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1. Introduction

Recently, Yue and Fang [1] studied completeness and completion for T-quasi-uniform
spaces with the help of pair T-filters. Completeness and completion are important problems
in topology and uniform spaces and their extensions to the lattice-valued case [2], such
as T-quasi-uniform spaces, are a natural setting for treating such questions. A further
important application of completeness in uniform spaces are fixed point theorems for
self-mappings, usually extending the famous Banach contraction principle [3].

A self-mapping ¢ : X — X in a metric space (X, d) is called a contraction if there is a
constant & € [0,1) such that d(¢(x), p(y)) < ad(x,y) forall x,y € X. If the metric space is
complete, then such a contraction has a unique fixed point a = ¢(a) € X and this fixed point can
be approximated by the sequence (x, ¢(x), (@(x)),...) for an arbitrary x € X.

Applications of this principle are abundant in mathematics, for example, in the fields
of differential or integral equations or in numerical analysis. For a recent textbook we refer
to [4] where also applications in mathematics as well as to “real-world" problems are given.
Further applications of fixed-point theorems outside mathematics can, for example, be
found, among others, in the fields of psychology or biology [5,6].

In the realm of applications of Banach’s contraction principle, it is sufficient to require
the convergence of Cauchy sequences, that is, we need only require so-called sequential
completeness of the space.

In this paper, we address the definition of sequential completeness of T-quasi uni-
form spaces with the help of the recently introduced T-sequences, [7]. T-sequences are
special instances of T-nets and it was shown in [7] that T-nets provide an alternative tool
to T-filters for studying convergence in lattice-valued topology. Our definition can be
characterized in a similar way as completeness in [1], using pair T-filters with countable
T-bases. On the one hand, this underlines the appropriateness of the definition based
on T-sequences. On the other hand, it shows that complete T-quasi-uniform spaces
are sequentially complete. Therefore, sequentially completing a T-quasi-uniform space
is trivial in the sense that any completion would do and the problem of constructing a
completion was solved in [1]. We give, as an illustration of the applicability of the concept
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of sequential completeness, a fixed point theorem for T-uniform spaces, generalizing a
corresponding result of Taylor for uniform spaces [8]. The more general lattice-valued
viewpoint of T-uniform spaces encompasses probabilistic metric spaces and allows us to
derive a fixed point theorem for probabilistic metric spaces from our result.

2. Preliminaries

In this paper, we will consider commutative and integral quantales L = (L, <, x), where
(L, <) is a complete lattice with distinct top and bottom elements T # L, (L, %) is a
commutative semigroup with the top element of L as the unit, thatis, a x T = « for all
a € L, and * is distributive over arbitrary joins, i.e., (Vicja;) ¥ B = Viej(a; * B) for all
a;,B€L,ic ], seefor example [9].

The well-below relation <1 in a complete lattice (L, <) is defined by a < g, if for all
subsets D C L such that 8 < \/ D thereis § € D such that « < 4. This relation is sometimes
called the totally below relation, see [9]. For more details and results on lattices, we refer
to [10].

In a quantale, we can define an implicationby « — p=\{d € L : §*a < B}. Then
6 <a— Bifand onlyif  xa < B, i.e., — is the residuum in the quantale.

Sometimes we additionally require that the top element of L is approximable by a
sequence, in the sense that there is a sequence (ay ),y in L with the properties

1 L#Fa<ax<az<---
(2) ar<Tforallk € INand
(3) \/de K = T.
We call such a quantale T-approximable and the sequence (ay), .\ @ T-approximating
sequence. We note that for a T-approximating sequence we have

T= \/ QX * \/ ap < \/ (‘xmax{k,l} *’Xmax{k,l}) < \/ (“k *ak)'
kelN 1eIN kleiN keN

As a consequence, forall B C L,V B = T implies Vgep p*p = T. Forif VB = T >,
thereis By € Bsuchthat By > oy and hence, \gep B+ > Vicnak*ax = T.

Typical examples are L = ([0, 1], <, x) with a left-continuous t-norm on [0, 1] or Law-
vere’s quantale L = (][0,00],>,+). Another example is given by the quantale of distance
distribution functions L = (A", <, *), where AT is the set of all distance distribution func-
tions ¢ : [0,00] — [0, 1] which are left-continuous in the sense that ¢(x) = sup, _, ¢(y)
for all x € [0, co] and * is a sup-continuous triangle function, see [11,12]. It is shown in [11]
that (AT, <, %) is a commutative and integral quantale. To see that it is T-approximable, we
consider, for 0 < § < coand 0 < € < 1, the distance distribution functions ¢; . defined by

(%) = 0 0<x<d
Poe\X) =19 ¢ < x <o

Then ¢q ; is the top-element in A™. We consider the sequence o = %, k=1,2,3,...
and define @ = @q, 14, It is not difficult to see that the sequence ¢y, ¢2,... is a
T-approximating sequence.

An L-set in X, or, more precise, an L-subset of X, is a mapping a : X — L and we
denote the set of L-sets in X by LX. We denote a constant L-set with value & € L also
by a. For A C X we write T 4 for the L-set on X defined by T4(x) = Tifx € A and
= 1 otherwise. Fora € LX, b € LY and a mapping ¢ : X — Y we define ¢(a) € LY by
9(a)(y) = Vgx)—ya(x) fory € Y, and ¢ (b) = bog € LX. The lattice operations are
extended pointwisely from L to LX.

For L-sets u,vin X x X we define u~! € LX*X by u=1(x,y) = u(y, x) forall x,y € X
anduov € LX*Xbyuov(x,y) = Vyex u(x,z) xu(z,y) forall x,y € X.
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For a,b € LX we denote [a,b] = Ayex(a(x) — b(x)). The relation [-,-] : LX x LX —
L is sometimes called the fuzzy inclusion order [13]. We collect some of the properties that
we will need later.

Lemma 1. Let a,a’,b,b/,c € LX,d € LY, uj,us,v1,vo € L%, and ¢ : X — Y bea
mapping. Then

(i)  a<bifandonlyifa,b] =T;

(i) a < a implies [a',b] < [a,b] and b < b implies [a,b] < [a,V'];

(iii) [a,c]A[b,c] =[aVDb,c];

() [¢(a),d] = [a, 9 (d)];

(v)  [u1,01] * [, vp] < [ug 0up,v1007).

Proof. We only prove (v), see also [14] for * = A. We have

[wr,01) % [ug,02] < A ((a(xy) = vi(x,y)) * (ua(s, t) — v2(s, 1))

x,y,5teX

< A ((ulxy) xua(s, b)) = (v1(x,y) *0a2(s,t)))
x,y,5teX

< A ((ulny) xua(y 1) = (01(xy) x02(y, 1))
xyteX

< N ((u(xy)=uy,t) = (v1002(x,1)))
xyteX

< A (( V wi(x,y) xua(y, 1)) — (01 Ovz(x,t))>
xteX \ yeX

< A ((w1ouz(x,t)) = (v10v2(x,1))) = [ug 0up, 01 003).
x,teX

O

Definition 1 ([1,15]). A subset F C LX is called a T-filter (on X) if
(TF1) forallb € F, \/,cx b(x) = T;

(TF2) a,b € Fimpliesa ANb € F;

(TF3) \/per|b,c] = T implies ¢ € F.

We denote the set of all T-filters on X by F|| (X).

Example 1. For x € X, [x] = {a € LX : a(x) = T} isa Tfilter, the point T-filter of x. More
generally, for an L-set a € LX with a(x) = T for some x € X, then [a] = {b € LX : a <b}isa
Tfilter.

Definition 2 ([1,15]). A subset B C LX is called a T -filter base (on X) if

(TB1) forallb € B, \/yexb(x) =T;
(TB2) a,b € B implies \/ .cglc,a Nb] = T.

For a T-filter base B, [B] = {a € LX : \/ycg[b,a] = T} is the T-filter generated by B.

Forafilter Fon X, Br = {Tf : F € F}isa T-filter base and we have f € [Br] if
and only if \/rc r Axer f(x) = T.

It is well-known that, for a T-filter F € F] (X) and a mapping ¢ : X — Y, the set
B = {¢(a) : a€F}isa T-filter base on Y and we denote ¢(FF) the generated T -filter on
Y, the image of I under ¢, see [15].

For a T-filter on Y and a mapping ¢ : X — Y the set {¢* (b) : b € F}isa T-filter
base if and only if V/,cy(x)b(y) = T forall b € F. In this case we denote the generated



Mathematics 2022, 10, 2285

4 0f22

T-filter by ¢ (F) and call it the preimage of F under ¢. If M C X, for the embedding
mapping iy : M — X, ip(x) = x for all x € M, we denote for a T-filter F on X,
the preimage i}, (F) = Fp. Itis a T-filter on M if and only if \/,cp b(x) = T for all
b € F and in this case we have F)y = {a|y; : a € F} with the restrictions a|y; = a o ip.
Furthermore, we denote for F € F (M), iy (F) = [F] and we have [F]y = F. If F € F] (X)
and F; exists, then F < [Fy].

IfF € F] (X),G € F/ (Y), then {f®g : f € F,g € G} is a T-filter base. Here
f®g(xy) = f(x)*g(y) forall (x,y) € X x Y. We denote the generated T-filter on X x Y
by F ® G, see [16].

Proposition 1. Let M C X,N C Y, and F € F] (M) and G € F] (N). Then [F ® G| =
[Fl ® [G].

Proof. We have with Proposition 3.11 in [16], [F® G] = (im X in)(F® G) = iy(F) ®
in(G) = [Fl®[G]. O

Proposition 2. Let M C X,N C YandF € F| (X) and G € F] (Y). If Fp and Gy exist then
(F® G)pxn exists and is < Fp @ Gy.

Proof. We first note that for f € Fand g € Gwehave V(, yemxn (%) *8(y) = Viem f(x) *
\/yE n8(y) =TT =T, because Fy, Gy exist. Hence, we conclude ford € F @ G,

To= V Fegd< VoA (FE)xgy) - dxy)

feF,geG feF,geG (x,y)eMxN
< V V (@)= V dxy) =\ dxy),
feF,geG (x,y)eMxN (xy)eMxN (xy)eMxN

and (F ® G)pxn exists. Let now a € (F ® G)pxn- Then there exists d € F ® G such that
a = d|pxN. We conclude

T =V [fesd

feF,geG

< A ((f(x) *g(y) — a(x,y))

f€eF,8€G (xy)eMxN

= \/ V|M®g|l\]ra]

feF,geG
and wehavea € Fpy @ Gy. O

For T-filters U,V € F] (X x X) we define ! € F| (X x X) as the T-filter with
T-filter base {u~! : u €U} andU oV € F] (X x X) to be the T-filter with T-filter base
{uov : ueU,v eV} provided \V, exuov(x,y) =T forallu € U,v € V, see [17].

Definition 3 ([7]). A mappings:IN — X X L*, n — (sx(n),sp(n)) is called a T-sequence
if VisnsL(k) = T foralln € N. Here, L* = L\ {L}.

T-sequences therefore consist of two ordinary sequences, the one sy : N — X a
sequence in X, and the other s : IN — L a sequence in L. This latter sequence needs to
satisfy the two conditions sy (1) # L foralln € N and \/4~, s; (k) = T forall n € IN. This
yields straightaway an abundance of examples. e.g., for a sequence (x;), .y in X and the
constant sequence &, = T foralln € N, thens : N — X x L* defined by sx(n) = x,
and s;(n) = T forall n € INis a T-sequence. Similarly, for a T-approximating sequence
(a1, 22,03, ... ), the definitions sx (1) = x, and sy (1) = a, define a T-sequence.

The concept of a T-sequence is a special instance of the concept of a T-net, see [7].
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Proposition 3 ([7]). Foraa T-sequences: N — X x L*, the L-sets dn = /i, sL(k) A T ()
form a T-base of a Tfilter IFs and we have

aelFs < \/ A(suk) —a(sx(k))=T.
nelN k=n

For a T-sequences:IN — X x L*, n —— (sx(n),sp(n)) and a mapping ¢ : X — Y
we denote ¢(s) : N — Y x L*, n — (@(sx(n)),sL(n)). Then ¢(Fs) = F ), see [7].
For the special case, M C X and ip; : M — X and a T-sequences : N — M x L*, we
denote [s] = ip(s) : N — X x L* and we have [Fs] = Fyj.

If s:IN — X x L*is a T-sequence in X with sx(n) € M for all n € IN, then we can
consider s as a T-sequence in M in a natural way. We write sy; : N — M x L* for this
T-sequence in M, with the defnitions (sy;)m(n) = sx(n) and (spr)r(n) = sp(n) for all
n € IN. Itis not difficult to see that [sp] = s and, consequently, [F(,, 1] = Fs. Moreover, we
have F (s .y = (IFs)m. To see this, let first a € (Fs) . Then there exists b € Fs with b[y = a.
Hence, T =V, ey Akzu(sL(k) = b(sx(k))) = V,eN Akzn((sm) (k) = a((sm)m(k))), as
sx(k) € M for all k € IN. Therefore, a € F(, ). Conversely, if a € F(,, ), then we define
a* € LXbya*(x) = a(x) if x € Mand a*(x) = T if x € X \ M. It is not difficult to show
that a* € F; and hence, a* |y = a € (Fs) .

Proposition 4. Let M C X and s,t : N — X X L* be T-sequences in X with values
sx(n),tx(n) € M foralln € IN. IfU is T-filter on X x X withU < F; @ Fs and, if Upnrwm
exists, then Unxm < Fy, ) @ Fg, .-

Proof. Let u = v|pyxm € Uy with v € U. Then there are a € F; and b € F; such that
a®@b < vand we havea|y € (Fi)m = Fyy,,) and b|M € (Fs)p = F(,,,). Clearly, we
have a|p @ bjp = (4 ® b)yxpm and hence, alpy @ biy < vlpxm = u. Consequently,
ue F(tM) ®F(5M)' O

Proposition 5. Let M C Xands,t : IN — M x L* be T-sequences in M. If U is a T-filter in
X x X such that Upx p exists and Upppp < Fr @ F, then U < F[t] ® IFM.

Proof. Let u € U. Then u|p«pm € Upxp and hence, there exist a € Fy, b € Fy such that
a®b < u|pxp- We define a, € LX by a.(x) = a(x) for x € M and a.(x) = L else. In the
same way, b, is defined. Then a,|y = a and b.|y = b and we have a, € [F;] = F|; and
by € Flg). Asa, @by < uweseethatu € Fiy ®F;. O

A T-sequencet: IN — X x L* isa T-subsequence of the T-sequences : IN — X x L*
if there is a strictly increasing mapping ¢ : N — IN such that sx o ¢ = tx and sp o ¢ > 1.
The concept of a T-subsequence is a special instance of the concept of a T-subnet [7]. If ¢ is
a T-subsequence of the T-sequence s, then IF; > Fg, see [7].

3. T-Quasi-Uniform Spaces

Definition 4 ([1,15]). A pair (X, U) witha T-filter U € FI(X x X) satisfying

(TU1) forall x € X, U < [(x,x)];

(TU2) U < U oU is called a T-quasi-uniform space. (X,U) is called a T-uniform space if
additionally the axiom;

(TU3) U < U1 is satisfied. A mapping ¢ : (X,U) — (X',U") between the T-quasi-uniform
spaces (X,U), (X', U") is called uniformly continuous if (¢ x ¢)(U) > U'. The category
with the T-quasi-uniform spaces as objects and the uniformly continuous mappings as
morphisms is denoted by T —QUnif.

For a set X, we define D = {u € L**X : u(x,x) = T}. Then the pair (X, D)
is a T-uniform space, the discrete T-uniform space. If we define the L-set Tp € LX*X
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by Tp(x,y) = Tifx = yand Tp(x,y) = Lif x # y, then D = [Tp]. If we define
Z ={Txxx}, then (X,Z)is a T-uniform space, the indiscrete T-uniform space.

An L-quasi-metric space (X,d), where d : X x X — L is an L-quasi-metric , i.e., it is
reflexive, d(x,x) = T forall x € X, and transitive, d(x,y) xd(y,z) < d(x,z) forallx,y,z € X,
generates a “natural” T-quasi-uniform space (X, %) with U = [d], see [17]. If the L-quasi-
metric is symmetric, d(x,y) = d(y, x) for all x,y € X, then we speak of an L-metric space.
For an L-metric space (X, d) the space (X, [d]) is a T-uniform space.

Further examples arise from uniform spaces as we shall see after Proposition 8 and
from probabilistic metric spaces, see Section 8.

Remark 1. T-quasi-uniform spaces are called probabilistic quasi-uniform spaces in [1], following
the tradition of [18]. However, we would like to reserve the term “probabilistic” for the case where
the quantale of distance distribution functions, A, is used. Then a probabilistic metric space is a
AT -metric space and has a “natural” underlying probabilistic uniform space, that is, a T-uniform
space defined by U = [d). Furthermore, the name is also in line with other names such as T -quasi-
uniform convergence spaces or 1 -uniform limit spaces, [14,16,17]. Naturally, it would be even
better to include the quantale in the name and to speak of T-L-quasi-uniform spaces. However this
seems to overload the nomenclature, and hence we refrain from it.

The axioms of Definition 4 can be spelled out in the following form. For all u € U
and x € X we have (TU1) u(x,x) = T; (TU2) Vyeylvoov,u] = T; (TU3) u~! € U;and a
mapping ¢ : (X,U) — (X',U') is uniformly continuous iff (¢ x ¢) (u') € U whenever
u' el

The category T —QUnif allows initial constructions. We first need some preparations.
We say that a subset C C LX has the finite intersection property if for all finite subsets
{c1,¢2,...,cn} € Cwehave \/,ex(c1 Aca A~ Acy)(x) = T. We call such a subset a
T-filter subbase.

Proposition 6. For a T-filter subbase C C L%, the set of all finite intersections of L-sets in C,
[Cl={ciAcaN--Ncy : g€ CVk=1,2,...,n;n € N} isa Tfilter base.

Proof. (TB1) is the finite intersection property. (TB2) is obvious as by A b, € [C] for
by, by € [C]. O

We say that C is a T-filter subbase of the T-filter base B if [C] = B.

Proposition 7. Let C C LX bea Tfilter subbase.
(1) Ifforallc € C,Vyecldod,c] =T, then foralle € [C], Vyeic)[bob,e] = T.
(2)  Ifforallc € C,Vgecld,c™'] =T, then for all e € [C], Vpeicy[bre™ '] = T.

Proof. (1) Lete € [C]. Thene =c1 Aca A+ Ay with ey, cp,...,cn € C. We then have

T = \/ [d1ody,cq] * \/ [dyody, co] * -+ - % \/ [dy ody,cn]
d1€C dreC d,eC
< \ \ [dicdi,al A\ [daody,eo) Ao A\ [dnody, cu
dq,d3,....d4,€Cdy€C dreC dneC
< \/  ldindan--Ady)o(diAda A Ady),cq] A
dy,dy,....dn€C

o AN[(dyNdg AN Ndy) o (dy Nda AN ANdy), el
\V  [(diAdan---ANdy)o(di ANdy A+ ANdy),cr Aea A+ Acy]
dq,dp,...,d,€C

/\ [bob,e].

be[C]

IN

IN
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2Qe=ciANcaAN---Ncy irnpliesfl = cfl /\cg1 ANyt and the proof is similar to (1). O

Proposition 8. For a T-filter base B on X x X with the properties

(TBU1) forallx € Xandallb € B, b(x,x) = T;

(TBU2) forallc € B, \/ycglbob,c] = T, the generated T-filter [B] is a T-quasi-uniformity on X.
If additionally

(TBU3) forall c € B, \/ypep[b, ¢t = T is valid, then the generated Tfilter [B] is a T -uniformity
on X.

Proof. (TU1) We have for u € [B] by (TBU1) T = Vpep[b, u] < Vper Asex(b(z,2) —
u(z,z)) <u(x,x)forall x € X.

(TU2) For u € [B] we have, using (TBU2), T = Veg(b,u] = Vpep Vacgld 0 d,b] *
[b,u] < Vaepld od, u] < Vyepp[voov,ul.

(TU3) For u € U we conclude with (TBU3), T = Veplb,u] = Vyeplb L ul] =
Vien Vaepld, b * [0~ u™1] < Viepld, u~'] and hence, u~! € [B]. O

We call a T-filter base satistfying (TB1) and (TB2) a T-quasi-uniform base and a T -filter
base satisfying (TB1), (TB2) and (TB3) a T-uniform base. Similarly, we speak of a T-quasi-
uniform subbase C if the T-filter base [C] is a T-quasi-uniform base and we call ita T-uniform
subbase if additionally [C] satisfies (TBU3).

It is not difficult to see that for a (quasi-)uniform space (X, U), where U is the filter of
entourages, Ty = { Ty : U € U} is a T-(quasi-)uniform base and we have u € [Ty] if
and only if \/yey A(xy)eu #(x,y) = T. Generally, if B is a uniform base of the uniformity
U, then Ty = {Tp : B € B}isa T-uniform base. In this way, a metric space generates
a T-uniformity via its “natural” uniform base {U(e) : e > 0} with U(e) = {(x,y) €
XxX :dxy) <e}

Proposition 9. Let (X,U), (Y, V) be T-quasi-uniform spaces and B be a T-quasi-uniform base
for V and C be a T-quasi-uniform subbase for B. For a mapping i : X — Y the following
assertions are equivalent.

(1) ¢:(X,U) — (Y,[[C]]) is continuous.

(2)  Forall c € Cwehave (p x )< (c) € U.

Proof. The one direction is obvious as C C [B]. For the other direction, let v € [B]. Then

T = \V  leaaAcan--- Ay, vl

€1,62,-,cn €C

< Vo @ x ) (i Acan-Acw), (P x )< ()]

1,62, €C

Vo l@x) () A x ) () A Al x ) (cn), (¥ x )7 (0)]

€1,62,...,cn€C

V [ (9 x )" (v)],

uel

IN

and hence, (¢ x ) (v) eUd. O

Now let (Xj,U;) be T-quasi-uniform spaces for j € ] let X be a set and for all j € ], let
@; : X — (Xj,U;). Then the set

C={(gjx )" (uj) : ujel,je]}
is a T-quasi-uniform subbase. First we note that

(@i, % @) (wjp) A= Ay, X 9j,) 7 (u5,))(x, x)
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= uj (4)]1 (X), Pj (X)) ASERRA ujn(q)jn (JC), q)j;z(x)) =T,
from which the finite intersection property and (TBU1) for [C] follows. Furthermore,
for c = (¢; x ¢;) (u;) € Cwe have

(@j < @) (uj) o (9j x )" (u)(x,y) =\ uj(ej(x), 9j(2)) * uj(¢j(2), ¢;(y))

zeX

<V uilgj(x),z)) x ui(9)(2), z))

Z]‘EX]‘

= (¢ x @) (ujou;)(x,y).

We conclude that
V [bobcl >\ [(¢jx 9) (v)) 0 (9 x ;) (v)),¢]
be[C] v EY;
>\ (g x 9) (vj0v)),(¢j x ) (uj)] > \/ [vjovju] =T,
v ell; vj€t

and we have (TUB2) for [C].

It is clear that all ¢; : (X, [[C]]) — (X,U;) are uniformly continuous. If (Y, V) is a
T-quasi-uniform space and ¢ : Y — X is a mapping, and ¢;o ¢ : (Y, V) — (X;,U;)
is uniformly continuous for all j € ], then also ¢ : (Y,V) — (X, [[C]]) is uniformly
continuous. This follows with ((@; o) x (¢; X ¢)) " (u;) = (¥ x )" ((@; x q)f(uﬂ)
from Proposition 9.

Finally, we point out that if all (X}, ;) are T-uniform spaces, then also (X, [[C]]) is a
T-uniform space. To this end, we show (TUB3) for [C]. Let c = (¢; x ¢;) (u;) € C with
uj € U;. Then u]._l € Ujand hence, ¢! = ((¢; x ¢;) + (1)) = (9j X q)j)<_(uj_1) eC.
We conclude that \/,cc[b, ¢ 1] = T, which shows (TUB3) for [C].

Putting everything together we can state the main result of this section.

Theorem 1. The categories T —QUnif and T —Unif are topological categories in the definition
of [19].

Later we will consider subspaces for subsets M C X of a T-quasi-uniform space (X,).
These are defined as initial constructions for the embedding mapping ip; : M — (X, U). It
is not difficult to show that the initial T-quasi uniformity on M is given by Uy = {u|pxm -
u € U}, which is the trace of i on M x M. However, we avoid the more cumbersome
notation Ups. 1. We therefore call (M, Uy) a subspace of (X,U).

4. Cauchy Pair T -Filters and Cauchy Pair T -Nets

Definition 5 ([1]). Let (X,U) be a T-quasi-uniform space and F, G € F] (X).

(1) The pair (F,G) is called a pair T-filter if forall f € F,g € G, \/,cx f(z) xg(z) = T.

(2)  The pair T-filter (F,G) is called convergent to x if F > U(x, ) and G > U(-, x).

(3)  The pair T-filter (F,G) is called a Cauchy pair T-filter if U < G ® F, that is, if for all
u €U, Veeg ferlg® f,ul = T.

We note that Yue and Fang [1] used the opposite order on the set of T-filters and
demanded U < F ® G. We showed in [17], Remark 7.8, that F ® [x] > U if and only if
F>U(,x)and [x] ® F > U ifand only if F > U(x, -).

Proposition 10. Let (X,U) be a T-quasi-uniform space and (F,G), (F', G") be pair T-filters on X.

(TCP1) forall x € X, ([x], [x]) is a Cauchy pair T-filter;

(TCP2) If (F,G) is a Cauchy pair T-filter and if F' > F and G' > G, then (F’,G') is a Cauchy
pair Tfilter.
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(TCP3) If (F,G),(F',G’) are Cauchy pair T-filters and if FV G’ and F' vV G exist, then
(FAF,G AG') is a Cauchy pair T -filter.

Proof.

(TCP1) For f,g € [x] we have V,cx f(z) *g(z) > f(x)*xg(x) =
([x], [x]) is a pair T-filter. From (TU1) we get [x] ® [x] = [(x,x)] > U and ([x], [x]) is
a Cauchy pair T-filter.

(TCP2) Clearly, G' @ F' > G®F > U.

(TCP3) Obviously, (FAF',G A G') is a pair T-filter. As F V G’ exists we have, using (TU2),
U<UU < (GRF)o (G ®F) < G®F and, similarly, we obtain i/ < G' ® F.
Hence, using Proposition 3.10 [16], we obtain i/ < (G F) A (GRF') A (G' ®F) A
(G'oF)=(GAG)® (FAF).

O

Proposition 11. Let (X,U) be a T-quasi-uniform space and (F, G) be a pair T-filter on X. Then
(F,G) is convergent to x if and only if (F A [x], G A [x]) is a Cauchy pair Tfilter.

Proof. If (F A [x],G A [x]) is a Cauchy pair T-filter, then U < (G A [x]) ® ([x] AF) <
[x] ® F and < G ® [x], which means that (F, G) is convergent to x. Conversely, if (F,G) is
convergent to x, then (G A [x]) @ ([x] AF) = (GRF) A ([x] @F) A (G [x]) A ([x] @ [x]) >
U and (F A [x], G A [x]) is a Cauchy pair T-filter. [

Proposition 12. Let (X,U) be a T-quasi-uniform space, x € X and (F,G), (F',G’) be pair
T-filters on X. If (F, G) is a Cauchy pair T-filter, I’ > F and G' > G and (F',G') is convergent
to x, then also (F,G) is convergent to x.

Proof. We note that by (TCP2), also (F’, G') is a Cauchy pair T-filter. From T = \/,cx f(z) *
<(z) < Viex f(z) Ag(z) forall f € F/ and all ¢ € G’ we conclude that F’ V G’ exists and
hence, also FV (G’ A [x]) and (F' A [x]) VG exist. As [x] @ F' > U and G' @ [x] > U
we see that (F' A [x], G’ A [x]) is a Cauchy pair T-filter. With (TCP3) we conclude that
((F' A [x]) AF, (G Ax]) AG) = (F A [x],G A [x]) is a Cauchy pair T-filter which means
x| @F >U and G® [x] > U, i.e., (F,G) converges to x. [I

Definition 6. Let s = (sx,sp) and t = (tx,tr) be T-sequences in X. We call (s,t) a pair
T-sequence if there is a common T-subsequence r = (rx,rp) of s and t.

Clearly, if s : IN — X x L* isa T-sequence and ¢ is a T-subsequence of s, then (s, t)
is a pair T-sequence.

Proposition 13. Let s,t be T-sequences in X. Then (s,t) is a pair T-sequence if and only if
(Fs,IFy) is a pair T-filter.

Proof. Firstlet (s,t) be a pair T-sequence and let » be a common subsequence. We consider
the T-bases Bs, B; and B, of I, IF; and F,, respectively, with elements the “tails” of s, ¢, 7
and we denote these “tails” by dj, = V>, sL(k) A Ty k), dby = Vism tr(k) A Ty (k) and
d] = VisprL(k) AT,y ) Letd; € Bs C s and di, € By C Fy. AsF, > Fy,F; there is
dj € B, such that d] < 5, d!,. We then have \,cx d5,(z) % db,(2) > V,ex dj(z) *d](z) = T.
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Now let f € Fsand g € Fi. Then T =V, n[d, fland T =V, y[dh, f] and
we conclude

T=T+«T < \ V A@x) = f(x)*(d,(x) = g(x))

nelN melN xeX

Y v<<vdz< Jd () = (V F3) )
nelNmelN \ xeX xeX
=V flx)«

xeX

and hence, (I, F}) is a pair T-filter.
Conversely, let (Fs,F;) be a pair T-filter. Then \/,cx f(z) xg(z) = T forall f € F,
and all ¢ € ;. We consider a T-approximating sequence (a1, a;, ... ). Since \/,¢x dj(z) *

d1(2) = Vaex Vp=1 Vaz15L(P) A Toy(p) (2)) % (tL(9) A Ty () (2)) = T >ag, wefind z; € X
and p1,q1 > 1such thatsy(p1) > a1, t1(q1) > a1,5x(p1) = z1 and tx(p1) = z1.
Similarly, from V,ex d}, 41(2) *dq 41(z) = Traywefindz; € Xand pp > p1 +1,

g2 > g1 + 1 such that SL(]QQ) > ap, fL(qZ) > o, Sx(pz) = 2o, tx(pz) = z5. Going on like this
we obtain a T-sequence r defined by rx (k) = zx, rp (k) = ay fork =1,2,3,.... We define
¢(k) = pr and ¢ (k) = gy and observe sx o ¢(k) = sx(px) = rx(k),sp o p(k) = s.(px) =
ar = r(k) and tx o (k) = tx(qx) = rx(k), tr o (k) = tr(qx) = ax = rr(k). Forky < ks
we have ¢ (k1) = p, < pr, +1 < pr, = ¢(k2) and ¢ is strictly increasing. Similarly, ¢ is
strictly increasing and hence, r is a common T-subsequence of s and . [J

Definition 7. Let (X,U) be a T-quasi-uniform space. A pair T-sequence (s, t) is called a Cauchy
pair T-sequence if for all u € U we have

Voo A (k) xsp(D) = ultx(k),sx(1)) = T.

mmelN k>n,1>m
It is sufficient to work with T-quasi-uniform bases here.

Proposition 14. Let (X,U) be a T-quasi-uniform space, B be a T-quasi-uniform base for U and
(s,t) be a pair T-sequence. Then (s, t) is a Cauchy pair T-sequence if and only if for all b € B

we have
VoA ((n(k) ssp(l)) = bltx(k),sx(1)) = T.

m, neIN k>nt>m

Proof. One implication is obvious as B C /. Now let the condition be satisfied for all
b e Bandletu € U. Then Vycg[b,u] = T. We consider a T-approximating sequence
a1 < ap <.... Thenthereis b, € Bsuchthata, < [bp, u]. We fixn,m € Nand k > n,1 > m.
Then

ap * ((tp(k) xsp(1)) — by(tx(k),sx(1)))
((tr(k) +s.(1)) = by(tx(k),sx(1))) * (bp(tx(k),sx (1)) — u(tx(k),sx(1)))
(tL(k) +sp.(1)) = u(tx(k),sx(1)).

Hence, we conclude

ap = apx \ N\ ((telk) *si(D) = bltx(k),sx(1)))

mmelN k>n{>m

IN A

< VA apx (k) #sL(l) — b(tx(k),sx(1)))
mmelN k>nt>m
< VA (k) xsp(D) = u(tx(k),sx(1))).

mmnelN k>n1>m
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Taking the join for all &), yields the result. [

Proposition 15. Let (X,U) be a T-quasi-uniform space. A pair T-sequence (s,t) is a Cauchy
pair T-sequence if and only if (Fs, Fy) is a Cauchy pair T -filter.

Proof. Firstlet (s,t) be a Cauchy pair T-sequence and let u € U. We consider the “tails”
d; = \/an tL(k) A Ttx(k) € Frand d;, = VlZm SL(Z) A Tsx(l) € FF;. Then

fegu > \/ [dod,u

nmelN

= VA A (B0 Thm@ s Ton ) = ux)

mmnelN xyeXk>nl>m

V A A ((fL(k)*SL(l)TsX(z))%u(fx(k)fsx(l))) = T.

mmelN xyeX k>n,lI>m

Hence, u € F; ® Fs and we have Y < F; ® F.
Conversely, if Y < F; ® Fs then for u € U we have

T= \V Uegu< \V ((fltxk)*g(x(1) = ultx(k),sx(D))

feF;,geFs feF;,g€Fs

foralln,m € Nand allk > n,l > m.
For f € Fy we have \/, .y Aksn (tL(k) — f(tx(k))) = T and, similarly, for g € F, we
have \/, .y Aism(sL(1) = g(sx(1))) = T. We conclude

T=Tx«xT < \/ A (te(k) = f(tx(k))) * (s.(I) = g(sx(1)))
nm€|Nk>nl>m
< VN (k) xsp(1) = (f(tx(k)) = g(sx(1))))-

nmelNk>nl>m

We conclude from this

T =V ( Voo A (k) st l))%(f(tx(k))*g(SX(l))))) *[f®gul

f€F,8€Fs \n,melN k>n, l>m

< V ( Vo A ((te(k) +sp l))%(f(tx(k))*g(SX(l))))> *
feF,g€Fs \nmelN k>n, l>m

#((f(tx(k)) = g(sx (1)) — u(tx(k),sx(1)))

< V N (k) *sL(1) = ultx(k),sx(1)))-

feF:,geFs k>n,l>m
O]

5. Completeness in T-QUnif

We review concepts and theory introduced by Fang and Yue [1], see also [20], and adapt
it slightly to suit our needs. In particular we use as order relation on F; (X) the subsethood
order, ® <Y <= & C Y, whereas in [1] the opposite order is used, and we identify for a
one-point set {e} the sets X x {o} and {e} x X with X.

Let (X,U) be a T-quasi-uniform space and let ®, ¥ € F] (X). We call ® a left-promodule
if ® < ®olf and we call ¥ a right-promodule if ¥ < U o Y. Here, ® o U is the T-filter
on X with T-filter base {pou : ¢ € Y, u € U} with pou(x) = V,yex ¢(z) * u(z,x).
Similarly, U o ¥ is the T-filter on X with T-filter base {uo¢ : ¢ € ¥Y,u € U} with

uoPp(x) = Viex u(x,2) * (2).
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If @ is a left-promodule and ¥ is a right-promodule, then we call ® left-adjoint to ¥
(and ¥ right-adjoint to ®), denoted by ® 4 ¥, if Y < ¥ @ P and \/,cx p(z) xP(z) = T for
allp € ®,p € ¥, ie,if (P, ¥) are a Cauchy pair T-filter.

Proposition 16. Let (X,U) be a T-quasi-uniform space and ®,®' € F] (X) be left-promodules
and ¥, ¥’ € F| (X) be right-promodules and ® 4 ¥ and & Y. If ® < &' and ¥ < 'Y’ then
=0 md¥Y =Y.

Proof. We have @' < &' olf < P’ o0 (Y@ P) < &' o (Y @ ®) = P, because for ¢’ € ¥/,
¢’ € ¥ and ¢ € ® we have

Pop)(x)=\ ¢@) [ @¢)(z,x) =\ ¢'(z) * ¥ (2) xp(x) = ().
zeX zeX ~

Similarly, we can show ¥/ =¥. [

Proposition 17. Let (X,U) be a T-quasi-uniform space and x € X. We denote U (x, -) and U (-, x)
the T-filters on X with T-filter bases {u(x,-) : u € U} and {u(-,x) : u € U}, respectively.
Then U(x, -) is a left-promodule and U (-, x) is a right-promodule and U (x, -) 4 U (-, x).

Proof. It is shown in [1] that (U(x,-),U(:, x)) are Cauchy pair T-filters. We show that
U(-, x) is a right-promodule. Leta € U(-,x). For u € U we note that uo (u(-,x))(y) =

Vaexu(y,z) xu(-,x)(z) = Viex u(y,2) xu(z,x) = uou(y,x) = (uou)(,,x)(y), ie, we
have uo (u(-,x)) = (uou)(-,x). Hence,

T:\/ /\(Uov(y, — u(y,x) \//\UOU ) = u(-,x)].

veld x,yeX veld xeX

We conclude

T=\uCx),a=\ Vool x),u(-,x)]*u(,x)a <\ [vov(,x),a]

ueld ueld veld veld
=\ [vo(v(,x))a] < \/  [vodd]
veld veld,deld(-,x)

and we have a € U oU(+, x). Similarly, we can show that ¢(x, -) is a left-promodule. [

Definition 8 (cf. [1]). The T-quasi-uniform space (X,U) is called complete if for all left-
promodules ® and for all right-promodules ¥ with ® — Y there exists xo € X such that
D =U(xp,-)and ¥ = U(-, xp).

Yue and Fang [1] show that (X, /) is complete if and only if each Cauchy pair T-filter
converges to some xg € X. The key point is here that two T-filters FF, G on X are adjoint left-
and right-promodules, respectively, if and only if they are a minimal Cauchy pair T-filter,
that is, for any other Cauchy pair T-filter (H, K) with H < F and K < G we have F = H
and G =K.

A special case arises for L-quasi-metric spaces (X, d). We review concepts and notation
from [11]. Let (X, d) be an L-quasi-metric space. A mapping ¢ : X — L is called an
order filter if pod < ¢ and a mapping ¢ : X — L is called an order ideal if dop < 9.
Furthermore, for an order filter ¢ and an order ideal ¢ we call ¢ left-adjoint to i (and write
e AP)if p(x) x @(y) <d(x,y) forall x,y € X and if \/,cx ¢(z) * (z) = T. Then (X, d) is
called complete if and only if for all order filters ¢ and all order ideals ¢ with ¢ - p there is
xo € X such that ¢ = d(xp, ) and ¥ = d(-, xp).

Theorem 2. An L-quasi-metric space (X, d) is complete if and only if (X, [d]) is complete.
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Proof. Let (X, d) be complete and consider a left-promodule ® and a right-promodule ¥
with ® 4 ¥ in (X, [d]), i.e.,, we have

1) &< Po[dand¥ < [d]o¥;

(2 Veex¢(z)xy9(z) =T forallp € ,p € ¥;

@B [d<Yeo.

From (3), there exist € ¥ and ¢ € ® such that  ® ¢ < d. From (1), there exist
¢ € Dand P € ¥ with ¢ od < pand do ¢ < ¢. We define ¢ = ¢p1odand ¢ = d o ;.
We note that ¢ = \,cx ¢1(2z) *d(z,x) > ¢1(x) for all x € X and similarly, ¢ > ¢; and
hence, we have ¢ € ® and ¢ € ¥. Furthermore, from d o d < d we infere

pod=(prod)od=¢r0(dod) <Pprod=4¢

and
d0¢:d0(d0¢1):(dod)olpl Sdol[)l :w,

that is, ¢ is an order filter and ¢ is an order ideal. In addition, P(x) * ¢(y) < P(x) * P(y) <
d(x,y) and V,cx ¥(z) * ¢(z) = T from (2). Hence, ¢ - ¢ and from the completeness of
(X,d), there is xo € X such that ¢ = d(x,-) and P = d(-, xp). This implies [d(xp,-)] < ®
and [d(-,x0)] < Y. As also [d(xo,-)] - [d(-,x0)] we conclude from Proposition 16 that
[d(x0,-)] = ®and [d(-, x0)] = ¥ and (X, [d]) is complete.

Now let (X, [d]) be complete and consider an order filter ¢ : X — L and an order
ideal ¢ : X — L with ¢ = 9. From V,cx ¢(z) * P(z) = T we see that \/,ex ¢(x) = T
and V,ecx p(x) = T. We define ® = [¢p] and ¥ = [¢]. From gpod < ¢ we see that
® < Pofdland fromdop < p weobtain ¥ < [d]o¥. Asp® ¢ < d we haved €
YR, ie, [d <Y¥Y@Pand fora € &, b € ¥ we have \/,cxa(z) *b(z) > V,ex ¢(z) *
P(z) = T. Hence, ® 4 ¥ and the completeness of (X, [d]) ensures the existence of
xg € Xs.t. @ = [d(xo,-)] and ¥ = [d(-, x0)], i.e., ¢ = d(xp,-) and p = d(-, xp) and (X, d) is
complete. O

6. Sequential Completeness in T-QUnif

Throughout this section we assume that the quantale L = (L <, %) is T-approximable
and we fix a T-approximating sequence (a1,a2,a3,...) in L.

We call a T-quasi-uniform space (X,U) sequentially complete if for all Cauchy pair
T-sequences (s, t) there exists xg € X such that (s, t) converges to xy, i.e., such that for all
u € U we have

\/ /\ (sp(k) — u(xp,sx(k))) = T and \/ /\ (tp(k) = u(tx(k),x0)) =T

nelN k>n nelNk>n

A subset M C X is called sequentially complete if the subspace (M, Uy) is sequentially complete.

So we have that (X,U) is sequentially complete if and only if for all Cauchy pair
T-sequences (s, t) there exists xg € X such that Fs > U(xo,-) and F; > U(-, x).

As in Proposition 14 we can see that it is sufficient to check convergence for a T-quasi-
uniform base B of I/ only.

For the proof of the next two important results, it is essential that we allow grades
sp(n) of our T-sequences that need not equal the top element.

Theorem 3. Let (X,U) be a T-quasi-uniform space. Then (X,U) is sequentially complete if and
only if for all Cauchy pair T-filters (F,G) with countable T-bases there is xo € X such that
F>U(xg,)and G > U(-, xp).

Proof. Firstlet (X,U) be sequentially complete and let B = {by, by, b3, ... } be a countable
T-base of F and C = {cq,¢2,¢c3,... } be a countable T-base of G. It is not difficult to show
that for a countable T-base {by, by, ... } the L-sets by, by A by, by Aby Abs,. .. again form a
countable T-base. Hence, we may assume by > by > b3 > --- andcy > cp > c3 > ---.
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We consider now a T-approximating sequence ay < ay < ---. AsB C Fand C C G we
conclude from a7 < T = V,cx b1(z) % c1(z) that there exists z; € X such that « < by(z7)
and a1 < c1(z1). Similarly, from ap < T = V,cx ba(2z) * c2(z) we conclude that there
exists zp € X such that ay < by(zp) < by(z2) and ay < ¢2(z2) < ¢1(z2). Going on like
this, we obtain a sequence z1,2p,23, ... with ap < b(z) < bp_1(zg) < -+ < b1(zg) and
ap < Ck(Zk) < crq (Zk) <... < Cl(Zk) forall k = 1,2,3,.... Hence, we have

b >\ a Tz, bo,c2> \ a Ty,
k>1 k>2

We define the T-sequence s = (sx,sp) by sx(k) = z, s (k) = ax. Then F < [y and
G < Fs. Trivially, (s,s) is a pair T-sequence and we have < G ® F < F; ® F;, that is,
(s,s) is a Cauchy pair T-sequence. By sequential completeness, there is xy € X such that
Fs > U(xp,-) and Fs > U(-, xp). From Proposition 12 we conclude that also F > U/ (xo, -)
and G > U(-, xp).

For the converse, let (s, t) be a Cauchy pair T-sequence. Then (Fs, F) is a Cauchy pair
T-filter with countable bases and hence, there exists xy € X such that F; > U(x, -) and
Fy > U(-, xp), that s, (s, t) converges to xg. [

Hence, a complete T-quasi-uniform space is sequentially complete. For this reason,
a “sequential completion” of a T-quasi-uniform space can be obtained by a completion of
the space, see [1] and no new contruction is needed.

We call a T-quasi-uniform space (X, U ) countable if U has a countable T-quasi-uniform base.

Proposition 18. A countable T-quasi-uniform space (X,U ) is complete if and only if it is sequen-
tially complete.

Proof. Sequential completeness is implied by completeness by Theorem 3. For the converse,
let (F,G) be a Cauchy pair T-filter and let {uq,us,us,...} be a countable T-uniform
base of Y. From U < G ® F we find for for every k = 1,2,3,... L-sets f; € I and
8k € G such that 8k ®fk < up. We define B = {fl,f1 /\fZ/fl /\fz /\f3,. . } and C =
{81,81N82,81 N2 N g3, ... } and we define Fy = [F] and F¢ = [C]. For f € Fp we have
T =Vienlfi A A fr, fl, i.e., we have f € F and hence, Fp < IF. Similarly, we see that
Fe < G. Letnow u € U. Then

T=Vluu < Vig®fiou] <\ (@A Ag)@ (LA Af)ul,
kelN kelN kelN

and hence, u € Fc ® Fg and (Fg,F¢) is a Cauchy pair T-filter with countable bases.
As (X,U) is sequentially complete, Theorem 3 implies that xy € X exists with Fg > U (xo, -)
and Fc > U(-, xp). Hence, also F > U(xp, ) and G > U(-,x) and (X,U) is complete. []

Remark 2. For an L-quasi-metric space (X, d) the T-quasi-uniform space (X, [d]) has the count-
able T-quasi-uniform base {d}. Hence, for L-quasi-metric spaces, countable completeness and
completeness are equivalent. This result was obtained in a different way in [21].

Finally, we characterize sequentially complete subsets.

Proposition 19. A subset M C X of a T-quasi-uniform space (X,U) is sequentially complete if
and only if for all Cauchy pair T-sequences (s, t) with sx(k),tx(k) € M forall k € N there exists
Xo € M such that Fs > U(xp,-) and Fy > U(-, xg).

Proof. Let M C X be sequentially complete and let (s, t) be a Cauchy pair T-sequence with val-
uessx(k), tx(k) € Mforallk =1,2,3,.... ThenU < F; ® F; and hence, Uy < Fo) ©F sy
that is, (sy, tm) is a Cauchy pair T-sequence in (M, Uys). Hence, there exists xg € M such
that F(s, .y > Um(xo,-) and F;, ) > Unm(-, xo). This is equivalent to [xo] ® F(s ) > Uy
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and F(tM) ® [XO] > Up. Hence, [xo} ®F; = [XO] ® [F(SM)] > [UM] > U and F; ® [Xo] =
[F(tM)] & [X()] > [Z/{M} > U, thatis, Fy > U(XQ, ) and F; > Z/{(, Xo).

Conversely, let (s, t) be a Cauchy pair T-sequence in the subspace (M, Uys). Then
Um < F: ® Fs and hence, U < F; ® F|; and ([s], [t]) is a Cauchy pair T-sequence in (X, )
with values in M. Therefore, there exists xo € M such that [xo] ® Fjj > U and Fjy ® [xo] >
U. This implies Uy < [x0] ® (F[s])M = [x0] ® Fs and Uy < (FM)M ® [xg] = [x0] @ Fy, i.e.,
(s,t) converges to xg € M in (M, Uys). O

7. A Fixed Point Theorem

In this section we consider T-uniform spaces, that is, we assume that the “symmetry
axiom” (TU3) is satisfied and we generalize a fixed point theorem established by Taylor [8]
for uniform spaces. We point out that L is T-approximable and we fix a T-approximating
sequence (&) c|N-

For a self-mapping ¢ : X — X we define ¢! = g and ¢" = @o¢" ! forn > 2.
For u € LX*X we denote u! = uand " = uou™ ! forn > 2.

For a T-uniform space (X,U) we call F € F] (X) a Cauchy Tfilter if F® F > U, that s,
if (F,F) is a Cauchy pair T-filter. Similarly, we call a T-sequence s a Cauchy T-sequence if
Fs ® Fs > U. Thisis equivalentto T =V, N Akznizm(5L(K) *sL(1) = u(sx(k),sx(1)))
for all u € U and again it suffices to check this for a T-uniform base B of ¢/. Finally, we call a
T-filter F € F (X) convergent to x € X if F > U(x,-) and we call a T-sequence s convergent
to x € X ifIFs is convergent to x. We note that for a T-sequences : IN —> X x L* converging
to x, a T-subsequence t also converges to x. This follows from F; > Fs > U(x, -).

Proposition 20. A T-uniform space (X, U ) is sequentially complete if and only if for all Cauchy T -
sequences s = (sx, sy ) there exists xo € X such that forallu € U we have T = \/, .y Aizn (5L(k)
— u(xg,sx(k))), that is, Fs > U(xy, -).

Proof. If (X,U) is sequentially complete and s is a Cauchy T-sequence, then (s,s) is a
Cauchy pair T-sequence and hence, there exists xy € X such that for all u € U we have
T = V,ueN Akzn(sL(k) = u(xo, sx(k))).

For the converse, let (s, t) be a Cauchy pair T-sequence and consider a common T-
subsequence r of s,t. Then IF, > F,,F; and hence, F; @ F, > F; ® Fs > U, thatis, risa
Cauchy T-sequence. Hence, there exists xp € X such that F, > U(xg, ) = U(-, xp), i.e., the
Cauchy pair T-filter (IF,, IF,) converges to xg. By Proposition 12 then also the Cauchy pair
T-sequence (s, t) converges to xg. [

We call a T-uniform space (X, ) a T2-space [15] if for all x,y € X with x # y there is
u € U such that u(x,y) # T. We note the following simple result.

Proposition 21. A T-uniform space (X,U) is a T2-space if and only if convergent T filters (and
hence, also convergent T-sequences) have unique limits.

Proof. Firstlet (X,U) be a T2-space and let the T -filter IF converge to x and y. Then F ® [x] >
Uand F® [y] = ([y) @ F)~! > U and hence, also [(x,y)] = [x]|@[y] > URU > U.
Therefore, for u € Y we have u(x,y) = T and x = y.

Now let convergent T-filters have unique limits. If u(x,y) = T for all u € U, then
U < [(x,y)] = [x] ® [y], that is, the point T-filter [y] converges to x. As [y] converges also
toy,weobtainx =y. O

For an L-metric space (X,d) we have that (X, [d]) is a T2-space if and only if the
L-metric is separated, i.e., if d(x,y) = T implies x = y.

Definition 9. Let (X,U) be a T-uniform space, B be a T-uniform base for U and ¢ : X — X be
a self-mapping.
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(1) ¢ is called a B-contraction if for all u € B there exists v € B such that vou < (¢ X
@) (u).

(2) ¢ is called asymptotically regular if for all u € U and all x € X we have
T = Vo e Avs (97 (2), @71 (x)).

(3)  (X,U) is called well-chained if forall x,y € X andallu € U we have \/ ..y u" (x,y) = T.

For a uniform space (X, U) with uniform base B, a B-contraction in the definition
of [8] is a Tg-contraction for the T-uniform space (X, Ty).

Well-chainedness only depends on a T-uniform base B of U, that is, (X, i) is well-
chained if and only if for all x,y € X and all b € B we have V. 0" (x,y) = T. To see
this, let x,y € Xand u € U and oy < T = Vyecp[b, u]. Then there is by € B such that
ap < [by,u] < [bf,u"] and we conclude o = ag * \V, oy bF (X, ) < Ve " (x,y). Taking
the join over all ay yields T =V, u" (%, y).

Furthermore, we note that a B-contraction is uniformly continuous: For u € B there is
v € Bsuchthatvou < (¢ x ¢) (1) and as v < v o u this implies (¢ x ¢)* (u) € U.

Remark 3 (L-metric case).

(1)  For an L-metric space (X,d), the “natural” T-uniform space (X, [d]) has a T-uniform
base B = {d} for [d]. A self-mapping ¢ : X — X is a {d}-contraction if and only
ifdod < (¢ x ¢)“(d). Noting that d < d od and, moreover, by transitivity also
d <dod,then ¢ is a {d}-contraction if and only if it is an expansive mapping, that is, if
d(x,y) < d(g(x), @(y)) forall x,y € X.

(2)  Foran L-metric space (X, d), noting again that d" = d foralln € N, (X, [d]) is well-chained
if and only if for all x,y € X we have d(x,y) = T. If (X, d) is separated, this is only possible
for a one-point space.

Both these properties point to the fact that, despite its simplicity, for an L-metric space (X, d)
the space (X, [d]) may not be an ideal choice for an “L-metrically generated” T-uniform space.
However, we wish to point out at this point, that for Lawvere’s quantale L = ([0,00],>,+),
the metric uniformity of a metric space is not a T -uniformity.

Lemma 2. Let (X,U) be a T-uniform space, B be a T-uniform base for U and ¢ : X — X
be a B-contraction. If for u,v € B we have vou < (¢ x @) (u), then for all n € IN we have
v"ou < (@" x ¢") (u).

Proof. We use induction on n. The case n = 1 is just the assumption. Now assume
that for a given n € IN we have for u,v € B that v" ou < (¢" x ¢")* (u). As ¢ is a B-
contraction, there exists 7 € B such that 7o v < (¢ x ¢) (v) and from v < ¥ 0 v we obtain
v < (9x9)(0) < (9x9) ((px @) (0) = (¢? x 9*)7(v) < - < (9" x ¢") (0).
We conclude 0"l ou = vo (v"ou) < (¢ x ¢") (v) o (9" x ") (u) < (¢" x ¢") (vo
u) < (q)i’lJrl X q)”+1)“(u). O

Proposition 22. For a well-chained T -uniform space (X, U ) with T-uniform base B, a B-contraction
¢ : X — X is asymptotically regular.

Proof. Let x € X and let b € B. By Lemma 2 there exists v € B such that v" ob <
(¢" x @")=(b) foralln € N. Forayy < T =V, 0" (x, ¢(x)), choose ny € N such that
v (x, ¢(x)) > ay. Then for all n > ny we have v"(x, p(x)) > ay, and for n > ny we obtain

a < 0" ob(x, (x)) < (¢" x ¢")(b)(x, @(x)) = b(@", 9" (x)).
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Let now u € U. We have, forb € B,

bu] = A (b(xy) = u(x,y))
xyeX

A (0(e"(x), 9" (x)) = u(g" (x), "} (x)))

IN

INA
>
=
=
1
=
)
X
=
s
=
+
—_
=

IA
=
RS
1
<!
>
=
S
=
ol
s
=
+
t
=

HOEIN nzng

Hence, we obtain

bou] < A (ak—> VoA u(@”(X),qv”“(X))>

kelN ngelNn2ng

= (Va) = V A u(g"x), 9" (x))

kelN npelN n=ng

= TV A ulg"(x), 9" (x))

TloElN nzno

= VA ule"(x), 9" (x)).

noelN n=ng

Therefore, we get T = \/jcp[b, 1] < VigeN Anzng u(¢"(x), "*1(x)) and ¢ is asymp-
totically regular. [

Proposition 23. Let (X,U) be a T-uniform space, B be a T-uniform base for U and ¢ : X — X
be an asymptotically reqular B-contraction. Then for each x € X, s = (sx,sr), with sx(n) =
¢"(x) and sy (n) = T foralln € N, is a Cauchy T -sequence.

Proof. Letu € . Thenw = u Au~! € U and we have w = w™! < uand Vyep[b,w] = T.
Let o < T and choose by € B such that ay * by < w. As ¢ is a B-contraction, for by € B we
may choose vy € B such that v o by < (¢ X @) (by). As ¢ is asymptotically regular, for vy
we may choose 1; € IN such that for all n > n; we have v (9" 1(x), ¢"(x)) > a;. We fix
n > ng. We show that for j =0,1,2,... we have

w) < be(9" (x), 9" (2)).

This is clear for j = 0. Now assume that a] < by(¢"(x), 9"/ (x)). Then

w0 < oo b9 (x), " (x)) < (9 x @) (be) (9" (x), 9" (x)) = br(9" (x), 9" (),
which completes the proof by induction. We conclude that foralln > nyandallj =0,1,2,3,...,
e+ o, < e x (9" (x), 9" (x)) < w(@" (x), 9" (x))

Hence, we have forallj = 0,1,2,3,...,

- )
T=\Va <V A w@®) e x).
kelN kelN n>mny
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Now let ap < T. Then there exists kp € IN such that for all n > ng, we have
ap < w(g"(x),¢"i(x)) for all j = 0,1,2,3,.... Therefore, a, < w(¢"(x),¢'(x)) =
w(g'(x), ¢"(x)) for all ng, < n < land we conclude that

o < N w(e"(x),¢(x)

n,lanP

< VN w(gf(x),¢'(x)
nelNki=>n

< VA w(x),¢(x).

nmelN k>n,l>m

Taking the join over all a), this yields

T=V A w'@¢m)< V A ule"x),¢x)

nmelN k>nl>m nmelN k>nl>m
and s = (¢"(x), T) is a Cauchy T-sequence. [

In view of Proposition 23 a weaker completeness concept will be appropriate here. We
call a T-uniform space weakly sequentially complete if all Cauchy T-sequences s = (sx, sy )
with sy (n) = T for all n € IN converge to some point xg € X.

Putting everything together, we obtain the desired fixed point theorem.

Theorem 4. Let the T-uniform space (X, U) be weakly sequentially complete, well-chained and
a T2-space . Furthermore, let B be a T-uniform base for U and ¢ : X — X be a B-contraction.
Then ¢ has a unique fixed point a = @(a) and for each x € X, the T-sequence s: N — X x L¥,
with sx(n) = ¢"(x),sp(n) = T forall n € N, converges to a.

Proof. From Proposition 22 we see that ¢ is asymptotically regular and Proposition 23
tells us that (¢"(x), T) is a Cauchy T-sequence. As (X, U) is sequentially complete, this
T-sequence converges to a point a € X. As ¢ is uniformly continuous, the T-sequence
(¢"*1, T) converges to ¢(a) and as (¢"*!, T) is a subsequence of (¢", T), it also converges
to a. The T2-property implies 2 = ¢(a) and a is a fixed point of ¢.

It remains to show that the fixed point is unique. Assume a = ¢(a) and b = ¢(b).
Then for each n € IN we have a = ¢"(a) and b = ¢"(b). Let u € B and choose v € B such
thatvou < (¢ x ¢)“ (u). As (X,U) is well-chained, for a; << T we may choose n; € N
such that a; < v"(a,b) and we have with Lemma 2,

ap < v"(a,b) < v ou(a,b) <u(e"(a), ¢ (b)) =u(a,b).

Hence, T =V, N & < u(a,b). This is true for any u € B and the T2-property yields
a=>b. 0O

8. A Fixed Point Theorem for Probabilistic Metric Spaces

In the sequel, for notation and concepts, we refer to [12,21]. We again denote A™ the
set of distance distribution functions ¢ : [0,00] — [0,1]. The top element in A™ is denoted
by €9 = ¢ 1. Furthermore, we consider a fixed left-continuous t-norm * : [0,1] x [0,1] —
[0,1] on [0,1], that is, a quantale operation on [0,1] and endow A" with the quantale
operation ® defined by ¢ ® ¥(t) = V,,s—; ¢(s) x ¢(t) for all t > 0. A probabilistic metric
space [12] (sometimes called a Menger space) is a set X together with a probabilistic metric
d: X x X — A" with the properties

(PM1) forall x € X, d(x, x) = ¢&p;
(PM2) for all %,z € X and s, € [0, 0], d(x,y)(s) + d(y,2) (£) < d(x,y)(s + 1)
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(PM3) forall x,y € X, d(x,y) = d(y, x). Hence, a probabilistic metric space is an L-metric
space for the quantale L = (AT, <, ®). If the probabilistic metric satisfies
(PM4) d(x,y) = ¢o implies x =y

Then we call the probabilistic metric space separated.

Let (X, d) be a probabilistic metric space. Following [1,15,18] we define a T-uniform
space for L = ([0, 1], <, %) by the T-uniform base B; = {d(-,-)(¢t) : t > 0}, and denote it
by (X,Uy). Sowe have u € [0, 1)**X isin Uy if 1 = ;o o[d(-, ) (£), u].

We note that [18] considers a more general situation and uses the set A™ (L) of distance
distribution functions with values in L, ¢ : [0,c0] — L, and considers L-probabilistic
metric spaces. Our AT is then A1 ([0, 1]). In this setting, it appears natural to associate a
T-uniformity (for the quantale (L, <, %)) for an L-probabilistic metric space.

Proposition 24. A probabilistic metric space (X, d) is separated if and only if (X,Uy) is a T2-space.

Proof. Firstlet (X, d) be separated. If u(x,y) = 1 for all u € Uy, then for all t > 0 we have
d(x,y)(t) =1,1ie.,d(x,y) = € and hence, x = y.

Conversely, if (X,U;) is a T2-space, let d(x,y) = €p. Then for all t > 0 we have
d(x,y)(t) = 1. Foru € Uy then 1 = Vyoold(-, ) (1),1] < Viso(d(x,9)(t) — u(x,y)) =
u(x,y). Hence, x = y and the proof is complete. []

For a probabilistic metric space (X, d), a self-mapping ¢ : X — X is called a contrac-
tion mapping [12,22] with contraction constant 0 < « < 1,if d(x,y)(t/a) < d(¢(x), ¢(y))(t)
forallx,y € Xandallt > 0.

Proposition 25. Let (X, d) be a probabilistic metric space. If ¢ : X — X is a contraction
mapping then ¢ is a By-contraction.

Proof. Let x,y € X and let f > 0. Define s = t(1 — «) /a > 0 with the contraction constant
0 <a <1 Thens+t =t/a and we have forany z € X

d(x,z)(s) *d(z,y)(t) < d(x,y)(s +1) = d(x,y)(t/a) < d((x), 9(y))-

So for d(-,-)(t) € B; we choose d(-,-)(s) € By and find d(-,-)(s) od(-,-)(t) < (¢ X
@) (d(-,-)(t). D

The following concept is used in [22] for a fixed point theorem for probabilistic metric
spaces. A probabilistic metric space (X, d) is called (€, A)-chainable [22] if for each x,y € X
there exists a finite sequence x = 2, 21,2y, ...,2y-1,2n = Yy such that d(z, zx.1)(e) >1—A
forallk=0,1,2,...,n—1.

Proposition 26. Let (X, d) be a probabilistic metric space. Then (X,Uy) is well-chained if and
only if (X, d) is (t, «)-chainable forall t > 0and 0 < a < 1.

Proof. Let (X,U,) be well-chained. As for any t > 0, d(-,-)(t) € U we have for x,y € X,

1=\ @d(,)t)"(xy) =V Voo dlnz) () xd(z1,22) (1) % - -+ d(za—1,y) (1)

nelN nelN X=20,21,---Zn=Y

Hence, for 0 < a« < 1 thereis n € IN and a finite sequence x = zp,z1,...,2n = Y
such that 1 —a < d(x,z1)(t) xd(zq,2z2)(t) * - - xd(z—1,y)(t) < d(zg,zx41)(t) forall k =
0,1,2,...,n—1

Now let for all x,y € X, t > 0and 0 < a < 1 there be a finite sequence x =
20,21,---,2n = ysuch that 1 — a < d(zg, z54q)(f) forallk = 0,1,2,...,n — 1. Letu € Uj.
Then 1 = \/,-o[d(+,-)(t), u] and hence, for a < 1 there is t, > 0 such that a < [d(-,-)(ts), u].
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We choose a finite sequence x = zg,z1,...,25, = y such that « < d(zg,z1)(ty) for all
k=0,1,2,...,ny, — 1. Then

a < /\ (d(xq1,x2)(te) — u(x1,x2))
x1,%€X
ny—1
< N @z z00) (ta) = w2k, 2541))
k=0
ng—1 ng—1
< ( \/ (d(zkr2k+1)(toé)> — ( \/ (u(zkfzk—i-l))
k=0 k=0
<

ny—1
a— < V (”(Zkfzk+l)>-

k=0

Hence, we obtain a * « < u"*(x,y) and finally 1 = V,qaxa < \,qu™(x,y) <
Ve 4" (x,y) and (X,Uy) is well-chained. [

We shall therefore call a probabilistic metric space (X, d) well-chained if it is (t,a)-
chainable forallt > 0and 0 < a < 1.

A sequence (x1, Xy, ....) in a probabilistic metric space (X, d) is called a strong Cauchy
sequence [12] if for all > 0 and 0 < & < 1 there exists 1y € N such that (x,,, x,) € U(t, &) for
all m,n > ny. It is called strongly convergent to xy € X [12] if forallt > 0and 0 < & < 1 there
exists 19 € IN such that x,, € N(xq, t,a) for all n > ng. Here, for t > 0 it is defined U (t, &) =
{(x,y) e Xx X : d(x,y)(t) >1 —a}and N(xo,t,0) ={y € X : d(x,y)(t) >1—a}.

The probabilistic metric space (X, d) is called complete if every strong Cauchy sequence
is strongly convergent to a point in X, [12].

Proposition 27. A probabilistic metric space (X, d) is complete if and only if (X, Uy) is weakly
sequentially complete.

Proof. Let (X,d) be complete and let s = (sx,s;) be a Cauchy T-sequence in (X,Uy;)
with s (n) = 1foralln € N. Then V,, N Akznizm d(sx(k),sx(1))(t) = 1 forall t > 0.
Let 0 < a < 1. Then there exists m,n € IN such that for all k > n,I > m we have
d(sx(k),sx(l)) > 1—aandhence, (sx(n)) is a strong Cauchy sequence in (X, d). Therefore,
there exists xg € X such that forallt > 0 and 0 < a < 1 there exists ny € IN such that
d(xg,sx(n))(t) > 1 — a, that is, we have VigeN Anzng d(xg,sx(n))(t) = 1forall t > 0and
s converges to xg in (X, Uy).

Now let (X, U;) be weakly sequentially complete and let (x,,) be a strong Cauchy sequence
in (X,d). Thenforall t > 0and 0 < a < 1 there exists np € N such that for all n,m > ny we
have d(xy,xy,) > 1 — a. Hence, for all { > 0 we have VnoeIN Non>ng d(xp, xm)(f) =1 and
therefore s = (sx, sy ) defined by sx(n) = x,,s.(n) = T is a Cauchy T-sequence in (X, ;).
Hence, there exists xo € X such that forall t > 0 we have \/,, -\ Ayzn,(d(x0,5x(n))) =1and
we have for all t > 0 and 0 < a < 1 there exists ny € IN such that for all n > ny we have
d(xo,x,)(t) > 1 —a, thatis, (x,) is strongly convergent to x¢ in (X,d). O

We can finally formulate the desired fixed point theorem.

Theorem 5. Let (X, d) be a separated, well-chained and complete probabilistic metric space and
¢ : X — X be a contraction mapping. Then there is a unique a € X such that a = ¢(a) and for
each x € X the sequence (¢"(x)), o\ strongly converges to a.

Proof. The Propositions 24, 25 and 27 ensure that the T-uniform space (X,U;) is well-
chained, weakly complete and is a T2-space. Furthermore, by Proposition 25, ¢ is a
B,-contraction. Hence, Theorem 4 ensures that there exists a unique fixed point and that
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in (X,U,;), the T-sequence (¢"(x), T) converges to this fixed point for any point x € X.
Hence, the sequence (¢"(x)) strongly converges to the fixed pointin (X, d). O

9. Conclusions

We defined sequential completeness for T-quasi-uniform spaces and T -uniform spaces
using the recently introduced T-sequences [7].

T-uniform spaces, like related lattice-valued generalizations of uniform spaces, allow
us to study different kinds of spaces, such as metric spaces, uniform spaces, probabilistic
metric spaces, from one viewpoint. We illustrated the advantage of such a lattice-valued
approach by proving a fixed point theorem for T-uniform spaces — which demonstrates
that the definition of sequential completeness is working and useful — which transforms in
the subcase of probabilistic metric spaces to a fixed point theorem in that setting.

If we only take the fixed point Theorem 4, it seems that we can restrict the theory
to ordinary sequences, identified with T-sequences where the elements of the sequence
all have maximum grade T. However, in order to show that completeness [1] implies
sequential completeness, we needed a characterization of sequential completeness by T-
filters with countable T-bases. Such a characterization requires the use of our more general
T-sequences. As T-sequences appear as a special instance of the concept of T-net, this
generality is even more justified as only if we allow grades of elements other than T, do
we get the usual “duality” between T-filter convergence and T-net convergence, see [7].

Results on completenes and fixed point theorems have a long history in the theory
of probabilistic metric spaces, see e.g., [12,22]. Our fixed point theorem seems different
from existing results in this realm, as we had to impose a connectedness condition on
the space. This condition is “inherited” from the fixed point theorem for T-uniform
spaces, as our concept of contraction mapping is motivated by a definition of Taylor [8]
for uniform spaces and is there, in the special case of metric spaces, weaker than the
usual one. A similar connectedness property is also used in fixed point theorems for
“local contractions” in probabilistic metric spaces [22]. It would be interesting to relate
this connectedness condition to conditions such as the boundedness of the trajectories
{¢"(x),n € N}, see for example [12], that ensure the existence and uniqueness of fixed
points of contraction mappings in the theory of probabilistic metric spaces.

In the theory of uniform spaces, Tarafdar [23] gave a definition of a contraction
mapping that allows us to prove a fixed point theorem without further assumptions
on the spaces (such as well-chainedness). In this way a closer analogue of Banach’s
contraction principle was obtained. The keypoint of his definition is the representation
of a uniformity by a family of pseudometrics. It would therefore be useful to find a
corresponding representation of T-uniformities by families of L-metrics.

From a categorical point of view, the category of T-uniform spaces is not completely
satisfactory, as it does not possess “nice” function spaces, making it Cartesian closed. Hence,
it makes sense to study completeness and sequential completeness also in the supercategory
of T-uniform limit spaces [17]. We will address this research question in the future.
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