. mathematics

Article

Behavior Analysis of a Class of Discrete-Time Dynamical
System with Capture Rate

Xiongxiong Du 12, Xiaoling Han »* and Ceyu Lei !

check for
updates

Citation: Du, X.; Han, X; Lei, C.
Behavior Analysis of a Class of
Discrete-Time Dynamical System
with Capture Rate. Mathematics 2022,
10,2410. https://doi.org/10.3390/
math10142410

Academic Editor: Caidi Zhao, Tomas
Caraballo and Christopher Goodrich

Received: 6 June 2022
Accepted: 8 July 2022
Published: 10 July 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Northwest Normal University, Lanzhou 730070, China;
duxiongxiong2021@126.com (X.D.); leiceyu@126.com (C.L.)

Department of Mathematics, Wenzhou University, Wenzhou 325035, China

*  Correspondence: hanxiaoling9@163.com

Abstract: In this paper, we study the stability and bifurcation analysis of a class of discrete-time
dynamical system with capture rate. The local stability of the system at equilibrium points are
discussed. By using the center manifold theorem and bifurcation theory, the conditions for the
existence of flip bifurcation and Hopf bifurcation in the interior of R% are proved. The numerical
simulations show that the capture rate not only affects the size of the equilibrium points, but
also changes the bifurcation phenomenon. It was found that the discrete system not only has
flip bifurcation and Hopf bifurcation, but also has chaotic orbital sets. The complexity of dynamic
behavior is verified by numerical analysis of bifurcation, phase and maximum Lyapunov exponent
diagram.

Keywords: predator-prey system; center manifold theorem; maximum lyapunov exponent; flip
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1. Introduction

The interaction between predator and prey is one of the most popular and interesting
research topics for many mathematicians and ecologists. Many researchers have stud-
ied the dynamic behavior of prey-predator systems and behavioral phenomena among
species in ecology. This also contributes to an increase in the continuous model size of
the populations [1-6]. In addition, some authors have also studied the complexity, stabil-
ity, and conditional requirements for the formation of spatial patterns in prey-predator
systems [7-10].

More and more studies show that the discrete-time system is more suitable than the
continuous system for small populations, and provides valid proof for this [11-16]. In the
past few years, many studies have shown that discrete-time predator-prey systems have
more abundant dynamic behaviors than continuous systems, such as bifurcation and chaos.
They have obtained the relevant dynamic behaviors among populations through numerical
simulation [17-24].

Joydip-Dhar et al. [18] studied the following discrete-time prey-predator model with
crowding effect and predator partially dependent on prey:

s = -+ Sl (1 %) — T, )
Upt1 = Un +6(avn + % ~ b?),

where r1 and r, denote the intrinsic growth rates of prey u and predator v populations,
respectively, a relates to the growth rate of predator as a result of alternative resources, b
indicates competition between individuals due to overcrowding of predator species (i.e.,
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intraspecific interaction), c is the semisaturation constant, d indicates the conversion rate
for predator, k is environmental carrying capacity for u, and J is the step size.

On the basis of system (1), we introduce the capture rate of predator and prey, and
consider the following predator-prey system:

2
Upi1 = On + 8(avy + 219 _ pp2 _ pyp,), @)

u ToUpD,
Upy1 = Up + O[riun (1 — ) — 22 — hyuy],
Uy+c

where hy, hy denote the capture rates of prey and predator, respectively. At the same time,
all parameters are greater than zero.

The remainder of the thesis is arranged as follows: In Section 2, the existence and
stability of the equilibrium points in interior of R% are given. In Section 3, we get the
relevant conditions of Hopf bifurcation and flip bifurcation through theoretical analysis. In
Section 4, we verify the theoretical results in Section 3 by numerical simulation, and analyze
the chaotic phenomenon of discrete system (2). The last section gives a brief conclusion.

2. The Existence and Stability of Fixed Points

In this section, we study the existence and stability of the fixed points by the eigenval-
ues for the Jacobian matrix corresponding to system (2).
In order to obtain the fixed points of system (2), we calculate the following equations:

{ u=u+6[ru(l—1%)— e —mhul,

d
v =0+ 6(av + 272 — bv?® — hyv).

Through simple calculation, the following results can be obtained directly:

Proposition 1. (i) For all parameter values, (2) has a fixed point E; = (0,0);
(ii) If r1 > hy, then (2) has a boundary equilibrium point Ey = (M, 0);

1

(iii) If a > hy, then (2) has a boundary equilibrium point E3 = (0, %);

(iv) If a > hy, then (2) has a unique positive fixed point Ey = (u*,v*) = (u*, }(a + i?fr‘z -
hy)), where u* is the only positive solution to the cubic equation of one variabie
Dou?® + Dyu? 4 Dyu + D3 = 0, (3)

where
DO = 1’1bk, D1 = Zr1bck — lekz — bkhl,
Dy = raak + radk — 2r1bck? + r1bkc? — 2bckhy — rokhy,
D3 = rpack — r1bc?k? + be2khy — rockhs.

The fixed points of system (2) are E1(0,0), EZ(M, 0), E3(0, ”;jhz) and Eg(u*,0*),

1
where u*,v* satisfy

{rl(l—b;;)—;zfc—hl—o, n
a+ 28— bt~y = 0.
The Jacobian matrix corresponding to system (2) at the fixed point (1, v) is as follows
B 1+5(r1—2r71”f%fh1) G
s 14 5(:1 T hz)

The characteristic equation of the Jacobian matrix can be written as
A2 4 p(u,0)A +q(u,v) =0, (5)

where
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p(u,v)——trA——Z—(S(rl——C—hl—i—a—i—

“ —2bv—h2>,
C

21,2
q(u,0) :detA:{l—l—(S(rl—zrlu—rZw—hl)] [1+(5<a+ jrf‘c —2bv—h2>} 4 dryeuo.

k (u+c)? (u+c)3

Let A1 and A, be two roots of (5), which called eigenvalues of the fixed point (1, v). The
fixed point (u,v) is called a sink if [A1| < 1 and |A;| < 1, the sink is locally asymptotically
stable. The fixed point (u,v) is a source if |A;| > 1 and |A;| > 1, the source is locally
unstable. If either [A;| = 1 or |A;| = 1, then the fixed point (1, v) is non-hyperbolic. The
fixed point (u,v) is a saddle if [A1] < 1and |Az| > 1 (or [A1] > 1and |Az] < 1).

r—h)k ;
z ,0)isa

Proposition 2. Theﬁxed point EZ(M,O) is a saddle if 0 < 6 < rlzhl; Ez((

source if § > r1 ;and Ep (M,O) is non-hyperbolic if 6 = r13h1 .
Proof. For the fixed point Ez(W’ 0), there is
ro0k(r1—hy)
Ap = | PO - (rfd l;cl(l)kilc)
2 r T
0 1+ 5(a+ f2inzi) )

The two eigenvalues of the matrix are Ay = 1 — é(r;—h;) and
Ay =1+ (5(11 + % - h2> Apparently A; is greater than 1. When |A;| < 1, then
0 <6 < ;= Thus, E (# 0) is a saddle. On the other side, when |A1| > 1, then
o > Vl—hl’ Ez((r1 rlhl)k 0) is a source. When Ay = —1, then § = rlzhl’ Ez((rl:f”)k,o) is

non-hyperbolic. This completes the proof. O

Proposition 3. System (2) has the following propositions at the boundary equilibrium point
E3(0,%52).
(i) Es(0, ”;hz) is sink if ry(a — hy) + bchy — ribc > 0 and

; 2bc
0<o< mln{a hy” ro(a—hy)+bchy — rlbc}

(ii) E;(0,% h2) is source if ry(a — hp) + bchy — ribc > 0 and

2bc
(S>max{a hy” ry(a—hy)+bchy— rlhc}
h S 2 2b
(i) E3(0,“52) is mon-hyperbolic if 6 = _S-or § = m and

ro(a — hy) + bchy — r1be > 0;
(iv) E3(0, ”;j’z ) is saddle for all values of parameters except those values which lies in (i)—(iii).

Proof. (i) For the fixed point E3(0, “_bh2 ), there is

146 — 205 — ) 0 1 |

‘lE
7"2(52 2) l - 5([1 - h2)

3

The two eigenvalues of the matrix are Ay = 1+ (5(r1 — rZ(abi;hZ) — hl) and A, =
1—46(a—hy). E3(0, ”_bhz) is sink if and only if [A1] < 1T and |A;| < 1.

When |A]| <1, then 0 < 6 < WM, where 7’2(11 — hz) + hle — V]bC > 0.
When [A;| < 1,then0 < 6 < L In conclusion, E3(0, ”_bhz) is sink if ro(a — hp) 4 bchy —

ribc > 0and 0 < § < mm{ P W%} We can prove (ii), (iii) and (iv) by the

same way. This completes the proof. [J
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Lemma 1 ([18]). Let F(A) = A% + BA + C. Suppose that F(1) > 0, Ay and A, are roots of
F(A) = 0. Then the following results hold true:

(i) [M| < land |Ay| < 1if and only if F(—1) > 0and C < 1;

(ii) |[A1| < 1and |Az| > 1(or|A1| > 1and |Ay| < 1) if and onlyif F(—1) < 0;

(iii) A1 > 1and |Ay| > 1if and only if F(—1) > 0and C > 1;

(iv) Ay = —land |Ay| # 1if and only if F(—1) =0and C #0,2;

(v )t1 and Ay are complex and |A1| = |Ay| = 1if and only if B> —4C < 0and C = 1.

Through calculation, we can obtain the characteristic equation of system (2) at the
positive equilibrium point E4 (u*, v*)

A2 4 p(u*,0")A + q(u*,v*) =0, (6)
where

p(u*,v*) = -2 - Ms,
g(u*,v*) = N6 + M +1,
M=r — 20— B2y pat $2 200" — Iy,

* * « d2 *
N = {rl—%%—%—hl} [a+f{2jfc 2bv —hz] +
Now

Fe,(A) = A2 = (2+ MO)A + (N&* + Mo +1)).

Therefore

F(1) = N&%, F(—1) = 4+2Md + N&2.

Using Lemma 1, we have the following proposition:

Proposition 4. System (2) has the following propositions at the positive equilibrium point Eq(u*, v*).
(i) E4(u*,v*)is a sink point if the following (i.1) or (i.2) holds:

(i.1) M2 4N > 0and 0 < § < =MV M_4N,

(12) M2 —4N < 0and 0 < 6 < .

(ii) E4(u v*)is source point if the following (ii.1) or (ii.2) holds:

(ii.1) M2 — 4N > 0 and § > =MEVM_AN,

(ii.2) M? — 4N < O and 6 > .

(iii) E4(u v*)is non — hyperbollc if the following (iii.1) or (iii.2) holds:

(iii.1) M2 — 4N > 0 and § = =MEVM2-4N AN

(iii.2) M? —4N < 0and 6 = 1.

(iv) Eq(u*,v*) is saddle for all values of parameters except those values which lies in (i) to (iii).

Proof. (i) According to Lemma 1, E4(u*,v*) is a sink point if and only if F(1) > 0, F(—1) >
0and C < 1, it can be obtained by following calculation.

When M2 —4N > 0, then 0 < § < =M=VM=—4N VI\,MLAH\];andwhenMZfALN < 0, then
0<d< % Therefore, Proposition 4 (i) holds. Similarly, Proposition 4 (ii), (iii) and (iv)
can be established. [

Through the above analysis, we can get that when the parameters change on sets Fg/,
and Fgr,, system (2) will have flip bifurcation at the positive equilibrium point E4(u*, v*),
where

Fe, = {(rra b,k c.d, o, hp, 8) 6 = SM=P=IN M2 — 4N > 0},

Fpr, = {(r,ma,a,b,k,c,d, I, I, 0) : 6 = =MEIESN M2 — 4N > 0},
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When the parameters change on set Fr,, system (2) will have Hopf bifurcation at the
positive equilibrium point E4(u*, v*), where

Fe, = {2,k c,d, i, Iy, 8) : 6 = — M, M? — 4N < 0}

3. Bifurcation Behavior at E4(u*, v*)
3.1. Flip Bifurcation

We consider the following system

{ Upg1 = Uy + 01 [riun (1 — ) — 2228 — hyuy),

7
WHZW+&WW+%%%fM%%w@ @)

(r1,12,a,b,k,¢c,d, hy,hy,61) € Fgr,, The eigenvalues of Eg(u*,v*)are Ay = —1,A; = 3+ Md;
with |A2| # 1 by Proposition 4.
We consider a perturbation of system (7) as follows:

Up1 = Up + (01 +6%) [rrun (1 —du?") — 2 = ), (8)
Upi1 = On + (01 + 0%) (avy + D&% bv%l — hyvy),

Up+c

where 0* is a perturbation parameter and |6*| < 1.
Letw = u —u* and z = v — v*. Then we get

A11wn + Alzzn + A13w% + A14wnzn + A15Z% + 3115*1()” + B125*Zn

Wny1 \ _ +B130* w2 + B146*wnzy + B150* 2% + O(([wal, |2al, 16])°) 9)
Zn41 Anwy + Apzy + Agsw? + Apgtonzn + Apszs + By 6wy + Bnd*z |’
+By30* w2 + Byud*wnzn + Basd*z3 + O((|wal, |zal, [6%])°)
where . S
7’1 % 1’7_u 0 1’2 11,{
Ay =146 -2 4 240 A, —— )
1 a1l K +(u*—|—c)2} 12 u* +c
r roc0* O11a¢
A =64 20 ) A = -
13= 1] ko (ur+ c)3} 14 (u* +c)?
1 . rou*v* rou*
B = —— —_—, = -,
1 K + (u* +c)? 12 u*+c
o] o™ raC
Bis= ——t 4 20 B =
13 a (u*+c)3" 71 (u* +c)?
o1dryco*
An = (;* ic)z/flzz =1—041b0",
01dryco* o1dryc
A — , = LA o01b,
23 (" + o) 24 (" + 072 25 1
dryco* droco*
By = ,Byy = —bo*, Bys = — ,
21 (u* +0)2 22 0", By3 (" + 08

By = —2
24 (u* + C)2

(£)=n(3)

A1 A1 )
H = .
( —1—-An A= Aqp

where
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Taking H~! on both sides of system (9), we obtain
i\ (-1 0 il f(w,z,6)
(2)=(0 %))+ (e ) @

Az(Ay — A11) — ApAxslw?  [Apu(As — Aqp) — AppA A1rArsz?
f(w,z,5*):[ 13(A2 — A11) — AppAns|w +[ 14(A2 — A1) — AppAgglwz 12A252

(1}

where

A (A2 +1) Ap(Aa+1) ~ Ap(A+1)
[Bi1(A2 — An) — A1pByi|6*w | [Bia(A2 — A11) — AaB]d*z  A1pBysd*z?
AlZ(AZ + 1) A]z()\z + 1) AlZ(AZ + 1)
n [Bi3(A2 — A1) — A1pBo3)6* w? n [B14(A2 — A11) — A1pByld*wz
Ap(A2+1) Ap(A2+1)

+O((Jwl, |zl 16°])°),

[A13(1+ An) + ApAxnlw?® | [A1a(1+ Ap) 4+ AppAog]wz A1pApsz?

8(w.z,07) = Ap(1+A2) * An(l+A2) An(l+A2)
[Bii(14 A11) + ApBu]d*w | [Bia(1+ A1) + A1pBp]6*z | A1pBpsé™2?
Ap(1+Az) Aa(1+A2) Ap(1+Az)
[Bi3(1 + A11) + A1pBo3)6* w? " [Bi4(1 + A11) + A1aBy]d*wz
Ap(1+ A7) Ap(1+Az)

+O((lwl, |2, 16*)*),
w = Alz(fl + 17),2 = ()Lz — All)ﬁ — (1 +A11)l/~l.

Applying the center manifold theorem W¢(0) corresponding to system (10) at the
fixed point (0, 0) in a limited neighborhood of §* = 0. The center manifold W¢(0) can be
presented as follows:

WE(0) = {(ﬂ,ﬁ,é*) € R3: 9(11,6) = Agd™ + Ayii® + Ayiid* + A36*2 +o((|a| + |5*y)3) }

and satisfy

H(9(1,6%)) = d(—i + f(w,d(i,6"),6),6%) — A0 (i1, 6) — g(w, d(i1, 6*),8%) =0,

where O((|i| + |6*|)?) is an infinitesimal of higher order, and we have

Ay =0,
Ay — [A13(1+ A11) + A1aAgs|Arn — [A1a(1+ A1) + ApAos] (1 + Aqp) + Aos(1 + App)?
1 =2 ,
A — —[B11(1+4 Aq1) + A12B1]A1a + [Bia(1+ Aqy) + A1aBx](1+ Aqq)
2 A (14 A3)? ’
Az =0.

Therefore, we consider the following mapping:
foil = —i 4+ nyii? + nafid* + nati?8* + ngfic*® + nsi® + O((|a] + [6%])%),

where
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[A13(A2 — A1) — ApAplAn  [Aw(A — An) — ApAn](1+ An)  ApAxs(l+ An)?

ny =

1+ A2 1+ A2 Ap(l1+2y) 7
_ [Bu(A2 — A1) — A1pBy]  [Bia(A2 — A1y) — A1aBaf(1+ An)
1+ Ay A (14 A) ’
_[A13(A2 — Apy) — ApAx]2A2A1, n [A14(Ay — A1) — ApAn) (A —2A11 — 1) Ap
1+ Ay 1+ A
_ Bys(1+An)? n 2A55(1+ A1) (A2 — A11) Az n [B11(A2 — A11) — ApBn Ay
1+ A, 1+ A 1+ A
n [Bi3(A2 — A11) — A1pBas]A1p  [Bia(A2 — A1) — A1pBos(1+ Anr)
1+A; 1+ A
. [Bi2(A2 — A11) — ApBo (A2 — A1) Ay
Ap(l1+2A2) '
1y = [B11(A2 — A1) — A1pBai]Ap n [B12(A2 — A11) — A1aByp](A2 — A1) Ar

1+ A, Ap(A2+1) '
[A13(A2 — A1) — ApAns|2A10 A " [A14(Ag — Aq1) — ApAgs] (A —2A11 — 1) A

14+ A, Ay +1

L 2A25(1+ A11) (A2 — A1) Ay

1+ A,

According to flip bifurcation, we require that two discriminatory quantities 7; and 1

are not zero, where
103F  [(19%f\°
2= \sam T\ 202
00) 6 Jil i

02 19f 02
By simple calculations, we obtain 7y = np and v, = n% + ns.
From the above analysis, we have the following theorem:

0iidd* 2 d6* 9ii? ’
(0,0)

Theorem 1. If 7y # 0,2 # 0, then system (8) passes through a flip bifurcation at the fixed point
E4(u*,v*) when the parameter 6* alters in the small region of the point (0, 0). In addition, if 7o > 0
(resp., Ty < 0), then the period-2 points that bifurcate from fixed point E4(u*,v*) are stable (resp.,
unstable).

3.2. Hopf Bifurcation

We consider a perturbation of system (2) as follows:
Uny1 = Un + (82 +0)[rrun (1 — ) — 2850 — hyuy), (1)
Up1 = On + (82 + 8)[av, + 2292 — po2 — hyvy,
where § is a perturbation parameter and |§| < 1.
The characteristic equation of system (11) at the positive equilibrium point Eq4(u*, v*)
is as follows:
A2+ p(0)A+4q(d) =0,

where

p(6) = —2—M(0+62),9(6) = N0+ 62)2 + M(6+ ) + 1.

When parameters (r1,72,a,b,k,c,d,hy,hy, 67) € Fg,, the characteristic values of system
(11) at the positive equilibrium point E4(u*,v*) are as follows:

Ad— PO £iV4q(0) — p?(9)

2
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Therefore
AA=14+ M((52+(5) I i(52+(5)\/4N—M2
7 2 2 7
and we have
- d|A| d|A| M
_ _ 1/2 _ 2 — - _
A== @ 1= = TH —-F >0

When § changes in limited neighborhood of § = 0, then A, A = a & i, where

oM 5 V4N — M?
x=1+ > B = > .

In addition, Hopf bifurcation requires that 6 = 0, A™, A" £ 1 (m=1,2,3,4) which

is equivalent to p(0) # —2, 0, 1, 2. Because parameter (rq,7,a,b,k,c,d, hi,hy,62) € F,,
therefore p(0) # —2, 2. We only require p(0) # 0, 1, so that

M? #2N,3N. (12)

Letw = u —u* and z = v — v*. Then we get

(13)

( W41 ) _ [ Anwn + Az + Asw? + Avgwza + Ar5z5 + O(([wal, |24])°)
Zn+1 AnWy + Agazn + Agsw? + Apgwnz + Agsza + O((Jwal, |za])%) )’

where A1y, A1, A1z, A4, A1s, A1, A, Ans, Aoy, Ars are given in 9) by substituting 0, for
6y + 9.
Next, we discuss the normal form corresponding to system (13) when § = 0.
Consider the translation as follows:

()=

A12 0 >
H = .
< 0(*1411 7,3

Taking H~! on both sides of system (13), we obtain

(5)-(5 2)()+(462)

S =

where

0
where
2 Apw? | Apwz
f(i,9) = A + A +O0((lwl, |2])?),
12 12

oo [A(e— An) — ApAplw® | [Au(a — An) — ApAnJwz  Axsz? 3

i,7) = + — + O((|wl|, |z|)°),
8(0,9) ut i 22+ O((ful, =)
w = Appil,

z= (06 — AH)lZ - ‘Bﬁ

Hence

a= 2A12A~13 + 2A14(0£ —An), ffm =—AuB, fw=0,
a1 =0, faao =0, faoo =0, fooo=0,

San = ZA%[AB(“ — A1) — ApAg] + %[AM(“ — A1) — ApAnu] — MT%(“ —An)?,
Guo = —[A1a(a — A1) — ApA] +2A0s5(0 — A1), Goo = —2A258,

Sann =0, $uis =0, Suos =0, $ooo =0.
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System (2) undergoes the Hopf bifurcation if the following quantity is not zero

L= Re[ L2 ] Dol el 4 Reien), (19
where
w0 = é[( fan — foo + 28a0) +1(San — oo — 2fao)],
w11 = %[( fai + foo) + i(an + Go)],
Woz2 = é[(f‘ﬁ — foo — 28u0) +1(§an — Goo +2fus) ],
w1 = i[ fana + faoo + §ano + §ooo) + i (Sann + Snoo — fano — faoo)]-

If L # 0, Hopf bifurcation will occur in system (2), and we have the following theorem
holds:

Theorem 2. If the condition (12) holds, and L # O, then system (11) passes through a Hopf
bifurcation at the fixed point E4(u*,v*) when the parameter ¢ alters in the small region of the point
(0, 0). In addition, if L > 0 (resp., L < 0), then an repelling (resp., attracting) invariant closed
curve bifurcates from fixed point E4(u*,v*) for 6 < 0 (resp., § > 0).

4. Numerical Simulations

In this section, we will verify the previous theoretical results through numerical
simulation. By drawing bifurcation diagram, phase diagram and maximum Lyapunov
exponent diagram, the dynamic behavior of discrete system (2) is analyzed and summarized.
The bifurcation behavior of system (2) is considered in the following cases:

Firstly, in Figure 1, we consider that the capture rates of prey and predator iy = h, =0
and take ¢ as the bifurcation parameter to analyze the dynamic behavior of system (2) at the
positive equilibrium point. We consider the parameter values as (r1,12,4,b,¢,d,k, hy,hy) =
(0.8,0.8,04,0.2,2,0.1,5,0,0) € Fg, with the initial value of (u,v) = (3,2) and ¢ € [4, 5.8].
A flip bifurcation (period-doubling bifurcation) emerges from the fixed point (2.56155,
2.22462) at 6 = 4.87985, and it is stable when 6 < 4.87985, and when § > 4.87985, system (2)
oscillates with periods of 2,4,8, - - - . It can be obtained from Figure 1c that chaos will occur
in system (2) as the bifurcation parameters J continue to increase.

In Figure 2, we consider that the capture rates of prey and predator h; = 0,h; = 0.1,
respectively. Taking (r1,72,4,b,¢,d,k, hy,hy) = (0.8,0.8,0.4,0.2,2,0.1,5,0,0.1) € Fg, with
the initial value of (1,v) = (3,2) and ¢ € [5, 6.2]. Hopf bifurcation emerges from the fixed
point (3.36948, 1.7510) at & = 5.3218 with « = —0.9308, B = 0.3656. It verifies that Theorem 2
holds.

In Figure 3, we can observe that the equilibrium point (3.36948, 1.7510) of system (2)
is stable for 6 < 5.3218, loses its stability at 6 = 5.3218 and not only a limit cycle but also
periodic solution appear when the bifurcation parameter 6 > 5.3218. Furthermore, the
value of the maximum Lyapunov exponents related to system (2) is greater than 0 as J
continues to increase, and thus chaos will occur, i.e., the solution of system (2) is arbitrarily
periodic. At the same time, if only the predator is properly captured, its population
density decreases, and the prey population density increases. Compared with Figure 1,
the bifurcation at the positive equilibrium point also changes from flip bifurcation to Hopf
bifurcation.
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Figure 1. (a,b) Bifurcation diagram corresponding to u and v in system (2) with 6 € [4,5.8], 11 = 0.8,
rp = 0.8,a = 04,b = 0.2,c = 2,d = 0.1,k = 5,y = hp = 0, the initial value is (u,v) = (3, 2).
(c) Maximum Lyapunov exponents corresponding to (a).

6.2

Maximum Lyapunov Exponent

5.2 5.4 56 58 6 6.2

(0)

Figure 2. (a,b) Bifurcation diagram corresponding to u and v in system (2) with 6 € [5, 6.2],r; = 0.8,
rp =08,a =04,b=02,c=2,d=0.1k=5h = 0h, = 0.1, the initial value is (u,v) = (3, 2).
(c) Maximum Lyapunov exponents related to (a).
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Figure 3. Phase portraits and solution portraits for various values of é corresponding to Figure 2a.
(@) 6 =5.2. (b) 6 =5.4. (c) § = 6. (d) solution portrait for § = 5.2. (e) solution portrait for § = 5.4.
(f) solution portrait for § = 6.

In Figure 4, we consider that the capture rates of prey and predator iy = 0.06,h; =0,
respectively. Taking (ry,72,a,b,¢c,d,k, hy,hy) = (0.8,0.8,0.4,0.2,2,0.1,5,0.06,0) Fpr, with
the initial value of (u,v) = (3, 2) and € [4, 6.5]. A flip bifurcation (period-doubling
bifurcation) emerges from the equilibrium point (1.6013, 2.1779) at § = 4.8821, and it
is stable when § < 4.8821 and when 6 > 4.8821, system (2) oscillates with periods of
2,4,8,- - . It can be obtained from Figure 4b that chaos will occur in system (2) as the
bifurcation parameters ¢ continue to increase. At the same time, if only the prey is properly
captured, its population density decreases, and the predator population density decreases.
Compared with Figure 1, the bifurcation at the positive equilibrium point does not change.

In Figure 5, we consider that the capture rates of prey and predator i1 = 0.1,/ = 0.1,
respectively. Taking (r1,72,4,b,¢,d,k, 1, hy) = (0.8,0.8,04,0.2,2,0.1,5,0.1,0.1) € Fg, with
the initial value of (u,v) = (3,2) and J € [6.4, 7.4]. Hopf bifurcation emerges from the fixed
point (2.4372,1.7197) at § = 6.8995 with « = —0.3751, = 0.2329.

In Figure 6, we can observe that the equilibrium point (2.4372, 1.7197) of system (2) is
stable for 6 < 6.8995, loses its stability at § = 6.8995 and not only an invariant circle but also
periodic solution appear when the bifurcation parameter § > 6.8995. The phase diagrams
in Figure 6 indicate that a smooth limit cycle bifurcates from the positive equilibrium point
and its radius increases as J increases. When iy = 0.1, hp = 0.1, system (2) changes from
flip bifurcation to Hopf bifurcation, and will produce chaos as ¢é increases. Furthermore,
when iy = 0.1,/ = 0.1, system (2) will occur not only Hopf bifurcation and chaos, but
also the equilibrium point be lowered. Compared with Figure 1, the bifurcation at the
positive equilibrium point also changes from flip bifurcation to Hopf bifurcation. So it
can be concluded that the capture effect has a great effect on the dynamic behavior of
system (2).



Mathematics 2022, 10, 2410 12 of 15

4 45

0.05

Maximum Lyapunov Exponent
o

4 45 5 55 6 6.5

(0)

Figure 4. (a,b) Bifurcation diagram corresponding to u and v in system (2) with 6 € [4, 6.5], 11 = 0.8,
rp = 0.8,a = 04,b =0.2,c =2,d =0.1,k = 5h; = 0.06,h; = 0, the initial value is (u,v) = (3, 2).
(c) Maximum Lyapunov exponents related to (a).
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Figure 5. (a,b) Bifurcation diagram corresponding to u and v in system (2) with § € [6.4, 7.4],
rn = 08,1 =08,a=04b=02c=2d=01k=5h = 0.1,k = 0.1, the initial value is
(u,v) =(3,2).

In Figure 7, when the parameter value is (r1,72,4,b,¢,d,k,6,hy) = (1.15,0.8,04,0.2, 2,
0.1, 5, 4.88, 0) with the initial value of (u,v) = (4, 2) and h; € [0.11, 0.21], K1 is bifurcation
parameter. Figure 7 shows the occurrence of Hopf bifurcation, the bifurcation graph fist
appears chaos, then orbital lines and periodic solutions, and finally tends to be stable as the
value of parameter /1y increases. In addition, the population density of prey and predator
will decrease with the increasing of prey capture rate ;.



Mathematics 2022, 10, 2410

13 of 15

2 25 3 35

500 1000 1500 2000 2500 3000 3500 4000 4500 5000

22
1.7235 175
174 2 .
1723 -
1.73 —_ .
17225 18 :
1.72
> > >
1722 - 16 o
17215 k .
7 1.4 /
1721 1.69
12
1.68
1.7205
241 2411 2412 2413 2414 2415 2416 23 235 24 245 25 255 26 0 05 1 15
u u u
(@ (b) (c)
35
3 [
25 A
>
i
s 2f
15¢
]
1 0.5
-0.5
0.5 0 -
0 500 1000 1500 2000 0 500 1000 1500 2000 )
t t t
(d) (e) )

Figure 6. Phase portraits and solution portraits for various values of é corresponding to Figure 5a.
(a)d =6.8. (b) 6 = 6.94. (c) 6 = 7.1. (d) solution portrait for § = 6.8. (e) solution portrait for § = 6.94.
(f) solution portrait for 6 = 7.1.
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Figure 7. Bifurcation diagram of system (2) with h; € [0.11,0.21], r; = 1.15,7, = 0.8,a = 04,b =
0.2,c=2,d=0.1,k =5,6 = 4.88,hy = 0, the initial value is (4, v) = (4, 2). (a) Bifurcation diagram for
u. (b) Bifurcation diagram for v.

In Figure 8, when the parameter value is (r1,12,4,b,¢,d,k,6,h1) = (0.8,0.8,0.4,0.2, 2,
0.1, 5, 4.88, 0) with the initial value of (1,v) = (4, 2) and hy € [0, 0.25], h; is bifurcation
parameter. It can be seen from Figure 8 that as the parameter value &, continues to increase,
the flip bifurcation will occur. In addition, the population density of prey and predator will
increase and decrease with the increasing of predator capture rate .
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Figure 8. Bifurcation diagram of system (2) with iy € [0,0.25], 71 = 0.8, = 0.8,a = 0.4,b = 0.2,
c=2,d=0.1,k=05h; =0,6 = 4.88, the initial value is (u,v) = (4, 2). (a) Bifurcation diagram for u.
(b) Bifurcation diagram for v.

5. Conclusions

Research indicates that the discrete systems compared to the continuous systems have
richer and more complex dynamic behaviors. Therefore, on the basis of previous study
work, this paper studies the stability and bifurcation analysis of a class of discrete-time
dynamical system with capture rate in the closed first quadrant R3. According to the
research results, we can obtain the following results:

(1) System (2) has four fixed points, in which the stable fixed point is positive, reflecting
the stable coexistence of prey and predators.

(2) System (2) has flip bifurcation at the boundary equilibrium point, flip bifurcation
and Hopf bifurcation occur at the positive equilibrium point when § changes in Fg/, or Fgr,
and Fg, small fields. It can be seen from Figures 1 and 2 that the flip bifurcation and Hopf
bifurcation at the positive equilibrium point will produce chaos. We can also find the orbits
of periods 2, 4, and 8 periodic windows of flip bifurcation.

(3) When hy = 0,hy # 0, the equilibrium point of system (2) changes compared to
system (1), where u* goes up and v* goes down. The number of predators goes up and
the number of prey goes up. In addition, under the same set of parameters, flip bifurca-
tion occurs in system (1) and Hopf bifurcation occurs in system (2), thus the bifurcation
phenomenon changes (see Figures 1 and 2).

(4) When hy # 0,hy = 0, the equilibrium point of system (2) changes compared to
system (1), where u* and v* both go down. The number of predators and prey go down.
In addition, under the same set of parameters, the bifurcation of system (2) at the positive
equilibrium point does not change compared to system (1) (see Figures 1 and 4).

(5) When hy # 0,hp # 0, the equilibrium point of system (2) changes compared
to system (1), where u* and v* both go down. The density of both predators and prey
populations decreased. In addition, under the same set of parameters, the bifurcation of
system (2) at the positive equilibrium point change from flip bifurcation to Hopf bifurcation
compared to system (1) (see Figures 1 and 5).
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