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Abstract: A new class of regulators on the basis of the second-order sliding mode control is proposed.
For the second-order system with smooth disturbances, special feedback is chosen with a discontinu-
ous component and a radical function component. The synthesized control law provides a transient
oscillatory process with decaying amplitudes, which converge to zero in finite time. In contrast to
existing algorithms, the condition of homogeneity of the closed-loop system differential equations
is omitted. In comparison to the "twisting"-algorithm, which is well known, designed feedback pro-
vides an invariance property with respect to smooth external perturbation with less relay amplitude.
With the help of a special Lyapunov function, the convergence proof is considered by using the
averaging approach. It is shown that the average oscillation period convergence speed is strictly
negative, and the estimation of the convergence time is presented. The simulation results of the
designed control law for the one link robot-manipulator are presented, which shows less steady-state
oscillations in comparison to existing approaches.

Keywords: finite time convergence; invariance; second-order sliding mode; discontinuous control;
external perturbation

MSC: 37N35; 93C10; 93D05

1. Introduction

The sliding mode technique is a well-known method suitable for solving control
and observation problems for systems under the influence of external perturbations and
mathematical model uncertainties [1,2]. There are three main properties concerned with
the sliding mode control approach:

• finite time convergence to the sliding manifold;
• full suppression of bounded external perturbations, which belong to the control space;
• reduction of the dynamical order of the system during motion along the sliding manifold.

The conventional sliding mode technique implies that the control input appears after
the first differentiation of the sliding manifold [1,2]; in other words, the relative degree of
the sliding manifold is equal to one. For the systems where the relative degree is greater
than one, higher-order sliding mode methods have been developed, which have attracted
considerable research interest in the last three decades[3–8]. In this paper, the new second-
order sliding mode control law is developed. According to the definitions [5,8,9], for the
second-order sliding mode, the relative degree is equal to two and the trajectories of the
system converge to the intersection of the sliding manifold and its derivative in finite time.
It is proposed to modify the, so called, “twisting” algorithm [5] by excluding one of the
discontinuous components from the control law. This can be done with the help of the
recent results in the invariance theory [10,11], with the help of the “vortex” algorithm. The
proposed class of regulators is not a combination of any algorithm. We propose another
paradigm. The designed control input includes continuous and discontinuous components.
The discontinuous one provides nonlinear oscillations in the closed-loop system as it was
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done in “twisting” [12] or ”super-twisting” algorithms [13–16] and their modifications
[12,17,18]. The continuous component yields the amplitudes of the oscillations to zero
in finite time. The continuous term is the sum of the linear function and non-Lipschitz
function [19]. In this paper, the radical function with power from zero to one is chosen
as the non-Lipschitz candidate function. The continuous component has an infinite gain
coefficient in origin, and this feature causes the finite time convergence property of the
closed-loop system. It is necessary to note that using feedback with an arbitrary radical
function has not been considered previously in the second-order sliding mode controllers,
and the convergence proof for such a type of function is the challenge. From other points
of view, the super-twisting algorithm supposes that the control input appears after the
first differentiation of the sliding manifold. In our problem statement, the sliding surface
must be twice differentiated to get the control input on the right-hand side. This is the
main distinction with respect to the super-twisting algorithm and all its modifications, and
it corresponds to the restriction on the class of the control plants for the super-twisting
control methodology. The main advantage of the proposed controller is the reduction of the
discontinuous term amplitude, which can be chosen as two times less in comparison to the
”twisting” algorithm. This is a very valuable result for adaptive [12,16] or modified [17]
”twisting” controllers, where the tuning relay bounds may be twice reduced from below.

It is necessary to note that all properties discussed above are valid only for the “ideal
sliding mode”, which implies infinite switching frequency of the discontinuous control
input [1]. In real practice, application designers and engineers must consider the “real
sliding mode” with a finite switching frequency when the trajectories of the system belong
to some small ∆-vicinity of the sliding manifold. This phenomenon is called the “chattering”
effect [1,7], and it is concerned with imperfections of the discontinuous functions in the
real world. During “chattering”, the small amplitude oscillations appear in the output
variable, which causes extra heat losses, time life reduction of the mechanical parts of the
plant and low control accuracy. The steady-state oscillations amplitude strictly depends on
the discontinuous control bounds, and one of the direct ways to decrease “chattering” is to
reduce these. This idea is realized for the “twisting” second-order sliding mode algorithm,
which is modified by the approach proposed above.

This paper is organized as follows. In Section 2, the basic definitions are introduced,
and the main methods used in the paper are described. The problem statement and main
idea of the synthesis of the proposed control law are presented in Section 3, and the
properties of the radical function are also discussed. In Section 4, the convergence of the
closed-loop system with the combined control law containing arbitrary radical function and
discontinuous components is proven by qualitative analysis of the transient process and the
Lyapunov function method is applied to prove the finite time reaching of the second-order
sliding mode set and to get its reaching time estimation. The efficiency of the designed control
laws is demonstrated in Section 5 for the one-link robot manipulator regulation. Finally, in
Section 6, some concluding comments about the presented results are given and further
investigation directions are discussed.

2. Basic Definitions and Methods

Consider the dynamical system

ẋ = f (t, x) (1)

where x ∈ Rn is the state space vector, t is the time, f (t, x) = ( f1, f2, ..., fn)T, f (t, x) is the
piece-wise continuous vector function in a finite domain G of an (n + 1)-dimensional space
that undergoes discontinuities on the manifold

s(t, x) = 0, s ∈ R.

Definition 1 ([20]). The solution of (1) is a continuous vector function x(t) determined in the
time interval I, for which the differential inclusion is fulfilled almost everywhere.
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ẋ ∈ F(t, x), (2)

where set F(t, x) contains one point if f (t, x) is continuous, and if f (t, x) is discontinuous, the set
F(t, x) is given by

F = convF0(t, x), (3)

where F0(t, x) is the set of all possible limits of f (t, x) as x∗(t) /∈ s(x, t) = 0, x∗ → x, where x∗ is
the continuity point of f (t, x); conv means convex closure.

Definition 2 ([5]). Let Γ be a smooth manifold. The set Γ itself is called the first-order sliding
point set. The second-order sliding point set is defined as the set of points x ∈ Γ, where F(x) lies in
the tangential space TyΓ of manifold Γ at the point x.

Definition 3 ([5]). It can is said that there exists the first (or the second)-order sliding mode on
the manifold Γ in the vicinity of a first (or second)-order sliding point x0 if, in the vicinity of the
point x0, the first (or second)-order sliding set is an integral set, i.e., consists of the Filippov’s sense
solutions.

Consider the closed-loop control system

ẋ = f (t, x, u), (4)

u = U(t, x, ζ), (5)

ζ̇ = Ψ(t, x, ζ), (6)

where u ∈ R1 is a control input, which may be chosen in an appropriate way, U is a feedback
operator, ζ is a special auxiliary parameter. The initial value of ζ may be defined by a special function
ζ(t0) = ζ0(t0, x0) or considered to be arbitrary.

Let s(t, x) = 0, s ∈ R1 be the desirable constraint s ∈ C1, ∇xs 6= 0.

Definition 4 ([1]). With the help of an equivalent control method, the motion of system (4) with
s(t, x) = 0 is described by the equation

ẋ = f (t, x, ueq(t, x)),

where ueq(t, x) is the equivalent control that is evaluated from the equation

ṡ = s′t(t, x) + s′x(t, x) f (t, x, ueq(t, x)) = 0, (7)

where s′t, s′x are the corresponding derivatives.

Definition 5 ([5]). Equations (5) and (6) are called the first and second-order sliding algorithms on
constraint s(x, t) = 0 if a stable sliding mode of the first (second)-order on the manifold s(x, t) = 0
is achieved, and with every initial condition (t0, x0) the state x is transformed to the sliding mode
in finite time.

Definition 6 ([5]). Let (t, x(t, ε)) from (4) be a family of trajectories indexed by ε ∈ R with the
common initial condition (t0, x0), and let t ≥ t0 (or t ∈ [t0, T]). Assume that there exists t1 ≥ t0
(or t1 ∈ [t0, T]) such that on every segment [t′, t′′], where t′ ≥ t1 (or on [t1, T]), the function
s(t, x(t, ε)) tends uniformly to zero with ε tending to zero. In this case, we call such a family a real
sliding family on the constraint s(x, t) = 0. We call the motion on the interval [t0, t1] a transient
process and the motion on the interval [t1, ∞] (or [t1, T]) a steady-state process.

Definition 7 ([5]). Let γ(ε) be a real-valued function such that γ(ε)→ 0 as ε→ 0. A real sliding
algorithm on the constraint s = 0 is said to be of the second-order with respect to γ(ε) if, for any
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compact set of initial conditions, and for any time interval [T1, T2], there exists a constant C, such
that the steady-state process satisfies

|s(t, x(t, ε))| ≤ C|γ(ε)|2

for t ∈ [T1, T2].
Let (t, x(t, ε)) be a real sliding family with ε→ 0, t belongs to a bounded interval. Let s(t, x)

be a smooth constraint function, and r = 2 be the real sliding order with respect to τ(ε), where
τ(ε) > 0 is the smallest time interval of smoothness of the piecewise smooth function x(t, ε).

Proposition 1 ([5]). If the derivative ṡ(t, x(t, ε)) is uniformly bounded in ε for the steady-state
part of x(t, ε), then there exists a positive constant C1 such that for the steady-state process, the
following inequality holds

|ṡ(x, t)| ≤ C1ε.

There are not so many methods for investigation of the systems with higher-order
sliding modes. One of the most used approaches is to provide, if it is possible, the ho-
mogeneity property of the closed-loop system with an appropriate choice of the control
input [6,21,22]. In particular, if an asymptotic convergence of the closed-loop system
is proven, then for the system of homogeneous differential equations, it leads to finite
time convergence. The homogeneity requirement restricts the class of systems and control
algorithms that can be used during feedback design.

The classical Lyapunov functions method [23] has been extended for the systems with
differential inclusions (2) in [24,25]. In [26], a non-smooth Lyapunov function is used to
prove the finite-time convergence of the closed-loop system with one of the second-order
sliding mode control algorithms.

The modification of V.I. Zubov’s method [27–29] for finding the appropriate Lyapunov
function for the second-order sliding mode algorithm is proposed in [30–32].

The difficulties of the evaluation of a suitable Lyapunov function are slightly relaxed
in [33], where an alternative approach on the basis of the combination of the Lyapunov
method and the averaging approach [34] is introduced for the stability proof. This can be
performed by evaluating the average decaying rate of a positive semi-definite function of
the state space variables. If the upper negative bound is found for the average decaying
speed, then it yields to the second-order sliding mode. This method is used in this paper for
the finite time convergence proof and its estimation. The benefit of this approach is that only the
upper bound of the average descending speed of some positive semi-definite function must be
estimated, and only the functions for which this estimation is negative must be found. Due to
this methodology, in the oscillation period, the derivative of the Lyapunov candidate function
may be positive for some time interval, and in this period, only the averaged derivative must
be negative. This alternative way sufficiently simplifies the search for the Lyapunov candidate
function.

The methods of the classical mathematical analysis [19] are used as an auxiliary tool
during each proof step.

3. Problem Statement

Consider the system
ṡ1 = s2,
ṡ2 = u + ξ(t),

(8)

where s1, s2 ∈ R are the measured state variables, u ∈ R is the control input,
|ξ(t)| < Ξ = const > 0 is an unknown function of external perturbations of the sys-
tem, which is assumed to be bounded and differentiable with respect to time:

|ξ̇(t)| ≤ Ξ = const > 0, (9)

the constants Ξ and Ξ are known.
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The problem of the stabilization of state variables in a finite time is stated in

s1(t) = s2(t) = 0, ∀t > tr (10)

by synthesis, the static feedback u = U(s1, s2). The constant tr is not predetermined, and
only its existence and evaluation are investigated.

4. Main Result
4.1. Motivation

There exists the well-known “twisting”, algorithm [3–5], which solves the stated
problem (10). According to this feedback law, the control input is chosen in the form

u = −M2 sign(s2)−M1 sign(s1), (11)

where M1 = const > 0, M2 = const > 0, (·) is the sign function

sign(y) =
{

1, y > 0;
−1, y < 0,

for y = 0 the solutions of the closed-loop system are (8), (9) and (11) are understood in
Filippov’s sense of (2) and (3), sign(y) ∈ [−1, 1].

In [1,5,21,30,31], it was proven that “twisting” is a second-order sliding mode algo-
rithm (Definition 5) under conditions

M1 > M2 + Ξ, M2 > Ξ. (12)

All second-order sliding mode algorithms are based on relay feedback [7,9], which pro-
vides an oscillatory character of the transient process for system variables. Adding to relay
some signal that dissipates the energy, the asymptotic or finite-time convergence of controlled
variables to zero can be established. In [10,11], it was shown that using the static feedback

u = −αs2 −Msign(s1), M > Ξ, α(M− Ξ) > Ξ, (13)

in (8) leads to asymptotic convergence of the variables s1 and s2 to the origin. The control
algorithm (13) was named “vortex” due to the image of the transient process. Moreover, if
the twice differentiable disturbance is included on the right-hand side of the equation for s1,
then the asymptotic convergence is provided for the “unmatched” perturbation (out of control
space).

The nonlinear oscillator is organized by the relay component −Msign(s1), and
the −αs2 component, such as viscous friction, ensures energy dissipation in the closed-
loop system. According to the stated problem, the dissipation component may be chosen
in such a way to provide finite time convergence. In this paper, it is proposed to add a
radical function to the feedback. It is well known [35–37] that the differential equation for
scalar variable y with the square root function

ẏ = −
√
|y|sign(y)

has the property of finite-time convergence. In the next subsection, a radical function will
be used in the control law to provide the finite time convergence property.

4.2. Control Algorithm Choice

In this subsection, the following control input is introduced

u = −αs2 − α|s2|βsign(s2)−Msign(s1), β = const > 0, 0 < β < 1;
α(M− Ξ) > Ξ, M > Ξ, α = const > 0, M = const > 0.

(14)
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Further, it will be proven that (14) is the second-order sliding mode control algorithm
(Definition 5), and this result for systems (8) and (9) is achieved with two times less relay
amplitude in comparison to (11).

For further considerations, the following comparison system is used

ẏ1 = y2,
ẏ2 = −αy2 −Msign(y1) + Ξ sign(y2).

(15)

The component−Msign(s1) provides the oscillating behavior of the phase trajectories,
and the phase portrait methods analysis is one of the main methods that can be used for
convergence proof. However, for different initial conditions, the transient process for the
closed-loop system can vary significantly. Further analysis will show that after one or
two times switching the relay function, the state variables are involved in the oscillating
character of the convergence process. In this regime, the previous results [10,11] may be
used for asymptotical convergence proof. Let us clarify this idea. The following area is
introduced into consideration

|s2|+ |s2|β ≤
M− Ξ

α
. (16)

It is obvious that (the formula was changed from |s2|+ |s2|βsign(s2) ≥ |s2|)

|s2|+ |s2|β ≥ |s2|. (17)

In this area, it was shown in [10,11] that for identical initial conditions, phase portraits of
(8), (14) and (15) have the form depicted in Figure 1. It can be seen from (8), (14) and (15) that

∂y2

∂y1
=
−αy2 −Msign(y1) + ξ(t)

y2
,

∂s2

∂s1
=
−αs2 − α|s2|βsign(s2)−Msign(s1) + ξ(t)

s2
.

(18)

Figure 1. Phase portraits of systems (8), (14) and (15).

For example, if the third quadrant is investigated, for any points of the phase portrait
s2− = y2 < 0, and the time instant t in the third quadrant is according to (14), (15) and (17)

∂y2

∂y1
=

α|s2−|+ M− Ξ
s2−

< 0,
∂s2

∂s1
=

α(|s2−|+ |s2−|β) + M + ξ(t)
s2−

< 0;(
∂y2
∂y1

)
(

∂s2
∂s1

) =
α|s2−|+ M− Ξ

α(|s2−|+ |s2−|β) + M + ξ(t)
< 1.
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This means that curve b corresponding to the phase portrait of system (15) covers the
phase portrait a of (8) and (14).

By analogy, in the second quadrant, curve b corresponding to the phase portrait of (15),
covers the phase portrait a of (8) and (14), because from (16) and (18) the variable growth
rate s2(t) for any point of the phase portrait s2+ = y2 > 0 is less than the growth rate of the
variable y2(t) (the following formula was added to the paper’s text)

∂y2

∂y1
=
−α|s2+|+ M + Ξ

s2+
> 0,

∂s2

∂s1
=
−α(|s2+|+ |s2+|β) + M + ξ(t)

s2+
> 0;(

∂y2
∂y1

)
(

∂s2
∂s1

) =
−α|s2+|+ M + Ξ

−α(|s2+|+ |s2+|β) + M + ξ(t)
> 1.

Of course, these arguments only are valid in space and not in time, but the phase portrait
of (15) is majorant for the phase curve of (8) and (14) in the area (16). From the asymptotic
stability of (15) it follows that the variables of (8) and (14) converge to zero asymptotically also

lim
t→+∞

|s1(t)| = 0, lim
t→+∞

|s2(t)| = 0.

Convergence to the zone (16) must be considered more carefully due to different
images of the phase portrait depending on the initial conditions. For further analysis, the
full transient process for (8) and (14) is separated into three main stages:

(1) hitting the area

|s2(t)| ≤ ε1 =
M + Ξ

α
;

(2) convergence to the zone

ε2 ≤ |s2(t)| ≤
M + Ξ

α
,

where ε2 is some positive constant, which will be introduced below;
(3) movement in the vicinity of the origin

|s2(t)| ≤ ε2

to zero in finite time.

During the proof, the following notations are used, which correspond to different
stages of the convergence process:

(1) t0 is the initial moment of time;

(2) t1 is the time instant at which s1(t1) = 0, |s2(t1)|+ |s2(t1)|β >
M + Ξ

α
;

(3) t
′
1 is the time instant at which s2(t

′
1) = 0;

(4) t2 is the time instant at which s1(t2) = 0, |s2(t2)| ≤ ε1;
(5) t3 is the time instant at which s1(t3) = 0, |s2(t3)| ≤ ε2;
(6) t

′
3 is the time instant at which |s2(t

′
3)| ≤ ε2, s1(t′3) = 0;

(7) tr is the time instant of second-order sliding mode arising.

Note that depending on the initial conditions, not all of the listed stages occur in reality.
Further, all possible scenarios for the events evolution will be considered in detail.

4.3. Estimation of the Time to Hit ε1-Area

Situation 1. Consider the case with the following initial conditions (see Figure 2)

α(|s2(t0)|+ |s2(t0)|β) > M + Ξ, s1(t0)s2(t0) < 0. (19)
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This situation corresponds to the case when the initial point of the phase portrait is
in the second and the fourth quadrants of the phase plane. Let us show that the greater
the decreasing rate of the variable s2(t), then the larger the estimation of the time interval
t1 − t0 (stages 1–2). For this, we consider the system

ṡ∗1 = s∗2 ,
ṡ∗2 = −v sign(s∗1),
s∗1(t0) = s1(t0), s∗2(t0) = s2(t0), v = const > 0

and introduce some value s′1 = const > 0, 0 < s′1 < |s1(t0)|.

Figure 2. Phase portraits under initial conditions from the second and fourth quadrants (Situation 1).

After integration, the solution of this system is |s
∗
2(t)| = |s∗2(t0)| − v(t− t0),

|s∗1(t)| = |s∗1(t0)| − |s∗2(t0)|(t− t0) sign(s∗1) +
(t− t0)

2

2
v sign(s∗1),

t ≥ t0

and the estimation of the time interval t′0− t0 (t′0 corresponds |s∗1(t′0)| = s′1) can be computed
from the second equality of this system by solving quadratic equation:

t′0 − t0 ≤
2(|s1(t0)| − s′1)

|s2(t0)|+
√

s2
2(t0)− 2v(|s1(t0)| − s′1)

. (20)

It can be seen from the last estimation that the larger value of v leads to a longer
transient time. This expression has sense if the radical expression is positive. Two variants
must be considered.

The first one corresponds to the phase portrait a in Figure 2, and for the maximum
transient time we choose s′1 = 0⇒ t′0 = t1. In this case, the initial conditions are

s2
2(t0)− 2vmax|s1(t0)| ≥ 0, vmax = α(|s2(t0)|+ |s2(t0)|β)−M + Ξ, (21)

and for (8) and (14) with the help of (20) the following inequality is valid

∆1 = t1 − t0 ≤
2|s1(t0)|

|s2(t0)|+
√

s2
2(t0)− 2vmax|s1(t0)|

, (22)
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the value vmax is chosen to get the maximum possible bound for the time interval estimation,
because under condition (19) according to (8) and (14)

|ṡ2| ≤ vmax.

For the second variant (the phase portrait b in Figure 2), the initial conditions
correspond to

s2
2(t0)− 2vmax|s1(t0)| < 0, (23)

and the estimation of the time interval t1 − t0 with the help of (22) is not possible.
The part 00′′1 of the curve b (see Figure 2) corresponds to the majorant of the phase

portrait of (8) and (14) (it lies below the real curve), and s2min is computed according to

α(|s2min|+ |s2min|β) = M− Ξ. (24)

The value of smin can be found by using numerical methods. smin is the minimal
possible speed of the variable s1(t) growth under conditions (19) and (23), and the interval
t1 − t0 estimation under (23) is

∆1 = t1 − t0 ≤
|s1(t0)|
s2min

, s2
2(t0)− 2vmax|s1(t0)| < 0. (25)

Further, the time interval t2 − t1 is investigated (stages 2–4).
It was mentioned earlier that the time of motion in the first and third quadrants for (8)

and (14) is less than for (15) (for the parts 11′ of the curves a, b see Figure 2). Taking into
account that |s2(t1)| ≤ |s2(t0)|, one can write the interval estimation t′1 − t1 from (15) (see
also [11])

t′1 − t1 ≤
1
α

ln
(

α|s2(t0)|+ M− Ξ
M− Ξ

)
,

|s1(t′1)| ≤
∣∣∣∣−M− Ξ

α2 ln
(

α|s2(t0)|+ M− Ξ
M− Ξ

)
+
|s2(t0)|

α

∣∣∣∣.
(26)

In order to formalize the growth rate of |s2(t)| in the interval t2 − t′1 (stages 3–4, see
Figure 2), the following comparison system is considered (s̃2(t′1) = s2(t′1) = 0)

˙̃s2 = −αs̃2 + α|s2min|β − (M− Ξ)sign(s1),

|s2(t)| ≥ |s̃2(t)| =
[

M− Ξ
α
− |s2min|β

](
1− e−α(t−t′1)

)
, t ≥ t′1,

(27)

where s2min is from (24).
The interval t2 − t′1 can be separated by two subintervals [t∗1 − t

′
1], [t2 − t∗1 ]. In the first

subinterval [t∗1 − t
′
1] |s2(t)| is bounded from below according to (27), and the the minimum

transient time for the worst case is computed with the help of (8) and (14)

|ṡ2(t)| ≤ M− Ξ, t2 − t′1 ≥
√

2|s1(t′1)|
M− Ξ

.

Therefore, one can chose the estimation of the first subinterval and the value of |s2(t∗1)|
concerned with it

t∗1 − t′1 =

√
2|s1(t′1)|
M− Ξ

, |s2(t∗1)| ≥
[

M− Ξ
α
− |s2min|β

]1− e−α

√
2|s1(t

′
1)|

M−Ξ

. (28)
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In the second subinterval [t2 − t∗1 ] (see Figure 2)

|ṡ1(t)| ≥ |s2(t∗1)|, t2 − t∗1 ≤
|s1(t′1)|
|s2(t∗1)|

. (29)

Combining (28) and (29), the following estimation can be written

t2 − t′1 ≤
√

2|s1(t′1)|
M− Ξ

+
|s1(t′1)|[

M− Ξ
α
− |s2min|β

]1− e−α

√
2|s1(t

′
1)|

M−Ξ

 .
(30)

For the second time interval, one can write the inequality taking into account (26) and (30)

∆2 = t2 − t1 ≤
1
α

ln
(

α|s2(t0)|+ M− Ξ
M− Ξ

)
+

√
2|s1(t′1)|
M− Ξ

+

+
|s1(t′1)|[

M− Ξ
α
− |s2min|β

]1− e−α

√
2|s1(t

′
1)|

M−Ξ

 ;

|s1(t′1)| ≤
∣∣∣∣−M− Ξ

α2 ln
(

α|s2(t0)|+ M− Ξ
M− Ξ

)
+
|s2(t0)|

α

∣∣∣∣.

(31)

Situation 2. Similar reasoning can be given for the case s1(t0)s2(t0) > 0 (see Figure 3). In this
scenario, according to (26), the estimate of the time interval t′1 − t0 is

t′1 − t0 ≤
1
α

ln
(

α|s2(t0)|+ M− Ξ
M− Ξ

)
,

|s1(t′1)| ≤ |s1(t0)|+
∣∣∣∣−M− Ξ

α2 ln
(

α|s2(t0)|+ M− Ξ
M− Ξ

)
+
|s2(t0)|

α

∣∣∣∣.
(32)

and the full time interval t2 − t0 can be written from inequalities (30) and (32)

∆2 = t2 − t0 ≤
1
α

ln
(

α|s2(t0)|+ M− Ξ
M− Ξ

)
+

√
2|s1(t′1)|
M− Ξ

+

+
|s1(t′1)|[

M− Ξ
α
− |s2min|β

]1− e−α

√
2|s1(t

′
1)|

M−Ξ

 ;

|s1(t′1)| ≤ |s1(t0)|+
∣∣∣∣−M− Ξ

α2 ln
(

α|s2(t0)|+ M− Ξ
M− Ξ

)
+
|s2(t0)|

α

∣∣∣∣.

(33)
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Figure 3. Phase portraits under initial conditions from the first and third quadrants (Situation 2).

4.4. Special Case of Motion in ε1-Area

Situation 3. The initial conditions are (see Figure 4)

α(|s2(t0) + |s2(t0)|β) < M + Ξ, s1(t0)s2(t0) < 0.

Two scenarios are considered for this situation.
The first one corresponds to the following initial conditions (phase portraits a and b in

Figure 4, stage 2–3 is absent)

α(|s2(t0) + |s2(t0)|β) > M− Ξ,

∆2 = t2 − t0 ≤
2|s1(t0)|

|s2(t0)|+
√

s2
2(t0)− 2vmax|s1(t0)|

), s2
2(t0)− 2vmax|s1(t0)| ≥ 0;

∆2 = t2 − t0 ≤
|s1(t0)|
s2min

, s2
2(t0)− 2vmax|s1(t0)| < 0.

(34)

Figure 4. Phase portraits under initial conditions from the second and fourth quadrants (Situation 3).
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Let us consider in more detail the case when the initial conditions for s2(t) are
α(|s2(t0) + |s2(t0)|β) < M − Ξ (see the c phase portrait in Figure 4). Like it was previ-
ously done in (27), the value of |s2(t)| is bounded from below by function s̃2(t)

˙̃s2 = −αs̃2 + α|s2min|β − (M− Ξ)sign(s1), |s̃2(t0)| = |s2(t0)|,

|s2(t)| ≥ |s̃2(t)| = |s2(t0)|e−α(t−t0) +

[
M− Ξ

α
− |s2min|β

](
1− e−α(t−t0)

)
, t0 ≤ t ≤ t2.

(35)
For the minimal transient time

t∗1 − t0 =

√
2|s1(t0)|
M− Ξ

,

the value |s2(t∗1)| is

|s2(t∗1)| ≥ |s2(t0)|e−α

√
2|s1(t0)|

M−Ξ +

[
M− Ξ

α
− |s2min|β

](
1− e−α

√
2|s1(t0)|

M−Ξ

)
.

Therefore, the time interval t2 − t0 is bounded by

∆2 = t2 − t0 ≤
|s1(t0)|

|s2(t0)|e−α

√
2|s1(t0)|

M−Ξ +
[

M−Ξ
α − |s2min|β

](
1− e−α

√
2|s1(t0)|

M−Ξ

)+

+

√
2|s1(t0)|
M− Ξ

.

(36)

4.5. Estimated Time to Hit ε2-Area

It was shown in [10] that for y2(t) from (15) in the ε1-domain (t ≥ t2) there is an
exponential majorant

|y2(t)| ≤
M + Ξ

α
e−

γ0
2 (t−t2), t ≥ t2, (37)

where

γ0 =
α(M− Ξ)
2(M + Ξ)

ln
(

1
1− 0.533c

)
, c =

M− Ξ− Ξ
α

M + Ξ
.

Using this inequality, the majorant for s2(t) can be written, and the estimation of the
time reaching from ε1-area into some ε2-domain can be computed. To do this, the time
instants are introduced t2s > t2, t2y > t2

s1(t2s) = 0, y1(t2y) = 0.

It was discussed above that |s2(t2s)| ≤ |y2(t2y)|. Inequality (37) was obtained for the
following time interval estimates [11]:

t2y − t2 ≤
2ε1

M− Ξ
.

Let us find an estimate of the time interval t2s − t2 for (8) and (14) and, by entering a
correction factor, write the resulting majorant for s2(t). Denote t′2 (t

′
2 > t2) as the nearest

point in time at which s2(t′2) = 0. Then, the estimation of the time interval t
′
2− t2 and value

|s1(t′2)| computed from (8) and (14) are

|ṡ2(t)| ≥ M− Ξ, t
′
2 − t2 =

ε1

M− Ξ
, |s1(t′2)| ≤

ε2
1

2(M− Ξ)
. (38)
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The bound for the interval t2s − t
′
2 can be calculated from (30) by substitution estima-

tion |s1(t′2)| instead of |s1(t′1)|

t2s − t′2 ≤
ε1

M− Ξ
+

ε2
1

2(M− Ξ)
[

M− Ξ
α
− |s2min|β

](
1− e−α

ε1
M−Ξ

) . (39)

Combining (38) and (39), one can get

t2s − t2 ≤ c(ε1)
ε1

M− Ξ
, (40)

where c(ε1) is

c(ε1) =

2 +
ε1

2
[

M− Ξ
α
− |s2min|β

](
1− e−α

ε1
M−Ξ

)
.

According to (37) and (40) and inequality |s2(t2s)| ≤ |y2(t2y)|, the majorant for |s2(t)|,
t ≥ t2 is

|s2(t)| ≤ ε1eγ(t−t2), γ =
α(M− Ξ)

2c(ε1)(M + Ξ)
ln
(

1
1− 0.533c

)
. (41)

Then, the following estimation is valid for the time interval of reaching |s2(t)| from
the ε1-region in some ε2-neighborhood

∆3 = t3 − t2 ≤
1
γ

ln
ε1

ε2
. (42)

The size of the ε2-area will be chosen in the next subsection.

4.6. Estimation of Motion Time in ε2-Domain

To estimate the time of motion at the last stage, consider the Lyapunov candidate function

V =

(
|s1| −

ξ

M
s1 +

(αs1 + s2)
2

2M

) 1−β
2

, (43)

whose derivative along the trajectories of the system (8) and (14) has the form

V̇ ≤
−α|s1| −

α2

M
|s2|βs1sign(s2)−

α

M
|s2|1+β

(
|s1| −

ξ

M
s1 +

(αs1 + s2)
2

2M

) 1+β
2

, (44)

where α = α

(
1− Ξ

M

)
− Ξ

M
. The trajectories of (8) and (14) are investigated on a half-cycle

of oscillation under the initial conditions

s1(t3) = 0, s2(t3) = −ε2. (45)

The sign of the variable s2(t) is chosen for determinacy. In this case, on the phase
plane, the system motions occur in the third and the second quadrants. Let us introduce
time instant t4 > t3 such that

s1(t4) = 0.
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Let us show that for a certain choice of parameters of (14) and size of ε2-domains, the
derivative of the Lyapunov function (44) is not positive. For this, the fraction numerator of
(44) is considered

z = −α|s1| −
α2

M
|s2|βs1sign(s2)−

α

M
|s2|1+β. (46)

Its partial derivatives with respect to s1 and s2 are

∂z
∂s1

= −α sign(s1)−
α2

M
|s2|βsign(s2),

∂z
∂s2

= −α2βs1|s2|β−1

M
− α(1 + β)

M
|s2|β.

(47)

Let us study function z in the domain bounded by the straight lines

s1 = −cs = const < 0, s1 = 0, s2 = 0, s2 = ε2.

It is well known [19] that the smallest and the largest value of a function of two
variables can be found from its local extremum points and from the study of the function at
the boundaries of the region and in the “corner points”.

It is seen on the boundaries s1 = 0 and s2 = 0 and in the third quadrant (s1 < 0 s2 < 0)
the z is negative.

The behavior of z on the boundary s1 = −cs is studied using the second partial
derivative from (47), and there is a maximum point on the level line s1 = −cs at

s2 =
αcsβ

β + 1
.

The substitution of the obtained extremum value into (46) leads to

z = −cs

(
α− α2

M
|s2|β

(β + 1)

)
.

Taking into account the exponential convergence in the ε1-region, we introduce the
size of the ε2-region, in which z is negative on the level lines s1 = −cs

ε2 =

(
αM(β + 1)

α2

) 1
β

. (48)

On the other hand, in the second quadrant on the bound s2 = ε2, the function z is
negative under condition

z ≤ −|s1|(α−
α2

M
ε

β
2) ≤ 0, ∀ε2 ≤

(
αM
α2

) 1
β

. (49)

Thereforee, comparing (48) and (49), the value of ε2 is chosen according to (49).
Now z is investigated for the local extrema. By equaling the partial derivatives (47) to

zero, the suspicious points for extremums can be found

s1 = −1 + β

αβ

(
αM
α2

) 1
β

, s2 =

(
αM
α2

) 1
β

.
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The test of sufficient conditions

∂2z
∂s2

1
= 0,

∂2z
∂s1∂s2

= −α2β|s2|β−1

M
;

∂2z
∂s2

2
= − (β− 1)α2βs1|s2|β−2

M
− αβ(1 + β)

M
|s2|β−1;∣∣∣∣∣∣∣∣∣

∂2z
∂s2

1

∂2z
∂s1∂s2

∂2z
∂s1∂s2

∂2z
∂s1∂s2

∣∣∣∣∣∣∣∣∣ = −
(

∂2z
∂s1∂s2

)2

< 0,

shows that this is the saddle point.
Finally, the choice of the ε2-area size according to (49) guarantees that the derivative

of the Lyapunov function (44) is negative in the second and third quadrants.
The asymptotic convergence of the variables of the system (8) and (14) to zero implies

the inequality
|s2(t4)| < |s2(t3)| = ε2,

using which the upper bound for (44) can be rewritten in the third quadrant (s1 < 0, s2 < 0):

V̇ ≤ −(2M)
1+β

2

α|s1|+
α2

M
|s2|βs1sign(s2) +

α

M
|s2|1+β

ε2
1+β

≤ −2
β
2
√

2αM
β−1

2
|s2|1+β

ε2
1+β

. (50)

The time interval t4 − t3 is estimated like in (40)

t4 − t3 ≤

2 +
ε2

2
[

M− Ξ
α
− |s2min|β

](
1− e−α

ε2
M−Ξ

)
 ε2

M− Ξ
. (51)

The average value of (50) is in the time interval t ∈ [t3, t4], taking into account that for
the second quadrant V̇ ≤ 0 (t′3 ≤ t ≤ t4)

V̇av =
1

t4 − t3

t4∫
t3

V̇ ≤ −2
β
2
√

2αM
β−1

2

ε
1+β
2 (t4 − t3)

t′3∫
t3

|s2(τ)|1+βdτ. (52)

In the third quadrant, the inequalities are valid

ṡ2 ≤ v, s2(t) ≤ −ε2 + v(t− t3), t3 ≤ t ≤ t3r;

v = α(ε2 + ε
β
2) + M + Ξ ≤ 2(M + Ξ), t3r − t3 =

ε2

v
.

This majorant is chosen to get the minimal value of the integral from the right-hand
side of (52)

t′3∫
t3

|s2(τ)|1+βdτ ≥
t3r∫

t3

| − ε2 + v(τ − t3)|1+βdτ ≤
ε

2+β
2

2(2 + β)(M + Ξ)
. (53)
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The substitution of (51) and (53) into (52) leads to

V̇av ≤ −
2

β
2 αM

β−1
2 (M− Ξ)

√
2(2 + β)(M + Ξ)

2 + ε2

2[M−Ξ
α −|s2min|β]

(
1−e−α

ε2
M−Ξ

)
 . (54)

The upper bound of the convergence time to zero inside the ε2-zone is computed according
to

∆4 = tr − t3 ≤
V(t3)

|V̇av|
=

(2 + β)(M + Ξ)

2 +
ε2

2
[

M−Ξ
α − |s2min|β

](
1− e−α

ε2
M−Ξ

)
ε

1−β
2

α(M− Ξ)
. (55)

The upper bound for the full convergence time tr − t0 is calculated with the help of

(22), (25), (31), (33), (34), (36), (42) and (55), and it is equal to
4
∑

i=1
∆i for Situation 1 and

4
∑

i=2
∆i

for the other situations.

5. Numerical Example

For the numerical example, a one-link robot manipulator with a dynamical actuator is
considered (see Figure 5).

Figure 5. Robot manipulator diagram.

ϕ̇ = ω,

ω̇ =
1
J
(τ −mgl cos ϕ),

τ̇ = −kτ + u + ξ(t),

(56)

where ϕ is the angular position of the robot arm, [rad]; ω is the angular velocity, [rad/s]; τ
is the actuator torque, [N ·m]; u is the control input, [(Ω ·N ·m)/H]; J is the generalized
inertia, [kg ·m2]; m is the mass of the arm of the robot, [kg]; l is the position of the center of
the mass of the robot [m]; the external perturbation is

ξ(t) = 10 sin(5t)− 4− 2 cos(9t) [(Ω ·N ·m)/H]. (57)

It is assumed that ϕ, ω, ω̇, τ are available for the measurement; the parameters
l, k, J, m are known.

The regulation problem is considered in the simulation

lim
t→∞
|ϕ| = 0, ϕ = ϕ− ϕz, ϕz = const>0.

The goal of the numerical example is to show the steady-state error for the designed
control law (14) and “twisting” algorithm [12,16]. Therefore, the difference between the
two algorithms is introduced during the last design step.



Mathematics 2022, 10, 2214 17 of 21

The following coordinate transformation is introduced as

ω = ω + l1(ϕ− ϕz), τ =
1
J
(τ −mgl cos ϕ)− l2

1 ϕ + l1ω, l1 = const > 0. (58)

The substitution of (58) into (56) leads to

ϕ̇ = −l1 ϕ + ω,

ω̇ = τ,

τ̇ = − k
J

τ +
mgl

J
sin ϕ(−l1 ϕ + ω) + l3

1 ϕ− l2
1ω + l1τ +

u
J
+

ξ(t)
J

,

(59)

According to (57), for the perturbation, the following inequalities can be written

|ξ(t)| ≤ Ξ = 16 [(Ω ·N ·m)/H], |ξ̇(t)| ≤ Ξ = 68 [(Ω ·N ·m)/(H · s)]. (60)

For the numerical simulation of (14), developed in this paper, the following algorithm
is chosen using parameters from Table 1

uc = kτ −mgl sin ϕ(−l1 ϕ + ω)− l3
1 Jϕ + l2

1 Jω− l1 Jτ. (61)

upr = uc − ατ − α|τ|βsign(τ)−Msign(ω), (62)

where parameter α is chosen according to (14)

α

J

(
M
J
− Ξ

J

)
>

Ξ
J
⇒ α > 1.7714.

Table 1. The simulation parameters.

k, (Ω/H) J, (kg ·m2) m, (kg) l, (m) β

10 0.0521 0.338 0.34 0.2

l1, (rad/s) M1, ((Ω ·N ·m)/H) M2, ((Ω ·N ·m)/H) M, ((Ω ·N ·m)/H) α, ((Ω ·m2 · kg)/H)

0.5 36 18 18 5/50

It was shown during the convergence proof that the convergence time depends on the
value of α. The faster motion in the ε1-area is for smaller α. Therefore, the first experiment
is provided with α = 5, and for further simulation, α = 50 is used (see Table 1). The results
of the behavior of the closed-loop system with the proposed algorithm are depicted in
Figure 6 with

V =

(
|ω| − ξ

18
ω +

(5ω + τ)2

36

)0.4

.
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(a)

(c)

(b)

(d)

Figure 6. The simulation results of the closed-loop systems (59), (61) and (62). (a) Plots of ϕ(t) and ϕz;
(b) Plot of ω(t); (c) Phase portrait of ω and τ; (d) Plot of V(t).

The “twisting” control law (11) with parameters from Table 1 is used

utwist = uc −M2sign(τ)−M1sign(ω), (63)

and the relay amplitudes are chosen according to (12)

M1 > Ξ + M2 ⇒ M1 > M2 + 16; M2 > Ξ⇒ M2 > 16.

The simulation result of the “twisting ” algorithm is shown in Figure 7.



Mathematics 2022, 10, 2214 19 of 21

(a)

(c)

(b)

(d)

Figure 7. The simulation results of the closed-loop systems (59), (61) and (63). (a) Plots of ϕ(t) and ϕz;
(b) Plot of ω(t); (c) Phase portrait of ω and τ; (d) Plot of τ(t).

There are zoomed areas depicted in Figures 6b and 7b. It is seen that there are real
second-order sliding modes that exist in the sense of Definitions 6 and 7 and Proposition 1. This
corresponds to the well-known “chattering” problem, and its reduction is one of the challenges
concerned with sliding mode theory [1]. For further experiments, the ideal relay element is
changed for some static or dynamic non-ideality. Let us denote the maximum errors of the
variable ω in the steady-state for (11) and (14) as etwist and epr.

Experiment 2. The sign function sign(ω) in (62) and (63) is replaced with the relay
with hysteresis ∆ = const > 0. For numerical simulation, the Euler method is used
with the integration step ts = 10−5 s. The errors in the steady-state are reported in
Table 2.

Table 2. The simulation results for non-ideal relay type with hysteresis.

∆ 0.1 1× 10−2 10−3 10−4

etwist 0.294 2.95× 10−2 2.91× 10−3 2.936× 10−4

epr 0.1 1× 10−2 1× 10−3 1× 10−4

etwist
epr

2.94 2.95 2.91 2.936

Experiment 3. The sign function sign(ω) in (62) and (63) is changed with the delay
relay sign[ω(t− τd)], τd = const > 0. For the numerical simulation, the Euler method
is used with the integration step ts = 10−5 s. The simulation results are shown in
Table 3.
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Table 3. The results of simulation of control laws with delay.

τd 0.01 10−3 10−5 10−5

etwist 0.47 4.02× 10−3 5.05× 10−5 2.44× 10−6

epr 7.3× 10−4 6.3× 10−5 3.025× 10−6 4.1× 10−7

etwist
epr

643.83 63.81 16.69 5.95

Experiment 4. To demonstrate the dependence of the steady-state control error
on the switching frequency of the relay, the simulation is provided for closed-loop
systems (8), (61) and (62) and (8), (61) and (63) using the Euler method with different
integration steps ts. The simulation results are shown in Table 4.

Table 4. The simulation results with different integration steps.

ts 10−3 10−4 10−5

etwist 8.22× 10−3 7.52× 10−5 8.07× 10−7

epr 1.28× 10−3 1.55× 10−5 2.31× 10−7

etwist
epr

6.422 4.851 3.494

It follows from the numerical experiments (see Tables 2–4) that reducing the amplitude
of the relay M in (62) in comparison to other modern algorithms [12,16] provides smaller
steady-state errors (in some cases, the error ratio can be several orders of magnitude smaller).

From the transient process analysis, it follows that using a higher gain coefficient α
in (62) leads to less regulation error, but the long lag (see Figure 6c) is the price for such
a result. Therefore, the compromise must be made between the sufficiently large α and
transient time duration.

6. Conclusions

In this paper, a new class of controllers based on second-order sliding modes was proposed.
The proof of the finite time convergence to the second-order sliding mode set was made based on
the method of averaging the Lyapunov function and phase portrait analysis. With the designed
control law, stability is ensured at lower relay amplitudes in comparison to the existing second-
order sliding mode algorithms. Essentially, during the proof, the requirement of homogeneity of
differential equations describing a closed control loop system was not imposed. This significantly
expands the class of functions that can be used in the feedback. The further search for new
Lyapunov functions for better transient process analysis is an open problem. Moreover, the
adaptation of the designed algorithm for bounded control inputs needs to be considered more
carefully. Moreover, due to the results, the case for discontinuous disturbances must be considered
carefully because according to the simulation results of the real second-order sliding mode, the
full invariance is not achieved, and the prescribed accuracy can be provided with the designed
control law with less control input bounds.
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