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Abstract: It is well known that the sphere S®(1) admits an almost complex structure ] which is nearly
Kéhler. If M is a hypersurface of an almost Hermitian manifold with a unit normal vector field N, the
tangent vector field ¢ = —JN is said to be characteristic or the Reeb vector field. The Jacobi operator
with respect to ¢ is called the structure Jacobi operator, and is denoted by I = R(-, )¢, where R is the
curvature tensor on M. The study of Riemannian submanifolds in different ambient spaces by means
of their Jacobi operators has been highly active in recent years. In particular, many recent results deal
with questions around the existence of hypersurfaces with a structure Jacobi operator that satisfies
conditions related to their parallelism. In the present paper, we study the parallelism of the structure
Jacobi operator of real hypersurfaces in the nearly Kéhler sphere S°(1). More precisely, we prove that
such real hypersurfaces do not exist.

Keywords: real hypersurface; structure Jacobi operator; hopf hypersurface
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1. Introduction

If an almost Hermitian manifold (M, g, V, J) has a parallel almost complex structure
], i.e., \V, J = 0, then it is a Kdhler manifold. If, however, a weaker condition holds, that
is, if the tensor G(X,Y) = (VxJ)Y is skew-symmetric, the manifold is nearly Kéhler. It
was shown in [1] that nearly Kadhler manifolds are locally Riemannian products of six-
dimensional nearly Kahler manifolds, certain homogenous nearly Kéhler spaces, and
twistor spaces over quaternionic Kéhler manifolds with positive scalar curvature, endowed
with the canonical nearly Kdhler metric. It was proved in [2] that the only homogeneous
six-dimensional nearly Kédhler manifolds are the following compact 3-symmetric spaces:
the nearly Kahler six-dimensional sphere S°(1), the manifold S* x S3, the projective space
CP3, and the flag manifold SU(3)/U(1) x U(1), where the last three are not endowed with
their standard metrics.

The Jacobi operator with respect to a tangent vector field X of a Riemannian manifold
M with the curvature tensor R is provided by R(-, X)X, and is inspired in a natural way
by the well-known differential equation of Jacobi fields along geodesics. In particular, if
M is a hypersurface of an almost Hermitian manifold with a unit normal vector field N,
the tangent vector field { = —]JN is said to be characteristic, or the Reeb Vector field. In
this particular setting, the Jacobi operator with respect to ¢ is called the structure Jacobi
operator, and is denoted by I = R(-,&)¢.

The study of Riemannian submanifolds in different ambient spaces by means of their
Jacobi operators has been active in recent years. One of the reasons for this is that the con-
ditions provided in terms of the structure Jacobi operator generate larger families then the
analogue conditions provided in terms of the Riemannian tensor. In particular, many recent
results deal with questions of the existence of hypersurfaces with structure Jacobi operators
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that satisfy conditions related to their parallelism. In [3], the real hypersurfaces of the
complex space form with a Ricci tensor and structure Jacobi operator parallel with respect
to the Reeb vector field were classified, while in [4] it was shown that the hypersurfaces of
the complex space form with a structure Jacobi operator symmetric along the Reeb flow and
commuting with the shape operator is a Hopf hypersurface. In [5], the classification of the
hypersurfaces in complex two-plane Grasmannians with a structure Jacobi operator com-
muting with any other Jacobi operator or with the normal Jacobi operator was provided,
and in [6] it was shown that there are no Hopf real hypersurfaces in complex two-plane
Grasmannians with parallel structure operators. In [7], the class of real hypersurfaces
in non-flat complex space forms with generalized ¢-parallel structure Jacobi operators
was classified. In [8], the non-existence of the particular class of Hopf hypersurfaces in
complex two-plane Grasmannians was provided. The non-existence of real hypersurfaces
in non-flat complex space forms with structure Jacobi operators of the Lie-Codazzi type
was proven in [9]. In [10], the non-existence of real hypersurfaces in non-flat complex
space forms with recurrent structure Jacobi operators was shown. In particular, most of the
known results deal with Kéhler manifolds, where the parallelism of the almost complex
structure somewhat simplifies the calculations. Here, we want to initiate a similar line of
research with respect to the hypersurfaces in nearly Kihler manifolds, in particular, the
homogeneous six-dimensional sphere S°(1), in terms of its structure Jacobi operator. We
prove the following non-existence theorem.

Theorem 1. There exist no real hypersurfaces with parallel structure Jacobi operators in S°(1).

We note that the skew symmetry of the tensor G imposes a somewhat different
approach to analizing hypersurfaces in nearly Kahler manifolds compared to the one in
Kahler manifolds, necessitating the construction of a suitable moving frame along the
hypersurface.

2. Preliminaries

We denote by (,) and g, respectively, the standard Euclidean metric in the space R”
and the metric on S(1) induced by (, ). The corresponding Levi-Civita connections we
denote by D and V, respectively.

We will briefly recall the construction of the almost complex structure of S®(1). Namely,
one can regard the space R’ as the space of purely imaginary Cayley numbers O and use
the Cayley multiplication to introduce a vector cross product in R?, in the following way

1
UXv= E(uv—vu).

This cross product is well defined in the space R”. Moreover, if we denote by ey, . . ., e7
an orthonormal basis of R” then we have the following multiplication table.

X e e e3 ey es €6 ey
€1 0 es —en (] —e4 —ey (2
ep | —es 0 e1 €6 ey —ey —es
es| e —e O ez  —eg 65 —ey
€4 | —€65 —€g —€7y 0 e (] es
es ey —ey €q —eq 0 —e3 (]
ee | ez ey —es —er e3 0 —a
€7 | —ég es5 (] —e3 —e e 0

Any orthonormal basis or frame that satisfies the relations of this table is called a G,
basis or a G, frame. Then, for an arbitrary point p € 5°(1) and X € T,5%(1) we define a
(1,1)-tensor field | by

J,X =pxX.
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Then, one can show that J is an almost complex structure which is, moreover, Hermitian
and nearly Kéhler.

Let M be a Riemannian submanifold of the nearly Kéhler sphere S®(1) Then, the
(2,1)-tensor field G on S®(1) defined by G(X,Y) = (Vx])Y, where V is the Levi-Civita
connection on S°(1), is skew-symmetric and satisfies

G(X,JY)+]G(X,Y) =0, ¢(G(X,Y),Z2)+g(G(X,Z),Y) =0.
Moreover, following [11], we have
(VG)(X,Y,2) =g(X,2)]Y = g(X,YV)]Z - g(]Y, 2)X, M)

for the arbitrary vector fields X, Y, Z tangent to S°(1).

We denote by V and V+ the Levi-Civita connection of M and the normal connection
induced from V in the normal bundle T M of M in S°(1), respectively. Then, the formulas
of Gauss and Weingarten are respectively provided by

VxY = VxY +h(X,Y), VxN = —AnyX 4+ V%N,

where X, Y are tangent, N is a normal vector field on M, and / and Ay are the second
fundamental form and the shape operator with respect to the section N, respectively. The
second fundamental form and the shape operator are related by g(h(X,Y),¢) = g(AX,Y).
In addition, for the tangent vector fields X, Y, Z, and W we have the following Gauss and
Codazzi equations

R(X,Y,Z,W) = g(X,W)g(Y,Z) — g(X,Z)g(Y, W)
+g(h(X, W), h(Y,Z)) — g(h(X,Z),h(Y,W)), )

(VxA)Y = (VyA)X, ®)

where we denote by R the Riemannian curvature tensor of M, and consider that (VxA)Y =
Vx(AY) — A(VxY).

We denote by N the unit normal vector field of M and by { = —]N the corresponding
Reeb vector field. We denote by 7(X) = g(X, &) a 1-form on M. For a vector field X tangent
to M, we set JX = ¢(X) + 17(X)N, where ¢(X) is the tangential component of JX. It then
follows that ¢ is a (1,1) tensor field on M and that (¢, ¢, 77, g) defines an almost contact
metric structure on M, that is,

P =T+ (@) =1, no¢ =0, 9(@) =0,

and g(¢X, ¢Y) = (X, Y) —n(X)n(Y) for X, Y tangent to M.

Let D = Kernp = {X € TM | n(X) = 0}. Then, D is a four-dimensional smooth
distribution on M, which is J-invariant.

A real hypersurface of an almost Hermitian manifold is Hopf if ¢ is principal, that is,
if AC = a¢ for a certain function & on the submanifold. Recall, see [12], that, for a Hopf
hypersurface in S°(1), the function a is a constant. Namely, from (3), by taking X = ¢, we
obtain that

(Ca)g(E,Y) +ag(VE,Y) —g(AVyE,Y) = (Ya) — g(AVYE, §).

Hence, Yo = (¢a)g(¢, Y).Note that, since there are no 4-dimensional almost complex
submanifolds in 86(1), see [13], the distibution D is not integrable and there exist vector
fields X, Y € D such that [X, Y] has a non-vanishing component in direction of . Then
0=[X,Y]a = (¢w)g([X,Y], ) yielding o = 0. Consequently, « is a constant.
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The classification of the Hopf hypersurfaces of the sphere S°(1) is well known; see [12].
Such hypersurfaces are either totally geodesic spheres or tubes around almost complex
curves. Hence, every Hopf hypersurface in S°(1) has exactly one, two, or three distinct
principal curvatures at each point. The umbilical varieties are open subsets of geodesic hy-
perspheres with a principal curvature « of multiplicity 5, while the non-umbilical varieties
are open subsets of tubes around almost complex curves. If M is an open part of a tube
around a totally geodesic almost complex curve in 5(1), then M has exactly two distinct
principal curvatures, namely, a of multiplicity 3 and p of multiplicity 2. Alternatively, if M
is an open part of a tube around an almost complex curve of type (I), (II), or (III), then it has
three distinct principal curvatures, & of multiplicity 3 and p and A of multiplicity 1; see [14].

3. The Moving Frame for Hypersurfaces in S°(1)

Here, we present one of the more convenient moving frames to work with and the
relationship between the connection coefficients in it; for details, see [15]. We also refer
readers to [16-18].

For each unit vector field E; € D, let E; = JE1, E3 = G(Eq,¢), E4 = JE3. Then, the
set {Eq, Ep, E3,E4, E5s = €} is a local orthonormal frame on M; see [15]. Moreover, the
following holds.

Lemma 1 ([15]). For the previously defined orthonormal frame, the following relations hold:

G(E1, E2) =0, G(E1, E3) = —¢, G(E1,Es) =N, G(Ey,¢) = E3,

G(E1,N) = —E4, G(Ez, E3) = —N, G(Ez Eq) =¢, G(E2,§) = —Eq,

G(Ez, N) = —Ej3, G(Eg, E4) =0, G(Eg,é‘) = —E, G(E3, N) =E,,

G(E4§) = Ea, G(E4,N) =E 4)

Note that such a moving frame is not uniquely determined and depends on the choice
of the vector field E; € D.
For one such frame, let us denote by

8l = (DE,Ej, Ex), hij = (Dg,E;,N), 1<i,jk<5. (5)

The connection D is metric and the second fundamental formsymmetric, meaning that

we have gff]- = —gJik and hjj = hj;.

Lemma 2. For the previously defined coefficients, we have

8%2 = _8%1r 8%2 = g%l/ hy = _8?2/ hip = 8?1r
3 4 4 3 5 5 5
822 = —&21/ 822 = 821/ 822 = — 811/ ha = g31,
8 =~ 8% = S/ hs=1-8%, hos = &1,
3 _ _ 4 4 _ 3 h:—S h:—1+5
812 841/ 812 = 841/ 14 842/ 24 841/
3 1 _ ot 4 _ 3 e — — 0P fos — o3
852 851/ 852 = &51/ 15 852/ 25 = &51/
8 =2+80 8 = —813 1=~ g =2+
h3s = —84s, h3s = &35, a1 = —8% has = 833,
h3s = —g3, hys = g2

Proof. The above Lemma follows from (4) and the relation
Vx(JY) = G(X,Y) + J(VxY)

by taking X € {Ey,...,{}and Y € {Ey,..., i, N}.
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For X = E1,Y = Eq, we obtain

3 _ 4 4 _ 3 _ 5 _ 5
812 = 811/ 812 = 811/ hi1 = —g12, hia = 871

For X = E;,Y = E{, we have

3 _ 4 4 _ 3 5 _ _ 5 _ .5
822 = —821/ 822 = 821/ g = —hp = —g7, h2 = &3

The other relations follow in a similar way. [
Lemma 3. The differentiable functions (5) satisfy

8% = gt + 81 831 =~ — &5 83 = 831+ $5

8% = —8h — 8is hss = —g51 — 85- (6)
Proof. By taking X = E;,Y = E;,Z = E3 in (1), we obtain that g2, = g%, + &;. Similarly,
by taking X = E;,Y = E;,Z = E3, we obtain ggl = —g%l — g§3 and for X = E3, Y = Ej,
Z = E3, we obtain g2, = g3, + g3, Finally, for X = E4, Y = E;,Z=E;and X =¢, Y = E;,

Z = Ej, respectively, we have g2, = —g7; — g1, and his5 = —g2; — g&; which completes the
proof. [

If the hypersurface M is not Hopf, then the vector field A¢ has a non-vanishing
projection A(&) — g(Ag, ¢)¢ on D and therefore, there is a unique smooth vector field
E; € Dsuchthat A(¢) — g(A¢,¢)¢ = BE1, B > 0. If M is a Hopf hypersurface then we have
that A¢ = «¢. Thus, for any smooth vector field E; € D we may write A = 0- E; + «¢.
Hence, regardless of the case there exists a smooth vector field E; € D and differentiable
functions « and B such that

AG = BE1 +ag. @)
Because the components of A¢ in the direction of Ej, E3, E4vanish, we have

4 _ 2 4 _ 2 4 _ 2
813 =815 823 = —&21/ 833 = —&31/
4 _ 2 4 _ 2
843 = 841/ 853 = —851 — &.

Now, we can use the Gauss equations to obtain further relations between the coeffi-
cients. In the following Lemma, we list those that we directly use in further calculations.

Lemma 4. For the coefficients (5), the following relations hold:

E(gh) = 14 (811> + 812831 — 81385 T 812851 + 81851 + 813851 — $u8an
+2881 + 823851 + 814 (2+ 855 + 851) — gha + 81 — B
E2(833) = —8n1851 T §12831 T 851853 + 831833 — 812841 — §91841 — 813841
+ 85480 — 2841 — $3811 — 814831 + 841) + 821833 + 8138 + 8348 + Ea(811),
E(83) = 81383 T 814815 — 814851 + 823851 + 811(875 — 831) — & + 8338
+ 833851 + 802 (1+ 855 + 851) — 28740 + g1 B,
E(834) = —8148% T 813834 T 813831 T+ $248%1 + 812834 — 821) + 88
+ 81187 — 851) — 833851 + 28134 — 811B,
E(831) = 2821 + 2833831 + 843 +2851) + 871 (—28% + &) + 8518,
E1(833) = —811813 T §14851 T §11851 — S11851 — 891853 — 811804 — §18%
— g1 (8 +8%) + 81185 — 851833 — 821812 — 28548 + E2(833),
E2(833) = —813851 — 811831 — 81891 — 891854 — 82183 + 2801841 — 281
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— 2853801 — 2854811 + 82138435 + Ea(8215),
C(833) = —83% + 83383 + 84815 T §1a851 — §24851 — $21851 — 83851
+873(851 — 881) — &1 (1 + 835 + 851) — 28244 + 8215,

E1(g24) = —811814 — 813821 + 812851 + 811821 — §11831 + 81183 — 821834
+871(871 — 83%) + 82183 — &118% — 821834 + B +2833B + E2(834),
Ex(854) = —gaga1 + 811851 — 821851 + 85183 — 2811851 + 2831 + 28385

+2834851 — 83183 — 821834 — E3(831),
E4(834) = _8?3g§1 - gg4g§1 - 831831 - 8?18% - 8311833 - 8?4821 + 833821
+818h — 8584 — 81841 — 884 + 83181 — Fa(83),
C(834) = —83483% — 834 T 823834 + 814(831 — 851) + 833851 — 83831 T
+ 801 (=834 + 831) — 821851 — 82831 + 28534 — 1B,
Ex(83) = 2821 + 814821 T §21833 + 821834 + $34851 + 821851 + &85
+833(—831 + 851) + 83183 — £518% — $51813 — 83181 + Fa(833),
E(833) = 3 — 813854 + 881z — $u831 — 813851 — 813851 + 28 + (8%)°
+288; + 8333+ 851) + 874 (1 + 833 + 8581) — 2834 — 8330 + 8318,
E1(g3) = —2871(1+ 834) + 2811854 — 873831 — 8831 + 812831 + 81185
+28718% + 83183 — 831834 + 3838 + Ea(g7a),
E2(g34) = —2(1+874)831 + 2851824 + 814851 — 853831 — §11831 + 831851
+28519% + 83183 + 831834 + Ea(g34),
Ea(833) = —2873821 — 2851 (1 + 833) + 2831835 + 813841 + 854841 + 2181
+8n8n + 858t — 811833 + Ea(833)-

Proof. By taking X = E;,Y = ¢, Z = E;, W = ¢ into the Gauss Equation (2), we obtain that

G(gh) = 1+ (891)° + 802831 — 813854 + 812851 + $21851 + 813831 — S8
+ 2851 + 823851 + 814(2 + 833 + 851) — 8T + 1P — B
Similarly, the second and third equations are obtained by taking X = E1, Y = Ey4,

Z=E,W=_and X =Eq,Y =, Z = E3, W = ¢ into (2). The other equalities follow in a
similar way. O

Now, by taking the results of Lemma 4 and calculating the Gauss equation for different
choices of the vector fields appearing in it, we can obtain the covariant derivatives of
coefficients in various directions. Here, we omit most of the obtained expressions due
to the length of the list. However, we note that by taking (X,Y,Z, W) = (E, E3, E3, E4),
(X,Y,Z,W) = (Ep, E4,E3,E4),and (X,Y,Z,W) = (E3, E4, E3, E4) in (2), we obtain the last
three equations, respectively, in the following lemma as a result.

Lemma 5. The functions (5), , and B satisfy

E3(B) = —831(3 +2874) — 2872854 + 833 + 287483 — 281383 — (833 + §24)2 + 811,
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E4(B) = 2871873 + 872(3 +2833) + 283383 + 833 T 2874833 — §14 + 8330 + 20 + 811 B,

0= (3+2834)851 — 2(g11 + 83)8 + 834 (1+2833) + (833 — g1 — 2)a + (831 — 831)B, ®)
0= g71(3+2833) — 83 — 285383 — 2824815 T $oatt + 833(—283 + &) + (851 — 821)B, )
0 = 2873854 — 4 — 3853 — 834(3 +2823°) — 2(833)* — 29348455 + 834

— 8230+ (g3 — 831)B = 0. (10)

4, Proof of the Main Theorem
Let n;‘j = g(VE(IEj) — I(VEE]), Ex). The condition of the parallel structure Jacobi
operator is equivalent to ni-‘]- =0,1<14j,k<5.

From ngi =0,1 <i <4, using Lemma 5, we have, respectively,

ghap=0,  (1+gw)p=0,  gup=0  (1+ghlap=0 (1)

We now treat the cases of Hopf and non-Hopf hypersurfaces separately.

Case 1: Suppose that M is a Hopf hypersurface, i.e., = 0, ¢ is an eigenvector field
for the shape operator A, A¢ = «¢. Then, see Preliminaries, « is a constant.

We have from Lemma 5 and E;(B) = 0,i = 2,3, 4 that

81+ 835 +2((871)% + 812831 + §14835 — §13834) + (31 — 8)a =0,
835 — 871(3 +281) + 2(8748% — 872834 — 813834) — (873 + 854)a =0,
8123 +2833) +2833(811 + 83) + 835 + 2874833 + (2 — 814 + 833)a = 0. (12)
Recall that the principal curvatures are continuous and smooth functions, and that,
around any point in M, there is a local orthonormal frame, consisting of principal directions,
diagonalizing the shape operator. Note that in this case we have the freedom to choose
the vector field E; € D. Therefore, let us take E; to be an eigenvector field for the shape

operator A, corresponding to the eigenvalue that we may specify a few steps later. As
AEy = —g3,E1 + 83, Ea — (1+ 83,) E3 + 8734, we have

5 5 5
g =0 giu=-1 gi3=0

thus, &(g3,) = 0, while from Lemma 4 we have

835+ $248%1 + 812(854 — §21) + 834851 — 833851 =0 (13)

From ”%5 = 0, we have

833 +2(833)” + 2834835 + 810 + 8128234 — g = 0,
thus, if we add this up with (10), we obtain
~1+gh(1+g3)x — ghsn =0,

therefore, « # 0. From
0 =35 = — (802854 + 8%,

we obtain g3, = —¢3,¢5,, thus, the second equation of (12) becomes —g3,(g3, + a) = 0.
As a # 0, the Hopf hypersurface M is not totally geodesic, and is therefore part of
the tube around an almost complex surface. Therefore, there exists an eigenvalue for the
shape operator A different from «. We may assume that the vector field E; is such that
its corresponding eigenvalue —g3, # a. Straightforwardly, it follows that g5, = 0 and
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935 = 0. Then, from Lemma 4, E;(g3;) = 0, &(g3;) = 0 and E4(g3,) = 0. Thus, we obtain,
respectively,

E3(833) = —821(1+ 833) — 21831 + 851834 T 851833 T S 833/
2+ 831+ 823(2+ 831) + 834(833 — 831 — 20) — 833(85 + &) =10,
8§31+ 821833 + 801 T 23851 — (831 T $34)811 — 851(834 + 833) = 0. (14)

Now, Equation (8) and the third equation of (12)reduce to ggl =—(1+ 2gg3) gg4 +
& — g and g5, = ¢3,(3 +285;) + (3 + 5;)a. By subtracting (10) from the first equation
of (12), we obtain 4(g3, + ) (g3, + &) = 0; furthermore, g3, = —a. Then, Lemma 4 yields

0=FE1(g3) = g (8% + 1),
0=Ex(g3y) = —(1+83)85 + 831 (831 — ), (15)

and g%:O. Therefore, (13) becomes —gg’l (85, +a) =0, 50 gg’l = 0. From (8) and (10) we
obtain, respectively, g3, — (2 + g5;)a = 0 and —1 — g3, + g3;& — a® = 0; thus,

1 —a=(1+g3)a = (g3; —a)a’. (16)
From the previous, we have
AE; = —g}Ey, AEy =g Er+ (1+8%)Es,  AE3 =uks,
AEy = (1+83)E2 +833Es, AL =al. (17)

If we assume that g3; = «, from (16) we have 1 + g5, = 0and g5, = &, and because (17),
we can find that Ej, E3, E4 and ¢ are eigenvectors with eigenvalue « and that E; is an
eigenvector with eigenvalue —g7, # a, which is a contradiction.

Thus, g3, # a. From (16), we have g3, = (g3, — #)a — 1 and g3, = (g3; — a)a® + a.
Now;, the second and third equations of (14) and (15) become, respectively,

(835 — @) (—g31 + 851%) =0,

(833 — @) (851 — a(83) + &1 — gna)) =0,

(333 — @)a(—g5; + g3a) =0,

thus, g2, = ¢4 a, g3, = a(g3; + 83, — §4,a) and g3, = ¢3,a. From
0=FEax(g3— (s —a)a+1) = (g3 —a)(g3 —gna)(1+a?),

using Lemma 4 we can obtain g5, = g3;#. Now, from

0 =5, = a(ghs — a)(—1+g50),
we have g3,a = 1. Finally, by putting this into

=nfs = —1— g0’ + gpa(—1+ ghn) = =1 —a?,

we obtain a contradiction.
Case 2: We now assume that M is not a Hopf hypersurface, i.e., that B # 0. Then, the
second equation of (11) implies a # 0; thus, from (11) we obtain

81 =0, S =—1, 84 =0, §5 = —1. (18)

Further, from Lemma 4, we have
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Lemma 6.

0=8(8h) = 1+ 851831 + 875851 + 851 + g1a(1 +g51) + (811 — B)B
+812(851 + 831 — ), (19)
0 =E1(g) = —gh (1 + &74) + (80 + 851)831 + 813831 + 831 + 81483
—8118% — 811 (851 +83%) + 2+ &10)B,
0 =E4(834) = —g13851 — (1 +814)851 — 833(831 + 811) — $34841 + 83183
— $51(831 +8n),
0 =8(834) = =283 + 874(831 — 851) — 851 — 83851 — (51 + 834)85
—8np—a (20)
0 =Ei(g33) = —&1183% — (81 + $H1)8h — (1 +g04)gh + &1 (— 31 + 83s)
—815(8h1 + 8 — B,
0=C(g3) = &13(8%1 — 851) — 821831 + 81851 — 83(2+ 831) + g -

Then, from E»(g3,) = 0 and E»(g3;) = 0, we have
E3($51) = —(1+ g1) 831 — £18% — $51(851 +834),
Eq(831) = 813851 + 85183 + 8&1(831 — 833)- (21)
Now, by using Lemmas 4 and 5 and (21), from E;( gglzx) =0,i=2,3,4, we obtain
Ex(g51) = —(831)° (3831 — 831 — @)B,

31808 — (1+874)831 + 83183 + 821 (831 + 834))a =0,
8138510 + 821830 + 831 (831 — 833)% + 831 (—2 + g31)B = 0. (22)

Further, from 0 = n}; = —gj,a and 0 = n3; = g3;, we have g3, = 0 and g3, = 0;
hence, the following holds.

Lemma 7.

0=Ex(833) = —(1+874)851 + 83183 + 812(831 — 811) — $1841 — (1 + 834)841 + 21835

0=C(g73) = — 831 + 83851 + (832 + 833)881 — @ + 8118 + 814 (833 — 831 — 2a0), (23)
0 = Ex(833) = 821 + 814821 + 83183 — 83183 — (831 + 831)833/
0=2(33) = 8a1(1+ 874) + 934(835 — 831 — 20) — 835(8%1 + &) + g3, - (24)

Lemma 8. The coefficients in (5) satisfy

33 — 9341+ (833)%) — 831 — £31(3 + 834 + 831) — S145(8%1 + 833851)
o+ (834 + 823) (831 + 833(8%1 +0)) — 8518 — 83188 =0, (25
1+ 83, +835(851 +8%) =0,
g4(22 _2(5 4 5)4 Tt 5(_25 +22 +3a)_24‘3):0
41\4851 812 T 843)851 814 843 851 811 s
—(1+g74)85a =0,
—gn1 + (831 + 834)841 + (831 — 831)83 = O,
8+ 8ux =0,
4 5 5 5\/.2 _
—g11(1+874) + (834 + 823) (g1 + B) =0,
8 (1+ g30) =0,
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(1+834) (gT1& — gth)
$51(234 +8%)
(1+87,) (1 +8518%)
—(851 + B4)gha = 0.

7

0
0,
0,
0
Proof. From (9), we have (—g3, + ¢3,)B = 0, and therefore, g%, = g3,

Now, by taking n3; = 0, we obtain the first relation of the Lemma.

Further, it follows that (25) + g35(24) + (8) — (20) = 0, and we have g3, — (1+ g7, )& —
gg’ 4 gi3a = 0. If we multiply this by g3, and use g3,& = —1, we obtain the second relation of
the Lemma.

Now, the sum of the third relation of Lemma 6 and the third relation of Lemma 7 and
the first relation of Lemma 7, respectively, reduce to

— (91 + 4)8h — $51(834 + 833) =0,
$35(831 + 834)831 + 833(851 + 834)841 + 831 (— 851 + 833) =0 (26)

If we multiply the first relation of (26) by g435 and add it to the second, we obtain
(€31 — 833) (—821 + 85183) = 0.

If we assume that g3, = ¢35, from the last relation of Lemma 6 we have g3; = 0. On
the other hand, if we assume that g3, = ¢3, 95, first, by using the second relation of the
Lemma we obtain g5, ¢2, 8 = 0 from the first equation of (22), thus, g2, = 0. Then, from the
last equation of Lemma 6, we have g3,¢3,8 = 0; thus, 0 = g%,¢3; = g3;. In both cases, we
have g3, = 0.

The third relation of the Lemma now follows directly from n3; = 0.

The fourth relation is obtained as the sum of the third and the product of (23) by 2¢%;.

Note that the second relation of (26) has now become

(831 + 834) (831 + 841)835 = 0.

From the forth relation, using the second relation of the Lemma we have 0 = —(1 +
981 = (931 + 854)83:84,; thus, from the second relation of (26), we obtain 0 = g3;(83; +
gg4) g5 = (1+¢3,)95;- Now, the first relation of (22) becomes g3, gg’l B = 0, therefore, it
holds that g3, = 0.

Using the second relation of the Lemma along with B # 0, from &(1 + g3, + §35(85; +
824)) = 0 we can obtain the fifth equation.

The sixth equation follows from n3; — (24) + ¢5,(23) = 0 by taking g5,a = —1.

Because n; — (B+g3,) (2 (24) + (10)) — g7, (2 (20) — (8)) = 0, we obtain the seventh
equation.

The eighth equation is deduced from ns — g3,((24) + (10)) + §3,(20) = 0, and the
ninth then follows from g5, (1}, + g3, (19) — g, (2 (20) — (8))) — g3, (n35 + (20) — (8)) = 0.

From n, — g% (2 (24) + (10)) = O,nks + (20) — (8) - g3, (ks — £35((20) — (8))) =0
and n%; + g1;((19) + (24)) = 0, respectively, we obtain g3, (3, + g35)¢ = 0, and the tenth,
eleventh, and twelfth relations are obtained. [

Now, we consider the ninth relation of Lemma 8.

Case 2.1: We first assume that g? 4 = —1; then, from the sixth relation of Lemma 8 we
have g3, = —g5; and from the eight we have g3, = ¢5,.

From Lemma 4 and 0 = &(g3,) = —g3, 8, we obtain g3, = 0. From 2 - (20) — (8) =0
and the second relation of (22) we have, respectively,

—(831 +831)B =0, $1(—2+81)B=0,
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thus, g3, = —g5, and g2, = 2. The fifth relation of Lemma 8 then yields g3, (8%, — $3;) =0,
thus, g3, = ¢3,. As g3, + g3, = 0, from E(g3, + &5;) = 0 and using Lemma 4, we obtain

($31)%(—3831 + 881 + 1) =0,

thus, we have g2, = 3¢3, — a. If we multiply (24) by two and add it to (10), we have
(83 + 83)B =0, thus, g3, = —g3;. Finally, if we add 2¢3, 8 to (10), we obtain 25, (g5, —
a) = 0; thus, ggl = a. Now, from (18), we have —1 = ggloc = &2, which is a contradiction.
Therefore, g7, # —1, 83, # —83,and g5 # —83y-

Case 2.2: From the tenth relation of Lemma 8 we have g3, = 0, while the twelfth yields
¢4 = 0and the eleventh g3, = a.

From the third relation of Lemma 6 and the fifth relation of Lemma 8 we have,
respectively, ¢3,(—g5 + ) = 0and —g3; — g3« = 0. If g5, = a, we have a contradiction;
thus, g3, = 0 and g3, = 0. Furthermore, from the eighth relation of Lemma 8, we have
g3,(1+a?) = 0; thus, g3, = 0 and the second yields 1 + (5, + §3,)# = 0, meaning that
g3, = 0. Now, from the ninth and seventh equations of Lemma 8 we respectively obtain
g1 = g3« and aBf = 0, which is a contradiction.

This completes the proof.
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