
civil engineering applications. The allowable bearing capacity of a suspension bridge is
an important quality measure. The strength of a pairs of cables for the suspension bridge,
denoted by X, should exceed the total amount of car weight passing through. We denote
the stress of the total amount of car weight passing through by Y. In this application, a
high SSR of R = P(Y < X) is required for the design of the suspension bridge. The third
example is about logistics applications. To maintain the quality of a logistics system, the
supply capacity can be the strength, denoted by X, and the demand can be the stress,
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denoted by Y. A high SSR of R = P(Y < X) indicates that the logistics system is reliable.
Over the past few years, the stress—strength model has been extensively used in a variety of
fields that include economics, hydrology, reliability engineering, seismology and survival
analysis, and the inference of SSR had been discussed in numerous works; for example, by
Eryilmaz [1], Kundu and Raqad [2], Krishnamoorthy and Lin [3], Mokhlis et al. [4], and
Wang et al. [5]. Conventional studies for the SSR inference focus on the system of a sole
main component, i.e., a unit. However, many practical systems, which include a series
system, parallel system, or a combination of these two systems, are composed of multiple
components to achieve their functions. Therefore, the SSR investigation has been extended
to a multicomponent system. Generally, aforementioned multicomponent systems consist
of k main components that have independent and identically distributed (i.i.d.) strengths
subject to an opposite commonly distributed stress, and the system survives if at least
s(1 < s < k) main components simultaneously function. In the literature, this system is
usually referred to as the s-out-of-k G system.

In reality, there are many examples of a multicomponent system. For a communication
system with three transmitters, the average message load may be such that at least two
transmitters must be operational at all times; otherwise, critical messages may be lost. Thus,
the transmission subsystem functions can be a 2-out-of-3 G system. Another example in
the aircraft industry is that the Airbus A-380 has four engines and the airplane can fly if
and only if at least two of its four engines are functioning, and this case is referred to as a
2-out-of-4 G system.

Let X1, X, ..., X denote the strength variables of k components in an s-out-of-k G
system and follow a common cumulative distribution function (CDF), F(-). Each compo-
nent is subject to a stress, denoted by Y, which follows the CDF G(-). Bhattacharyya and
Johnson [6] provided the multicomponent stress-strength reliability (MSR), R; x, as follows:

Ry = P(atleast s of the (X3, X, ..., Xi) exceed Y)
k 0o ‘ ‘
- ;( If )/w[l — F(H))'[F(1))*1dG (). 1)

The s-out-of-k G system has attracted extensive attention and R; ; inference has been
broadly investigated by numerous studies. These include multicomponent strength—stress
models for Kumaraswamy distribution by Dey et al. [7], based on Chen distribution by
Kayal [8], based on general class of inverse exponentiated distribution and proportional
reversed hazard rate distribution by Kizilaslan [9,10], based on bivariate Kumaraswamy
distribution by Kizilaslan and Nadar [11], based on Marshall-Olkin bivariate Weibull
distribution by Nadar and Kizilaslan [12], based on Rayleigh stress—strength model by
Rao [13], based on Burr XII distribution by Rao et al. [14], based on progressively Type-II
censored samples from generalized Pareto distribution by Sauer et al. [15], and based on
Rayleigh stress—strength model by Wang et al. [16].

The Burr XII distribution has gained much attention regarding the applications of
modeling in reliability studies in recent decades. Let T be the Burr XII distributed random
variable. Then, the CDF and probability density function (PDF) of T are respectively
given as

FEAa)=1— (14" and f(tAa) =adt* 11+ @ >0, (2

where A > 0 is the inner shape parameter and « > 0 is the outer shape parameter. For easy
reference, the Burr XII distribution with parameters A > 0 and « > 0 will be denoted by
BurrXII(A, «), hereafter. The BurrXII(A, «) was initially introduced by Burr [17]. Due to
two shape parameters, the BurrXII(A, «) is a very important and flexible probability model
for any positive random variable. Tadikamalla [18] provided the link of BurrXII(A, a) to
some widely used lifetime distributions such as Weibull, chi-square, Rice, and extreme
value models. Since then, many authors have investigated the inference methods with
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different applications of the Bur XII model. Kumar [19] studied the mathematical properties
for the moment-generating function, conditional moments, mean residual time and mean
past time, the mean deviation about mean and median, stochastic ordering, and SSR
estimates for the Burr XII distribution. Lio and Tsai [20] investigated the SSR estimates
using progressively first-failure-censored samples of strength and stress that are Burr
XII distributed. Wingo [21,22] explored the existence and uniqueness of the maximum
likelihood estimators of the Burr XII distribution parameters based on multiple censored
datasets. An example of the failure times of a certain electronic component was used
for illustration. Wu et al. [23] studied the failure-censored sampling plan for the Burr
XII distribution and used the proposed sampling for quality control applications, and
Zimmer et al. [24] used Burr XII distribution to characterize several real lifetime datasets
for reliability analysis, including the breakdown of an insulting fluid between electrodes at
a voltage of 34 kilovolts in minutes and the first-failure time of small electric carts.

In statistical inference, the sample size often has a strong impact on the validity of
results. Because modern products always feature high reliability and a long life-cycle,
complete failure times for all test units do not often obtain possibly in practice, except
censored failure times. The goal of this investigation is to develop an alternative novelty
inferential methodology for R;; when strength and stress variables follow the Burr XII
distributions under Type-II censoring on strength data. Three contributions of current
work are addressed as follows: the MSR model has been formulated under a censored
data scenario to save sample resource; the existence and uniqueness properties of the
maximum likelihood estimators of the model parameters and the associated estimates
for R,y are established to guarantee the maximum likelihood estimation method under
Type-II censoring; moreover, the proposed alternative novelty generalized estimates of the
model parameters and the associated estimates of R; ; using pivotal quantities are shown
uniquely existence under Type-II censoring and the simulation study shows the proposed
generalized estimates of R, to be competitive with the maximum likelihood ones. To our
best knowledge, the procedures developed in the current study have not appeared in the
literature for the Burr XII distribution.

The rest of this paper is organized as follows. In Section 2, the Type-II censored
strength and the associated stress samples for each s-out-of-k G system and the likelihood
function based on 1 systems are briefly described. Section 3 presents maximum likelihood-
based inferential approaches to estimate R,  when the latent strength and stress variables
follow Burr XII distributions. Theoretical results are provided to support the existence
and uniqueness of estimators. Meanwhile, asymptotic confidence intervals (AClIs) are also
developed based on delta method and bootstrap percentile procedure. Section 4 provides
inferences based on pivotal quantities and numerous theoretical results to support the
existence and uniqueness of estimators. To compare the equivalence of strength and stress
Burr XII inner shape parameters, a likelihood ratio test is presented in Section 5. Simulation
studies and a real data example are provided in Section 6 for illustration. Finally, some
concluding remarks are addressed in Section 7.

2. The G System Model and Likelihood Function

Let n s-out-of-k G systems be put on a life-testing experiment, where each system
contains k i.i.d. strength components subject to a commonly distributed stress. Under the
failure mechanism of the system, the samples of strength and stress can be, respectively,
presented as follows:

Strength sample observed Stress sample observed
X X oo Xis Y1
Do S and Y
Xm1 Xm0 Xus Y

®)
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where {Xj1, X3, ..., Xjs} are the first s strength samples with Xij < Xjsfor1 <j<s
under Type-II censoring and Y; is the associated common stress variable for the ith system,
i=1,2,...,n. Let the lifetimes of the i.i.d. system components follow the CDF Fx(-) with
the PDF fx(-) and the associated stress variables follow the CDF Fy(-) with the PDF is
fy(-). The joint likelihood function of samples described by (3) can be given as

L(data) o ﬁ(f{fX(%‘j)) [1— Fx (xis) ]~ fy (vi)- )
i=1 \j=

The likelihood function of (4) is a general form. When s = 1, it presents the likelihood
function for the conventional series system; although s = k, it is the likelihood function for
the parallel system.

3. The Maximum Likelihood Estimation of R, j

In this section, estimation is developed for R; based on the maximum likelihood
method when the strength and stress variables have Burr XII distributions with various
parameter assumptions.

In general, let the observed strength sample, X = {Xj, Xp, ..., Xis} and associ-
ated stress sample, Y = {Y1,Ys,...,Y,} fori = 1,2,...,n of (3) be from BurrXII(Aq, aq)
and BurrXII(A;, ap), respectively. Using Equations (2), the likelihood function (4) of
© = (A1, a1, A, ap) based on samples of (3) can be represented as

Q) « ﬁ (ﬁf(xij; /\1,0é1)> [1— F(xig; A, 1)) F(yi; Ao, )
i=1 \j=1

x aS AT A2<HHxA] 1]—[]/‘2 1>exp{ (e +1) f n(1+y;? }

i=1j=1

xexp{ (a1 +1) ZZInl—i—x ) —aq(k— s)iln(l—f—x;;l)} )

i=1j=1 i=1

and the log-likelihood function without constant term can be obtained by

n S
((©) =ns(InAy +1Inag) +n(ln Ay +Inaz) + Y Y (A — 1) In(x;)
i=1

=1
+i()\2—1)ln(]/l (a1 +1) (iilﬂl—Fx >— ( i l+x )

i=1 i=1j=1

- (a2+1)f1n(1+y?2). (6)
i=1

3.1. Case 1: Common Inner Shape Parameter

Let A; = Ay = A. Equation (1) can be represented as follows:

k

Ra=3( %) [T a EGA a0l arA )

i=s

(e
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and the likelihood function of (5) based on observed samples of (3) will be reduced to the
following one for ®1 = (aq, a2, A),

®1 “H(Hf xl]//\ X1 ) (XZS/)L ‘Xl)] 7sf(yi;/\/“2)

S

ocpc"slx”)\" (s+1) (Hsz 1) (Hy ) 11 1+yz) ar—1

i=1j=1
n S n
(HHO + x?p(“l“)) (14 xy) ) ®)
i=1j=1 i=1
and the associated log-likelihood function without constant term is given by
01(01) = nsln(ay) + nin(ap) + n(s +1)In(A) + (Z Y In(xjj) + Zln i )
i=1j=1

— (a1 41) (i iln(l +x?j)> —ay(k—s) fln(l +x}) = (ap+1) iln(l +yh). )

i=1j=1 i=1 i=1

3.1.1. Point Estimator for R,

The partial derivatives of ¢1(©;) with respective to a1, a; and A can be given as

n s n
00(01) _ E_ Y Y In(l 4 x) — (k—s) Y In(1 +x}) (10)
aal i= 1] 1 i=1
001(01) !
= 072 izzlln 1+yl) (11)
9:(01) _n(s+1) , (¢ y; In(y;)
T ,Z;JDH )+ it | e 0 LA 1+
no sl Mn(x;; nx In(xg)
1) o (k — Zis T \TIS/ 12
w(BE ) e 0 "

The MLE of (aq,ap,A) is the solution to the normal equation V/¢1(®1) = (0,0,0),
where

V0 (0) = (agl(@l) 941(©1) 951(@)1))

8061 ! alkz ! JA

is the gradient of ¢1(®;) with respect to a1, a, A. The MLEs can be established through
Theorems 1 and 2. It is worth mentioning that no literature has provided the following
theories, yet.

Theorem 1. Given a positive value of a1 and a positive value of ay, if and only if either one of
strength or stress contains at least one observation different from unity then the MLE (A) of A is
uniquely defined as the solution to the following equation,

n(s+1 L y)‘ln(y) x In(xg)
St (ZZln %) —i—Zlnyl) w1y ) 9y Hx“
i=1j=1 i i=1
n s xgn(xg;)
— (« +1 Y =0 13
(o )@1,; o 1)

Proof. See Appendix A. [
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Theorem 2. Let n > 2 and s > 2. Suppose that at least two observations from the strength and
stress are different. Then, the MILEs of a1, xp and A are uniquely defined if and only if at least one
observation from strength and stress less than 1.

Proof. See Appendix B. O

Because the MLE A does not have an analytic form in the nonlinear Equation (A4), it
can be obtained using an iterative procedure such as the Newton-Raphson method with
an initial guess can be a random generated value from uniform distribution over (0, 2)
or uniroot function with an arbitrary interval and option extendInt = “yes” in R. In this
work, uniroot function will be used. Then, the MLEs of &1 and a, can be obtained from
Equation (A3) and expressed by

ns
* T In(1 4 x) + (k—5) Dy In(1+ 1))

& =

and
n

LyIn(1+y)
respectively. Therefore, the MLE of R, can be obtained from (7) and expressed by

i=sj=0

&y =

3.1.2. Asymptotic Confidence Interval for R, x

Because it is difficult to derive the exact sampling distribution of Ry, the exact
confidence interval cannot be available. In this subsection, two AClIs of R;  are constructed
by using the asymptotic normal distribution along with the delta method and the bootstrap
sampling technique, respectively.

The observed Fisher information matrix of ®; is given by

L R .7 S W .1

on? Ja1 0y 10

_ P20 Cal) Call!
IO =1 —oe 5% ~awx |

Py Py P

aﬂcla/\ aaza)\ E))\2

where the second derivatives can be acquired directly. The detailed expressions of the
second derivatives are omitted here for concision. An ACI can be obtained using delta
method based on Theorems 3 and 4.

Theorem 3. When n — o0, /n(0; — ©,) LN N(0,nI71(®1)), where @1 = (&1, &, A) is the

associated MLE of ©1 and Ly stands for ‘converges in law’.

Proof. Using the asymptotic properties of MLEs and multivariate central limit theorem,
the result can be proven. [

Based on Theorem 3, the following result is provided.

Theorem 4. Let R, . be defined by (7). If n — oo, then

Vi(Reg — Reg) =5 N(0,7Y(©1)),

5 (RN T IR 1 dRyx _ (Ryx Ry ARy \T
where Ry is MLE of Ry, £(01) = (565 ) 171(01) (56 ) and Set = (5, 5, %53 )
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Proof. See Appendix C. [

Substituting ®; by its MLE, ©; and given arbitrary 0 < 7 < 1,a 100 x (1 — )% ACI
of R, ; can be formed by Theorem 4 as,

(Rs,k —Zy/21\/ Va\r(Rs,k), Ryx + Zo/21/ W(Rs,k)) ,

_— T
— A R, — A 1A
, ) Vm’(@ﬂ(w‘f),\/ar(@l) =I"1(®;) and

where Va\r(ﬁsrk)

I
/N
Q|
oltel
=

OR,r\  (9Ryx 9R.x dRy\T
8@1 - 8061 ! 8062 " oA
The ACI obtained by the procedure mentioned above may have a negative lower

bound. To remove this drawback, the logarithmic transformation and delta methods can
be applied to develop the asymptotic normal distribution of In Ry ; as follows:

0,=0,

InR.;, —InR
M8k = Bk 4 N(o,1).
Vﬂ?’(h’lRS/k)

The 100 x (1 — )% ACI of Ry can alternatively be derived as,

N

R o — -
ik\ - , Rs xexp <z7/2 Var(In Rs,k)) ,
exp (zy/z Var(In Rs,k))

—

where Var(In Rsx) = Var(R,)/R?, by delta method via Taylor’s expansion.

For complementary and comparison purposes, a bootstrap confidence interval (BCI)
for R, is further established using the parametric bootstrap procedure and the details
are provided in Algorithm 1. For more detail information about the parametric bootstrap
procedure, one may refer to Efron [25] and Hall [26].

Algorithm 1: Parametric Bootstrap Percentile for the Case of A; = A = A

Step1 Based on origin strength and stress data X = {Xj1, Xjp, Xj3,..., Xjs:i=1,...,n}and
Y ={Y1,Y2,Ys,...,Ys}, compute MLEs &1, &, and A of the parameters a1, &y and A.
Step2 For given n, s and k, generate a Type-II bootstrap sample x* = {xzkﬂ), Xy X(iz) oo X Tis)}
from BurrXII(A, &1) fori = 1,2,...,n; whereas generate a complete i.i.d. sample
v = {ya),ya),. . ,yz‘n)} from BurrXII(A, &).
Step3 Based on (x*,y*), compute bootstrap MLEs &7, &5 and A* of the parameters a1, ap and A
and the bootstrap MLE R}, of the multicomponent strength-stress reliability R .
Step4 Repeat Steps 2 and 3 N times, and rearrange the obtained N bootstrap MLEs of R, ; in

%[2] *[N]
sk ""’Rs,k .

Step5 Given0 < 7 < 1, the 100 x (1 — )% BCI can be constructed as

ascending order as R: E{l], R

7

*[YyN/2 *[(1—y/2)N
(L)

where [y] denotes the greatest integer less than or equal to y.
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3.2. Case 2: Unequal Inner Shape Parameters

Let the strength variable X = {X;;, Xjp, ..., Xis : 1 =1,2,...,n} follow BurrXII(Aq, aq)
and the associated stress variable Y = {Y1,Y,...,Ys} follow BurrXII(A;, ay), where Ay #
Az and &g # ap. Under this condition, Ry ; can be expressed by

k

Rep = Z( I: ) /000[1 — F(t; Ay, 00)]'[F(£; Ay, 1) dF (1 A, )

i=s
k k=i/ p )( k—i ) ol B —aq (i+])
= . . Y 1+ Vay _ M/ A2 du.
,ZSJZ()( 1 S | (14 yh/42) u

It is worth mentioning that no existing study has published the MSR parameter based
on Burr XII distributions under unequal parameters based on our best knowledge.

3.2.1. Point Estimator for R,
The partial derivatives of ¢(®) with respective to ay, &z, A1 and A, can be given as

o) ey 21])_:1 In(x;)

A y
(@ +1) (;; xif‘fg])) SRLED) x;inif) (16)
ag(g) _ A% n iéln(]/i) —(ap+1) g m (17)

The MLE of © is the solution to the normal equation V/(®) = (0,0,0,0), where

A(O) (@) (O) 3L(O)
' dwy | oA oA,

Vi(©) = (

is the gradient of /(®) with respect to a1, a, A1, Ap. The existence and uniqueness of MLE,
®, can be verified by Theorem 5 that can be proved following the similar proof procedures
of Theorems 1 and 2, and the details are omitted for concision.

Theorem 5. If and only if at least one of latent strength and stress are different from unity, then
the MLEs Aq, Ay, &1, &o of A1, Ap, w1, ap uniquely exist and are given by:

ns

i Z?:1 In(1+ x?jl) +(k—s) Xy In(1+ xgl)

& =

and
n

&y = S T
YiciIn(1+y;?)

where Ay and Ay are solutions of the following equations:
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Using the invariant property of maximum likelihood estimation, the MLE of R,
under unequal parameters is given by

k k—i Y, o ) o
Rs,k = 2 Z( IZ( ) < k] 1 )(_1)]/(; (1 + (ufl/le _ 1)/\1//\2) al(l—H)du_
i=s j=0

3.2.2. Asymptotic Confidence Interval for R x

The observed Fisher information matrix of ® is given by

92/ 02¢
—or om0 0
1041 du
J(©) = 0 0 L, 2
0A3 0A20ap
0 0 _ 8L P
a/\zaaz aa%

where the second derivatives can be obtained directly, and the detailed expressions are
omitted for concision.

Following a similar procedure to obtain Theorem 4 and substituting ® by ©, given an
arbitrary 0 < 7 < 1,an 100 x (1 — )% ACI of R can be developed as follows:

(Rs,k — Zy/2 ‘75;’( Vs,k)/ Rs,k +Zy /2 %}(Rs,k)) ’

where

and

aﬁ\sjk _ aRS/k aRS/k aRS/k aRS/k T’
00 a)tl ! 8061 ! a)tz ! 8062 (S}

=0

An alternative 100 x (1 — )% ACI of R, can be obtained by

~

Rs,k

exp <27/2 W(ln Rs,k)

),Rs,kexp<zﬂr/2 Y//E;(lnlés,k)) ,

where Var(In Rep) = W(Rs,k) /R?, by delta method via Taylor’s expansion.
Similarly, the BCI of R, under unequal inner shape parameter case can be still
obtained through a procedure such as Algorithm 1 and the details are omitted for concision.

4. Pivotal-Based Inference for Rq )

In this subsection, pivotal quantities will be derived by using the stress sample from
BurrXII(Ay, a2) and strength sample from BurrXII(Ay, a1), and then the pivotal quantities-
based estimators for R, ; will be uniquely established through Theorems 6-8.



Mathematics 2022, 10, 2478

10 of 28

Theorem 6. Let X = {X;1,Xpp,..., Xjs : i = 1,2,...,n} be the strength sample of (3) from
BurrXII(Ay,aq). Then

_ N )
PX(A) =2 fs 11n [Ek - f) In(14X3') + X5_; In(1+ X;1)
i=1j=1

; k= )In(1+ X} + X In(1+ X))

] ir

and
Q%(ay, A1) = 2m; Z{(k—s)ln(l +X?;) + ) In(1 +x§l)}
i=1 r=1

are statistically independent and follow the chi-square distributions with 2n(s — 1) and 2ns degrees
of freedom, respectively. Hence, PX (A1) and QX (xy, A1) are pivotal quantities for A and ;.

Proof. See Appendix D. [
Theorem 7. Let Y = (Y1,Y,...,Yy) be the stress sample of (3) from BurrXII(Ay, ay). Then

[ Yy In(1+ Y)3) ]
)

(n—j)In(1+¥[3) + £, In(1+ ¥}3

n—1
P'(A)=2) In
=1

and

n
A
QY (ap,Ay) = 2M,, = 2a, ; In(1+Yg3),

where y ;) is jth order statistic of Y, are statistically independent and have the chi-square distribu-

tions with 2(n — 1) and 2n degrees of freedom, respectively. Hence, PY (A2) and QY (a, Ay) are
pivotal quantities for Ay and ay,

Proof. See Appendix E. [

To develop estimators for model parameters and R, based on pivotal quantities,
Lemma 1 is needed and provided below.

t
Lemma 1. For arbitrary values of a and b with 0 < a < b, the function K(t) = Gﬁgiz,g)
increases in t.

Proof. See Appendix F. O
Corollary 1. Pivotal quantities PX(A1) and PY (Ay) are increasing functions.

Proof. See Appendix G. [

4.1. Case 1: Pivotal-Based Inference under Common Inner Shape Parameter

When both inner shape parameters Ay = A, = A, let PX(A) = PX(A),
PY(A) = PY(A), Qf (a1,A) = Q%(w1,A1) and QY (a2,A) = QY (a2, A2). Because PX(A
and PY(\) are independent, Theorems 6 and 7 imply the pivotal quantity,
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Pi(A) = P(A) + P (A)
(k—s)In(1+ X2) + 5, In(1+ X))
=2 In =
?:1]2 [(k ])ln(1+XA)+Z_11n(1+X{>)

+2nfln rm n(l (”)
= =)+ + T 1+ Y))

has the chi-square distribution with 2(ns — 1) degree of freedom. Moreover, from Corollary 1
that P; (A) is an increasing function of A.

For a given P; ~ X%(ns—l)' the equation P; (A) = P; has an unique A solution, labeled
by hy (P1 ; X, Y) that can be obtained using the bisection method or the R function “uniroot’.
The solution is a generalized pivotal quantity to estimate A. Meanwhile, from Theorem 6,
Qff ~ 13, and

X
ay = gl , where H{f[A —22 k—s)In(1+x%) +Zln 1+x}) 3.
Hl [)‘] r=1

Following the substitution method of Weerahandi [27], a generalized pivotal quantity,
denoted by S¥, to estimate a; can be uniquely obtained by substituting /1 (Py; X, Y) for A

inw; = H% 0 and the result can be represented as follows:

QoF
288 { (k=) In(1 4 ) £ 7y (142 ) |

Z;z:l{(k — S) h’l(l + xhl(Pl'XY ) + Z . 11‘1(1 + xhl(Pl,X Y))}
L { =) In(1 + 2 P) 7 (14 1) )

QX
H{¥ [y (Py;x,y)]”

where (x, y) is the observation of sample (X, Y). It should be mentioned that the distribution
of S¥ is free from any unknown parameters in its original expression and S reduces to a;
when (X,Y) = (x,y). Therefore, S is a generalized pivotal quantity for a;. Similarly, from
Theorem 7, a generalized pivotal quantity for parameter &, can be derived as

s =

Qf n
SY = iy Mhere HYA =21 [In(1+yg)] and O ~id,.
b HY (P x,y)] 1] r:):l[ Y } 1~ X

A generalized pivotal quantity for R, can be developed as

;;’]ZO< >< Jl>1+( +])(_1)j[”1(1°1f"y)'

]
Qf H{f[h (Pi;x,y)]

The procedure shown in Algorithm 2 is given to obtain a 100 x (1 — )% generalized
confidence interval (GCI) of R, via using the pivotal-based estimation method under the
common inner shape parameter case.



Mathematics 2022, 10, 2478 12 of 28

Algorithm 2: Pivotal-based estimation for Ry with the common A parameter.

Step1l Generate a realization p; of P; from X%( Then, an observation hq of hy(Py; X,Y) can

ns—1)°
be obtained from the equation of P;(A) = py.
Step2 Generate random data for Q{( and Q{ from )(%ns and )(%n, respectively. Then, compute Wj.
Step3 Repeat Step 1 and 2 N times, one can obtain N values of W; as Wlm, W](Z)’ ceey Wl(N).
Step4 Two types of point estimators are proposed here. One natural generalized point estimator

for R, is given by

sk— ZW

Moreover, an alternative point estimator using Fisher Z transformation is given as
N g [ 1w 1
exp Z} 1In Wl(j) -

0
exp{ 45 {—%} S

Step5 Arrange all estimates of Wy in ascending order as Wl[l], Wlm, e Wl[N]. For arbitrary
0 < 7 < 1,aseries of 100 x (1 — )% confidence intervals of R,y can be constructed as
(Wl[]], W1[]+N_[N7+1H ),j=1,2,...,[Nv], where [t] denotes the greatest integer less than
or equal to t. Therefore, a 100 x (1 — )% GCI of R, ;, can be constructed as the j*th one
satisfying:

5F
Rs,k -

. s (N9l : :
Wl[J +N=[Ny+1]] _ Wl[] | _ rjn:i?(wl[HNf[Nle _ Wl[]])'

Remark 1. Using pivotal quantity Py(A), for arbitrary 0 < v < 1,2 100 x (1 — v)% GCI exact
confidence interval for A is given by

1-9/2 2
(7 2y X Y0, i X)),
where x| denotes the right-tail «yth quantile of the chi-square distribution with k degrees of freedom.

Meanwhile, the 100 x (1 — y)% GCI exact confidence regions for (A, aq) and (A, ap) can be
constructed from (Py(A), Q¥ (a1, A)), and (Py(A), Qf (a2, A)) as follows:

1-y1—v 1+\/
(A, 1) = hy( i Y) <A< hy( oy X, Y) Xons™ Xans
s01) e <AL ’ < <
1 M ms-1) 1(Xaus-1y H{[A] S 24PN
and
1-/1—v 1+\/
(A ap) s hy( T x Y) <A< hy( T x Y), Xan i Ko ~
a X, Y) <A< ;X,Y), < <
2) % (ms-1) X2(ns-1) HYA] 72 HY[A]

Remark 2. Consider the following null hypothesis Hy and alternative hypothesis Hy,
(a)H(): A<Agus.Hi: A > A,

(b)H(): A>Agvs. Hi 1 A < Ay,
(C) HO A= )L(]US Hl /\75/\0
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For arbitrary 0 < -y < 1, the decision rule to reject the null hypothesis in (a), (b), (c) can be
expressed by

Pl()LO) > X’zy(ns_l) }/
Pi(A0) € Xfys )}

2 1—v/2
Pi(A) < X3fyyr o7 Pi(ho) = 15,23

—
oy
~—

respectively.

4.2. Case 2: Pivotal-Based Inference under Unequal Inner Shape Parameters

When both inner shape parameters A; # A, let PX(A1) = PX(A1), PY (A2) = PY(M2),
QX (a1, A1) = QX(a1, M) and QX (a2, A2) = QY (az, A2). From Theorems 6 and 7, one can
directly have

Theorem 8. Let X = {Xj1, Xpp, ..., Xis:i=1,2,...,n}and Y = {Y1,Xo,..., Yy} be indepen-
dent strength and stress variables of (3) from BurrXII(Ay,aq) and BurrXII(Ay, ap), respectively.
Denote pivotal quantities,

noscl | (k—s)In(1 4+ X2 + X5, In(1+ X))
(k—j)In(1+ 1~>+2r= In(1+ ;1) |

n
QX (a1, A1) :szlz{(k—s)ln (1+X2) + Zln 1+X1) 5,

and

1 Y In(1+Y/2)
PY(A)=2Y In ! ")

= [(n — )T+ Y[2) + Ty In(1+Y)3)

Q¥ (wp, A2) = 2y r; In(L+Yg3).

Then,
o PX(\) ~ in (5-1)7 QX (a1, A1) ~ X3, are statistically independent;
o PY(A)~ XZ(n—l)’ QY (a2, Ay) ~ x3, are statistically independent.

Similar to the process in Section 3, for given PzX ~ X%n (s=1) and P2Y ~ X% (n=1)’ denote
hy(PX; X) and hy(P);Y) as the solutions of equations P5(A;) = P and P) (1) = P},
respectively. Using the substitution method of Weerahandi [27], the generalized pivotal
quantities for a7 and «ay can be constructed, respectively, by

X
X QZ

G — =2
2 H¥ha(PSx)]

with Q%( ~ X%ns and

-

Il
—_

Hé([)\l] =2 {(k—s) ln(1—|—x?;1) + i]n(l _‘_xﬁl)}/

i r=1
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whereas,

Y
Y QZ

n
=———=2__  with QX ~ % and H [A)]=2Y In(1+ Y'").
2 H%/[I’Q(sz,y)] 2 2n 2[ 2} ’; ( (y))

Therefore, a generalized pivotal quantity for R;; can be expressed as,
WZZZZ(Z‘)< j >(—1)]/ (1_|_(u 2_1)2(2,) 2(2,)) dut.
i=s j=0 0

Meanwhile, the aforementioned generalized estimates of R, can be obtained via
following the procedures of Algorithm 3.

Algorithm 3: Pivotal-based estimation for R, when A1 # A,

Step1 Generate a realization py; of PZX from X%n(sfl)' Then, an observation h»; of h, (PZX ; X)
can be obtained from the equation P5(A1) = py;. Similarly, generate a realization
pa of PZY from X%(n—l)' An observation hy, of hz(PZY ;Y) is obtained from the
equation P2Y (A2) = pao.

Step2 Generate random data for Qé( and Q%/ from X%ns and X%n' respectively. Then,
compute Wj.

Step 3 Repeat Step 1 and 2 N times, one can obtain N values of W5 as W(l), Wz(z), ey WZ(N).

Step4 A natural generalized estimator Rs,k and a Fisher Z transformation-based estimator
Rf i for Ry ;. can be constructed as:

(7)
1 «N 1+W,
LR o)) SF eXp{NZf‘l ln[lwz”’} } !
Rs,k - N Z W2 and RS,k — . N 1+W2(/> .
2

Step 5 Arrange all estimates of W, in ascending order as Wzm, Wzm Sy WZ[N]. For arbitrary
0 < < 1,aseries of 100 x (1 — )% confidence intervals of R; s can be constructed
as (Wzm, WZ[]+N7[N7+l]]),j =1,2,...,[N7]. Therefore, a 100 x (1 — )% GCI of
R, x can be obtained as the j*th one satisfying:

R LA T I}‘j{l(wzbm_m%l” —wi.

Similarly, some applications are also presented below.

Remark 3. For arbitrary 0 < vy < 1, the 100 x (1 — y)% exact confidence intervals of A1 and A,
are given by:

1—7/2 2 1-9/2 2
(h2 (21520, a0 152X0) and (2, 550, b (324 Y)),
respectively. Furthermore, exact confidence regions for (A1, a1) and (Ay, ay) are constructed by

V] Thloy
Ay, a) h(@x)<)\ <h(wzﬁ X)XZ”S2 <y < Rons
, : ; 1) “
(A1, a9 2\Xap(s-1) 1 2Xon(s—1) Hé([/\ﬂ ! Hé‘[M]
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and
1-/1—y 14+1—y
(Aoya2) oy 13 Y) < Ao < Ty 27 5Y), 221 Ko _
,00) ;YY) < < YY),/ <ax < ’
2,2 2 XZ(?lfl) 2 2 XZ(nfl) H%/[)\z] 2 H%/[)\Z]
respectively.

Remark 4. Fori = 1,2, consider the following null hypothesis Hy and alternative hypothesis Hy,

(d) Hy: A < Ajovs. Hy: A > Ay,
(6) Hy: Aj > Ajgpous. Hy @ A < Ay,
(f) HO : Ai = /\iO vs. H1 : Al‘ 7é /\iO'

Therefore, under the significance level 0 < v < 1, the decision rule to reject the null hypothesis
Hy in (d), (e), (f) for Ay and A, can be expressed as

(@) {PX(M0) > X3y |-
(&) {PF(Mo) < Xyeny }r

(0 {PE ) <212 0y or PR 2 25,073 ),

and

@) {PY (A20) > x3 1)}

()" { P (Aa0) < X3 b

()" {PY (A20) < X307 1), or P (Aa0) = a0y, 5}
respectively.

Remark 5. It is worth mentioning that the value of s from the s-out-of-k G system must be at least
2 for computational purposes; otherwise, the aforementioned pivotal quantities PX and QX,i = 1,2
cannot be constructed. In this case, the strength variables X171, X21, ..., X1 can be viewed as a
random sample of size n from lifetime distribution with CDF F(t;a,A) =1 — (1 4+t*)"*. Asan
alternative approach, one can use the following pivotal quantities,

A
-1 Y In(1+X 1)
PEAG) =2) In : -

1

. A i A
= | (=) In(1+ X)) + Xy In(1+ X))

and

n A
Qf (a1, A () =2m r; In(1 + X(;l))),

where Ay = Aif Ay = Ay = Aand Ay = Ay otherwise. X1y, X(21), - - -, X(y1) are the order
statistic of Xy1, X1, ..., X1 in ascending order, and PZ-X(/\(_)) and QZX(M,A(_)) have the chi-

square distributions with 2(n — 1) and 2n degrees of freedom, respectively. Therefore, previous
generalized point and confidence interval estimates could also be developed.

5. Testing Problem on Model Identification

The MSR parameter for a multicomponent system has been studied based on Burr XII
distributions under both cases of common and unequal inner shape parameters. Practically,



Mathematics 2022, 10, 2478

16 of 28

it may be important to test whether the inner shape parameters, A; and A, from two Burr
XII distributions are equal or not. Therefore, a likelihood ratio test along with hypothesis is
presented as follows:

H():)H:/\z:)\ VS Hlt/\l#)\z.
As n — oo, the likelihood ratio statistic has the following property:
~2{2(0) - ()} = i3, (18)

where © = (}x, a1, A, &y). Hence, the likelihood ratio test for Hy vs. Hy can be established
by using the test statistic of —2{/,(®) — £>(©®)} and the reject region is given by

—2{l,(0) — £,(®)} > c*,
where c* satisfies P(x3 > c*) size of the test.

6. Illustration via Numerical Studies
6.1. Simulation Studies

The goal of this subsection is to investigate the quality of the novelty generalized
estimate of R, and compare the quality the novelty generalized estimate of R,  with the
typical MLE. In the simulation design, we will evaluate the performance of point estimation
and interval estimation based on different estimation methods. Then, we suggest a most
competitive estimation method for evaluating the target parameter of R; ;. All findings in
the simulation study will be summarized in the Discussion Subsection. Let Ry x present any
aforementioned estimate for R; . The performance evaluation will be investigated by the
following criteria quantities:

¢ for point estimator

- mean square error (MSE), which will be computed by & Y(Rx — Ryx)?;
- average absolute bias (AB), which will be calculated by % Y |Rsx — Rexl;
e  for confidence interval estimator

- coverage probability (CP) of a 100(1 — )% confidence interval estimator for R,
which is defined as the relative frequency of the estimated confidence intervals
containing the true value of the parameter;

- average width (AW) of a 100(1 — 7)% confidence interval estimator for R,
which is defined as the average length of the estimated confidence intervals.

Simulation parameter inputs include A1, a1, Ay, &y for both Burr XII distributions, s
and k for the multicomponent G system and sample size n. Some different values of
A1,@1,A, a2, s and k that are closed to the multicomponent G system based on Burr XII
model fitting parameters to the real dataset presented in the next section will be used for
the current simulation study. The sample sizes n considered are from small, medium and
large. For each combination of simulation input parameters, the simulation was conducted
for 10,000 runs. All aforementioned different estimates for R, were calculated, and the
associated criteria quantities were obtained based on 10,000 simulation runs. The results
are reported in Tables 1-5, where Rs,k is MLE, Rs,k is a natural generalized estimator and
Rf « is a Fisher Z transformation-based estimator, ACI is based on maximum likelihood
estimation method, GCl is based on generalized pivotal quantity, and the confidence level
for interval estimators is given as 1 — v = 0.95.
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Table 1. The AB and MSE of R,y for S1: ®; = (ay,a3,A) = (7.63,19.97,4.24) and S2:
O, = (a1,ap,A) = (5.15,10.25,7.76).

01 (S, k) n Rs,k Rs,k Rik
AB MSE AB MSE AB MSE

S1 3.7) 5 0.0198 0.0131 0.0835 0.0253 0.0805 0.0274
10 0.0107 0.0057 0.0816 0.0131 0.0773 0.0115
30 0.0030 0.0017 0.0486 0.0042 0.0470 0.0038
50 0.0021 0.0010 0.0377 0.0024 0.0367 0.0023
100 0.0009 0.0005 0.0274 0.0012 0.0268 0.0012

(5,10) 5 0.0066 0.0139 0.0858 0.0118 0.0816 0.0101
10 0.0023 0.0071 0.0614 0.0059 0.0594 0.0054
30 0.0006 0.0024 0.0362 0.0021 0.0357 0.0020
50 0.0001 0.0014 0.0105 0.0019 0.0213 0.0015
100 0.0005 0.0007 0.0086 0.0015 0.0096 0.0014

52 3,7) 5 0.0217 0.0204 0.1377 0.0353 0.1325 0.0318
10 0.0120 0.0094 0.1114 0.0225 0.1069 0.0206
30 0.0032 0.0029 0.0726 0.0092 0.0699 0.0085
50 0.0024 0.0017 0.0611 0.0062 0.0591 0.0058
100 0.0010 0.0009 0.0506 0.0040 0.0492 0.0038

(5,10) 5 0.0025 0.0203 0.1215 0.0237 0.1239 0.0235
10 0.0002 0.0104 0.0944 0.0142 0.0948 0.0140
30 0.0003 0.0035 0.0592 0.0056 0.0587 0.0054
50 0.0005 0.0021 0.0469 0.0035 0.0464 0.0034
100 0.0004 0.0011 0.0344 0.0019 0.0339 0.0019

Table 2. The AW and CP of Ry for S1: (aj,ap,A) = (7.63,19.97,424) and S2:
(a1, 02, A) = (5.15,10.25,7.76).
01 n (s, k) =B3,7 (s, k) = (5,10)
ACI GCI ACI GCI
AW CP AW cp AW cp AW cr

S1 5 0.3238 0.7645 0.3345 0.8258 0.3706 0.7791 0.4171 0.9531
10 02439 0.8455 0.2684 0.8302 0.2805 0.8445 0.3079 0.9507
30 0.1458 0.8997 0.1593 09012 0.1717 0.8988 0.1852  0.9560
50 0.1143 09141 0.1237 09133 0.1346 0.9088 0.1532  0.9532
100 0.0812 09235 0.0881 0.9230 0.0963 0.9214 0.1308 0.9505

52 5 0.4233 0.7470 0.4468 0.8317 0.4964 0.7692 0.4666 0.8711
10 0.2986 0.8215 0.3495 0.8431 0.3285 0.8269 0.3599 0.8721

30 01787 0.8653 0.2188 0.8521 0.1988 0.8671 0.2224  0.8843

50 0.1394 0.8782 0.1728 0.8851 0.1586 0.8710 0.1751 0.8978

100 0.0979 0.8955 0.1244 0.8965 0.1108 0.8766 0.1254  0.9235

Tables 1 and 3 show that ABs and MSEs of point estimators for R, decrease as
sample sizes n increase for a given (s, k) and a set of model parameters, as (s, k) changes
from (3,7) to (5,10) for a given sample size 1 and a set of model parameters, or as the
combination of sample sizes n increases and the changes of (s, k) from (3,7) to (5,19) for a
given set of model parameters, regardless of common or unequal inner shape parameters.
These observations can serve as the numerical verification of consistency properties of the
estimators considered. It was noted that both the likelihood and pivotal estimates have
a satisfactory performance in terms of the AB and MSE. For a given effective sample size
combining 7 and (s, k) and a set of model parameters, MLE R ; has smaller AB and MSE
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than the pivotal quantities-based generalized point estimators, R, ; and Rf, 1 regardless of
equal or unequal inner shape parameters. Tables 2 and 4 show that the AWs of ACIs and
GCls are becoming smaller and the associated CPs are increasing as sample sizes increase
for a given set of model parameters and (s, k) regardless of equal or unequal inner shape
parameter case. In general, CPs for GCls are closer to the nominal level than those of the
ACIs via the delta method. When Ay # Ay, CPs of AClIs via the delta method seriously
underestimate the nominal level.

Table 3. The AB and MSE of Ry for S3: ® = (a1,A1,a0,A4) = (7.63,4.24,19.97,7.76) and S4:
0= (D(l,/\l,ﬂéz, )\4) = (10.25,4.24,5.65, 776)

0 (s, k) n Ry, R Rf,k

i

AB MSE AB MSE AB MSE

S3 3,7) 5 0.0257 0.0369 0.1474 0.0320 0.1620 0.0381
10 0.0154 0.0202 0.1148 0.0199 0.1209 0.0219
30 0.0081 0.0072 0.0715 0.0078 0.0729 0.0082
50 0.0049 0.0045 0.0560 0.0048 0.0567 0.0049
100 0.0020 0.0022 0.0400 0.0025 0.0403 0.0025

(5,10) 5 0.0011 0.0250 0.1276 0.0249 0.1365 0.0286
10 0.0010 0.0137 0.0956 0.0141 0.0990 0.0151
30 0.0009 0.0048 0.0562 0.0050 0.0569 0.0051
50 0.0010 0.0030 0.0446 0.0031 0.0449 0.0032
100 0.0015 0.0015 0.0450 0.0016 0.0451 0.0016

S4 3,7) 5 0.0004 0.0102 0.1126 0.0230 0.1189 0.0261
10 0.0002 0.0056 0.0751 0.0101 0.0767 0.0106
30 0.0019 0.0020 0.0407 0.0028 0.0409 0.0028
50 0.0010 0.0012 0.0312 0.0016 0.0313 0.0016
100 0.0003 0.0006 0.0216 0.0008 0.0216 0.0008

(5,10) 5 0.0005 0.0052 0.0737 0.0106 0.0756 0.0112
10 0.0009 0.0027 0.0495 0.0044 0.0499 0.0045
30 0.0003 0.0009 0.0261 0.0012 0.0262 0.0012
50 0.0001 0.0005 0.0197 0.0007 0.0198 0.0007
100 0.0002 0.0003 0.0196 0.0004 0.0199 0.0004

Table 4. The AW and CP of R,y for S3: ©® = (a1,A1,a2,A4) = (7.63,4.24,19.97,7.76) and S4:
© = (a1, Ay, a0, Ay) = (10.25,4.24,5.65,7.76).

(S n (s, k) =GB, (s, k) = (5,10)
ACI G(CI ACI G(CI
AW CP AW Cp AW CcpP AW CP

S3 5 0.4951 0.7405 0.5819 0.8754 0.8442 0.6828 0.5075 0.8856
10 03685 0.7709 04572 0.8797 02587 0.6993 0.3845 0.8892
30 02218 0.7926 02877 0.8820 0.1526 0.7170 0.2326  0.8925
50 0.1735 0.8008 0.2272 0.8836 0.1187 0.7131 0.1810 0.8964
100 0.1237 0.8030 0.1630 0.8854 0.0841 0.7180 0.0965 0.9015

54 5 0.1570 0.4553 0.3910 0.8427 0.0819 0.3017 0.2574 0.8465
10 0.1047 0.4597 0.2651 0.8439 0.0552 0.3613 0.1693 0.8476
30 0.0586 04705 0.1437 0.8439 0.0311 0.3813 0.0898 0.8462
50 0.0455 04746 0.1091 0.8456 0.0239 03789 0.0667 0.8481
100 0.0322 04769 0.0751 0.8463 0.0168 0.3834 0.0354 0.8495
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The simulated AWs and CPs for the AClIs based on parametric bootstrap percentile
are placed in Table 5, which shows AWs are decreasing and CPs are increasing when the
effective sample sizes increase for given a set of model parameters. From Tables 2, 4 and 5,
it can be noted that the ACIs from parametric bootstrap percentile method have CPs
much closer to the nominal level than ACIs based on the delta method and generalized
pivotal quantity. Therefore, one can draw conclusions from the simulation results that the
MLE point estimate along with ACI based on parametric bootstrap percentile would be
suggested. Meanwhile, the generalized pivotal quantity method could be used to provide
good ACl instead of using the parametric bootstrap percentile to save computational time.

Table 5. The AW and CP of the BCI of R .

Q) n (s, k) =GB,7 (s, k) = (5,10)
AW CP AW CP
(5.15,7.76,10.25, 7.76) 5 0.4880 0.9049 0.4782 0.9031
10 0.3521 0.9297 0.3687 0.9218
30 0.2062 0.9421 0.2267 0.9400
50 0.1606 0.9446 0.1779 0.9410
100 0.1135 0.9464 0.1543 0.9453
(7.63,4.24,19.97,4.24) 5 0.3939 0.8991 0.3946 0.8954
10 0.2739 0.9262 0.3021 0.9186
30 0.1585 0.9440 0.1861 0.9396
50 0.1231 0.9484 0.1458 0.9420
100 0.0870 0.9486 0.1047 0.9496
(7.63,4.24,19.97,7.76) 5 0.6670 0.8892 0.5459 0.9418
10 0.5261 0.9004 0.4251 0.9452
30 0.3264 0.9402 0.2643 0.9455
50 0.2578 0.9494 0.2088 0.9482
100 0.1840 0.9528 0.1508 0.9496
(10.25, 4.24, 5.65, 7.76) 5 0.4134 0.8576 0.2320 0.8471
10 0.2636 0.8676 0.1768 0.8901
30 0.1658 0.9484 0.1118 0.9262
50 0.1309 0.9492 0.0889 0.9382
100 0.0944 0.9500 0.0639 0.9452

6.2. Discussion
In summary, we have the following findings from the simulation study:

1. Tables 1 and 3 indicate that the maximum likelihood, natural generalized estimation
and Fisher Z transformation methods perform well whatever the cases of A1 = Ay = A
or Ay # Aj in terms of the metrics of AB and MSE even the sample size is small.

2. The AWs of ACIs and GClIs in Tables 2 and 4 are decreased and the associated CPs
are increasing as the sample size increases. The delta method is conservative due to
the property of normality approximation. We note that the CP underestimates the
nominal confidence level in Tables 2 and 4. In particular, the nominal confidence level
is seriously underestimated for the case of A1 # A;.

3. To improve the drawback of underestimating the nominal confidence level, the para-
metric bootstrap method is suggested to obtain an ACI of R for the maximum
likelihood estimation. Additionally, the generalized pivotal quantity method is sug-
gested to improve the performance of interval inference. Table 5 shows that the CP
based on the parameter bootstrap method is closer to the nominal confidence level.
The generalized pivotal quantity method can provide a good ACI for estimating R,
with a satisfactory CP, too.



Mathematics 2022, 10, 2478

20 of 28

The parametric bootstrap method can provide a good ACI for R, j instead of using the
delta method. However, the parametric bootstrap method is time-consuming to implement.
The generalized pivotal quantity method can be an alternative to the parametric bootstrap
percentile to save computational time. In practice, practitioners could not have enough
to determine the conditions of A; = Ay = A or Ay # A, before using the proposed
estimation methods. When practitioners lack the knowledge to determine the conditions
of Ay = Ay = Aor Ay # Ay, using the maximum likelihood estimation method with the
generalized pivotal quantity method to obtain the point and interval estimates for R
under the condition of A1 # A, is suggested.

6.3. Real Data Illustration

As the largest synthetic lake in California, Shasta Reservoir is located on the upper
Sacramento River in northern California. The monthly water capacity of the Shasta reser-
voir over the months of August, September, and December from 1980 to 2015, which
was accessed on September 19, 2021, is used in this section for the illustration of the pro-
cesses considered. The dataset was also considered by Wang et al. [16] for the Rayleigh
stress—strength model.

It is assumed that the water level would not lead to excessive drought if the water
capacity of reservoir in December is less than the water capacity for at least two Augusts
within the next five years. Specifically, we want to infer the reliability that at least three
years within next five years the water capacity in August is not less than the water capacity
in the previous December. In this study, s = 3, k = 5, n = 6. Hence, Y] is the capacity of
December 1980, and X1, X1, X13, - - ., Xi5 are the capacities of August from 1981 to 1985;
Y; is the capacity of December 1986, X1, X2, X23, . . ., X25 are the capacities of August from
1987 to 1991, and so on. For the easy fitting of water capacities with BurrXII(A, «), all
the water capacities are divided by 3,014,878 (the maximum of water capacity) and the
transformed data are obtained as follows:

Observed complete strength data Observed complete stress data
0.4238 0.5579 0.7262 0.8112 0.8296 0.7009
0.2912 0.3634 0.3719 0.4637 0.4785 0.6532
0.5381 0.5612 0.7226 0.7449 0.7540 0.4589
0.5249 0.6060 0.6686 0.7159 0.7552 and 0.7183
0.3451 0.4253 0.4688 0.7188 0.7420 0.5310
0.2948 0.3929 0.4616 0.6139 0.7951 0.7665

For the above-transformed data, one can refer to Kizilaslan and Nadar [11] for more
details, and the complete monthly water capacity of the Shasta reservoir in California, USA
between 1981 to 1985 is provided in Appendix H.

The Burr XII distribution is applied to fit these real-life data via using the Kol-
mogorov—-Smirnov (K-S) test with two-sided reject region. The results for strength
and stress data have distances and the corresponding p-values (within brackets),
0.17557(0.2793) and 0.20679(0.9158), respectively. Additionally, the plots of empiri-
cal cumulative and Burr XII distributions overlay. Probability—probability (P-P) and
Quantile-Quantile (Q-Q) plots are shown in Figures 1-3. P-P plot is a probability plot for
evaluating how closely of a dataset fitting a specified model or how closely two datasets
agree. Q-Q plot is a graphic method for evaluating if two datasets come from populations
with a common distribution. Figure 2 shows two P-P plots to present the empirical CDFs of
the strength (left side) and the stress (right side) versus the theoretical CDF of Burr XII. The
imposed linear regressions over P-P plots in Figure 2 are significant with R-squared, 0.9664
and 0.9459, for the complete strength and stress samples, respectively and the imposed
linear regressions over Q-Q plots in Figure 3 are also significant with R-squared, 0.9461
and 0.9502, for the complete strength and stress samples, respectively. Therefore, the Burr
XII distribution can be used as a proper probability model to address the transformed
datasets well.
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Based on previous complete strength and stress data, a MSR censored observation of
the 3-out-of-5 G system can be constructed as

Strength data of X Stress data of Y
04238 05579 0.7262 0.7009
02912 03634 0.3719 0.6532
05381 05612 0.7226 0.4589
05249 06060 0.6686 | "9 0.7183
03451 0.4253 0.4688 0.5310
02948 0.3929 0.4616 0.7665

The associated point and interval estimates for the MSR parameter R are presented
in Table 6, where the significance level of v is taken to be 0.05. The interval lengths are
obtained as 0.4077, 0.4949 and 0.6077 for the ACI, GCI and BCI, respectively, under A; = A
and as 0.3678, 0.5189 and 0.5791 for ACI, GCI and BCI, respectively, under A1 # Ap. Itis
observed that the point estimates are close to each other and the ACI of R, ; performs better
than the others in terms of interval length.

Furthermore, for comparison of the equivalence between strength and stress inner
shape parameters, A1 and A, the likelihood ratio statistic and p-value are calculated as
3.5068 and 0.0611, respectively. The results show that there is no significant statistical
evidence to reject the null hypothesis, Hy : A1 = A; at 0.05 significance level. Hence, the
strength and stress are suggested to have Burr XII distributions with equal inner shape
parameter A1 and A for this current monthly capacity data application.

Table 6. The estimates of R, based on the real dataset from 3-out-of-5 G System.

A=A

R, = 0.4792 R, = 0.4451 R}, = 0.4556

ACI = (0.3169,0.7246) GCI = (0.1989,0.6938) BCI = (0.2076,0.8153)
M # Ay

R, = 0.3403 R, = 0.4133 RE, = 04244

ACI = (0.2029,0.5707) GCI = (0.1416,0.6605) BCI = (0.0639,0.6430)

7. Concluding Remarks

The reliability inference for a multicomponent stress—strength model has been studied
based on the Burr XII distributions. The existence and uniqueness of maximum likelihood
estimators of the strength and stress parameters are established and the generalized piv-
otal quantity-based estimators have been constructed under common and unequal inner
shape parameter situations. Meanwhile, confidence intervals have also been provided
using asymptotic normal distribution along with delta technique, bootstrap percentile
and generalized pivotal sampling, respectively. Generally, simulation results show that
bootstrap percentile procedure produces better ACI than the other two in terms of coverage
probability for all cases. When two inner shape parameters are equal, asymptotic normal
distribution along with delta method and generalized pivotal sampling are very competi-
tive with each other in terms of coverage probability. However, the maximum likelihood
method provides better point estimators than the generalized pivotal sampling method in
terms of MSE and AB. Overall, the proposed procedures work quite well under the given
sampling scheme, except for the ACI based on delta method for the case of unequal inner
shape parameters.

Although the current work is developed using a Type-II censoring scheme, it can be
extended to other censoring schemes such as the progressively Type-II censoring scheme
or progressively first-failure Type-II censoring scheme with proper modification of piv-
otal quantities for the progressively Type-II or progressively first-failure Type-II censored
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samples. For further study, the moment estimation and the maximum product of spacing
estimation seem also interesting to pursue new inferential results and will be discussed in
future. The authors are currently working on these possible projects.
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Appendix A. Proof of Theorem 1

Let a1 and ap be known and ¢(A) = %

LetMl—{xl]<1,z—1,2,3, -,mj=1,2,3,---

.t is trivial that ¢(A) — coas A — 0.
/S}/ Pl - {xl] Z 111 - 1/2/3/“' /n;j =

1,2,3,-+-,s}, Mo ={y; <1;,i=1,2,3,--- ,ntand P, = {y; > 1;,i =1,2,3,--- ,n}. Itcan
be shown that
n M n(x;;)
Zzu% Y. In(x;;), as A— o0
= £
i=1j=1 ij xi;€Py
Y ln (vi)
Z — Y In(y;), as A— oo
i=1 ]' + y/\ y,EPQ Z
(A1)
We can obtain that
Pp(e0) = Y In(xj)+ Y, In(y;) —ax Y In(y;) —ar Y, In(x)
xi; €My yi€eM yieP xijeP
—ay(k—s) Z In(x;s). (A2)

Xis€Py

Since at least one of Mj, P;, M and P, is not empty, it can be shown that ¢(c0) < 0.
Therefore, at least one positive real solution to ¢(A) = 0. Meanwhile, it can be shown that

a‘P( ) < 0. Therefore, ¢(A) = 0 has uniquely solution.

Appendix B. Proof of Theorem 2

Let %(wl,az, A) =0, a“ L(ay,a,A) = 0and %(le,zxz,)\) = 0. Given a positive value
of A, the MLEs, &1 and &>, for a1 and &y can be obtained through the following,

ns

i1 i In(1+ xl)]‘) + (k—s)
N
? L In(1+y?)

=
A
I

TIn(1+ xl);)

=
N
|

(A3)
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Replacing &7 and a5 in % (aq,a2,A) =0, by &; and &, respectively, the MLE, A of A can be
derived via the solution to

" In(x,) -l—Elny,) Zy“n <f[§; 5y Inx )

X X
i=1j=1 =1 i Tty s 1+x

=
-2
=
+
7 N
M:
Mv

(Z L) 1ln(1+x ) 4 (k—s) 2y In(1 + x2, ))

n s xiIn(x) " x} In(xg) In(
ij 1] k— is is -~ n vy In yz _ Ad
ZZ 14+ x2 +( S)Z 1+xf; ) (Z?lln(l+y, ) <l; 1+}/, ) 0 (Ad)

i=1j=1 ij i=1

S

q)(/\):n( (Zzln xz] +Zln y,) Zy ln yl (ﬂ i ln(xl] )
i 1—|—x

i=1j=1 S 1+y) j=

ns

- <Z?1 Y In(1+x}) + (k—s) Xy 1n<1+xé)>
y (i i x?jln(xl-]) i x n(x;s ) B < ) (Z y)‘ In(y )
imij=1 1+ x;} = 1+ Liin(1+y}) 8 1+y}

Using same arguments as that proposed by Lio and Tsai [20] and Wingo [22], it can be
4@ < 0for A > 0and

N

shown that

D(A) 00 as A— 0"

Q(A) = Y In(xj)+ ), In(y;) <0, as A — co.
Xij €My YiEMy

(A5)
The MLEs of a1, & and A are uniquely defined.

Appendix C. Proof of Theorem 4

Using the Taylor series expansion and the Mean Value Theorem for derivative, Rs,k(@)
can be written as,

T 2 *
Rx(0) = Ry(0) + () (0-0)+ ;0 -0 (”;ﬁ) ©-o)
T
~ Rk (O) + (W) (©-0), (A6)

2
where aR‘g’é@) and Ra®(®) denotes the matrices of the first and second derivatives for R;

with respect to ®, and @* is some proper value between ® and @. Then, expression (A6)
could be rewritten as

T
R4(0) - Ry(@) ~ (T2 ) (0 -0)

which implies that R, (@) — Ryx(®) when n — oo using ® — © from Theorem 3.
Moreover, from (A6), since the variance of Rs,k(@) can be written as



Mathematics 2022, 10, 2478 25 of 28

R (©)\ s (IR4(©)\]

Rex(©) + <a®> ©- <a® ©
RO\ o] _ (IRx(®)\ o (IR4(O)
( o) )@ —< 50 Var|[O] 50 .

Using Theorem 3 and delta method [28],

Rox(®) — R, 1 (©) 4 N (0, (31{%@)) TVar[@] (aRsaf’é@) )

and Theory 4 is proved.

Var[R, 1 (@)] =~ Var

= Var

Appendix D. Proof of Theorem 6

For given positive integer i(< n), Xj1, Xpp, ..., Xjs are the first s order statistics of
size k from BurrXII(Ay, a;). Hence, T;; = a;(In(1 + Xl}]\l)),] =1,2,...,s can be viewed
as the Type-Il censored data from standard exponential distribution with mean one.
Due to the memoryless property of the standard exponential distribution, the quantities
Zin =kTyn, Zp = (k—=1)(To — Tnn), - - , Zis = (k — s + 1)(Tjs — Tjs_1)) are random sample
from the standard exponential distribution with mean one. Lawless [29] provided more
information regarding the memoryless property and exponential distribution.

Fori=12,...,nlet Wj = ¥ _, Zi = ay{(k — ) ln(l+XA1)—|—): ln(l—l—X)‘l)},
j=12,...,50ne Could Conduct from Stephens [30] and Viveros and Balakrlshnan [31] that
Uy = % , ll,2 = x soee Uigsm 1) = W’V(vil;) are order statistics from the uniform distribution
between 0 to 1 with sample size s — 1. Moreover, Uy < Up < -+ < Ui(s_1) are also
independent with Wi; =Y, Z;, = a1{(k —s) In(1 + Xis )+ Y In(1+ X?rl)}

Using theory of sampling distribution, it is observed directly that quantity

Prp(A) = =2 Es Hn( U;;) follows a chi-square distribution with 2(s — 1) degrees of free-

dom, which is 1ndependent with Qj; (a1, A1) = 2Wjs being chi-square distributed with 2s
degrees of freedom. Therefore, using the independent property of P (A1),i =1,2,...,n,it
can be shown that

ns=1 o [(k—s)In(1+ XM s n(14+ XM
PX(A1)=2ZPi1(A1):22 ln[( S) n(l+ l)f)+2](—l n(1+ i\r)
: =1 (k—j)In(1+ X))+ In(1+ X))

comes from a chi-square distribution with 2n(s — 1) degrees of freedom, and:
QX (a1, A1) _22(311 a1, A1) = 2m Z{ —s)In(1+ X)) + Zln 1+ X)) }

follows chi-square distribution with 2ns degrees of freedom. PX (1) and Q%X (a1, A1) are
statistically independent. Therefore, the assertion is completed.

Appendix E. Proof of Theorem 7

Let Y(1),Y(2),- .., Y() be the order statistic of Y1,Ys,...,Y,. Then ay In(1 + Y(Ajﬁ),

j = 1,2,3,...n are order statistics from standard exponential distribution with mean
one. Following the same proof procedure of Theorem 6, Theorem 7 can be derived.
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Appendix F. Proof of Lemma 1
Taking derivative of K(t) with respect to t > 0, one directly has

dK(t) 1 b! In bt i atlna ;
dat _t[ln(1+at)]2{(l+bt)1n(1+a)_(1+a) n(+b)
Showing K(t) is increasing function of > 0 with ( )
following inequality

> 0 is equivalent to proving the

bt Inbt at Inat

A1) (1)~ G+a)mit+a) o >0

Let g(t) = (1it) ln%rllj-t) for t > 0. Since

d t 1

dt((1+t)> “ Y

d Int (14t In(1+¢t)—tint 0
dt(ln(l—i—t))_ t(1+t)[In(1 +t)]2 ’

one directly has that function d(t) > 0when1 <t < co. However, for 0 < t < 1, since
(14t In(1+4+¢t)>0,Int <0andIn(1+¢t) —t < 0, it is noted that

dg(t)  (1+t)In(1+¢) +Int[In(1+t) —¢]

T 1+ O2n(1 + D2 > 0.

K(t) increases in t and the assertion is completed.

Appendix G. Proof of Corollary 1

Using the definitions of notations PX and PY, It can be shown that

In(1+x11) s In(1+X1)
ki is + w ir _ _
(k—s)In(1+X) + Y5 In(1+ X)) L (k—s) [1n(1+xﬁ/1)} r=j+1 m(1+x3.1>} (k=) o
(k—j)ln(1+x3l)+z{:11n(1+x31) o Hxl) . ’
r=1 In(1+ / ) ]
and
) n(1+Y3) ‘ In(1+Y3) (i)
Y In(1+Y3) m(v(2) S gy ?) J
; (r) =1+ - . (A8)
n—7)In(1 +Y"2 1 + Y In(14+Y'2) ,
(n—j)In( )+ In(1+ ") Y e Y&%)Jr(nf])

From Lemma 1, it is seen that the numerator of (A7) increase in A1 and the associated
denominator of (A8) decrease in A;. Therefore, pivotal quantity PX is increasing function.
Similarly, Lemma 1 implies that PYis increasing functions.
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Appendix H. Complete Monthly Water Capacity Data of the Shasta Reservoir

Table Al. Capacity data of Shasta reservoir from the years 1981 to 1985.

Date Storage AF  Date Storage AF  Date Storage AF
January 1981 3,453,500 September 1982 3,486,400  May 1984 4,294,400
February 1981 3,865,200  October 1982 3,433,400  June 1984 4,070,000
March 1981 4,320,700  November 1982 3,297,100  July 1984 3,587,400
April 1981 4,295,900 December 1982 3,255,000  August 1984 3,305,500
May 1981 3,994,300  January 1983 3,740,300 September 1984 3,240,100
June 1981 3,608,600 February 1983 3,579,400  October 1984 3,155,400
July 1981 3,033,000 March 1983 3,725,100  November 1984 3,252,300
August 1981 2,547,600  April 1983 4,286,100  December 1984 3,105,500
September 1981 2,480,200 May 1983 4,526,800 January 1985 3,118,200
October 1981 2,560,200  June 1983 4,471,200  February 1985 3,240,400
November 1981 3,336,700  July 1983 4,169,900  March 1985 3,445,500
December 1981 3,492,000  August 1983 3,776,200  April 1985 3,546,900
January 1982 3,556,300 September 1983 3,616,800  May 1985 3,225,400
February 1982 3,633,500  October 1983 3,458,000  June 1985 2,856,300
March 1982 4,062,000 November 1983 3,395,400  July 1985 2,292,100
April 1982 4,472,700 December 1983 3,457,500  August 1985 1,929,200
May 1982 4,507,500  January 1984 3,405,200 September 1985 1,977,800
June 1982 4,375,400 February 1984 3,789,900  October 1985 2,083,100
July 1982 4,071,200 March 1984 4,133,600  November 1985 2,173,900
August 1982 3,692,400  April 1984 4,342,700  December 1985 2,422,100
The website: https:/ /cdec.water.ca.gov/dynamicapp/QueryMonthly?s=SHA, which was accessed on 19 Septem-
ber 2021.
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