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Abstract: We proved the local Marchenko—Pastur law for sparse sample covariance matrices that
corresponded to rectangular observation matrices of order n x m with n/m — y (where y > 0) and
sparse probability np, > logP n (where p > 0). The bounds of the distance between the empirical
spectral distribution function of the sparse sample covariance matrices and the Marchenko—-Pastur
law distribution function that was obtained in the complex domain z € D with Imz > vy > 0 (where
vg) were of order log* /1 and the domain bounds did not depend on p, while np, > logf n.
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1. Introduction

The random matrix theory (RMT) dates back to the work of Wishart in multivariate
statistics [1], which was devoted to the joint distribution of the entries of sample covariance
matrices. The next RMT milestone was the work of Wigner [2] in the middle of the last
century, in which the modelling of the Hamiltonian of excited heavy nuclei using a large
dimensional random matrix was proposed, thereby replacing the study of the energy levels
of nuclei with the study of the distribution of the eigenvalues of a random matrix. Wigner
studied the eigenvalues of random Hermitian matrices with centred, independent and
identically distributed elements (such matrices were later named Wigner matrices) and
proved that the density of the empirical spectral distribution function of the eigenvalues of
such matrices converges to the semicircle law as the matrix dimensions increase. Later, this
convergence was named Wigner’s semicircle law and Wigner’s results were generalised in
various aspects.

The breakthrough work of Marchenko and Pastur [3] gave impetus to new progress
in the study of sample covariance matrices. Under quite general conditions, they found
an explicit form of the limiting density of the expected empirical spectral distribution
function of sample covariance matrices. Later, this convergence was named the Marchenko-
Pastur law.

Sample covariance matrices are of great practical importance for the problems of
multivariate statistical analysis, particularly for the method of principal component analysis
(PCA). In recent years, many studies have appeared that have connected RMT with other
rapidly developing areas, such as the theory of wireless communication and deep learning.
For example, the spectral density of sample covariance matrices is used in calculations
that relate to multiple input multiple output (MIMO) channel capacity [4]. An important
object of study for neural networks is the loss surface. The geometry and critical points of
this surface can be predicted using the Hessian of the loss function. A number of works
that have been devoted to deep networks have suggested the application of various RMT
models for Hessian approximation, thereby allowing the use of RMT results to reach
specific conclusions about the nature of the critical points of the surface.

Another area of application for sample covariance matrices is graph theory. The ad-
jacency matrix of an undirected graph is asymmetric, so the study of its singular values
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leads to sample covariance matrices. An example of these graphs is the bipartite random
graph, the vertices of which can be divided into two groups in which the vertices are not
connected to each other.

If we assume that the probability p, of having graph edges tends to zero as the
number of vertices n increases to infinity, we arrive at the concept of sparse random
matrices. The behaviour of the eigenvalues and eigenvectors of a sparse random matrix
significantly depends on its sparsity and results that are obtained for non-sparse matrices
cannot be applied. Sparse sample covariance matrices have applications in random graph
models [5] and deep learning problems [6] as well.

Sparse Wigner matrices have been considered in a number of papers (see [7-10]), in which
many results have been obtained. With the symmetrisation of sample covariance matrices, it
is possible to apply these results when observation matrices are square. However, when the
sample size is greater than the observation dimensions, the spectral limit distribution has a
singularity at zero, which requires a different approach. The spectral limit distribution of
sparse sample covariance matrices with a sparsity of np, ~ n€ (where € > 0 was arbitrary
small) was studied in [11,12]. In particular, a local law was proven under the assumption
that the matrix elements satisfied the moment conditions E | Xj|7 < (Cq)“. In this paper,
we considered a case with a sparsity of np, ~ log”" n for « > 1 and assumed that the matrix

- o 1
element moments satisfied the conditions E |Xjk|4+‘5 < C < oand |Xj| < ci(npy)2* for
»x > 0.

2. Main Results

We let m = m(n), where m > n. We considered the independent and identically
distributed zero mean random variables X, 1<j<n and 1 < k < mwith E Xjx =0 and
E sz = 1 and an independent set of the independent Bernoulli random variables ¢ ks 1<
j<mnand 1l <k < m with Egjk = py. In addition, we supposed that np, — coasn — co.
In what follows, we omitted the index n from p,, when this would not cause confusion.

We considered a sequence of random matrices:

1
X = TW(Cijjkhgjgn,lngm- M
Denoted by 51 > - - - > s;, the singular values of X and the symmetrised empirical spectral
distribution function (ESD) of the sample covariance matrix W = XX* were defined as:

1 n

Fu(x) = o™ 21 (H{sj <x}+I{-s; < x}),
=

where I{ A} stands for the event A indicator.
Welety := y(n,m) = J> and Gy(x) be the symmetrised Marchenko—Pastur distribu-
tion function with the density:

gy(x) = 2n;x\/(xz )PP - ) < 2 <),

wherea = 1—,/yand b = 1+ ,/y. We assumed thaty < yo < 1forn,m > 1.
When the Stieltjes transformation of the distribution function G, (x) was denoted by S (z)
and the Stieltjes transformation of the distribution function F,(x) was denoted by s,(z),
we obtained:
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We also put:
b()—— —71 ‘erZS()——f—1 +S() 2)
z z - YSy(z Sy(z) ySy(z).

In this paper, we proved the so called local Marchenko—Pastur law for sparse covariance
matrices. We let:

Ay = Ny (z) = su(z) — Sy(z).

For a constant § > 0, we defined the value » = »(J) := %. We assumed that

a sparse probability of p, and that the moments of the matrix elements X;; satisfied the
following conditions:
e Condition (CO0): for cp > 0and n > 1, we have np, > ¢ log% n;
e Condition (C1): for & > 0, we have py s := E|X11|*+° < oo;
e Condition (C2): a constant ¢; > 0 exists, such that forall1 <j<mand1 <k <m,
we have | Xj| < cl(npn)%*”.
We introduced the quantity vy = vg(ag) := agn~1! log4 n with a positive constant ag.
We then introduced the region:

D(ag) :=={z=u+iv:(1—-y—v)y <|u| <14+ /y+0v,V>v>0}
For constants 1y > 0 and V, we defined the region:

D(ag,m) ={z=u+iv:|ul <uy,V >v>uvyl|b(z)| >anl,}.

Next, we introduced some notations. We let:

I, = 2C010gn(% +min{np|;(z)|' \/%})

We introduced the quantity:

_ Imb(z)
42 = Toi)
and put:
1 logn 1
(@)= (‘“Z) * nv|b<z>|) RTILOl ®

We stated the improved bounds for A,(z) and put:

T =I{[b(z)| > T} (@(z) Ldi ) di() )

(nv)i (nv)2

+I{]b(z)| srn}<(£Z)Z +Ts (rr+ ¢177))

Theorem 1. Assuming that the conditions (C0)—(C2) are satisfied. Then, for any Q > 1 the posi-

tive constants C = C(Q, 8, Has, o, ¢1), K = K(Q, 6, pars,co,c1) and ag = ao(Q, 8, pars,c0,€1)
exist, such that for z € D(ap):

Pr{ |Ay| > 1<7;} <cn Q.

We also proved the following result.
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Theorem 2. Under the conditions of Theorem 1 and for Q > 1, the positive constants C =

C(Q, 0, pays,co,c1), K= K(Q,9, pays,c0,¢1), a0 = a0(Q,J, pays, o, c1) and ay = a1(Q, 6, pa s,
co, €1) exist, such that for z € D(ap, a1):

Pr{ [Tm Ay| > Kﬁ} <cn @

2.1. Organisation

The paper is organised as follows. In Section 3, we state Theorems 3-5 and several
corollaries. In Section 4, the delocalisation is considered. In Section 4, we prove the
corollaries that were stated in Section 3. Section 6 is devoted to the proof of Theorems 3-5.
In Section 7, we state and prove some auxiliary results.

2.2. Notation

We use C for large universal constants, which may be different from line to line.
Sy(z) and s, (z) denote the Stieltjes transformations of the symmetrised Marchenko-Pastur
distribution and the spectral distribution functlon respectively. R(z) denotes the resolvent
matrix. Welet T = {1,...,n},J c T, T = {1,...,m} and K ¢ T(). We consider the
c-algebras MUK), which were generated by the elements of X (with the exception of the

rows from J and the columns from K). We write S)JT](J’K) instead of MUIVUIEK) and Sﬁl(iilK)
instead of MUIKUAL) for brevity. The symbol X(JK) denotes the matrix X, from which the

rows with numbers in J and columns with numbers in K were deleted. In a similar way, we

denote all objects in terms of X(JIK), such that the resolvent matrix is R(JK) , the ESD Stieltjes

transformation is S(J K), A,({H’K), etc. The symbol ]E]- denotes the conditional expectation with

respect to the -algebra 901; and E,, , denotes the conditional expectation with respect to
o-algebra 9, ,,. Welet J° = T\ J and K¢ = T \ K.

3. Main Equation and Its Error Term Estimation
Note that F,(x) is the ESD of the block matrix:

[ o, x
v=[ %)

where Oy is a k X k matrix with zero elements.
We let R = R(z) be the resolvent matrix of V:

R=(V—-zI)!
By applying the Schur complement, we obtained:

z(XX* —221)71 (XX* —Z21) 71X

R=1T xrxxr =201 2(xX = 21)-!
This implied:
1 1& m—n
E ]; Rj] E 12221 I+nl4n T nz
For the diagonal elements of R, we could write:
JK) _ (JK) p (JK) (JK) pIK)
R = Sy(z)(1 =g Ry +yAy Ri™), 4)
for j € J¢ and:
IK) 1 (JK) (LK) (JK)  (JK)
Ry nin = =3 +95,(2) (L= & R H YA R ), ®)
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for I € K. The correction terms sg ) for j€J¢and sg ) for I € K€ were defined as:

(J K) _ (JK) (IK)
] 811 + - +£]3 ,
k) _ 1§ p@r) 1S pOUGLK)
& = lnltn ~ 3 I4+nl+n *
JU{]} K)
Z ]é]l - l+nl+n ’
gy _ 1 AU{HK),
s = Y 1 Xk GGk Ry e 5
p 1g1¢k<m
and
LK) _ (IK) (JK)
8l+n gl+n 1 +o Tt €I+n 37
or) _ 1y (JI (KUt}
L m ZR
=1
@K _ 1 {2 (IKU{i+n})
Ein2 = p Y (Xigi — PR
Pic
K 1 (JKU{I
= Y X XugpEu R,
P 1<jZk<n

By summing Equation (4) (J] = © and K = @), we obtained the self-consistent

equation:
sp(z) = Sy(z)(l + Ty — yAusn(2)),

with the error term:
1 n
Tn = — Z €]R]]
n
j=1
We let sp > 1 be positive constant V, depending on é. The exact values of these
constants were defined as below. For 0 < v < V, we defined k; as:

ky = ko (V) :=min{l > 0:sho > V}.

Remembering that:
Ay = Ny (2) := sn(z) — Sy(2),

d:
" = 2o logn( L pmin{ 1 L1y
T G T G2 i S
We defined:

an(2) = an(1t,0) = Imb(z) + Ty, if |b(z)] > T4y,
T AT, i [b(z)| < T

The function b(z) was defined in (2). For a given v > 0, we considered the event:
Qy(v) := {|Au(u+iv)| < yan(u,v), forall u}
and the event: .
v) =) QW(S%)U)-
1=0
For any v value, the constant V = V/(1y) existed, such that:

Pr{Q,(V)} = 1. (6)
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It could be V = \/m, for example. In what follows, we assumed that v and V were
chosen so that (6) was satisfied and we wrote:

Q= @’y-
We defined:

_an(z) | |Ao(2)?
Bu(2) = no + (;1;7

7

where

Aofz) = ySy(2) - L.

In this section, we demonstrate the following results.

Theorem 3. Under the condition (CO), the positive constants C = C(0, pia15,¢0), 40 = a0(6, -y, C0)
and ay = a1(0, plats, Co) exist, such that for z = u + iv € D:

E|T,|T{Q} <C(F+ - +F),

where

q

Fi= D) = 15,2 P Ib(E)| 2 T} + 15, (2)8E (T,

B = 18, (2) 1B} ()T (I{[b(2)] < T}z ¢ D})
S, (@)ak () (1o o et Al 1
S R T (SO LM QLT HORS = +(m)%)},
15,(2)/%1B4 (2) D1 A1
B =Y Sy(2)|7|Ao(2)|2 B2 (z) + T T 7 )
Y @ Gl (np)? (nv)f)
B = 415,21 ¥ B2 (214021 T 2 (0 (2) + 1b(2) )
(no)3
g (an(2)Sy()]\ § / g1, 1
+ongh (I (15,20 () o) + o) -
15,(2)2an(2) | * : .1
+cw<ynv> (15 PBu(2)) " (an(2) + lb(z) ) 2 ="
1 q-1
Fs = quz(q—l)(an (Z) + |b(z)\)q_1\5y(z)\53 (Z) |:(qﬂ—1 |Sy(zjl‘van(z)> (np)zl},(q,l)

-1 q-1
+W(M>q 15, BT (2)

no

-1
gt (18P Ty gy
q no no (np)2@-1)x(np)a-1

1 -1 -1
20 @ (BEISENT | w0 1 (18EenE)
(nv)a-1 (nv) 1 ni~lpi-1 no

" q?’(qfl)
(ﬂp)z("*””(nv)“}

+q

Remark 1. Theorem 3 was auxiliary. T, was the perturbation of the main equation in the Stieltjes
transformation of the limit distribution. The size of T, was responsible for the stability of the
solution of the perturbed equation. We were interested in the estimates of Ty, that were uniform
in the domain D and had an order of logn/ (nv) (such estimates were needed for the proof of the
delocalisation of Theorem 6). It was important to know to what extent the estimates depended on
both npy, and nv. The estimates behaved differently on the beam and at the ends of the support of the
limit distribution (the introduced functions a,(z) and b(z) were responsible for the behaviour of the
estimates, depending on the real part of the arqument: on the beam or at the ends of the support of
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the limit distribution). For A, estimation, there were two regimes: for |b(z)| > Ty, we used the
inequality (10) and for |b(z)| < ', we used the inequality (18).

Corollary 1. Under conditions of Theorem 3, the following inequalities hold:

I{[b(z)| > Tn} E| T |TI{Q} < CT[b(2)|1 [((nf)z%)Mdel (2)
( >% (2 (7)%+q‘7*1d%(2)
A e ) AR )(nv)ql(rlzp)zﬂ(‘ll) @)
and
I{T, > |b(2)|} E|T,|1{Q} < Cq(ili +n1p>;’r’% "

Corollary 2. Under the conditions of Theorem 3 and in the domain:
D={z=u+iv:1—-\/y—v<|u/ <1+ /y+v,V>0>0},

forany Q > 1, a constant C exists that depends on Q, such that:
1
— . < -Q
Pr{|An\ > ZFn,Q} <Cn

Moreover, for z = u + iv to satisfy v > vy and |z| > C max{ -~ IOgn, IOg =} and for Q > 1,

np 2/

a constant C exists that depends on Q, such that:
1 -
Pr{\ImAn| > Ern;Q} <cn @

Corollary 3. Under the conditions of Theorem 3, for Q > 1, a constant C that depends on Q exists,
such that:
Pr{Q} >1—-Cn©

Theorem 4. Under the conditions of Theorem 1, for Q > 1, the positive constants C = C(Q, J, pas,
co, 1) and ag = ap(Q, 6, Ha+s, Co, 1) exists, such that for z = u +iv € D(ap):

Pr{|An| > %rn} <cnQ

Moreover, for Q > 1, the positive constants C = C(Q, 8, ug+4,c0,¢1), Co = Co(Q, 6, ptars,C0,€1)
and ay = ay(Q, J, g s, o, C1) exist, such that for z = u + iv satisfying v > vy and |z| > T':

1 B
Pr{|ImAn|>§Fn}§Cn Q )

where

Tn—Cologn( ! -+ min {np|b( Ik \/L})

To prove the main result, we needed to estimate the entries of the resolvent matrix.

Theorem 5. Under the condition (CO) and for 0 < v < g and uy > 0, the constants H =
H(6, pats, 0,7, u0), C = C(0, pats, 0,7, U0), € = ¢(6, Hats,C0, Y, o), do = a0(d, Pavs, 0,7,
ug) and ay = aq (8, pars,co, 7y, to) exist, such that for1 < j<mn,1 <k <mandz=u-+iv € D,
we have:

Pr{|Rjx| > H|Sy(2)]; Q4(0)} < Cn=c'°8",
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} > HISy(2)]; Qy(v)} < Cn—clo8™,

Pr{max{[R;ktnl, [Rjtnk

Pr{|Rj+n,k+n| > H’Ao(z)l; @7(0)} < Cnfclogn,
where

Aolz) = ySy(2) - L.

Corollary 4. Under the conditions of Theorem 5, for v > vy and q < clogn, a constant H exists,
such that for j,k € TU (T 4 n):

E [Ri|"I{Q,} < H|Sy(2)|1.

4. Delocalisation

In this section, we demonstrate some applications of the main result. We let L =
(ij)]’.’k:1 and K = (K; )]’-”k:1 be orthogonal matrices from the SVD of matrix X s.t.:

X = LDK*,

where D = [Dn On,m} and D = diag{sj,...,s,}. Here and in what follows, Oy, denotes
a k x n matrix with zero entries. The eigenvalues of matrix V are denoted by A; (A; = s;
forj=1,...,n,Aj = —sjforj=n+1,...,2nand A; =0 forj =2n+1,...,n +m). We
letuj = (uj1,. ., Ujnm) be the eigenvector of matrix V, corresponding to eigenvalue A;,
wherej=1,...,n+m.

We proved the following result.

Theorem 6. Under the conditions (C0)—-(C2), for Q > 1, the positive constants
C = Cl(Q, 6, Uats,Co, C]) and C, = CQ(Q, 6, Ha+s,Co, C]) exist, such that:

log*n
n

Pr{ max |L]-k\2 <C

} < Czl’l_Q.
1<j,k<n

Moreover, for j =1, ...n, we have:

1 4
Pr{ max |K]k|2 S Cl%} S Czi’liQ.

Proof. First, we noted that according to [13] based on [14] and Theorem 1, ¢1,¢2,C > 0
exists, such that:
Pr{ci <s, <s1 <&} >1-Cn <

Furthermore, by Lemma 11, we obtained:

n 1 1 © 1
Rij= Y ILil*( -—) :/ ——dF(x),

=1 Sk — 2 S+ 2z —0o X —2Z
where
1 & 2
Fyj(x) = 5 Z; L= (I{sx < x} +1I{sp > —x}).
]:
We noted that:

max |ij|2 <2 sup (Fn]-(u +A)— Fn]-(u)),

1=j<n uz|lu|>c1/2
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and

aﬂx+A)—E¢x%:/%Mdaﬁw

X

2A g A
<
= A (xFA—u)Z 1Az

an]‘(u) <2AIm Rj]‘(x + A+ Z)L)

These implied that:

sup |Fj(x +A) = Fyj(x)| <24 sup ImRj;(x +iA).

¢ ¢
xlx[>4 x> G

We chose A ~ 1~ log* n. Then, by Corollary 4, we obtained:

< Clog*n

Pr{ sup |Fn]-(x +A)— Fn]-(x)| < .

C
x:]x|>F

} >1-Cn 9

We obtained the bounds for K in a similar way. Thus, the theorem was proven. [

5. Proof of the Corollaries
5.1. The Proof of Corollary 4

Proof. We could write:
E|R|TI{Q} < E[Ry[TT{Q}{A(v)} + E [Ry[TI{ Q} I{.A*(0) }.
Combining this inequality with [Rj| < v~!, we found that:
E [Rj|"I{Q} < C7+ 0y "E{ I{ Q} I{A*(v) }.

By applying Theorem 5, we obtained what was required.
Thus, the corollary was proven. [

5.2. The Proof of Corollary 2
Proof. We considered the domain D. We noted that for z € D, we obtained:
e > (1- 7 —0) +0* > (1 - y5)* and | Ag(2)| < C,
and
1-y
|b(z)] < 0 +2,/y+B.

First, we considered the case |b(z)| > I',. This inequality implied that:

Ib(z)| > /2Cplogn > 1 .
J/np NGY

From there, it followed that:

min{ 1 1 } _ 1
nplb(z)|" yapJ  np|b(z)|

Furthermore, for the case |b(z)| > I'y, we obtained |b,(z)|I{Q} > (1 — v)|b(z)|I{Q}.
We used the inequality:

C|Tx|
[b(z)]°

[An|I{Q} < (10)
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By Chebyshev’s inequality, we obtained:

1oy o ZETIIQ)
Pri|An| 2 5Tw Q} £ ————
A= 21 = T e

By applying Corollary 1, we obtained:

1 294
where
1 _ 2.1 q
g _ gl (9% 1A (9N A2
Hp:=C [((np)Z%) dy® (2) +d (Z)(nv) +di (Z)(nv)
39-2 1

+q171d, 7 (2) + 20V (2)

1
(nv)a—1

First, we noted that for 4 = Klogn:

Moreover, for g = Clogn:

From there, it followed that:

3 2\ 14 C g
944 ‘L < 2
Cldy (z)<nv) - (logn)z'

(%) (7)< (&%)

Using these estimations, we could show that:

q
29 < (_C Y
r7 — \logn

By choosing g = Klogn and K > C(Q), we obtained:

Furthermore:

N

Pr{|Ay| > %rn; Q) <cn Q.

Then, we considered the case |b(z)| < Iy, In this case:

r 1 1 1
)Ty < (— +
nv - np nv  nply

1 1
i ( )2 <

logn’

By applying the inequality |A,(z)| < C/|T,| and Corollary 1, we obtained:

r 14\4
1 2155 + 752 1 1
Pr{|Ay| > sy Q} < — P < C7(— +
2 Iz nv  nply
n

)2

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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It was then simple to show that:
1 -Q
Pr{|An| > EI’H; QF <Cn™%.

Thus, the first inequality was proven. The proof of the second inequality was similar
to the proof of the first. We had to use the inequality:

| Im A, | < Cy/|Tal, (18)

which was valid on the real line, instead of |A,| < C+/|T,|, which held in the domain D.
Moreover, we noted that for any z value, we obtained:

1Sy(2)[|40(2)| < C.
Thus, the corollary was proven. [J

5.3. Proof of Corollary 3
Proof. According to Theorem 4:

Pr{|An(z)] < 2Tu(2); Q} > 1— Cn<.

2
We noted that forv = V:
Pr{Q(z)} =1.
Furthermore:
’dA(z)’ <2
dz | = o2’

We split the interval [vg, V] into subintervals by vy < v1 < - -+ < vy = V, such that
fork=1,...,M:

. . 1
| An (14 ivg) — Ay (u+ivg_q)| < Ern(z)-

We noted that the event Oy = {|A,(u +ivy)| < 1T, (u + ivy)} implied the event
@kﬂ = {|An(u +ivy)| < T'y}. From there, for vy < v < v34q, k =0,...,M —1, we
obtained:

Pr{Q(u +iv)} > 1— Pr{Q(u +ivg_1)} — Pr{Qp_15 Qu +ivg_1)} > 1 — Cn~ <.
O]

6. Proof of the Theorems
6.1. Proof of Theorem 1

Proof. We obtained:
Pr{|An(z)| > Tu} < Pr{|An(z)| = Tw; Q} + Pr{Q"}.

The second term in the RHS of the last inequality was bounded by Corollary 3. For z
(such that |b(z)| > CT,(z)), we used the inequality:

the inequality:
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and the Markov inequality. We could write:

E{|TN|L];Q} —cloglogn
Pr{|An(z)|2Tn}§W+Cn .

We recalled that in the case |b(z)| > I'y:

Toi= K(dn(2) + @3 (2)

In the case |b(z)| > T';, and using Corollary 1, we obtained:

Hn
KT,

q
Pr{|A,(z)| > KT;} < < ) + Cn~cloglogn,

First, we considered the case |b(z)| > I',. By our definition of r,(z), we obtained:

q
Pr{|An(z)|zTn}g<c 11 ) + Cn—cloglogn, (19)

Klogz n

This inequality completed the proof for |b(z)| > T’.
We then considered |b(z)| < T',. We used inequality |A,(z)| < /|Tx| and Corollary 1
to obtain:

Pe{lan(a)| = 7} < () )

By choosing a sufficiently large K value, we obtained the proof. Thus, the theorem
was proven. [

6.2. Proof of Theorem 2

Proof. The proof of Theorem 2 was similar to the proof of Theorem 1. We only noted that
inequality:

| Im Ay (u +iv)| < /| Tl
held forallu € R. O

6.3. The Proof of Theorem 5
Proof. Using the definition of the Stieltjes transformation, we obtained:

=185 T% 3783 j=15; —

and

5(z) = — (22 — ab) + /(22 — a?) (22 — b?)

v 2yz '
It is also well known that for z = u + iv:
1
1Sy(2)] < 7
and 1 1
— _ =y
Ao(2) = ySy(z) +z (ySy(z) z )
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We considered the following eventfor1 <j <n,1 <k <mand C > 0:

Ap(0,1,K;C) = {|R™ (u +iv)| < C}.

We set:
(Z) J, K) ] 1 ﬂz;l.A]‘,k(U,J,K,‘C|Sy(Z)|),
@) (0,1, K) =Ny Moy Ajn i (0,3, K; CISy(2))),
®)(v,J,K) =L 1“?:1v4jk+n(v/J/K;C\5 @)),
W (0,1, K) =) Ofy Aj o keen (0,1, ClAg (2)]).

Forj € J¢, k € K¢ and u, we obtained:
(JK) 1
‘R]‘k ()| < o
We recalled:

0= an(u,0) = { TP T, i [b()] 2 T,
B VR TS

Then:
1

1 _ 1
Iy=Tu(z)= 2C010gn(% + min {np|b( Ik

Wik

We introduced the events:

i+ Ky

I

ky
Q(“‘HK (v) := ﬂ{|A9’K)(u+ls 0)| < yan(u,sho) +
nsho

I=0

It was easy to see that:

0,(0) € 97 (0.

In what follows, we used Q := @7(0).

Equations (4) and (5) and Lemma 10 yielded that for v < 7 and for J, K that satisfied
(|J] + |K|)/nv < 1/4, the following inequalities held:

REOIT{Q} < 25, (2)[|e8"™[RE| 1{Q} + 218, (2)] (21)
and |Ao(2)|(|J] + |K])/nv < 1/4,
IR, T{QY < 2{A0(2) Il IR, T{Q} +2]Ao(2)]- (22)

We noted that for |z| > % and |J| < Cplogn under appropriate C; and C, we
obtained Ag(z)(|J| + |K]|)/nv < 1/4.

We considered the off-diagonal elements of the resolvent matrix. It could be shown
that for j # k € J

m

JK JK (JU{j}.K IK)
R](‘k )= R](] )( Z ]l(:]lRlJrn{lg} )) C( ’ (23)
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forl #k e K%
Rl(ﬁtKil)wn - Rl(%tKiLn ( T 2 XpénR kﬂﬂrfg{lﬂ} ) Rl(i]i*ilKH*néH»n 1)<+n' (24)
and
R =5~ % 30, R = R
RO =R (- L P e ) SR,
where
g](;(]] = _\/,lﬂ— i ],g],Rlﬁ{,ﬁ}K), éﬂﬁl)wn Y Z XrjGriR rngc%{ﬁn} ’
g](:]i-ilfl)c = _:”zi KGkl l%{]l;}nK)' Cﬂg = ZXI Gl Rl%{lﬁf)- (26)
Inequalities (21) and (22) implied that:
Pr{|R;1{Q} > CIS, ()]} < Pr {Je[1{Q} > ;) @)
forl <j<nandC > fandthat
Pe{[Ris i Q) > Clao(2)[} < Pr {JernHQ} > ) 28)

for1 <! <mand C > 2. Equations (23)—(25) produced:
Pr{|Rj[I{Q} > C|Sy(2)|} < Pr{|R;;|I{Q} > CI|Sy(z)[} + Pr{|C;|I{Q} > 1}
forl1 <j#k<mnand:

Pr{|Riynin|H{Q} > ClAo(2)[} < Pr{[R; 1111 [I{Q} > Cl|A0(2) |}
+ Pr{[{1 s I{Q} > 1}

for 1 < # k < m. Similarly, we obtained:
Pr{|Ricn|{Q} > C[Sy(2)[} < Pr{[Ry [I{Q} > C[Sy(2)|} + Pr{|Cr+x[1{Q} > 1}
and
Pr{[RnilI{Q} > C[Sy(2)[} < Pr{|Rex[I{Q} > C[Sy(2)[} + Pr{[{1ncl{Q} > 1}
We noted that for |z| < B, we obtained:

1
A =PtV

Using Rosenthal’s inequality, we found that:

q _1 q 11 & LG
Ej |¢l" < (g (o) % (Im RE)E + 97 (np) 1512|R£{2+n|'7)
=1
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for1 <j # k < nand that:
q _1 + 1
Ef+n |€]'+n,k+n ‘q < (qZ (nv) : (Im Rl(cjjtnnl)chn) :

1
+ g7 (np) 1~ erkf:n”r "),

q g q
Ej |Ckrnl® < cq(qz( v)” Z(ImRIETnnl)wn)z

_ (j+n)
+ q - Z |Rk+n r+n )
1 _1 + 1
Ej+n |€]'+ﬂrk ‘q < c (‘72 (nv) : (Im Rl(c{knnl)chn) :

+
+ qq(np) e l 2 | k]—i-nnr—&-n‘q)
for1 <j # k < m. We noted that:

Pr{[el )| > };' Q} < Pr{AW(s0,5,K)"; @} + Pr{[e!"™)| > i;A(“) (sv,3,K); Q},

JK
Pr{lely,)| >

r{AD (s0,
4\A()\Q} Pr{A 1K) Q}

+Pr{lely] > 1/(4] Ao(2)[); AD (50,3, K); Q; },
Pe(|g] > 1,0} < Pr{A® (0,1, K); Q}

+Pr{|7)| > ;AP (50,1, K); Q},
Pr{|¢"5), | > 1,0} < Pr{A®(s0,,K); Q}

+Pr{|gV) > 1A% (s0,0,K); Q)
Pr{jz")| > 1; Q) < Pr{A®(s0,J,K); Q)

+Pr{|g ] > 1,0 AW (50,1, K)},
Pr{|ce 0 > 1, Q) < Pr{AW (50,3, K) ; Q}

+Pr{|g ) (0)] > 1, AW (50,1, K) ).

j+n

Using Chebyshev’s inequality, we obtained:
Pr{le/")| > 1/4,0; A¥)}
< CTE (E; |¢|){ QUK }1{A®}.

By applying the triangle inequality to the results of Lemmas (1)—(3) (which were
the property of the multiplicative gradient descent of the resolvent matrix), we arrived at
the inequality:

1 BslA@2\E | 1 (aslAp(z)]\]
]Ej]I{A(4)(sv,J,K)}|€j|qch[(nv)q+( nop ) +HP((”PO)2”)

(B () ()
2 q
(o) ol
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2
P

When we set g ~ log? n, no > Clog*n and np > C(logn)*
» <1/2and |Ap(z)| < C/|z|, then we obtained:

and took into account that

E; |¢j| 1{A® (sv,J U {j},K)} < Cn~clos™,

Moreover, the constant ¢ could be made arbitrarily large. We could obtain similar esti-
mates for the quantities of ), { % ’ ks 4 ikt 4 jtnkn- Inequalities (27) and (28) implied:
Pr{IR@’K)IJI{Q} > C|Sy(2)|} < Pr{A® (sv,JU{j},K) } + Cnclos",
Pr{|Rli;;K?+n| I[{Q} > ClAo(2)[} < Pr{A(l)(sv,J,K U {l})c} + Cn—Clogn,
Pr{|RG™ | 1{Q} > CSy(2)[} < Pr{A® (s0,J, KU {1})} + Cn<lo8",
Pr{|Rj x| I{Q} > C[Sy(2)[} < Pr{A“ (SU,J,KU {]})C} 4 Cn—clogn
Pr{|Risn;|1{Q} > C|Sy(2)[} < Pr{A®(s0,J, KU {j})} + Cnclo8",
Pr{|Rypp,j1nl I{Q} > C|Ao(2)|} < Pr{A® (sv,J, KU {j})°} + Cn—clogn,

The last inequalities produced:
max Pr{|R |H{Q} > C} < Cn~closn
jkeJeUR
+ max max{Pr{A(sv,JU {j}, K;CAo(z))}, Pr{A°(sov,J, KU {k}; CAp(z))}.
jele keke

We noted that k, < Clogn for v > vy = n~log* 1. So, by choosing c large enough,
we obtained:
Pr{A°(v) N Q} < Cn—closn,

This completed the proof of the theorem. [

6.4. The Proof of Theorem 3
Proof. First, we noted that for z € D, a constant C = C(y, V) exists, such that:

b(z)| < C.
Without a loss of generality, we could assume that T';;1 > |b(z)|. We recalled that:

Imb(z) + Ty if |b(z)| > Ty,

a:=an(z) = an(u,0) = {rn, if[b(z)| < T

Then:

I“n_2C010gn< ! + min {np|b( Ik \/L})

We considered the smoothing of the indicator /1, (x):

1, for |x| < va,
hy(x,0) = 1— |x| 12, for ya < |x| < 27a,
0, for \ | > 2a.

We noted that:

HQW(U) < hy(JAn(u+iv)|,0) < Hézv( y
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where, as before:
ky

Gy (0) = N {IAn(u + isk0)| < yau(u,s50)}.
v=0

We estimated the value:
Dy = E|T,|7h] (|Aul, v).
It was easy to see that:
E|T,|"1{Q} < D,.

To estimate D, we used the approach developed in [15], which refers back to Stein’s
method. We let:

¢(z) :=z|z|T%.
We set: R
T, := Tnh7(|An|,v).

Then, we could write:
Dy :=ETup(Ty).

The equality:

1—
Tu =1+ (2= —)su(2) +ys3(2) = b(2) Au(2) + YA (2)
implied that a constant C exists that depends on v in the definition of Q, such that:

T I{Q} < (Ib(2)[|An(2)] + y|An(2)|)I{Q} < Claz(z) + |b(z)||an(z)])I{Q} < C.
We considered:
B:= AV N AD A AC) A AW,
Then:
D, < E|T,|7T{Q}I{B} + Cn—clos",

By the definition of T;;, we could rewrite the last inequality as:

1 n
ﬁ Z &iR;ihy (| Aul, ) (Ty) I{ B} + Cn—clo8™,
We set:
D, = D,Sl) + DEIZ) + Cnfclogn, 9)
where
1 1 R
= E 2 e R;ihy (|Au],0)(T,) I{B},
1 n
= 5 LEGRy (Al 0)e (T) 1B},
g :=¢ep+ep.
We obtained: ) .
! _ 1y Sn(z
n]; enRjj = o su(z) + 7~
and this yielded:

C . C|A4]
’ Zis]]‘< Ims,(z )—l—f—i- n|zT'

(30)
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Then, we used:

[Sy(2)]
2]

—_

< (yISy(2) P + I2l1Sy(2)] +1}) < C.

I-y
Inequality (30) implied that for z € D:

q-1
DY) < hD,", (31)
where
] — Cﬂn(Z)
no

Further, we considered:
TV =E;T, TV =ET, AY=EA,.
We noted that by the Jensen inequality, for g4 > 1:
E|TY )7 < E|T,).

()

We represented D, in the form:
p¥) =DV + -+ DY (32)

4

where

Sy(z) & o ‘ TU
DT(121) — y(2) ZEsjh7(|A,gf) ,v)(p(T,EJ))]I{B},

j=1
1T & ‘ T
D = n Z;ESJ(R]] Sy(z))hv(\A,(j)|,z;)q)(T,§]))H{B},
]:
1& ' TU
D = L Y EER; (1Al 0) —~ha 1A ) ) (B,
]:
1T& T
DI = 1Y &R hy (Al ) ((T) — 9(TH) 1{B).

—_

—.

Since E j€]- = 0, we found:

Sy(z) & ' TU
D) = 2 g, (A0, 0)p(T) 1(5).

From there, it was easy to obtain:
D] < cnmelos, (33)

6.4.1. Estimation of D'??)

Using the representation of R;;, we could write:

D£,22) _ 5&22) + 65122) + D£122),
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where

~ Sy(z) & ;
D = 2 5 maRyin (A | 0)g(T) 1B),
j=1
~ Sy(z) & -
p» .Y - ZEs]AnRﬁhMAJ L,0)p(T) 1{BY,
]:
9 Sy(z) & j
P& .Y . ZEe]eﬂR]]h,,(W |, 0)p(TS) I{B}
]:
By Holder’s inequality:
~ CS nooa g-1
)| < I ZM Sl Ryl (A0 ) 1(BY] DT . (3
Further:

B |81 1Al Rjj o (101, 0) I{BY | < CIS, (2) | B | ]| Auliy (1A | 0) B}

We obtained:

| Anlhy (IA ], 0) I{B} < |Aulho (| Al 0) 1{B}
+ Al (|Anl, ©) = iy (AT, 0) | T{BY.
In the case |b,(z)| > /|Tx|, we obtained:

| Tl

b (2

[An| < | Tl-

\_/

| —
This implied that:
[ Anlhy (| An], 0 H{B}H{\/ Ta| < [bu(2)[} < C/|Tul k(| Anl, 0).
Furthermore, in the case |b,(z)| < +/|Ty| and |b(z)| > T}, we obtained:
[ba(2)[I{Q} = (1 =27)[b(2)[[{Q} > |b(2)[I{Q}.
This implied that:
AL I{Q} < C(Imb(z) +T,)I{Q} < Cy/|Tl-
For |b(z)| < T, we could write:
B |11 Anl IRyl (||, 0) I{B} | < C\Sy(Z)IE'[IﬁjHAnIH{IA(])I < Cr,},1{B}|
< CISy ()T By 1 |A| < €T}, 1{B} ).
Using this, we concluded that:
s () 2 e R AD)
By [[&11Anl (1871, 0) I{BY| < B [§21{]AY| < Can(2)}1{B}

% (16| > T} B} [Tl + Tal{ ()| < Ta}{z ¢ D}).
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By applying Lemmas 2 and 3, we obtained:
2 () > 2|7
B |11 Anlhy (1871, 0) {BY| < CB2(2) ((EZ |Tu| + Tul{|b(2)| < Tu}I{z ¢ D}).  (35)

By combining inequalities (34) and (35), |Sy(z)||Ao(z)| < C and Young's inequality,
we obtained:

29-1 q-1

D] <HiD,™ + H;D," (36)
where
1
Hy =C|Sy (2) 87 ()I{[b(2)| > T},
1
Hy =|8y(z) PTupi (2)I{[b(2)| < Tw}I{z ¢ D}.
Holder’s inequality and (35) produced:

9=

ID| < CISy(2)*Bu(z)Dy v (37)

6.4.2. Estimation of D,(123)
We noted that:

Iy (| Anl, 0) —h7<|AEJ)\,v>\\Rjj\H{B}

IN

an(z)ll\n— [ 1{max{|Aul, |AY |} < 290,(2)} I{B}.

Using Holder’s inequality and Cauchy’s inequality, we obtained:

q-1

i

N

p®)

23) C|5y |1
n

71

L { [ P 8 10 AP Pr{Q)I)

By applying Lemmas 2, 3 and 5, we obtained:

q—1

ET [Ej]As — AV PI{Q}I(B)] I D, .

S|
,M:
&\r—'

D < C|5,(2)|ay (2)B3 (2)

-
I
—

6.4.3. Estimation of D?Y

Using Taylor’s formula, we obtained:
ZEg 3 (1l 0) (T = T) g (T + (Tu = T7)) HBY,

where 7 is uniformly distributed across the interval [0,1] and the random variables are
independent from each other. Since I{ B} = 1 yields |R;;| < C|S(z)|, we found that:

CI8y(2)|

D) < ZE|7|h7<|An| )| T — T 19! (T + (T — TV))) | 1{B).

=

Taking into account the inequality:

' (T +(Ta = T < Co[ 1T 1772+ 72T, - T 1972,
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we obtained:
CqlSy( o
DY) < SN Zm (Al o) [T — TN T 121 B)

CqT™ 1|5y

T ZZEr“WWOAﬂ|vnn1 L)1 1{8) = DY + DY,

=
By applying Holder’s inequality, we obtained:

Cq|5y n

Z

Q\N

~ » , L

Jensen’s inequality produced:

~ Cq|Sy(2)| & 2 7 g2
DY < == Zq@ﬂ 218l )| T = TV {BYY| D7
To estimate 15,(124), we had to obtain the bounds for:
g . 9
V7 1= E [E; {[§li(|Anl,0)| T - T |1{B}}]
Using Cauchy’s inequality, we obtained:
1
v? <E(v)Iv) <E2(v)iEz(v?)i (38)

where

v = 5 1{ 0y, (v)} I{B},

VI = | T, — T 2R (| Al ©) I{B}.

6.4.4. Estimation of v].(l)

Lemma 2 produced:

Ej [eia?] 1{ Oz, (0)} I{B} < W,

and, in turn, Lemma 3 produced:

) e3P {02 (0)) H{B} < —an(2).

By summing the obtained estimates, we arrived at the following inequality:

2
v < Can(z) | CAG(2)
I T no np

= Bu(z). (39)
6.4.5. Estimation of Vj(z)
We considered T, — T,Sj ), Since T, = Tuhy(|Anl,v) and T,Sj ) — E; T, we obtained:

Ty =T = (T = T )y (|An], 0)
£ 70 (110 (180l 0) = Iy (AP, 0)] = By T [y ([l 0) = 1 (AP 0)] ).
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Further, we noted that:
Ty = Auby = Apb(z) +yA2,
Tz = AVb(z) +yE; A2
Then:
T, — TV = (Aw — AP (b(z) + 29AY)
+y(An = A — yEi(A — A2 (40)
We obtained:

To =T = (=) +29A7) [ (A = A Yy (1] 0)]
+y[(An = AP = Ej (A0 = ATy (1], )
+ T [ (b (18], 0) = (1A ] 0) = By (hy (18], 0) = Iy (1A 2))] - @41)

o)

Then, we returned to the estimation of Vit Equality (41) implied:

VI? < alb(2) PEj | An — A PR (| Al 0) 1{ B}
+ 82 |AY 2| An — AV 2 (1A, 0) T{B}
+ 42 [ By | Ay — A 43 (1An), ) 1B}
492 (A = AV V(1] 0)] B B2 0) (B
AT PE [y (1Al 0) — o (185, 0)] 12 (1], 0) 1(B)
a7 [ (1, (1] 0) — iy (1A9] )] B 12 (1A, ) 1(B).
We could rewrite this as:

Vj(z) < Ap+ Ag+ As + Ay,

Ay = Clb(2) PE; |An — AP (| A, 0)I{B},

Ay = CE; A PlAy — A PHE (A, 0)I{B],

Az = CE; |Ay — AV 12 (| Aul, 0) (12 (| Anl, 0) + Ej12(|Aul, 0)) I{B},
. . 2

Ay = CITY PE |y (|Anl,0) = 1y (1A, 0)| (2 (18], 0) + B 12 (| Aul, 0)) I{BY.

First, we found that:
A1 < Clb(2)PEj|An — A PHA (| Aul, 0)I{B).
and
Ay <Ca2(2) B | Ay — AV PHA (| Anl, 0)I{ B}
We noted that:

C .
As < -5 By |Ay - AP PR (| An|, 0)I{B}.
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It was straightforward to see that:

T PO2(Ax(2)],0) + B2 (1 A(2)],2)) < CbE)Pa() +ah(z) + o)

This bound implied that:

Ay < C(|b(2)2a2 4 AR (AL o) — 1 (189 o) 1B
4 < C(Jb(z) ﬂn(2)+an(2)+n4v4) iy ([Anl,v) — o (|AG], 0) | I{B}.

Further, since:

[An = A [H{max{| Aul, |A |} < (14 7)an(z)},

ho (A, 0 A )| <
(18l o) =iy (AP 0)| < =
we could write:

Ay <C(b(2)[2 + a2(2)) Ej | Ay — A PT{max{|An], AV} < Can(z)}I{B}.

By combining the estimates that were obtained for A, ..., A4, we concluded that:

VI <C(a(2) + 1b(2) P By [ A — A PT{max{| Aul, |AY[} < Can(2)I{B}.
Inequalities (38) and (39) implied the bounds:

Vi< CIBL (D) (@) + b))

FNESY

E (B |An — A PH{max{|Al, AP ]} < Can(2}BY) . 42)
We noted that: ., )2
D < cqlsy ()] (5 1 V) D' -
j=1
Then, Inequality (42) yielded:
~ 1 1
DI < Cqlsy(2) B3 (2) (a3 (2) + [b(2)2)2
1 & 2 ; ; 1 42
x — Y B (B |y — A PH{max{|Aul, A [} < Can(2)}{B}) D, .
j=1
We rewrote this as: b
. (43)

57(124) S LlDi’l 7

where

NI=

INEY

L1 =Cql5,(2) B2 (2)(a2(2) + |b(2) )

1 . .
=Y BT (B A — AP PImax{|Al, |AT 1} < Can(2)}{BY) .
j=1

&\N

6.4.6. Estimation of 5,(124)
We recalled that:

_ Clg1-
By — Zl IZE|€,||Tn |q Yy (| A, 0) I{B}.
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Using Inequalities (40) and (41) and a,(z) > C we obtained:

no’

1T = T <(16)] + lan(2)| + — T ) 14w = A [E{max{Aul, |47} < Cau(2)).

_c
an(2)
By applying:
T AP (2)] < Can(2)} < C(a3(2) + |b(2)|an(2)),
we obtained:
T — TV <C(Ip(2)] + an(2))| An — AL [H{max{|An], AV} < Can(2)}.

The last inequality produced:

B - quqfl(an(zi);L b(z)])7! i o (E e (|An|,v)]I{B})

NS

NI—=

<E'T (E]- |Au — A,&”\Z‘?H{B})
< C1q71S,(2)|B} 2) (an 2) + b)) L - (B (B 80— AP Q)1(BY) ) ¥

j=1

We put:

[

|-
.M:

Raulq) = Y B (B A, — AV PI{BYI{Q})

1

]

and

1{ '
Un(q) := = Y E|A, — A PI{B}{ Q}.
j=1
By applying Lemma 5, we obtained:

Rue) < Cq'Sy((iv)((Sy< )l Ag(2)] 4B ) + 120

9

2 1
+—).

Finally, using Lemma 6, we obtained:

U (q) = g () s oy (Ll
ror () s, o g )

Lo <|s y(z >|an<z>>”zl(|sy<z>||A0<z)|>2

nvnp

e (5" () e

— g-1

4ol ( |5y ) (|Ao aniyf( )I)Z(nl>

+ 11520~ 1 [Ao(z )|q 'Sy (2)] ‘
(n0)?- 1(np)2"” Y

Q

Using:
1Sy(2)[|A0(z)| = 1+2V,
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we could write:

-1 g—1
u -1 g—1( |Sy(2)|an(z) 1
)= ( (1p) 201

no

ot (B g gz

no

L. ! i g1 2e(q-1)
Lo (|s<>r<>) (1) sowt ()7 (2)
nov np nv np

4 Crlgr |Sy(z)|% (”n(z)|5y(z)| ) T

()i T\~ (m0)
q—1
-0 1 Sy(@)[an(z)\ = 1
q Y
g nq—lv‘i—1< no > (np)a-1)=
+Cq—1q2(q—1 1

(n0) 1 (np) 211

By combining Inequalities (29), (31), (32), (33), (36), (37) and (43) and applying Young’s
inequality, we obtained the proof. [

6.5. The Proof of Theorem 4
Proof. We considered the case z € D, where

D={z=u+iv: 1-y—0); <|u] <1+ /y+7, V >v>0v=n"tlog*n}.

For z, we obtained:
1
2V 4+ (1+ > |zl > —(1— .

This implied that the constant C; exists, depending on V, v, such that:
b(z)| < Gy

First, we considered the case |b(z)| > I',. Without a loss of generality, we assumed
that Cy > C;, where Cy is the constant in the definition of a,(z). This meant that a,(z) =
Imb(z) + CoI'y,. Furthermore:

bn(2)[I{Q} = (1 —27)[b(2)[[{ Q}

and
| T

[b(2)]

[An(2)I{Q} < C
Using Theorem 3, we obtained:

q'i<F1+...+F6)
b()7

E[An(2)|T{Q} < CT

We let: Imb(z)V )
mo(z e
="

The analysis of F;/|b(z)|7 fori=1,...,6.
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The bound of F; /|b(z)|7. By the definition of a,(z) and F;, we obtained:

. q
A/bEN <0 (T2 + i)

e Thebound of F,/|b(z)|. By the definition of F,, we obtained:
d(z) 1 q
Fo/|b(z)|7 < C7|Sy(z)|* + :
For this, we used |S,(z)||Ao(z)| = |1+ 2S,(z)| < C.
The bound for F3/|b(z)|9. By the definition of F3, we obtained:

39

5,2)Fak(z) IS} IS,(2))f 1 d(z)
F3/[b(2)|" < ( : oy (nv)y%(np)% " (fw)‘? )(

The bound of F;/|b(z)|7. Simple calculations showed that:

s Sy@I7 | [Sy(=)1" 1 @)Y
BE/PEN S ((nv)‘m,%(z) a,%(z)(nv)% ’ (annv)g) ((WP)|17(Z)| T ) '

The bound of F5/|b(z)|7. We noted that:

(an(2) + [b(2)])/ |b(2)] < C.

From there and from the definition of Fs, it followed that:

Fs(2)/1b(2)]7 < qu% ((drgz) + (np)|1b(z)|)34q (nlv> 1
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e Thebound of Fs/|b(z)|7. Simple calculations showed that:

I—

C120D Bi(z) d(z) 1 o
F/|b(z)|1 S(np)zk(qfl) b(z)] ( no "P|b(z)\)
: 3(@;1)
+»cqqzw‘4>ﬁ%(zﬂb(ZN‘l(aZ§)‘%,44;(ZH>
5(7-1) (q-1)
Cilq 3 _1(d(2) 1 R
e Bii(2)|b(2)| ( o np|b(z)|) (o) "7
qu3‘7 1

(n0)7=1 |b(z)|\ nv ~ nplb
CigM Bi(z)(dz) | 1 \% 1
(m))”’;l |b(z)] ( no * np|b(z)|> (np)%(qfl)

We defined: i(2) .
z
dn(z .
"
By combining all of these estimations and using:
L) >
n i np/

we obtained:
I{T, < |b(z)[} E [AxTI{Q} < CTq(g? (n0)~2d} (2) + di(2)).

For z € D (such that T, < |b(z)[), we could write:

E[Au(2)|T{Q} < C197(q% (n0)1d} (z) + d}(2)) < o7

Then, we considered |b(z)| < T'y. In this case, we used the inequality:

[An| < \/|Tul.

In what follows, we assumed that g ~ logn.
The bound of E|T,, |1 for |b(z)| < Ty.

* By the definition of a,(z), we obtained:

an(z) _ Tn

no no’

We could obtain from this that, for sufficiently small 6 > 0 values:
Fy < CTT}/ (no)? < 87T,
*  Wenoted that ', > Imb(z) > Im Ap(z). This immediately implied that:

ClgTF, < 81T
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e We noted that for Imb(z) < |b(z)| < T, we obtained:

1 L, 1
nplb(z)|" ynp” — \/ap

and 1
% < (SF%/ logzn.

From there, it followed that:
Clg? < 5T

e  Simple calculations showed that:
ClgTF, < 51T
¢  Simple calculation showed that:
Clg7F; < CITy < 89T,
e It was straightforward to check that:
Clg7F, < CIT < 87T,
By applying the Markov inequality for I';, < Imb(z) < C, we obtained:
Pr{|An| > Kdy(z)logn; Q} < Cn~1.
On the other hand, when Im b(z) < T, we used the inequality:
[Aul < CITul2.
By applying the Markov inequality, we obtained:
Pr{|An(z)| < 26Ty; Q} < Cn™ <.
This implied that: .
2
We noted that @ = Q(v) for V > v > vy and that for V > v > v;:

Pr{|A,(v)] < =Ty; Q} < Cn= 2.

2
an(z) 2 M'
n
On the other hand:
/ o — o' 2 / 2
sup [An(v) — Au(v)] < o <nlv—7'| =n"Av.
u 0

We chose Av, such that:

1
sup |An(v) — Ay (0] < 50
u

It was enough to put Av := n—4% WeletK := [V;UO}. Forv=0,...,K—1,wedefined:

v

Uy = vy + VAD,
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and vg = V. We noted that vy < v1 < - -+ > vg = V and that:

1
sup ‘An (vv+l - An(vv)| < Ern-
u

We started with vg = V. We noted that:
Pr{Q(V)} =

This implied that:
1
Pr{|Au(ox)| < 5Tm} < cn @

From there, it followed that:
PI‘{ Q(UKfl)} < CTliQ

By repeating this procedure and using the union bound, we obtained the proof.
Thus, Theorem 4 was proven. [

7. Auxiliary Lemmas
Lemma 1. Under the conditions of Theorem, for j € J° and I € K¢, we have:

JK JK
max {Jefy" |, lef )

Proof. For simplicity, we only considered the case J] = @ and K = &. We noted that:

1 m-—n ; m—n-—1
ey = %((TrR— —) — (TRU) ‘T))
1 1

- _ My — -
m(TrR TrRY) Tt

By applying Schur’s formula, we obtained:
1

< =
|5]1| P

The second inequality was proven in a similar way. [

Lemma 2. Under the conditions of Theorem 5, for all j € J°, the following inequalities are valid:

UK)2 o Pl o pOu(1K) 2
]E |8 | < npn Z| I4n,l4+n ’

and .
1 (KUY
Epen lefy iyl < ”7 R
In addition, for q > 2, we have:

q

IK q2 JUGLK % JU{jLK
Ef |€§2 )|q < Cq( ( Z | l(-&-n,{l]in )| ) Tlp 2q;4+1 n Z | l(+nfl]in )|‘1>
and for | € K¢, we have:

(IK q 1 & RO 2\ 2 (IKU{1})
Eiin |€l+n,)2|q < C”’((np)(n ; |RJ(7 { })| ) T (np 2q%+1 n 2 | ) K )

N

Nl
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Proof. For simplicity, we only considered the case ] = @ and K = &. The first two
inequalities were obvious. We only considered g > 2. By applying Rosenthal’s inequality;,

for g > 2, we obtained:

1 1 ) q
' Z lgﬂ l+n I+n

E;lejp|? =
S NE P 2500 2)?
< Gy [qz(l;Eﬂxﬂcﬂ — pPIRY, 1)
- 2
0 LB G = pITIR,
Cq ﬂ 2 %
< (mp)% [(‘71‘4 2( Z|Rl+nl+n| )
mg? 1 &)
+ (mp)% % Z Rl+nl+n } (44)
We recalled that:
e = E | Xl

and under the conditions of the theorem:
fiog < Clp(np)T217 2y 5.

By substituting the last inequality into Inequality (44), we obtained

% q q 1 .
Ef|812|qgcq[( mp)} ( Z\ D tin ) +Wal§|1{z@ni+n|q]

The second inequality could be proven similarly. [
Lemma 3. Under the conditions of the theorem, for all j € Ty, the following inequalities are valid

J K
CYyy IR ()2

1K) 2
E |39 < B
and LKU(I})
U
L amp S R )P
l+7l| l+n,3| f’l2 N

In addition, for q > 2, we have:

1 ' 1-— q
E; |€§§'K)Iq < (i (qq(nv) Z(Ims,({)(z) — Im{zy}) 3
¥ o) ()11 1 ¥ JU{j}K)\ 1
o ) B0
=1

+ 4% (np) 2‘”‘ ZZ|RI£L7J1{I£E< )
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and for | € Tk, we have:

1
2

Epe el mal? < €7 (a7 (m0)~ (Ims}/)(2))
1 & n
+ q%nvr%(wr‘”—l; Y. (m Ry
j=1

non
+ qu —2q5,— 2 2 |R]((}]‘I,Ku{l+n})|q).
j=1k=1

Proof. It sufficed to apply the inequality from Corollary 1 of [16]. [

We recalled the notation:

_ala) AP

no np

Lemma 4. Under the conditions of the theorem, the following bounds are valid:
E;|R;; — E; Rj|*I{ Q} I{B} < C|Sy(z)|*Bn(2) (45)
and

)\ 1
Ej|R]-j—E]-R]-]-|qH{Q}H{B}scq|sy<z>|2qqq<qq('(“‘°”') +/s,%<z>). (46)

Proof. We considered the equality:

Rj =~ — = —1i—ys,(1j)(z) (1+8R;)-
It implied that:
Rjj —EjRjj = ———— - ) (] ii ~ B ]]) (47)
z— 2" +ysu (2)

Further, we noted that for a sufficiently small 7y value, a constant H existed, such that:

1
z— lz;y +ys£lj)(z)

{Q} < H|Sy(2)| I{ Q}.

Hence:
E; |R;; — E;R;j|*I{Q} I{B} < H2|Sy(z)|2(Ej & *|IR;;*I{ Q} I{B}
+ B 1{ QY I{B} E; [& | R;; ).
It was easy to see that:
E; [&*|R;iI* {Q} I{B} < C|Sy(2)*E; [¢; { Q} { B}

< c|sy<z)|2(”’;(j) + 'A‘;(;)'z).

We introduced the events:

QU ={|A | < 29a,(z )+i}.

no
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It was obvious that:

I{Q} < {Q}{QV}.
Consequently:

E;1{Q} I{B} E; [ |Ry;* < E;1{Q} { B} E; [¢;|R;; P 1{QV}.
Further, we considered Q = {|A,| < 27a,(z)}. We obtained:
{QW} < {Q}.
Then, it followed that:
E, I{Q}I{B} E; [¢;|*|R;j|* < E;I{Q} I{ B} E; [¢;]*|R;;|* 1{ O}
Next, the following inequality held:
E; [6[*R; P I{Q} < E; [¢§;]*|R;; P I{ Q}{ B} + E; |&j|*|R;;|* I{ Q}I{ B} (48)
Under the condition Cy and the inequality |Rj;| < v !, we obtained the bounds:
B 67 Ry P L{ QYI{BF) < Cn <8,

By applying Lemmas 2 and 3, for the first term on the right side of (48), we obtained:

~ % 2
E]' |€j‘2‘Rjj‘2H{Q}H{B} < C|Sy(z)|2<ﬂn(2) + |AO(Z)| )

no np

This completed the proof of Inequality (45).
Furthermore, by using representation (47), we obtained:

E;[Rj; — E;j R;|"I{ Q} [{B} < C1[S,(2)|7 E [¢|7|R;;|"I{ Q}1B}
< 1Sy (2) P E; [¢]7/1{ Q}1B}.
By applying Lemmas 2 and 3, we obtained:

5 e =i ((Ma) s ()’

5 ‘1
q°an(2) 9| Ao(2)] 7*[Ao(2)] |’
() (i) () )
By applying Young’s inequality, we obtained the required proof. Thus, the lemma was

proven. [

Lemma 5. Under the conditions of the theorem, we have:

. 4 A 2 .

IEJ'|AH 1\;(1])\2H{Q}H{B} <—C|Sy(2)|(|n;)(2z>|an(2)ﬁn C|5y(2)|(n|v)g(nzlg| &)
S, (2)|%a,(z
+C’V<(2L)3().

Proof. We set A,(l) = 551] )( ) — Sy(z). Using Schur’s complement formula:

~ l
A, A,(1) — Z 1 Xk GGkl [RU)? ket i) Rjj-
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Since /A\,(q] ) was measurable with respect to M), we could write:
A =AY = (A= AD) —Ej{A, — AP}
We introduced the notation:

1 X N2
m= Y (Xagn — PRI

Pi=
1 m i
= Yo Y XpXpulilR ]k+n,l+n-
P13 k=141
In this notation:
i 1 1 2
Ay — A}(’l]) = E (1 + E Z [R(]) ]l+n,l+n) (Rjj - Ej Rjj)

I=1

1 1
+ ;(77]‘1 +1j2)Rjj — . E;(nj1 +112)Rj;

We noted that:
2 ) .
E; |np PI{Q}I{B} < Z! D) TEQVY (B},
Since:
N2 UL ; C
RO Y] < L (RO < 5 ImRE
Theorem 5 produced:
ClAp(z)|an(z
B by B2 (mRE, )10 (s < SR

npv?

Similarly, for the moment of 775, we obtained the following estimate:

C v [ROP? 21100y 1{B0)

2 L ARV e [TTH{QVI B
k=

Lk=1

IN

E; ;2> {Q} I{ B}

=

C 54 . . C
< = Tr |R(J)| H{Q(])}H{B(})} < @ﬂn(z).
From the above estimates and Lemma 4, we concluded that:
Ej A — AV PT{Q} (B}

2)|a,(z z) |2
’Ao%z( )(|Syn(p) +E;|R; — E; Ry[?) {Q} {B} +

ClSy(2)* au(z)
(nv)2  no

<cC

Thus, the lemma was proven. [

Lemma 6. Under the conditions of the theorem, for 2 < q < clogn, we have:
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Ej|Aq — AV 11{Q} I{B}
< €IS, (z) 2 ay(z) <qq<|A0(Z)|>’7 +ﬁ§1(2)> n M\AO(ZN%Q%(Z)

(nv)1 (np)?* (nv)‘i(np)%

Cqf|Sy ()" 14715, ()" 3 C197 |5,(2)]7 Y
TV Ay (2)]1 4+ — 2 g2 gy =TI 4 () Ra (2)
(nv)q(np)Zq%—l-l no 32j no 37[7 np)qx+1
e (n0) (n0)7 (np)
()t ain 01"

Proof. We used the representation:

A L SR ()2
Ay — AV _n(1+nl;[R

D in ) (R — B Ry)
1 1
+ (1 + 1) Rjj — = Ei(jn +1j2) Ryj.
We noted that by using Rosenthal’s inequality:

q
Cq?|Ao(2)|2a2 (2) | Cq7]Ao(2)]"

q
2
7.4 19
]E] ’77]1‘ H{Q} H{B} < p% vq(nP)Zq%-‘rl'

Similarly, for the second moment of 7, we obtained the following estimate:

Cigh 1 q 1 Cig2%9| An(2) 1
T b (2)+ — Ao(=) $ad (z) + SO Aozl
2 2

Ei |7, T{Q}{B} < —— PR s
]|77]2| { } { } zl(np)q”"‘l (np>2q%+2.0q

1
2

nzo

From the estimates above and Lemma 4, we concluded that:

Ej |An — AY 1T I{Q} I{B}

a(2) Clglal (2)l40(2) 1218, ()7
< C1 7 B IRy~ B Ry T TH{ Q) T{B) + (m;)qo(np)g :
CIg71S, ()7 Ao (2) "
(n0)7(np)2+1

L O @IS Cla¥ IS, el () | CISy @I An2)l

(no)? (n0) % (np)r=+1 (np)202nton

To finish the proof, we applied Lemma (45) and Inequality (46). Thus, the lemma was
proven. [

Lemma7. For1— /y —v < |u| <1+ /¥ + v, the following inequality holds:
|b(z)| < Can(z).

Proof. We noted that:

and
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It was easy to show that for 1 —,/y < lu| <1+ VY

Re{(z — 1%%2 _ay) <o

Indeed: )
1-— 1-—
Ref(z— Y7 —ayy <2+ 10 a1y,

The last expression was not positive for 1 — ,/y < |u| <14 ,/y. From the negativity
of the real part, it followed that:
1-y 9
- —4
\/ (z——7)r -4y

I

This implied the required proof. Thus, the lemma was proven. [

—4y}2\}§

Lemma 8. There is an absolute constant C > 0, such that for z = u + iv:

|An|<Cm1n{|| I oA/ Tal}, (49)

and that for z = u +iv to satisfy 1 — \/y —v < |u| < 1+ /y+vand v > 0, the following
inequality is valid:

| Im A, | < Cmm{|b A/ Tl (50)

Proof. We changed the variables by setting:

1, 1-y w\f+\/yw2+4 1-y

and
S(w) = /ySy(2),5x(w) = \/ysu(2).

In this notation, we could rewrite the main equation in the form:
14 wsy(w) + 82 (w) = Ty.

It was easy to see that:

Ay = —(n(z) — .
n \/y(sn(Z) 5(w))

Then, it sufficed to repeat the proof of Lemma B.1 from [17]. We noted that this lemma
implied that Inequality (50) held for all w with Imw > 0 (and, therefore, for all z) and that
Inequality (49) satisfied | Rew| < 2 4+ Im w for w.From this, we concluded that Inequality
(49) held for z = u +iv, such that 1 — | /y — cv < lu] <14 VY + cv for a sufficiently small
constant ¢ > 0.

Thus, the lemma was proven. [J

Lemma?9. For z = u + iv, we have:

[Ao(2)| = <1+b(z)],

|2+ ySy(2)|
and
Im Ayp(z) < Imb(z),

where

1—
b(z) =z— Zy—i-ZySy(z).
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Proof. First, we noted that:

z—i—ylSy(z) - —(ySy(z) - 7y)'

Using this, we could write:

(51)

From there, it followed that:

 b(z) £ /P2 (2) 14
Ao(Z) = 5 .

This implied that:
[A0(z)] < 1+1[b(2)].

Equality (51) yielded:

22
Im Ap(z) = 1_’~_A|()A(()2L)21mb(z) < Imb(z).

Thus, the lemma was proven. O

Lemma 10. A positive absolute constant B exists, such that:
an(z)|Ao(z)| < B

and
Sy(2)[|Ao(2)] < C.

Proof. First, we considered |b(z)| > I'"L. Then, for |z| > CT,:

Cr,
2]

an(2)|Ao(2)| < Tu(|b(2)] +1) < <C

In the case T, < |b(z)| < C, we obtained:

a(2)Ao(2) < [b(2)

(Ib(z)] +1) < C(C+1).

we then considered the case |b(z)| < Ty:

an(2)Ao(z) < (ySy(2) + ?)rn < T +1-y<1.

To prove the second inequality, we considered the equality:
1—
1Sy(2)Ao(2)] = [ySj(z) - 7y5y(2)| =[-1-z5@F)]<C

Thus, the lemma was proven. [J

We let X be a rectangular n X m matrix with m > n. Welets; > --- > s, be
the singular values of matrix X. The diagonal matrix with d;; = s; was denoted by
D, = (dj) n x n. Welet O, x be an n x k matrix with zero entries. We put O, = Oy,
and D, = [DnOnrm,n]. We let L and K be orthogonal (Hermitian) matrices, such that the
singular value decomposition held:

X = LD,K.
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Furthermore, we let I,; be the identity of an n x n matrix and E, = [InOn,m_n].
We introduced the matrices L, = LE, and K,, = KE]. We noted that L} = EIL* and

K;;, = E,K*. We introduced the matrix V = { o

X+ ();] We considered the matrix

7 = \% [ Il“ L'f(} . We then obtained the following;:
-

Lemma 11.
D}’l On OVI
Z*VZ = 0, —-D, Op—nn| =:D.
Omfn,n Omfn,n Omfn

Proof. The proof followed direct calculations. It was straightforward to see that:

svo L[ KX LX]_ 1 E,DTL* DK*
T V2l -LiX K'X| 2| -E,DK* DTL*|
Furthermore:
J— E,D” + DE] E,DT —D,E}
2| —-E'D+D'E, -DT'E,-ED=D]

O

8. Conclusions

In this work, we obtained results by assuming that the conditions (C0)—(C2) were ful-
filled. The condition (C2) was of a technical nature. In our investigation on the asymptotic
behaviour of the Stieltjes transformation on a beam, this restriction could be eliminated.
However, this was a technically cumbersome task that requires separate consideration.
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