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Abstract: Forecasting future values of Colombian companies traded on the New York Stock Exchange
is a daily challenge for investors, due to these stocks’ high volatility. There are several forecasting
models for forecasting time series data, such as the autoregressive integrated moving average
(ARIMA) model, which has been considered the most-used regression model in time series prediction
for the last four decades, although the ARIMA model cannot estimate non-linear regression behavior
caused by high volatility in the time series. In addition, the support vector regression (SVR) model is
a pioneering machine learning approach for solving nonlinear regression estimation procedures. For
this reason, this paper proposes using a hybrid model benefiting from ARIMA and support vector
regression (SVR) models to forecast daily and cumulative returns of selected Colombian companies.
For testing purposes, close prices of Bancolombia, Ecopetrol, Tecnoglass, and Grupo Aval were used;
these are relevant Colombian organizations quoted on the New York Stock Exchange (NYSE).

Keywords: hybrid model; ARIMA; support vector regression (SVR); forecasting; time series analysis;
daily returns; cumulative returns

MSC: 91B84

1. Introduction

A national financial system is a set of institutions and operations through which
resources are transferred from people with the capacity to invest to the people or companies
that require those investments to carry out their activities [1]. Hence, it is crucial to be
aware of those institutions that have the greatest impact on the securities market to make
investments. At present, it is easier to be in frequent contact with financial institutions
providing services such as taking deposits, granting loans, or managing investments [2].

There are a wide variety of companies in Colombia in which different investors
may be interested; four of them (Bancolombia, Ecopetrol, Tecnoglass, and Grupo Aval) are
considered to have the highest impact on the country’s economy, and it is of great interest for
investors to obtain predictive models to understand their behavior and make appropriate
decisions. These stocks may be of high relevance to long-term investors interested in solid
companies showing a good historical performance. For example, Tecnoglass (TGLS) had,
in 2020, a growth of 26.21% over the previous year, generating, during the pandemic,
operating profits of 11.9% above a normal year such as 2019, and maintaining the same
volume of net income as in the previous year. Figure 1 shows the cumulative returns of
TGLS and the satisfactory recovery of this company’s shares after COVID-19. The smallest
pandemic impact was observed in the Bancolombia shares, which is one of the strongest
companies in Colombia with a presence in more than ten countries and a 27-year long
listing on the NYSE.
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Figure 1. Daily and cumulative returns for Bancolombia, Ecopetrol, Grupo AVAL, and Tecnoglass
shares. Source: Yahoo Finance API for Python.

As each of these four companies’ shares have been preferred over the years, confidence
and trading volume can be attractive when investing in the stock market [3], as can the study
of appropriate predictive models. There are different methods or techniques for identifying
future movements of a stock, such as fundamental and technical analysis, as well as the use
of statistical estimations to produce predictions for making correct decicions [4,5]. The main
objective of this research is to make use of a hybrid model to obtain robust predictions of the
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daily and cumulative returns of shares in Bancolombia, Ecopetrol, Tecnoglass, and Grupo
Aval. Hybrid models have the advantage of capturing linear and non-linear patterns in a
time series; for this reason, in this work, this type of analysis is used, and its effectiveness
is verified through accuracy and goodness-of-fit metrics to confirm the benefits of using
a combination of predictive techniques instead of using each one separately. Predictions
obtained in this research can be used to forecast other NYSE-listed stocks since some of
them exhibit similar behaviors in the time series studied in this work for testing purposes.

2. Literature Review

The support vector regression (SVR) model is a promising tool for the financial fore-
casting of stocks with large fluctuations, while (ARIMA) models are remarkable for fitting
linearity without sacrificing trend predictions for long-term horizons, which is crucial,
for example, for portfolio optimization [6]. Due to its effectiveness for solving non-linear
estimation problems, SVR models have been widely used for time series forecasting in
different fields, e.g., for wind power and financial forecasting, as well as for predicting
industrial machinery production value and accuracy [7–11]. Hence, in this paper, we use
the SVR model as a component of the hybrid model, as it has shown to be effective for time
series predictions.

The advantage of using ARIMA models is their versatility and the fact that they
can be adjusted to predict different temporal phenomena [12]. It is possible to adjust
a variety of time series data using either ARs (autoregressive models), MAs (moving
averages), or ARMA, which is a combination of AR and MA. Due to its effectiveness as
a classical forecasting method, it has been widely used, for example, to predict water
quality, workloads in cloud applications, the EBITDA index for financial performances,
and short-term customer loads [13–16]. Since ARIMA is a linear model, it cannot capture
non-linear patterns in a time series; therefore, different predictive models based on machine
learning and deep learning techniques have been used in time series forecasting to predict
strong fluctuations.

Artificial neural networks (ANNs) have recently gained considerable interest from
researchers to predict time series. The main benefit of using neural networks is their ability
to forecast non-linear behaviors in data [17]. When using ANNs, in contrast to traditional
linear models, it is not necessary to describe a concrete model format. Instead, the model is
built and fitted based on data characteristics. Such a model-based design is appropriate
for a wide range of experimental datasets without a set of rules to provide appropriate
data-generation methods.

The use of hybrid models or the combination of a pair of techniques to enhance forecast
performance is one of the most powerful alternatives to improve prediction errors [18].
Hybrid models are either homogeneous, such as with the use of a variety of neural network
settings, or heterogeneous, using both linear and non-linear techniques [19,20]. This can be
of great benefit for time series predictions, since time series can show non-linear behavior
over time; however, it can become linear according to input considerations. For these types
of hybrid models, while the machine learning model handles non-linearity, ARIMA handles
the linear, non-stationary part [21,22].

Hybrid prediction strategies have been used for time series forecasting in recent
decades, such as the hybrid ARIMA–ANN model implemented in [21], where it was noted
for its effectiveness in predicting linearity and nonlinearity in time series. The hybrid
ARIMA–BPNN, used to make predictions about the Chinese stock market, was based on
the use of the ARIMA model and backpropagation neural networks (BPNNs) to effectively
capture linear and nonlinear behaviors hidden in the original dataset and improve the
forecast accuracy obtained by each model separately [23]. Another hybrid model based on
ARIMA is the ARIMA–LSTM, which retains the advantages of the two models in addition
to the efficiency of approximating of the seasonal component provided by the LSTM model.
This hybridization provides a robust prediction under certain parameterizations [24].
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Recently, a study on gold price forecasting with ARIMA and SVR models showed
that the SVR model is better than the ARIMA model, and suggests that SVR should be
used in any commodity price forecasting due to its high accuracy. All previous studies of
individual and hybrid models have been useful for predicting time series, and many of
these comparisons and applications were used to formulate new hybrid models in order to
improve prediction results [25–27].

On the other hand, some works have been published using a hybrid approach compris-
ing ARIMA and artificial intelligence for financial forecasting [28]. SARIMABP, a hybrid
model using SARIMA and a backpropagation neural network model, has been used to
forecast seasonal time series data [22]. The hybrid method, called KARIMA, which uses a
Kohonen self-organized map and the ARIMA model for short-term forecasting [29]. Using
fundamental artificial neural network principles, a hybrid model to overcome the data
limitations of ANNs and achieve more precise predictions than ANNs under incomplete
data scenarios has been addressed by employing fuzzy regression models [30].

Due to the effectiveness shown by the use of the hybridization of different types of
predictive time series models, in this paper, the use of a hybrid ARIMA–SVR model to
predict the daily and cumulative returns of a Bancolombia, Ecopetrol, Tecnoglass, and
Grupo Aval is proposed, since it has been shown by different authors that forecasting
models can complement each other to greatly improve the accuracy of their forecasts,
which is extremely important in portfolio optimization, risk management, and decision
making. An additional motivation for using the hybrid model is that time series data from
the real market are seldom linear or non-linear; frequently, they consist of both linear and
non-linear patterns. Therefore, it is problematic for predictors to select the appropriate
approach for their particular scenario. Mixing different methodologies can solve the issue
of choosing the right model. Therefore, by using a hybrid ARIMA-SVR model, intricate
autocorrelation patterns can be predicted with higher precision.

3. Materials and Methods

For testing purposes, each model will be used separately, and then a hybrid model will
be built to take advantage of the benefits of each model to handle linearity and nonlinearity
present in the original data series. Time series data for Bancolombia, Ecopetrol, Tecnoglass,
and Grupo Aval were obtained using the Yahoo Finance API. For the development of the
application, a computer with 16 GB of RAM, an 8th Gen. Intel Core i7 Processor, an NVIDIA
GeForce GTX 1070 with Max-Q Design, 8 GB GDDR5 was used, running on the x64-bit
Microsoft Windows 10 platform. The algorithms for each were implemented using the
Python language.

3.1. Data and Sampling

To validate what is proposed in this work, a forecast study of Bancolombia, Ecopetrol,
Tecnoglass, and Grupo Aval’s daily and cumulative returns is performed using a hybrid
model that uses the autoregressive integrated moving average (ARIMA) together with
support vector regression (SVR).

Bancolombia has been listed on the Colombian Stock Exchange (BVC) for more than
20 years and is one of the leading institutions in terms of market capitalization. Its presence
is focused on the American continent, and it has been consolidated in the Colombian capital
market since 1981 [31]. Ecopetrol S.A. Empresa Colombiana de Petróleos, on the other hand,
is a semi-public company, specializing in oil and gas production, which is involved in every
phase of the hydrocarbon supply chain—from the extraction of raw materials to refining
and commercialization. Ecopetrol’s shares are currently traded on the Colombian and New
York Stock Exchanges [32,33]. Tecnoglass S.A. is a leading glass manufacturer located in Bar-
ranquilla, Colombia. It is the second major glass supplier for the United States and is one of
the most important companies dedicated to architectural glass processing in Latin America.
It was indexed in Nasdaq on 20 December 2013 [34,35]. Grupo Aval S.A. (formerly known
as Grupo Acciones y Valores S.A.) (NYSE: AVAL, BVC: GRUPOAVAL) is a Colombian busi-
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ness conglomerate engaged in a wide variety of activities, mainly financial. It is Colombia’s
leading financial group, controlling the four most-important Colombian banks—(Banco
de Bogotá, Banco de Occidente, AV Villas, and Banco Popular). In 2014, the company went
public at the NYSE after a process which was initiated in 2004, with the issuance of 1874
million preferred shares in the form of ADRs at USD 13.50 per share, representing a value of
USD 1265 million [36,37].

The sample size used for predictions corresponds to the last 4-year daily observations,
until 1 April 2022, of each share appearing in Yahoo Finance. Daily returns are calculated
using the following formula:

Rt =
Pt − Pt−1

Pt−1
,

where Pt is the close price of each share at time t. The time series data were divided into
training and testing datasets. For the testing set, the last ten days (10%) were considered,
and the remaining 90% was used to train each model. The variables that were studied were
date and the value of the daily and cumulative returns. Datasets were obtained using the
Yahoo Finance API for Python.

Next, the models obtained were optimized by choosing parameters that provided the
best adjustment, in terms of Akaike’s criterion and hyper-parameterization for the SVR
model. Accuracy measures, such as the MAE (mean absolute error), MAPE (mean absolute
percentage error), MSE (mean square error), and RMSE (root-mean-square error), were
used to compare the model results. Correlation and the calculation of R2 were used to
identify the best fitting for each model; for determining the significance of the differences
in predictions, the Diebold–Mariano (DM) test was used. Results obtained by the best
forecasting model are presented, and their advantages are discussed in terms of error
and goodness of fit.

3.2. ARIMA Model

The ARIMA models, pioneered by Box and Jenkins, are powerful and useful fore-
casting techniques to predict time series [38]. Essentially, the ARIMA models estimate
future values of the time series as a linear combination of historical and residual data.
There are three components in such a model: the differentiation order for seasonality, and
autoregressive and moving average orders [39].

The backward shift operator B is used as an operator to remove non-stationarity.
A time series, yt, is called homogeneous non-stationary if its first difference, wt = (1−
B)yt = yt − yt−1, or the dth difference, wt = (1−B)dyt, is also a stationary time series. Fur-
thermore, yt is referred to as an autoregressive integrated moving average (ARIMA) model
with orders p, d, and q, noted ARIMA(p, d, q), if its dth difference produces a stationary
ARMA(p, q) procedure. Hence, an ARIMA(p, d, q) is often expressed as

φ(B)(1−B)dyt = c + θ(B)εt (1)

where

φ(B) = 1−
p

∑
i=1

φiBi and θ(B) = 1−
q

∑
i=1

θiBi (2)

the backward shift operators for AR(p) and MA(q) are defined as φ(B)yt = c + εt and
yt = µ+ θ(B)εt, with c = µ−φµ, where µ and εt are the mean and white noise, respectively,
and E(εt) = 0.

The orders for the ARIMA models can be calculated using the autocorrelation and
partial autocorrelation structures. Coefficients are computed by the maximum likelihood
approach pioneered by Box and Jenkins [12]. From evaluative checks such as Akaike’s
information criterion (AIC) and the Jarque–Bera normality test for residual series, it is
identified as the optimal model.



Mathematics 2022, 10, 2181 6 of 21

3.3. Support Vector Regression Model

The support vector regression (SVR) model is used for nonlinear regression problems,
and it is a novel technique in time series forecasting [40]. SVR uses a linear function hypoth-
esis space in a high-dimensional feature space to be trained according to the principle of
structural risk minimization (SRM) [41,42]. SVR inputs are mapped into a high-dimensional
feature space by using a non-linear function [43,44]. The decision function for the SVR
model can be expressed as

y = w · φ(x) + b, (3)

where x is the input, w and b are constant vectors, and φ(x) is a nonlinear function.
The principal objective of SVR algorithms is to find the best parameters w, b in Equation (3),
to solve an optimization problem described as follows

min

{
1
2

w2 + C
n

∑
i=1

(ζi + ζ∗i )

}
subject to:

yi − (w · φ(xi) + b) ≤ ε + ζi

(w · φ(xi) + b)− yi ≤ ε + ζ∗i
ζi, ζ∗i ≥ 0, i = 1, . . . , n

(4)

where ζi and ζ∗i are slack variables that measure the training errors above and below an ε
tube, and C is a positive constant penalty coefficient that determines the degree of penalized
loss when a training error occurs. The nonlinear SVR can also be expressed as a dual pattern
using the Lagrange multipliers after minimizing Equation (4); then, the dual optimization
problem of nonlinear SVR changes to the following

1
2

n

∑
i=1

n

∑
j=1

(αi − α∗i )(αj − α∗j )K+ ε
n

∑
i=1

(αi − α∗i )−
n

∑
i=1

yi(αi − α∗i ), (5)

with constraints

n

∑
i=1

(αi − α∗i ) = 0

0 ≤ αi, α∗i ≤ C, i = 1, . . . , n,

where ζi and ζ∗i are Lagrange multipliers with aK kernel function, to be calculated as follows:
K := K(i, j) = φ(xi)

Tφ(xj). The kernel functions widely used in SVR include linear, radial,
polynomial, and sigmoid functions [45,46]. Lastly, the nonlinear (SVR) decision function
can be stated as

f (xi) =
n

∑
i=1

(αi − α∗i )K(xi, xk) + b. (6)

3.4. Hybrid Model

Obtaining reliable predictions of daily and cumulative return values with a forecasting
model is crucial for making correct decisions. Khashei and Bijari (2011) [47] propose a
hybrid model similar to Zhang (2003) [21] in which the ARIMA model extracts linear
components and predicts them; residuals, being nonlinear data subcomponents, are then fit
by the SVR model. Therefore, the hybrid model in this work consists of ARIMA and SVR
and predicts linear and nonlinear behaviors with the best accuracy forecasts. The hybrid
modelHt is, then, expressed as

Ht = Lt +Nt, (7)

where Lt and Nt represent the linear and non-linear components for the hybrid technique
and are calculated based on the original time series. Let L̂t be prediction resulting from the
use of the ARIMA model in the original dataset at time t; then, the residual εt, defined as

εt = Ht − L̂t, (8)
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is adjusted using the SVR model and can be expressed as

εt = FSVR(εt−1, εt−2, ...εt−n) + ∆t, (9)

where FSVR is a nonlinear expression related to the SVR model and ∆t is the random error.
Thus, a hybrid model can be expressed as

Ẑt = L̂t + N̂t, (10)

where L̂t and N̂t are the forecast values for linearity and non-linearity using the ARIMA
and SVR models, respectively.

4. Results and Discussion
4.1. Prediction Evaluation Measures

To identify the most appropriate approach to the original time series, errors were
determined based on the mean absolute percentage error (MAPE), the mean absolute
deviation (MAD), and the mean squared deviation (MSD) measures, each determined using
the following formulas:

MAPE =

Tf

∑
t=1
|(yt − ỹt−1)/yt|

Tf
× 100

MAD =

Tf

∑
t=1
|yt − ỹt−1|

Tf

MSD =

Tf

∑
t=1

(yt − ỹt−1)
2

Tf
.

(11)

For significance of differences in predictions, the Diebold–Mariano (DM) test was used.
It is an asymptotic hypothesis test for the mean of the loss series

δM1,M2
k = L(εM1

k )−L(εM2
k ),

where εMk = yk − ŷk is the forecasting error using the modelM at the time step k, with L(·)
as the loss function, generally taken as L(εMk ) = |εMk |p, p = 1, 2. Considering a forecast
from modelM1 and a forecast from modelM2, the null hypothesis to be contrasted is H0:
the loss differential mean for modelM1 is less than or equal to that of modelM2 [48].

4.2. Application of Models

Descriptive parameters are calculated to obtain important information related to
measures of central tendency, dispersion, and position (see Table 1). According to the
results, it can be seen that the most volatile stocks are Bancolombia and Ecopetrol, and they
are also the ones with the longest trading history on the NYSE. The distribution of price
frequencies for each of these stocks is approximately symmetric, except for Ecopetrol, which
is right-skewed. In terms of the total volume of shares traded, Bancolombia and Tecnoglass
have increased their value the most. Bancolombia’s shares are the most expensive overall,
and Grupo AVAL’s shares are the cheapest.
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Table 1. Descriptive parameters for each share’s closing price: Bancolombia, Ecopetrol, Grupo AVAL,
and Tecnoglass.

Bancolombia Ecopetrol Grupo AVAL Tecnoglass

Nrecords 6721 3410 1897 2492
µ 29.6831 25.3802 7.5447 10.7590
σ 19.9106 15.7001 1.7814 4.6862

ymin 1.0500 5.4000 3.3400 2.2900
Q1 12.2500 12.6050 6.2700 8.2975
x̃ 30.2700 19.1200 7.7900 9.9400

Q3 45.1600 38.7575 8.4700 11.5600
ymax 70.5000 67.4800 13.7800 33.7000

4.2.1. Application of ARIMA Model

The standard statistical paradigm assumes that a series under stationary conditions
and a model that fits the historical data is also the optimal model for forecasting [49].
The cumulative returns of Bancolombia, Ecopetrol, Grupo AVAL, and Tecnoglass show
non-stationary signals, with p-values greater than 0.05, as evidenced in Table 2. The non-
stationarity null hypothesis cannot be rejected, so each share’s cumulative return shows a
non-stationary signal; consequently, a right differentiator order should be selected to make
it stationary. The autocorrelation function for the cumulative returns, on the right, shows
an exponential decay, indicating a trend in the data and a positive correlation for a large
number of lags, which requires further differencing. Autocorrelation for daily returns on
the left shows the lag moves into the far-negative zone rapidly, indicating the stationarity
of the time series (see Figure 2).

Table 2. Dickey–Fuller test for the non stationarity of cumulative returns.

Share Dickey–Fuller Test

Bancolombia (CIB) p-value: 0.8396
Ecopetrol (EC) p-value: 0.9874
Grupo AVAL (AV) p-value: 0.0678
Tegnoglass (TGLS) p-value: 0.3776

A first and second differentiator is applied until stationarity is reached; from the first
differentiator applied, stationarity is achieved. The ARIMA model is trained to confirm
the right order and differentiation and to have the best model orders (p, d, q). According
to the information-theoretic approaches, the Akaike goodness-of-fit (AIC) criterion was
used, which provides the best coefficients for model quality, based on the minimization of
the AIC coefficient [50]. The following were parameters obtained for the ARIMA model
from the training datasets of each share studied here, namely, CIB, EC, AVAL, and TGLS:
(1, 0, 1), (1, 0, 2), (2, 0, 0), and (4, 0, 4) for daily returns, and (1, 1, 0), (2, 1, 3), (0, 1, 0), and
(3, 1, 3) for cumulative returns, respectively. The first parameter p is the autoregressive
order, the second d is the differentiation order, and the moving average order q is the third.
Parameters were calculated by choosing the lowest Akaike coefficient after a loop over
pre-defined ranges for each of these orders.

Figure 3 shows the model adjustment for the real time series of the daily and cu-
mulative returns. Correlation plots between the original and predicted time series are
plotted with the R2 respective value. Figures 3 and 4 show the goodness of fit for daily and
cumulative returns, which can be confirmed with the R2 and correlation plot. Accuracy
metrics, such as MAE, MSE, MAPE, and RMSE, were applied to evaluate the efficiency of
the ARIMA model for each share, as can be seen in Tables 3 and 4.
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Figure 2. Autocorrelation plots for (a) Bancolombia, (b) Ecopetrol, (c) Grupo Aval, and (d) Tecnoglass
time series data—daily returns (left) and cumulative returns (right). The dashed blue line specify
a significance threshold. Lags, consistently outside the pair of dashed blue lines, represent non-
stationary trends.



Mathematics 2022, 10, 2181 10 of 21

2022-01-12 2022-01-26 2022-02-08 2022-02-22 2022-03-07 2022-03-18

Date

−0.02

0.00

0.02

0.04

0.06

D
ai

ly
R

et
u

rn

CIB

ARIMA

2022-01-12 2022-01-26 2022-02-08 2022-02-22 2022-03-07 2022-03-18

Date

−0.04

−0.02

0.00

0.02

0.04

D
ai

ly
R

et
u

rn

EC

ARIMA

2022-01-12 2022-01-26 2022-02-08 2022-02-22 2022-03-07 2022-03-18

Date

−0.03

−0.02

−0.01

0.00

0.01

0.02

0.03

0.04

D
ai

ly
R

et
u

rn

AVAL

ARIMA

2022-01-12 2022-01-26 2022-02-08 2022-02-22 2022-03-07 2022-03-18

Date

−0.075

−0.050

−0.025

0.000

0.025

0.050

0.075

0.100

D
ai

ly
R

et
u

rn

TGLS

ARIMA

Figure 3. Real vs. ARIMA adjustment for daily returns of Bancolombia, Ecopetrol, Grupo AVAL,
and Tecnoglass. The real time series is represented by the share symbol and its prediction with the
model name in the legend.
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Figure 4. Real vs. ARIMA adjustment for cumulative returns of Bancolombia, Ecopetrol, Grupo
AVAL, and Tecnoglass. The real time series is represented by the share symbol and its prediction with
the model name in the legend.
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Table 3. MAE, MSE, and R2 for the daily returns forecast using the ARIMA model. The Diebold–
Mariano test was used for the prediction pair (DM, p-value)ARIMA,Hybrid. MAE and MSE columns are
multiplied by 10−7.

Share MAE MSE R2 (DM, p-Value)ARIMA,Hybrid

Bancolombia (CIB) 156,642.5839 4209.16114 0.0630787 (7.7018, 1.3424 × 10−13)
Ecopetrol (EC) 164,542.6646 4563.8175 0.0031868 (8.8210, 5.1582 × 10−17)
Grupo AVAl (AV) 118,944.0264 2435.5536 0.0418544 (8.4931, 5.5444 × 10−13)
Tegnoglass (TGLS) 330,208.9796 26,142.6679 0.1570711 (4.0985, 5.1533 × 10−13)

Table 4. MAE, MSE, and R2 for the cumulative returns forecast using the ARIMA model. The
Diebold–Mariano test was used for the prediction pair (DM, p-value)ARIMA,Hybrid. MAE and MSE
columns are multiplied by 10−7.

Share MAE MSE R2 (DM, p-Value)ARIMA,Hybrid

Bancolombia (CIB) 156,412.9033 4258.5618 0.9392642 (7.1732, 4.4188 × 10−12)
Ecopetrol (EC) 156,730.7965 4104.2421 0.9658714 (8.4510, 7.9365 × 10−16)
Grupo AVAl (AV) 123,512.9019 2546.7269 0.7500343 (8.0887, 1.0073 × 10−14)
Tegnoglass (TGLS) 325,112.7213 24,722.3193 0.8636632 (4.0987, 5.1714 × 10−5)

Figure 3 shows the ARIMA model’s performance in forecasting the linear behaviors
of the daily and cumulative returns of each share, maintaining the trend for a long-term
horizon; however, it is necessary to use another forecasting model to capture non-linear
patterns. The support vector regression model (SVR) was applied for this goal.

4.2.2. Support Vector Regression Application

The support vector regression model is used to predict original datasets, and then
to forecast residuals from the ARIMA model, considering ARIMA as a linear pre-filter.
Parameters for the best fitted model were calculated with a grid search methodology based
on the training dataset; parameter values with the minimum MSE values were used to
determine the final model.

Figures 5 and 6 show the SVR prediction for the training sets using the best kernel and
parameters after cross-validation was applied. The model with the RBF kernel provided
the best goodness of fit compared to the linear, polynomial, and sigmoid kernels. Accuracy
metrics were used to compute forecasting errors (see Tables 5 and 6), correlation, and R2 to
study the forecasting quality of the selected SVR model.
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Figure 5. Real vs. SVR adjustment for the daily returns of Bancolombia, Ecopetrol, Grupo
AVAL, and Tecnoglass. The real time series is represented by the share symbol and its prediction with
the model name in the legend.
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Figure 6. Real vs. SVR adjustment for the cumulative returns of Bancolombia, Ecopetrol, Grupo
AVAL, and Tecnoglass. The real time series is represented by the share symbol and its prediction with
the model name in the legend.

Table 5. MAE, MSE, and R2 for the daily returns forecast using the SVR model. The Diebold–Mariano
test was used for the prediction pair (DM, p-value)SVR,Hybrid. MAE and MSE columns are multiplied
by 10−7.

Share MAE MSE R2 (DM, p-Value)SVR,Hybrid

Bancolombia (CIB) 1896.1414 0.5732 0.9998737 (0.1316, 0.8954)
Ecopetrol (EC) 2046.0967 0.6497 0.9998610 (−1.2238, 0.2218)
Grupo AVAL (AVAL) 1849.0694 0.5449 0.9997991 (1.6671, 0.0964)
Tecnoglass (TGLS) 2054.6102 0.6239 0.9999799 (1.0358, 0.3010)

Table 6 shows the accuracy metrics for the (SVR) model using a radial kernel, with
C and ε and γ as the cross-validation parameters. Results in Figures 5 and 6 show a
considerable fit to the daily returns using the selected model with parameters C = 0.1, ε =
10−6, γ = 1.0 for Bancolombia and Grupo Aval, and C = 1.0, ε = 10−6, γ = 1.0 for
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Ecopetrol and Tecnoglass. The ARIMA and SVR models, separately, cannot handle all
patterns in the time series. However, the hybrid model has the potential of minimizing
errors considerably, as it is a combination that uses parameters from each model to capture
what is significant separately.

Table 6. MAE, MSE, and R2 for the cumulative returns forecast using the SVR model. The Diebold–
Mariano test was used for the prediction pair (DM, p-value)SVR,Hybrid. MAE and MSE columns are
multiplied by 10−7.

Share MAE MSE R2 (DM, p-Value)SVR,Hybrid

Bancolombia (CIB) 2043.3500 0.6387 0.9999908 (−1.4533, 0.1470)
Ecopetrol (EC) 2184.8263 0.7228 0.9999939 (−1.0231, 0.3069)
Grupo AVAL (AVAL) 1968.4033 0.5853 0.9999378 (0.9748, 0.3304)
Tecnoglass (TGLS) 1916.5194 0.5896 0.9999967 (1.9944, 0.0469)

4.2.3. Application of the Hybrid Model

For the proposed hybrid model, ARIMA was used as a pretreatment for line filtering
in the dataset. Error terms or residuals from the ARIMA model were then fed into the SVR
model. The parameters with minimum MSE scores were chosen to fit the ARIMA residuals.
The SVR model was used to predict non-linear patterns that ARIMA, as a statistic linear
model, failed to capture.

The hybrid model estimation Ĥt can be expressed as

Ĥt = L̂t + N̂t,

where L̂t is the linear term modeled by the ARIMA model and N̂t is the non-linearity;
the residuals from ARIMA were predicted by the SVR model. Let εt be the residual at t,
derived from ARIMA; then,

εt = Ht − L̂t, (12)

are modeled using SVR and can be expressed in the following way:

εt = FSVR(εt−1, εt−2, ...εt−n) + ∆t, (13)

where FSVR is the non-linear function associated with the SVR model with random
errors ∆t. Figures 7 and 8 show ARIMA-SVR adjustment for daily and cumulative re-
turns of Bancolombia, Ecopetrol, Grupo AVAL, and Tecnoglass. Autocorrelation plots were
added to the right to identify goodness of fit of the model.
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Figure 7. Real vs. Hybrid adjustment for the daily returns (left) and correlation Corr(yt, ŷt) for
the real and forecasted share prices (right) of: (a) Bancolombia, (b) Ecopetrol, (c) Grupo AVAL,
and (d) Tecnoglass.
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Figure 8. Real vs. Hybrid adjustment for the cumulative returns (left) and correlation Corr(yt, ŷt) for
the real and forecasted share prices (right) of: (a) Bancolombia, (b) Ecopetrol, (c) Grupo AVAL, and
(d) Tecnoglass.

Tables 7 and 8 summarize the forecasting results for each model used. These findings
show that the hybrid model improves the component models (ARIMA and SVR) on four
precision measures in most cases (except for Bancolombia). For Bancolombia’s daily and
cumulative returns, the hybrid model presents similar results to ARIMA in terms of errors,
but always provides the best goodness of fit, confirmed with the correlation plots and the
R2 results which appear in the last columns of Tables 7 and 8.



Mathematics 2022, 10, 2181 16 of 21

Table 7. Accuracy metrics and R2 for daily returns an all models. The figures in the MAE, MSE, and
RMSE columns are to be multiplied by 10−7.

Model Share MAE MSE RMSE R2

ARIMA

Bancolombia (CIB) 156,642.5839 4209.16114 205,162.4007 0.0630787
Ecopetrol (EC) 164,542.6646 4563.8175 213,630.9311 0.0031868
Grupo AVAl (AV) 118,944.0264 2435.5536 156,062.6022 0.0418544
Tegnoglass (TGLS) 330,208.9796 26,142.6679 511,299.0114 0.1570711

SVR

Bancolombia (CIB) 1896.1414 0.5732 2394.1233 0.9998737
Ecopetrol (EC) 2046.0967 0.6497 2549.0300 0.9998610
Grupo AVAL (AVAL) 1849.0694 0.5449 2334.3474 0.9997991
Tecnoglass (TGLS) 2054.6102 0.6239 2497.8044 0.9999799

Hybrid

Bancolombia (CIB) 2043.0542 0.6654 2579.6194 0.9998584
Ecopetrol (EC) 1892.1912 0.5584 2363.1461 0.9998945
Grupo AVAL (AVAL) 2022.1969 0.6135 2476.8812 0.9997654
Tecnoglass (TGLS) 1909.8914 0.5519 2349.3156 0.9999832

Table 8. Accuracy metrics and R2 for cumulative returns an all models. The figures in the MAE, MSE,
and RMSE columns are to be multiplied by 10−7.

Model Share MAE MSE RMSE R2

ARIMA

Bancolombia (CIB) 156,412.9033 4258.5618 206,362.8323 0.9392642
Ecopetrol (EC) 156,730.7965 4104.2421 202,589.2924 0.9658714
Grupo AVAL (AV) 123,512.9019 2546.7269 159,584.6773 0.7500343
Tegnoglass (TGLS) 325,112.7213 24,722.3193 497,215.4389 0.8636632

SVR

Bancolombia (CIB) 2043.3500 0.6387 2527.3378 0.9999908
Ecopetrol (EC) 2184.8263 0.7228 2688.4308 0.9999939
Grupo AVAL (AV) 1968.4033 0.5853 2419.3327 0.9999378
Tecnoglass (TGLS) 1916.5194 0.5896 2428.2147 0.9999967

Hybrid

Bancolombia (CIB) 2081.0660 0.6400 2529.7931 0.9999908
Ecopetrol (EC) 1860.2882 0.5132 2265.3619 0.9999961
Grupo AVAL (AVAL) 1849.0696 0.5449 2334.3475 0.9999426
Tecnoglass (TGLS) 1695.8875 0.4675 2162.2613 0.9999974

4.3. Discusion

Results presented in this section correspond to three different predictions of daily and
cumulative returns using the ARIMA, SVR, and ARIMA–SVR models. Return predictions
are important for investors, as they allow for investors to plan goals based on tangible
results and to understand whether or not it is worthwhile to invest in certain stocks.

Tables 7 and 8 summarize the forecasting results for each model used. These findings
show that the hybrid model improves the component models (ARIMA and SVR). Using
four precision measures, in most cases (except for Bancolombia’s and Grupo Aval’s daily
returns), the hybrid model outperformed the predictions from the ARIMA and SVR models.
For Bancolombia’s cumulative returns, the hybrid model presented results similar to SVR
in terms of errors and goodness of fit, confirmed with the correlation plot and R2 results.
The Deibold–Mariano test (see Table 9) was used to determine whether two predictions are
significantly different, considering as null hypothesis, forecast errors from two models
cause the same loss. As can be seen, Table 9 shows that ARIMA and the Hybrid model are
significantly different, as well as the SVR and the Hybrid model to forecast Tecnoglass’s
cumulative returns.

Figures 9 and 10 show the best fit for each model; the error and accuracy measures
are recorded in Tables 7 and 8 to confirm the findings. Tables 7 and 8 show that the hybrid
model improved, in the majority of cases, the ARIMA and SVR models for each company,
except for Bancolombia’s cumulative returns. On the other hand, the correlation plot and
R2 calculation show there is a high proportion of the total variance explained by the hybrid
model with R2 closer to 1, compared to the other two models and all the companies.

As can be seen from the results obtained, the hybrid model is outstanding, as it
provides the most accurate predictions with the best goodness of fit compared to those
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obtained by the two component models individually. Prediction results for the daily
and cumulative returns of the four most-important Colombian stocks listed on the NYSE
confirm the significant advantages of using this type of model to capture different types of
patterns that can be found in a time series. These types of models can be used for different
stocks listed on different exchanges with similar behaviors to obtain the best accuracy and
goodness of fit for predictions.

Table 9. The Diebold–Mariano test was used for each prediction pair (DM, p-value)SVR,Hybrid,
(DM, p-value)ARIMA,Hybrid corresponding to the daily or cumulative returns, respectively.

Share (DM, p-Value)ARIMA,Hybrid (DM, p-Value)SVR,Hybrid

Daily

Bancolombia (CIB) (7.7018, 1.3424× 10−13) (0.1316, 0.8954)
Ecopetrol (EC) (8.8210, 5.1582× 10−17) (−1.2238, 0.2218)

Grupo AVAL (AVAL) (8.4931, 5.5444× 10−13) (1.6671, 0.0964)
Tecnoglass (TGLS) (4.0985, 5.1533× 10−13) (1.0358, 0.3010)

Cumulative

Bancolombia (CIB) (7.1732, 4.4188× 10−12) (−1.4533, 0.1470)
Ecopetrol (EC) (8.4510, 7.9365× 10−16) (−1.0232, 0.3069)

Grupo AVAL (AVAL) (8.0887, 1.0073×10−14) (0.9748, 0.3304)
Tecnoglass (TGLS) (4.0987, 5.1714× 10−5) (1.9944, 0.0469)
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Figure 9. Real vs. the ARIMA, SVR, and Hybrid models’ adjustment for daily returns. (a) Bancolom-
bia, (b) Ecopetrol, (c) Grupo AVAL, and (d) Tecnoglass. The real-time series is represented by the
stock symbol and its forecasts by the name of the corresponding model.
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Figure 10. Real vs. the ARIMA, SVR, and Hybrid models’ adjustment for cumulative returns.
(a) Bancolombia, (b) Ecopetrol, (c) Grupo AVAL, and (d) Tecnoglass. The real-time series is repre-
sented by the stock symbol and its forecasts by the name of the corresponding model.

5. Conclusions

This work compares three forecasting models, ARIMA, SVR, and the hybrid ARIMA-
SVR model, to forecast the daily and cumulative returns of shares in Bancolombia, Ecopetrol,
Tecnoglass, and Grupo Aval. There are no works in the literature that use hybrid models
such as the one presented in this paper to predict Colombian shares listed on the New
York Stock Exchange, which is of great importance for aiding national and international
investors interested in these companies in making correct decisions [51].

A few works can be found where forecasting models were used to predict Colombian
shares; some of them use a self-organizing neural fuzzy system (SONFS), for example,
to forecast Ecopetrol shares, or an adaptive-network-based fuzzy inference system (AN-
FIS) for the Colombian power market [52,53], but none of them use a hybrid technique
using two different models, as is proposed in this work, to outperform forecasting results;
a homogeneous model is always trained for its predictions. Different stocks can show
behaviors similar to the set of time series data studied here, as well as other time series
used for other forecasting purposes; therefore, the effectiveness of using hybrid techniques
can be extended to other types of problems where prediction accuracy is a major concern.
Moreover, based on the lack of development for this type of model for Colombian share
predictions, this work uses a hybrid model to leverage the effectiveness of the ARIMA and
SVR models to predict linear and non-linear patterns, and presents this type of novel model
as a suitable alternative to improve accuracy for time series forecasting. The shares studied
here have generated a great interest among those who invest in the stock market due to the
solidity of the companies representing them.

Time series for these companies were not stationary; therefore, integration was applied
until they became stationary. ARIMA(p, d, q), SVR with the RBF kernel and ε, C, and γ
cross-validation parameters, and the hybrid ARIMA–SVR model were selected to forecast
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the daily and cumulative returns of each company, and the datasets were modeled by
adjusting the parameters until the best results, in terms of errors and goodness of fit, were
obtained. Accuracy errors show the hybridization of each model, namely, ARIMA and
SVR, reduces forecast errors, giving greater confidence to investors to use such a predictive
model for decision making.

Considering the findings in Tables 7 and 8, it can be inferred that the hybrid technique
generated the smallest errors in most cases, except for Bancolombia, providing the best
approximation to the real dataset. For Bancolombia, similar predictions between ARIMA
and the hybrid model were found, but the hybrid model always had the best goodness-of-fit
value. The hybrid ARIMA–SVR model provided several promising options to be used in
forecasting analysis; in fact, there are several time series applications in the literature where
the model used was a hybrid one [54,55].

The main goal of predicting the daily and cumulative returns of the CIB, EC, AVAL,
and TGLS shares quoted on the NYSE and Nasdaq was achieved; however, a limitation was
found in trying to forecast Bancolombia’s and Grupo Aval’s daily returns. As future work,
different hybridization techniques to make the predictions more efficient and outperform
forecasting results, as well as the use of deep learning models such as LSTM to estimate non-
linearity in the time series data, can be studied. Hybrid GARCH models also can be used
to forecast the volatility of stocks with strong fluctuations, such as future contracts in the
cryptocurrencies market. Another pre-filter based on Fourier transformation, for example,
also can be applied to improve results from one of each component of the hybrid model.
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