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Abstract: This article is devoted to identifying a space-dependent source term in linear parabolic
equations. Such a problem is ill posed, i.e., a small perturbation in the input data may cause a
dramatically large error in the solution (if it exists). The conditional stability of the solution is
analyzed. Based on a convoluting equation method, we can deal with the problem under the a
priori parameter choice rule. Meanwhile, a modified version of Morozov’s discrepancy principle is
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estimate is obtained. Two numerical results show that our proposed method works well.
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1. Introduction

It is an important natural process of transport and diffusion and the following parabolic
partial differential equation is induced

ut + Lu = f (x, t; u), (x, t) ∈ Ω× (0, T), (1)

where Ω is a bounded domain in Rd(1 ≤ d ≤ 3), u represents the state variable, L
is a differential operator with respect to x, such as the second order elliptic operator
Lu = −(uxx + vux − qu) with fixed constants v, q and the space-fractional diffusion opera-
tor Lu = −xDα

θ , and f denotes some physical laws.
In many branches of science and engineering, e.g., crack identification, geophysical

prospecting, pollutant detection, and also for designing the final state in melting and
freezing processes, the characteristics of sources are often unknown and need to be de-
termined. This is the so-called inverse source identification problem , which is a classic
ill-posed problem in the sense of Hadamard, i.e., a small perturbation in the input data may
cause a dramatically large error in the solution (if it exists). Many studies on such inverse
problems of determining source terms have been performed since the 1970s. There have
been a large number of research results for different forms of heat sources [1–11]. A few
theoretical articles concern conditional stability and the data compatibility of the solution
notably in [1,3,8,12–15]. As yet, there are many published works in this field based in sev-
eral numerical methods, such as the Lie-group shooting method (LGSM) [5], the coupled
method [16], the fundamental solutions method [6,17], the meshless method [7,18], the
genetic algorithm [4], and the conjugate gradient method (CGM) [19–21]. In [22,23], these
numerical methods were considered to solve two and three-dimensional inverse transient
heat source problems. In [24], the authors used the simplified Tikhonov method to identify
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the unknown source. There are some other the regularization methods to solve this prob-
lem, such as the Fourier regularization method [25], the wavelet dual squares method [26],
the Tikhonov-type method [27], the mollification regularization method [10,11,28], the
optimization method [29], and the Landweber method [30,31].

Although many different numerical schemes have been introduced in recent decades
to solve the inverse source identification problem, it has not completely been solved yet.
Based on some of the traditional methods, finite differences method (FDM) [32], finite
element method (FEM), and the boundary element method (BEM) [2,33], the inverse
source identification problem has been solved. Furthermore, other methods such as the
linear least-squares error method, the sequential method, and the iterative regularization
methods [20,34,35] have been used to deal with the inverse source problem. As for these
methods, it is necessary for us to discretize the differential equations. However, the ill
posing of these kinds of problems and the ill conditioning of the resulting discretized
matrix are the main problems in constructing the numerical algorithm for determining
these problems. Therefore, a suitable regularization method should be used.

In this article, we prefer to use a convoluting equation method to consider the identifi-
cation of the unknown source problem. The idea was borrowed from [36], where Zheng and
Wei proposed a modified equation method using convolution to solve the space-fractional
backward diffusion problem. At present, there are few studies using this regularization
method [36–38]. In [37], Cong Shi and his coauthors used this method, which they called
the convolution regularization, to solve the backward problems of linear parabolic equa-
tions. In [38], the authors studied the a posteriori parameter choice of this method for
the space-fractional backward diffusion problem. However, the a posteriori choice of the
regularization parameter is not given in [36]. The conditional stability of the corresponding
problem is not discussed in the above literature. This article can be regarded as an extension
of the above work. The difference is that the Refs. [36–38] are devoted to the backward
problem. The present article is devoted to the inverse source identification problem. In
fact, this article is devoted to three aspects: (1) The conditional stability for the IHSP is
considered under a suitable priori condition in Section 2; (2) The a priori strategy for choos-
ing the regularization parameter and the corresponding error estimate is given; (3) We do
an analysis on the fact that the Morozov’s discrepancy principle does not work here and
give a new a posteriori parameter choice based on a modified version of the discrepancy
principle; we also obtain a log-type error estimate under an additional source condition.

The techniques in this article may also be applied to other inverse problems, such
as the high-dimensional cases or elliptic partial differential equations, which is also our
next research work. It is worth pointing out that the convoluting equation method in this
article is different from the mollification method [10,11,28]. The mollification method is
to use a convolution of the noise data and a smooth function with a parameter to filter
the high-frequency components of the noise data. The convoluting equation method is to
prevent the high-frequency components of the solution from blowing up by convolution
with the derivative term of space in the equation.

The outline of this article is as follows. Section 2 analyzes the ill posedness of the
inverse heat source problem and its conditional stability. In Section 3, the convoluting
equation method is given, and we derive the convergence rates under the a priori rules
for the choices of the regularization parameter. In Section 4, we come up with a new
generalized discrepancy principle to decide the regularization parameter. Section 5 gives
two numerical examples to demonstrate the reasonableness and effectiveness under two
kinds of regularization parameter choice rules. Section 6 concludes the article and gives
some suggestions.

2. Mathematical Formulation, Ill Posedness of the Problem, and Its Conditional Stability

We consider the one-dimensional problem in which the source term f (x, t; u) = f (x)
depends on just space parameter and satisfies
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
ut(x, t) + Lu(x, t) = f (x), x ∈ R, t > 0,
u(x, 0) = 0, x ∈ R,
u(x, T) = g(x), x ∈ R.

(2)

where g(x) is given and f (x) is unknown. In practice, the exact data g is always unknown
and we only have a noisy measurement gδ ∈ L2(R). We use the additional data u(x, T) =
gδ(x) to identify the source term f (x).

In order to analyze the problem (2) in L2(R), we let ‖ · ‖ denote the norm in L2(R),
and

f̂ (ξ) :=
1√
2π

∫ ∞

−∞
e−iξx f (x)dx (3)

represent the Fourier transform of the function f (x).
We define the operator L as a differential operator or a fractional differential operator

with respect to x ∈ R, which is given by the Fourier transform

L̂u(ξ, t) = l(ξ)û(ξ, t) (4)

and l : R → C is a function called the symbol of the operator L, satisfying the following
conditions:

(L1) |l(ξ)| ≤ a1(1 + |ξ|α), ξ ∈ R, a1 > 0, α > 0;

(L2) Re(l(ξ)) ≥ a2|ξ|α, ξ ∈ R, a2 > 0, α > 0.

where α > 0 is the order of the operator L. Here are some examples in the following forms:

• If Lu = −uxx, then ut = uxx + f (x), where l(ξ) = ξ2 for α = 2.
• If Lu = −uxx − vux + qu, then ut = uxx + vux − qu + f (x), the constant v, q ≥ 0

where l(ξ) = ξ2 − iξv + q for α = 2.
• If Lu = −xDα

θ u, then ut = xDα
θ u+ f (x), where the space-factional derivative xDα

θ u(x, t),
which is the Riesz-Feller fractional derivative of order
α(0 < α ≤ 2) and skewness θ (|θ| ≤ min(α, 2− α), θ 6= ±1), is defined in terms of the
Fourier transform in [39], i.e.,

F{xDα
θ f (x); ξ} = −ψα

θ (ξ) f̂ (ξ), (5)

where ψα
θ (ξ) = |ξ|αei(sgnξ)θπ/2, this is, l(ξ) = |ξ|αei(sgnξ)θπ/2.

According to the equation and the initial value in (2), we can obtain the solution in
frequency domain

û(ξ, t) =
1− e−l(ξ)t

l(ξ)
f̂ (ξ). (6)

By using the additional data in (2), we obtain

f̂ (ξ) =
l(ξ)

1− e−Tl(ξ)
ĝ(ξ), (7)

or equivalently,

f (x) =
1√
2π

∫ ∞

−∞
eiξx l(ξ)ĝ(ξ)

1− e−Tl(ξ)
dξ. (8)

Furthermore, setting K̂ = 1−e−Tl(ξ)

l(ξ) : L2(R)→ L2(R) is a multiplication operator in the

frequency domain, we have K̂ f̂ = ĝ.
Our purpose is to identify f (x) from the noise data gδ(x). However, when ξ → ∞, the

function l(ξ)
1−e−Tl(ξ) is unbounded. Therefore, it can be considered to be an amplified factor

with respect variable ξ for fixed α > 0. The source term f (x) is assumed to be in L2(R);
then, the exact data function ĝ(ξ) must decay as ξ → ∞. However, the noisy data function
gδ(x), which is only in L2(R), does not have the same decay in the frequency domain. So,
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this problem is mildly ill posed and the degree of the ill posedness is equivalent to that
of the α-order numerical differentiation. We will deal with the ill-posed problem via a
convoluting equation method in the next section.

Lemma 1. If x > 1, the following inequality holds

1
1− e−x < 2.

The proof of Lemma 1 is straightforward, so we omit it here.

Lemma 2. If z = x + iy for x ≥ 0 and y ∈ R, then we can obtain |1− e−z| ≤ min {2, 2|z|}.

Proof. Due to the inequality that |1− e−z| ≤ 1 + |e−z| ≤ 2, and

|1− e−z| ≤ |1− e−iy|+ |e−iy − e−x−iy| ≤ |y|+ x ≤ 2|z|.

Because the problem (2) is linear, we can derive the following conditional stability
estimate on the solution when the data function g(x) is close to zero.

Theorem 1. If ‖ f (x)‖p ≤ E, then the following estimate holds

‖ f (x)‖ ≤ 2
p

p+α max{(a1(1 + |ξ0|−α))
p

p+α , T−
p

p+α }E
α

p+α ‖g‖
p

p+α ,

where ‖ · ‖p refers to the Hp norm, ξ0 satisfy |l(ξ0)| = 1
T .

Proof. From (7), Parseval formula and Hölder inequality, we have

‖ f (x)‖2 = ‖ f̂ (ξ)‖2 =
∫ ∞

−∞

( l(ξ)
1− e−Tl(ξ)

)2 ĝ(ξ)2dξ

=
∫ ∞

−∞

( l(ξ)
1− e−Tl(ξ)

)2 ĝ(ξ)
2α

p+α ĝ(ξ)
2p

p+α dξ

≤
( ∫ ∞

−∞

( l(ξ)
1− e−Tl(ξ)

) 2(p+α)
α ĝ(ξ)2dξ

) α
p+α
( ∫ ∞

−∞
ĝ(ξ)2dξ

) p
p+α

=
( ∫ ∞

−∞

( l(ξ)
1− e−Tl(ξ)

) 2p
α (1 + ξ2)−p(1 + ξ2)p( l(ξ)ĝ(ξ)

1− e−Tl(ξ)
)2dξ

) α
p+α ‖g‖

2p
p+α

≤
(

sup
ξ∈R

( |l(ξ)|
1− e−T|l(ξ)|

) 2p
α (1 + ξ2)−p) α

p+α E
2α

p+α ‖g‖
2p

p+α .

Due to |l(ξ)| tending to infinity as |ξ| → ∞, there must exist a ξ0, satisfying |Tl(ξ)| = 1.
Furthermore, we know |l(ξ)| is an increasing function with respect to |ξ|. If we let

H(ξ) = (
|l(ξ)|

1− e−T|l(ξ)| )
2p
α (1 + ξ2)−p,

so when ξ > ξ0, this is, |Tl(ξ)| > 1, then by Lemma 1 and (L1) we have

H(ξ) ≤ (2a1)
2p
α (1 + |ξ|α)

2p
α ξ−2p ≤ (2a1)

2p
α
(
1 + |ξ0|−α

) 2p
α .

When 0 < ξ ≤ ξ0, thus |Tl(ξ)| ≤ 1, note that H(ξ) is also an increasing function with
respect to ξ, then, we have

H(ξ) ≤ H(ξ0) ≤
( |l(ξ0)|

1− e−T|l(ξ0)|
) 2p

α ≤
( 2

T
) 2p

α .

From the above two cases, the proof of Theorem 1 is completed.
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Remark 1. If f1(x) and f2(x) denote, respectively, the corresponding source terms of any given
functions g1(x) and g2(x) in problem (2), then we have

‖ f1(x)− f2(x)‖ ≤ 2
p

p+α max{(a1(1 + |ξ0|−α))
p

p+α , T−
p

p+α }E
α

p+α ‖g1(x)− g2(x)‖
p

p+α ,

where ξ0 satisfy |l(ξ0)| = 1
T .

3. Convoluting Equation Method and Its Convergence Analysis under a Priori
Parameter Choice Rule

By modifying Equation (2) as the following, we can obtain an approximate solution
for (2), i.e., 

ut(x, t) + Pµ(x) ∗ Lu(x, t) = f (x), x ∈ R, t > 0,
u(x, 0) = 0, x ∈ R,
u(x, T) = gδ(x), x ∈ R.

(9)

where “∗” denotes the convolution operation, Pµ(x) is called kernel function, and µ is
the regularization parameter. In reality, the measurement data are noise contaminated
and satisfy

‖g(x)− gδ(x)‖ ≤ δ, (10)

where the level of tolerance δ > 0 represents a bound on the measurement error and ‖ · ‖
refers to the L2-norm.

If using Fourier transform (3), the solution of problem (9) can be formulated in the
frequency space as follows:

f̂ δ
µ(ξ) =

P̂µ(ξ)l(ξ)

1− e−TP̂µ(ξ)l(ξ)
ĝδ(ξ). (11)

The suitable convolution kernel Pµ(x) must satisfy the following two conditions:

• For each fixed µ > 0, P̂µ(ξ)l(ξ)

1−e−TP̂µ(ξ)l(ξ)
is bounded as |ξ| → ∞.

• If ξ is fixed, then P̂µ(ξ)l(ξ)

1−e−TP̂µ(ξ)l(ξ)
→ l(ξ)

1−e−Tl(ξ) as µ→ 0.

Due to the fact that the proposed method aims to filter the smaller singular values for
the linear self-adjoint compact operator K̂, we suppose that the convolution kernels satisfy
three properties, as follows.

Definition 1. A family of functions Pµ(x)
µ>0 is called a regularization kernel of order (α, β) for

α, β > 0, if the following three properties are satisfied for all ξ ∈ R,
(K1) 0 ≤ P̂µ(ξ) ≤ 1;
(K2) |1− P̂µ(ξ)| ≤ b1|µξ|β, b1 > 0 is a constant;
(K3) P̂µ(ξ)|ξ|α ≤ b2µ−α, b2 > 0 is a constant.

In this article, we will give some possible convolution kernels:

Case 1. The kernel Pµ(x) = e−
|x|
µ

2µ (see [36]), and its Fourier transform is P̂µ(ξ) =
1

1+µ2ξ2 ,
the kernel is of order (α, 2) for 0 < α ≤ 2.

Case 2. The kernel Pµ(x) = 1
2
√

πµ
e
− x2

4µ2 , and P̂µ(ξ) = e−µ2ξ2
, the kernel is of order

(α, 2) for any α > 0.
Case 3. If making the above two cases generalization, we have P̂µ(ξ) =

1
1+(µ|ξ|)β or

P̂µ(ξ) = e−(µ|ξ|)
β

which have order (α, β) for 0 < α ≤ β.
Case 4. We could also choose Pµ(x) = 1

πx sin x
µ , which gives P̂µ(ξ) = χ[− 1

µ , 1
µ ]
(ξ), and

the kernel is of order (α, β) for any β ≥ 1 and α > 0.
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Now, let us verify that Case 1 to Case 4 satisfy the conditions in Definition 1. It is

obvious to prove the (K1) for all cases above. Note that 1− 1
1+(µ|ξ|)β = (µ|ξ|)β

1+(µ|ξ|)β ≤ (µ|ξ|)β,

1 − e−(µ|ξ|)
β ≤ (µ|ξ|)β, we have verified the (K2). As for (K3), we have (µ|ξ|)α

1+(µ|ξ|)β ≤ 1

for 0 < α ≤ β, then |ξ|α
1+(µ|ξ|)β ≤ µ−α, µα|ξ|αe−(µ|ξ|)

β ≤ ( α
eβ )

α
β ≤ 1, then we also have

e−(µ|ξ|)
β |ξ|α ≤ µ−α.

According to the knowledge of Sobolev Space, we use the following assumption here

‖ f (x)‖p := (
∫ ∞

−∞
(1 + ξ2)p| f̂ (ξ)|2dξ)

1
2 ≤ E, p > 0. (12)

(A) (Stability). Set fµ(x) is the solution of (9) with δ = 0, i.e.,

f̂µ(ξ) =
P̂µ(ξ)l(ξ)

1− e−TP̂µ(ξ)l(ξ)
ĝ(ξ).

Due to the Parseval identity, we have

‖ f δ
µ(x)− fµ(x)‖ = ‖ f̂ δ

µ(ξ)− f̂µ(ξ)‖

= ‖
P̂µ(ξ)l(ξ)

1− e−TP̂µ(ξ)l(ξ)
(ĝδ(ξ)− ĝ(ξ))‖

≤ δ sup
ξ∈R

|P̂µ(ξ)l(ξ)|
1− e−T|P̂µ(ξ)l(ξ)|

.

Let G(ξ) =
|P̂µ(ξ)l(ξ)|

1−e−T|P̂µ(ξ)l(ξ)|
, if s = |P̂µ(ξ)l(ξ)|, then G(ξ) can be rewritten as G(s) := s

1−e−Ts ,

which is an increasing function with respect to s. From (L1), (K1), (K3), and Lemma 1, we obtain

G(ξ) ≤ 2a1(1 + b2µ−α).

Combining with the above inequality, we have

‖ f δ
µ(x)− fµ(x)‖ ≤ 2a1(1 + b2µ−α)δ. (13)

(B) (Convergence). From the Parseval identity, we have

‖ fµ(x)− f (x)‖ = ‖ f̂µ(ξ)− f̂ (ξ)‖ = ‖
P̂µ(ξ)l(ξ)

1− e−TP̂µ(ξ)l(ξ)
ĝ(ξ)− f̂ (ξ)‖

= ‖(1−
P̂µ(ξ)(1− e−Tl(ξ))

1− e−TP̂µ(ξ)l(ξ)
) f̂ (ξ)‖

≤ sup
ξ∈R
|(1−

P̂µ(ξ)(1− e−Tl(ξ))

1− e−TP̂µ(ξ)l(ξ)
)(1 + ξ2)−

p
2 |‖(1 + ξ2)

p
2 f̂ (ξ)‖

≤ E sup
ξ∈R
|(1−

P̂µ(ξ)(1− e−T|l(ξ)|)

1− e−TP̂µ(ξ)|l(ξ)|
)(1 + ξ2)−

p
2 |.

Let D(ξ) = (1− P̂µ(ξ)(1−e−T|l(ξ)|)

1−e−TP̂µ(ξ)|l(ξ)|
)(1 + ξ2)−

p
2 , we divide D(ξ) into two cases:

Case 1. |ξ| > µ−γ, we have

D(ξ) ≤ (1− P̂µ(ξ))|ξ|−p ≤ µpγ.
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Case 2. |ξ| ≤ µ−γ, we have

D(ξ) ≤ 1−
P̂µ(ξ)(1− e−T|l(ξ)|)

1− e−TP̂µ(ξ)|l(ξ)|

≤ 1− P̂µ(ξ) ≤ b1|µξ|β ≤ b1µ(1−γ)β.

If we choose γ = β
p+β , then we can obtain

D(ξ) ≤ max{1, b1}µ
pβ

p+β .

Thus
‖ fµ(x)− f (x)‖ ≤ max{1, b1}µ

pβ
p+β E. (14)

Combining (A) and (B) and using Parseval identity, we finally obtain the following
error estimation.

Theorem 2. Assume that Pµ(x) is the convolution kernel of order (α, β), 0 < α ≤ β. If the

regularized solution given in (11) with noisy data gδ(x) satisfies (10) and (12) and µ = ( δ
E )

p+β
pβ+α(p+β)

which is selected to be a regularization parameter, then we have

‖ f δ
µ(x)− f (x)‖ ≤ C1δ

pβ
pβ+α(p+β) E

α(p+β)
pβ+α(p+β) ,

where C1, α, β, p > 0 are constants and 0 < α ≤ β.

Proof. From the Parseval identity and the triangle inequality, we obtain

‖ f δ
µ(x)− f (x)‖ = ‖ f̂ δ

µ(ξ)− f̂ (ξ)‖ ≤ ‖ f̂ δ
µ(ξ)− f̂µ(ξ)‖+ ‖ f̂µ(ξ)− f̂ (ξ)‖. (15)

Combining (13)–(15), we know

‖ f δ
µ(x)− f (x)‖ ≤ 2a1(1 + b2µ−α)δ + max{1, b1}µ

pβ
p+β E

≤ 2a1δ + (2a1b2 + max{1, b1})E
α(p+β)

pβ+α(p+β) δ
pβ

pβ+α(p+β) .

Set C1 = 2a1b2 + max{1, b1}, when δ is sufficiently small, the estimate is satisfied. The
proof of Theorem 2 is completed.

4. The New Discrepancy Principle

In this section, we will discuss an a posteriori choice rule for the regularization
parameter. We recall the definition of Morozov’s discrepancy principle for our case, which
is to find µ such that

‖K̂ f̂ δ
µ(ξ)− ĝδ(ξ)‖ = τδ,

where τ > 2 (large enough) is a fixed constant.
However, in the convoluting equation method, by the Morozov’s discrepancy principle,

we obtain

τδ = ‖K̂ f̂ δ
µ(ξ)− ĝδ(ξ)‖

≤ ‖K̂ f̂ δ
µ(ξ)− K̂ f̂µ(ξ)‖+ ‖K̂ f̂µ(ξ)− ĝ(ξ)‖+ ‖ĝ(ξ)− ĝδ(ξ)‖

≤ δ sup
ξ∈R

1− e−T|l(ξ)|

|l(ξ)|
P̂µ(ξ)|l(ξ)|

1− e−TP̂µ(ξ)|l(ξ)|
+ ‖K̂ f̂µ(ξ)− K̂ f̂ (ξ)‖+ δ.
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Let A(ξ) = 1−e−T|l(ξ)|

|l(ξ)|
P̂µ(ξ)|l(ξ)|

1−e−TP̂µ(ξ)|l(ξ)|
, B(ξ) = P̂µ(ξ)|l(ξ)|

1−e−TP̂µ(ξ)|l(ξ)|
. Setting s = P̂µ(ξ)|l(ξ)|, due

to (K1), we have 0 < s ≤ |l(ξ)|. Thus, B(ξ) can be rewritten as B(s) := s
1−e−Ts , it is

straightforward that B(s) is a strictly increasing function. Then, we can obtain

B(s) ≤ B(|l(ξ)|) = |l(ξ)|
1− e−T|l(ξ)| .

So

A(ξ) =
1− e−T|l(ξ)|

|l(ξ)| B(ξ) ≤ 1. (16)

According to (16), (14) and Lemma 2, we obtain

τδ ≤ 2δ + 2T max{1, b1}µ
pβ

p+β E,

thus we merely obtain µ ≥ C2δ
p+β
pβ , where C2 = ( τ−2

2ET max{1,b1}
)

p+β
pβ .

From (13), we know

‖ f δ
µ(x)− fµ(x)‖ ≤ 2a1(1 + b2µ−α)δ ≤ 2a1δ + 2a1b2C−α

2 δ
pβ−α(p+β)

pβ . (17)

When δ → 0, we do not know whether the right hand side of (17) tends to 0. If
pβ > α(p + β), the above inequality tends to 0 as δ → 0. If pβ ≤ α(p + β), the above
inequality does not tend to 0 as δ → 0. Thus, Morozov’s discrepancy principle does not
work here.

In this article, we introduce a new generalized discrepancy principle as follows:

µD = sup{µ > 0 | ‖K̂ f̂ δ
µ(ξ)− ĝδ(ξ)‖ ≤ τh(δ)}, (18)

where the constant τ > 2 (large enough), h(δ) = (log 1
δ )
− σβ

α , σ ∈ (0, 1), which satisfies
h(δ) ≥ δ when δ is sufficiently small. Before we proceed to the actual estimation, we need
to guarantee the existence of the parameter µ for (18). Because limµ→0 P̂µ(ξ) = 1, then
limµ→0 ‖K̂ f̂ δ

µ(ξ) − ĝδ(ξ)‖ = ‖ĝδ(ξ) − ĝδ(ξ)‖ = 0 < τh(δ). Therefore, µD always exists
whether it is a finite positive number or infinity.

If µD = +∞, we have limµ→+∞ P̂µ(ξ) = 0. Furthermore, there is

lim
µ→+∞

‖K̂ f̂ δ
µ(ξ)− ĝδ(ξ)‖ = ‖K̂ĝδ(ξ)− ĝδ(ξ)‖ ≤ τh(δ). (19)

For this case, we define f̂ δ
µD

(ξ) = ĝδ(ξ) so that it always satisfies (19) in regard to
whether µD is finite or not.

In the following, we will seek to bound µ from below by using the new discrepancy principle.

Lemma 3. If Pµ(x) is a regularization kernel of order (α, β), and the a priori condition (12) holds,
then we can have

‖K̂ f̂µ(ξ)− ĝ(ξ)‖ ≤ C3µ
pβ

p+β ,

where C3 = 2T max{1, b1} is a constant.

Proof. From the former definition in Section 2, then we know
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‖K̂ f̂µ(ξ)− ĝ(ξ)‖ = ‖1− e−Tl(ξ)

l(ξ)
P̂µ(ξ)l(ξ)

1− e−TP̂µ(ξ)l(ξ)
ĝ(ξ)− ĝ(ξ)‖

= ‖(1−
P̂µ(ξ)(1− e−Tl(ξ))

1− e−TP̂µ(ξ)l(ξ)
)

1− e−Tl(ξ)

l(ξ)
f̂ (ξ)(1 + ξ2)

p
2 (1 + ξ2)−

p
2 ‖

≤ sup
ξ∈R
|(1−

P̂µ(ξ)(1− e−Tl(ξ))

1− e−TP̂µ(ξ)l(ξ)
)

1− e−Tl(ξ)

l(ξ)
(1 + ξ2)−

p
2 |‖(1 + ξ2)

p
2 f̂ (ξ)‖

≤ E sup
ξ∈R
|D(ξ)

1− e−Tl(ξ)

l(ξ)
|.

According to Lemma 2 and (B), we have

‖K̂ f̂µ(ξ)− ĝ(ξ)‖ ≤ 2TE max{1, b1}µ
pβ

p+β .

Lemma 4. Assume µD is chosen by the generalized discrepancy principle (18), and the a priori
condition (12) holds. Therefore, we can obtain

µD ≥
( (τ − 2)h(δ)

C32
pβ

p+β

) p+β
pβ .

Proof. If µD = +∞, we do not need to prove it because the conclusion is obvious. Thus,
from (11) and (7), we deduce that when µD < +∞.

By using the new generalized discrepancy principle (18), we have

τh(δ) < ‖K̂ f̂ δ
2µD

(ξ)− ĝδ(ξ)‖

≤ ‖K̂ f̂ δ
2µD

(ξ)− K̂ f̂2µD (ξ)‖+ ‖K̂ f̂2µD (ξ)− ĝ(ξ)‖+ ‖ĝ(ξ)− ĝδ(ξ)‖

≤ ‖1− e−Tl(ξ)

l(ξ)
P̂2µD (ξ)l(ξ)

1− e−TP̂2µD (ξ)l(ξ)
(ĝδ(ξ)− ĝ(ξ))‖+ δ + ‖K̂ f̂2µD (ξ)− ĝ(ξ)‖.

Similar to the proof of (16), and by Lemma 3, we have

τh(δ) ≤ 2δ + C3(2µD)
pβ

p+β ≤ 2h(δ) + C3(2µD)
pβ

p+β .

So, we can obtain

µD ≥
( (τ − 2)h(δ)

C32
pβ

p+β

) p+β
pβ .

Then, we finish the proof.

Theorem 3. Suppose that Pµ(x) is a regularization kernel of order (α, β); the a priori bound (12)
and the noise assumption (10) hold, and there exists δ̄ > 0 such that for 0 < δ ≤ δ̄ ≤ 1. If we
choose µD as the regularization parameter according to the new discrepancy parameter choice (18),
then we have

‖ f δ
µ(x)− f (x)‖ ≤ C6(log

1
δ
)
− pβ

pβ+α(p+β) .

Proof. We will separate the proof into two cases here.
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Case I. µD = +∞. Due to (19) and Lemma 2, we have

‖K̂ĝ(ξ)− ĝ(ξ)‖ = ‖K̂(ĝ(ξ)− ĝδ(ξ))‖+ ‖K̂ĝδ(ξ)− ĝδ(ξ)‖+ ‖ĝδ(ξ)− ĝ(ξ)‖
≤ 2Tδ + δ + τh(δ)

≤ (2T + τ + 1)h(δ). (20)

Using (13), (14), (20) and Parseval formula for any constant µ0 > 0, we can obtain

‖ f δ
µD

(x)− f (x)‖ = ‖ f̂ δ
µD

(ξ)− f̂ (ξ)‖ = ‖ĝδ(ξ)− f̂ (ξ)‖

≤ δ + ‖ĝ(ξ)− f̂ (ξ)‖ ≤ δ + ‖(1− 1− e−Tl(ξ)

l(ξ)
) f̂ (ξ)‖

≤ δ + ‖(1− 1− e−Tl(ξ)

l(ξ)
)( f̂ (ξ)− f̂µ0(ξ))‖+ ‖(1−

1− e−Tl(ξ)

l(ξ)
) f̂µ0(ξ)‖

≤ δ + (1 + 2T)‖ f̂ (ξ)− f̂µ0(ξ)‖+ ‖(1−
1− e−Tl(ξ)

l(ξ)
)

P̂µ0(ξ)l(ξ)

1− e−TP̂µ0 (ξ)l(ξ)
ĝ(ξ)‖

≤ δ + (1 + 2T)‖ f̂ (ξ)− f̂µ0(ξ)‖+ sup
ξ∈R
|

P̂µ0(ξ)l(ξ)

1− e−TP̂µ0 (ξ)l(ξ)
|‖(1− 1− e−Tl(ξ)

l(ξ)
)ĝ(ξ)‖

≤ δ + (1 + 2T)‖ f̂ (ξ)− f̂µ0(ξ)‖+ 2a1(1 + b2µ−α
0 )‖K̂ĝ(ξ)− ĝ(ξ)‖

≤ δ + (1 + 2T)E max{1, b1}µ
pβ

p+β

0 + 2a1(1 + b2µ−α
0 )(2T + τ + 1)h(δ). (21)

Case II. µD < +∞. By using the new generalized discrepancy principle (18) and
Lemma 4, we can obtain

‖K̂ f̂µD (ξ)− ĝ(ξ)‖ = ‖(1−
P̂µD (ξ)(1− e−Tl(ξ))

1− e−TP̂µD (ξ)l(ξ)
)ĝ(ξ)‖

≤ ‖(1−
P̂µD (ξ)(1− e−Tl(ξ))

1− e−TP̂µD (ξ)l(ξ)
)(ĝ(ξ)− ĝδ(ξ))‖+ ‖(1−

P̂µD (ξ)(1− e−Tl(ξ))

1− e−TP̂µD (ξ)l(ξ)
)ĝδ(ξ)‖

≤ δ sup
ξ∈R

(1 + |
P̂µD (ξ)(1− e−Tl(ξ))

1− e−TP̂µD (ξ)l(ξ)
|) + τh(δ)

≤ 2δ + τh(δ) ≤ (τ + 2)h(δ). (22)

From (6), we obtain

‖ f δ
µD

(x)− f (x)‖ = ‖ f̂ δ
µD

(ξ)− f̂ (ξ)‖ ≤ ‖ f̂ δ
µD

(ξ)− f̂µD (ξ)‖+ ‖ f̂µD (ξ)− f̂ (ξ)‖

≤ 2a1(1 + b2µ−α
D )δ + ‖(1−

P̂µD (ξ)(1− e−Tl(ξ))

1− e−TP̂µD (ξ)l(ξ)
) f̂ (ξ)‖. (23)

Similar to the above, for any constant µ0 > 0, we have

‖(1−
P̂µD (ξ)(1− e−Tl(ξ))

1− e−TP̂µD (ξ)l(ξ)
) f̂ (ξ)‖

≤ ‖(1−
P̂µD (ξ)(1− e−Tl(ξ))

1− e−TP̂µD (ξ)l(ξ)
)( f̂ (ξ)− f̂µ0(ξ))‖+ ‖(1−

P̂µD (ξ)(1− e−Tl(ξ))

1− e−TP̂µD (ξ)l(ξ)
) f̂µ0(ξ)‖

≤ 2‖ f̂ (ξ)− f̂µ0(ξ)‖+ ‖(1−
P̂µD (ξ)(1− e−Tl(ξ))

1− e−TP̂µD (ξ)l(ξ)
)

P̂µ0(ξ)l(ξ)

1− e−TP̂µ0 (ξ)l(ξ)
ĝ(ξ)‖

≤ 2‖ f̂ (ξ)− f̂µ0(ξ)‖+ 2a1(1 + b2µ−α
0 )‖(1−

P̂µD (ξ)(1− e−Tl(ξ))

1− e−TP̂µD (ξ)l(ξ)
)ĝ(ξ)‖. (24)
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Substituting (22) and (24) into (23), we can obtain

‖ f δ
µD

(x)− f (x)‖ ≤ 2a1[1 + b2(
(τ − 2)h(δ)

C32
pβ

p+β

)
− α(p+β)

pβ ]δ+

E max{1, b1}µ
pβ

p+β

0 + 2a1(1 + b2µ−α
0 )(τ + 2)h(δ). (25)

In both (21) and (25), choosing µ0 = (h(δ))
p+β

pβ+α(p+β) , if the δ is sufficiently small, we
can obtain

‖ f δ
µD

(x)− f (x)‖ ≤ 2a1[1 + C4h(δ)−
α(p+β)

pβ ]δ + C5µ
pβ

p+β

0 + 2a1(τ + 2)(1 + b2µ−α
0 )h(δ)

≤ 2a1[1 + C4(− log δ)
σ(p+β)

p ]δ + 2a1(τ + 2)h(δ) + C5h(δ)
pβ

pβ+α(p+β) + 2a1b2(τ + 2)h(δ)
pβ

pβ+α(p+β)

≤ C6(log
1
δ
)
− σpβ2

α(pβ+αp+αβ) .

If we choose σ = α
β , then we have

‖ f δ
µD

(x)− f (x)‖ ≤ C6(log
1
δ
)
− pβ

pβ+α(p+β) .

Remark 2. Under the a priori parameter choice rule, our convergence rate is Hölder type. However,
it is not optimal that we obtain a log-type convergence rate by using the new discrepancy principle.
As is known to all, the Hölder type error estimate is better than the log type. Thus, we are open to
considering a better a posteriori regularization parameter choice rule.

5. Numerical Experiments

In the section, two numerical experiments are provided to demonstrate the validity of
our discussion.

The convolution kernels used in our calculation are
P1 : P̂µ(ξ) =

1
1+µβ |ξ|β ;

P2 : P̂µ(ξ) = e−(µ|ξ|)
β
;

P3 : P̂µ(ξ) = χ[− 1
µ , 1

µ ]
(ξ).

The numerical examples were constructed in the following way: we first give the exact
source term f (x). Furthermore, by using (7) and (8), the exact data function g(x) can be
obtained. Then, the noisy data gδ(x) is generated by the formula gδ = g+ ε · randn(size(g)),
where

g = (g(x0), · · · , g(xN))
T , xi = ih, h =

T
N

, i = 0, 1, · · · , N.

The function “randn(·)” generates arrays of random numbers whose elements are
normally distributed with mean 0, variance σ2 = 1, and standard deviation σ = 1, and
ε indicates a relative noise level, which can be measured in the sense of the Root Mean
Square Error (RMSE) according to

δ = ‖gδ − g‖l2 = (
1
N

N

∑
i=1

(gi − gδ
i )

2)
1
2 .

In he following examples, we use T = 1, τ = 2.1, N = 50.
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Example 1. We consider the heat source problem
ut(x, t) = uxx(x, t)− 3u(x, t) + f (x), x ∈ R, t > 0,
u(x, 0) = 0, x ∈ R,
u(x, T) = g(x), x ∈ R.

(26)

which corresponds to l(ξ) = ξ2 + 3 and α = 2.

Set f (x) = ( x3

4 −
3
2 x)e−

x2
4 in the forward problem (26) and the exact data g(x) is

obtained by (7). It is easy to calculate by numerical method that ‖ f (x)‖2 ≈ 2.54. Thus, we
select the a priori bound E = 3 and p = 2 as a source condition. The numerical results are
demonstrated in Figures 1–6.

In Figures 1–3, by using the kernel P1, P2 and P3, the numerical results for convolution
method under the a priori parameter choice rule for various noise levels ε = 0.001, 0.005,
0.01 in case of β = 4, 6 are showed with µ = 0.2102, 0.2093, 0.2058 for β = 4, 6.
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Figure 1. The exact solution and the regularized solutions with β = 4, 6 using kernel P1 under the a
priori choice rule for Example 1.
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Figure 2. The exact solution and the regularized solutions with β = 4, 6 using kernel P2 under the a
priori choice rule for Example 1.
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Figure 3. The exact solution and the regularized solutions with β = 4, 6 using kernel P3 under the a
priori choice rule for Example 1.
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Figure 4. The exact solution and the regularized solutions with β = 4, 6 using kernel P1 under the a
posteriori choice rule for Example 1.
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Figure 5. The exact solution and the regularized solutions with β = 4, 6 using kernel P2 under the a
posteriori choice rule for Example 1.
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Figure 6. The exact solution and the regularized solutions with β = 4, 6 using kernel P3 under the a
posteriori choice rule for Example 1.

In Figures 4–6, by using the kernel P1, P2 and P3, the numerical results for convolution
method under the a posteriori parameter choice rule for various noise levels ε = 0.001, 0.005,
0.01 in case of β = 4, 6 are showed with µ = 0.5888, 0.2344, 0.5936 for β = 4, 6.

Example 2. We test the space-fractional diffusion heat source problem.
ut =x Dα

θ u + f (x), x ∈ R, t > 0,
u(x, 0) = 0, x ∈ R,
u(x, T) = g(x), x ∈ R.

(27)

In our experiments, we take α = 0.5, 1 and θ = 0.1 ∗min{α, 2− α}. Let the source be

f (x)

{
20 exp( 1

x2/64−1 ) sin(x/2 + 0.3), |x| < 8,
0, |x| ≥ 8.

For this example, ‖ f (x)‖2 ≈ 20.42, so we can choose the a priori bound E = 21. The
numerical results are showed as follows.

The numerical results by using the kernel P1(β = 2), P2(β = 2) and the kernel P3 with
ε = 0.01 are shown in Figures 7 and 8. We know that two parameter choice rules provide
accurate numerical approximations.
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Figure 7: The exact solution and the regularized solutions of Example 2 for α = 0.5 under
the a-priori parameter choice and the a-posteriori parameter choice.
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Figure 7: The exact solution and the regularized solutions of Example 2 for α = 0.5 under
the a-priori parameter choice and the a-posteriori parameter choice.
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Figure 7. The exact solution and the regularized solutions of Example 2 for α = 0.5 under the a priori
parameter choice and the a posteriori parameter choice.
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Figure 8: The exact solution and the regularized solutions of Example 2 for α = 1 under
the a-priori parameter choice and the a-posteriori parameter choice.
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Figure 8. The exact solution and the regularized solutions of Example 2 for α = 1 under the a priori
parameter choice and the a posteriori parameter choice.

6. Conclusions

In this article, a convoluting equation method is applied to determine the unknown
heat source term. Furthermore, we come up with a new generalized discrepancy principle
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to choose the regularization parameter. The obtained results demonstrate the reliability of
the proposed technique and its wider applicability to the fractional evolution equation.
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