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Abstract: In this paper, we investigate Cesaro means for the weighted orthogonal polynomial
expansions on spheres with weights being invariant under a general finite reflection group on R¥.
Our theorems extend previous results only for specific reflection groups. Precisely, we consider the
weight function iy (x) := [Tyery [(x,v)*, x € R on the unit sphere; the upper estimates of the
Cesaro kernels and Cesaro means are obtained and used to prove the convergence of the Cesaro
(C,J) means in the weighted L? space for § above the corresponding index. We also establish similar
results for the corresponding estimates on the unit ball and the simplex.
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1. Introduction

Cesaro summation (also known as the Cesaro mean) is a collection of methods for the
infinite summation of a series of numbers or functions. It was stated by E. Cesaro [1] in 1890
and ever since has been extensively studied in mathematical analysis. In the orthogonal
expansion theory, generally for N € N and § > —1, a Cesaro operator for a function f with
a series of orthogonal projections {proj if }]9';0 is defined as

1 ¥ _
SN(f) = a0 ZA?vijrO]jf/
N j=0
where A‘IS\] = % and I' is the Gamma function. It coincides with the partial sum

for 6 = 0 and the Fejér sum for § = 1.

Classical results about the Cesaro operator were established for Fourier expansion of
periodic functions [2]. In order to recover a periodic function f from its Fourier coefficients,
it would be more convenient to use the Cesaro mean method than taking the limit of
the partial sums of its Fourier series since this approach does not always work well.
As straight extension but far beyond trivial, these classical results have been developed
for spherical harmonic expansions on unit spheres. In the 1980s, C.D. Sogge [3,4] proved
the boundedness and convergence of Cesaro operators. Furthermore, the critical index
of J for convergence was obtained under certain restrictions. The approach of Sogge is
based on some delicate global estimates of the orthogonal projection operators, which,
however, significantly relied on the translation invariance of the Lebesgue measure on the
sphere. In recent decades, the theory of spherical i-harmonics was developed and attracted
much attention. This theory was initially studied by Dunkl in [5-7] and has been applied
in physics (see, for instance, [8,9] (pp. 360-370)). The weight functions in Dunkl theory
are invariant under a finite reflection group G on R?. Specifically, for the case of group
G = Zg and G = S3 (see [10,11]), Dai and Xu obtained a pointwise estimate for Cesaro
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kernel and proved the convergence of Cesaro means. Their analysis relied on an explicit
“closed” integral representation of Cesaro kernels. It should be pointed out that the explicit
integral representation, which is only known for several special groups G = Z4 and S3, is
essential in the works of [10-15].

In this paper, our goal is to extend the previous results about the convergence of Cesaro
means for the weighted orthogonal polynomials expansions (WOPEs) with general finite
reflection groups and to give a condition for the convergence of the Cesaro means with
respect to the weights. To overcome the difficulty of the results of the integral representation,
we shall apply the weighted Christoffel function to establish a delicate pointwise estimate
of Cesaro kernels.

The paper is organized as follows: in Section 2, we describe some necessary notations
and preliminary results on Jacobi polynomials. We also discuss the Dunkl operators in
detail and the theory of spherical i-harmonics, which was developed by Dunkl ([5,6]).
An important tool for our proofs of the main theorems is the weighted Christoffel function
on the sphere. We will present some sharp asymptotic estimates of the weighted Christoffel
functions. In Sections 3 and 4, we shall state and prove our main theorems. We apply the
weighted Christoffel function to establish a highly localized pointwise estimate of a Cesaro
kernel in spherical i-harmonic expansions. This pointwise kernel estimate plays a crucial
role in proving an integral estimate and a convergence result. Finally, Section 5 is devoted
to results on the unit ball B? and the simplex T“: necessary notations and results on WOPEs
on B? and T are described briefly in this section, while we establish similar results on the
ball and simplex.

Throughout this paper, | - || denotes the Euclidean norm in RY. We denote by ¢
a generic constant that may depend on fixed parameters such as x and d, whose value may
change from line to line. Furthermore, we write A ~ B if there exists a constant ¢ > 0 such
that A > ¢B and B > cA.

2. Preliminaries

In this section, we describe the material necessary for the spherical h-harmonic analysis
of the sphere.

2.1. Dunkl Theory and Spherical h-Harmonic Expansions
Let G C O(d) be a finite reflection group on R?. Let v be a nonzero vector in R

The reflection 0y, along v is defined by

2(x,v)
v,
[[v][2

oyxX = X — X € R”l,

that is the reflection with respect to the hyperplane perpendicular to v. Let R be the root
system of G, normalized so that (x,v) = 2 for all v € R, and fix a positive subsystem R
of R. It is known that (see, for instance, [16]) the set of reflections in G coincides with the
set {ov : v € Ry}, which also generates the group G. Letk : R — [0,00),v — &, = k(v) be
a nonnegative multiplicity function on R (i.e., a nonnegative G-invariant function on R).
Define weight function,

he(x):= T [(xv)|™, xeRY, (1)
VER+

as a homogeneous function of degree yx = }_,cg, *v and invariant under G.

The sphere S9! := {x € R? : ||x|| = 1} is a metric space equipped with the geodesic
metric p(x,y) := arccos(x,y), x,y € S*~! and the usual rotation-invariant surface Lebesgue
measure do(x). We denote by B,(x) the spherical cap {y € S*! : p(x,y) < r} centered
at x € S?! and having radius r > 0. Given a positive constant ¢ and a spherical cap
B = B,(x) C S, we use the notation cB to denote the spherical cap B, (x) with the same
center as that of B but c times the radius of B. The weight function we shall consider on
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the sphere S~ is h2(x), which can also be written as h2(x ) [Tyer [{x,v)|*v. Given a
measurable set E C S9! we write measy (E) := W} f £ h2 )do(x), where

W= ([, ) o) o @

It is easily seen that for 0 < r < 7, (see [17]),

measy (B, (x i1 H (x, V)| + 1), x e 1, (3)

vERL

where the constants of equivalence depend only on d and «. This in particular implies that
measy is a doubling measure on S?~! satisfying that for any x € S~ and r € (0, ),

meas, (Bom,(x)) < C2"™*meas,(B,(x)), m=1,2,...,

where C > 01is a constant depending only on x and 4, and s, is the smallest positive number

s for which

meas (2" B)
SUPESUPEN Jms meas, (B) = C ~

with the first supremum being taken over all spherical caps B C S9! with radius < 2.

Given 0 < p < oo, we denote by L? (h2) = L? (hZ;S%~1) the Lebesgue LP-space defined
with respect to the measure h2(x)do(x) on S~!, and || - ||« the LP-norm of the space
LP(h2;S971). Denote IT¢ be the space of all spherical polynomials of degree at most 7 on
the sphere S?~1. Set I1¥ | = {0}, and let H%(h2) denote the orthogonal complement of
the space IT?_, in the Hilbert space 14 C L?(h2) (relative to the norm of L?(h2)). Then
the ’H,fl (h%), n=0,1,--- are mutually orthogonal, finite-dimensional linear subspaces of
L?(h2). Denote by P, (h2) the reproducing kernel of the space H%(h2); that is,

Z Yy i(x) YK ), xyesil,

where ad = dimH%(h?) and {Y*.: j=1,2,---,a%} is an orthonormal basis of the space

HE(H2) C L2(K2). Then the standard Hilbert space theory shows that each f € L2(h2) can
be represented as an orthogonal series converging in the norm of L2(h2):

f= i proj, (h%; f), )
n=0

where proj, (h2) : L?(h2;S?~1) s H%(h2) is the orthogonal projection operator, which can
be expressed as an integral operator,

proj, (i £,x) = i | fy)Pulli; %, y)hic(y)de(y), xe st ®)

Clearly, in the case of hi(x) = 1, the orthogonal expansion in (4) coincides with the
ordinary spherical harmonic expansion on $%~!

Let 1% := TI(R?) be the linear space of algebraic polynomials on R?, and P¢ be the
space of homogeneous polynomials of degree 7 on R¥. One of the most important results
in the Dunkl theory states that, associated with a reflection group G and multiplicity x,
there exists a unique linear operator Vj : IT — IT? called the Dunkl intertwining operator,
such that:

VK(Pﬁ) = ]P’ﬁ, Ve(1) =1
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The intertwining operator Vi commutes with the G-action; that is, g’l oViog =V
for all ¢ € G. Here and throughout, we use the notation go f(x) := f(gx) for g € G,
f e C(S* 1), and x € S, An explicit “closed” form for the intertwining operator is
known so far only in the case of G = Zg (see [6,18]) and the case of G = S3 (see [11,19]). At
the moment, little information is known about the intertwining operator for general finite
reflection groups other than Z4 and S, except the following important result of Rosler
(see [8]).

Proposition 1 ([8] (Theorem 1.2 and Corollary 5.3)). For every x & RY there exists a unique
probability measure i on the Borel o-algebra of R? such that:

VeP(x) = [ P@)dui(@), P eI,

Furthermore, the representing measures i’ are compactly supported in the convex hull Gy :=
co{gx : g € G} of the orbit of x under G, and satisfy:

Hi(E) = px(r'E), and pg(E) = pi(37'E)
forallr > 0,g € G and each Borel subset E of R%.

In the theory of spherical h-harmonics, a crucial fact is that the reproducing kernel
P, (h% ; X, 1) can be expressed in terms of the intertwining operator Vi as (see [18] (Theorems
3.1 and 3.2)):

n—+ Ay

P”(h%’ x’y) = /\K

Ve |Gl (x, )] (), xy es! ©)

with A = 52 + Y . %, By means of (5) and (6), the projection proj, (h%; f) can be
extended to all f € L'(h2;S971).

2.2. Jacobi Polynomials

We denote by Py(llx’ﬁ ) the usual Jacobi polynomial of degree n with indices & and B.
According to [20] (4.21.2), we have:

Pr(l”"ﬁ)(x):2!Z}i‘a<Z>(n+a+ﬁ+l)---(n+a+ﬁ+v)><

><(zx+v+1)~~~(oc+n)(x;1)v,

where x € [-1,1],n = 0,1,..., and the general coefficient,
(Z)(n+a+,8+1)~--(n+oc+/3+v)(oc+v+l)---(zx—i—n),

has to be replaced by (« +1)(a +2)---(a+n) forv =0,andby (n+a+p+1)(n +a +
B+2)---(2n+a+ B) for v = n. They are mutually orthogonal with respect to the weight
function w, g(x) = (1 —x)*(1 + x)P on [~1,1]. In the case when &, B > —1, we have the
following well known estimate on the Jacobi polynomials [20] ((7.32.5) and (4.1.3)):
Lemma 1. For an arbitrary real number o and t € [0,1],

PSP ()] < en V21— 4 n2) @22, @)

The estimate on [—1, 0] follows from the fact that Pr(l“’ﬁ) (t) = (=1)" r(lﬁ"x) (—t).
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Next, we denote by Cj the usual Gegenbauer polynomial of degree n with parameter
A > —%. As is well known, for « > —1:

F(a+1) T(n+20+1) (aa

a—l—% o )
G ) =ty Tragn o &)

2.3. Doubling Weights on the Sphere

Given a weight function w on S7~1, we write w(E) := [, w Fw ) for E C §7-1.
A weight function w on S?~1 is called a doubling welght 1f there ex1sts a constant L>0
such that
w(2B) < Lw(B), for all spherical caps B C S971,

where the least constant L is called the doubling constant of w. The following lemma
collects some useful properties on doubling weights [21]:

Proposition 2. Let w be a doubling weight on S*~1 with the doubling constant L. Then the
following statements hold:

1. There exists a positive number s such that:
w(2"B) < C2™w(B), Ym € N, Y spherical caps B  $771, 8)

where the constant C is independent of m and B.
2. ForO<r<tandxe$Si1

w(d(x) < (1) wBn (), o)

where s is a positive number satisfying (8).
3. ForO<r<mandxyecST,

w(Br(x)) < C(1+r"p(x,y))w(B(y)), (10)

where s is a positive number satisfying (8).

As we stated for Equations (2) and (3), the weight function

he(x) = T Kxw)|®

VER

satisfies the doubling condition. Indeed, a slight modification of the proof in [22] (5.3)
shows that for r € (0, 7r) and x € S471,

2 )~ i1 )2,
/B,(x)h() x) ~ T (xv)| +7)

vERL
Thus, for a spherical cap B := By(x) with x € S*"1and 6 € (0, ),

meas,(B) ~ 0471 TT (|(x,v)| +0)™ (11)

VvERL

which, in particular, implies that /2 is a doubling weight on S4-1.
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2.4. Weighted Christoffel Functions

The main tool in our study is the weighted Christoffel function defined for a weight
function w on S?~1 by

An(w, x) = p,,{?)f:l - P, (x)|?w(x)do(x), n=0,1,2,...,

where the infimum is taken over all spherical polynomials of degree 1 on S~ that take
the value 1 at the point x € S?~1. The connection between weighted Christoffel functions
and weighted orthogonal polynomial expansions can be seen in the following lemma.
Lemma 2. Let P, q,- -, Py, be an orthonormal basis of the space T1% with respect to the inner
product (f, ), := [qu—1 f(x)g(x)w(x)do(x). Then,

an -1

An(w, x) = (Z |Pn,]'(x)2> , xe sl
=1

Lemma 3. If w is a doubling weight on S~ then for x € S* L and n € N,

Mlwx)~ [ w(y)dol),

B,-1(x)

where the constant of equivalence is independent of x and n.

We will then deduce the following lemma and proposition, which generalize the
results of [23] (Lemma 3.5 and Theorem 3.1).

Lemma 4. For each positive integer n, there exists a non-negative algebraic polynomial of degree n
of the form:

n + A /\K
Pl =1 ey O, re -1 (12)
which satisfies that:
Py(cos®) ~ nP(1+n6)~%, 6 < (0,m), (13)
and
np=2A—1 ifae>2A+1
sup [cyi| = ¢ nP~ 2 logn  ifa =24, +1 (14)
J np-a ifa < 2A + 1.

Proof. We first prove (13). By Lemma 4.6 of [22], we can set f(x) = nf(1 + nd(x,e))™*
where e € S9! be a fixed point, and prove that such f satisfies [22] (Lemma 4.6, (4.10)).
That is, there exists a’, such that:

(1+nd(x,e)) ™ “(1+nd(y,e)* < (1+ nd(x,y))“,.
In fact, if d(x,e) = d(y,e), then
LHS = (1+ nd(x,€)) (1 +nd(y,e))* =1 < (1 + nd(x,e))"

for some &’ > 0. If d(x,e) > d(y,e), we have

LHS = (1+ nd(x,€)) (1 + nd(y,e))* < (1+nd(x,e)) (1 + nd(x,e))* =1 < (1+ nd(x,e))*
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for some &’ > 0. Lastly, if d(x,e) < d(y,e), we have

~ (1+mnd(y,e)\"  (1+nd(x,e)+nd(ye) —nd(x,e)\"
LHS_<1+nd(x,e)> _< 1+nd(x,e) )

: (1 i M) < (1+nd(x, )"

for some «’ > 0. Then, by Lemma 4.6 of [22] and setting p = 1, 0 = d(x, ¢), we can confirm
there exists a non-negative algebraic polynomial § = P,(cosf) such that P,(cosf) ~
nP (14 nB)~%. Let the ultraspherical polynomial expansion of P, be given by (12). It
remains to show (14). We apply the same argument in [23] (Lemma 3.5). Recall that

¢ TQMH])  ore2

Ax ¢ Ax
I3, = —=-C(1)

I P A W ¥ I D R
and
max G (cos6)| = [ (1)] ~ 47,
here || - ||2,1, denotes the L>-norm computed with respect to the measure (1 — tz))‘K’% on

[—1,1]. By orthogonality of the ultraspherical polynomials, we have:
J+ Ak
Ak

7T
< enf Pl / (14 n8)~*(sin 8) 2" dg.
0

T
jZ)"‘_l|cnlj| ~ |en il HC;"‘H%,AK = c|/0 Py (cos G)C;"‘ (cos 6) (sin 8)**<df)|

By the known fact that:

. n—* ifa<b+1
/O (14n0)70%d0 ~ { w1 ifa>b+1
n~%logn ifa=>b+1,

we then have

nP=2h—1 if o > 2141
sup |cn,j| = P~ logn ifa =2\ +1 (15)
] nP—u ifa <2A,+1.

O

Proposition 3. Let ®,,n = 1,2,-- -, be a sequence of continuous functions on [—1, 1] satisfy-
ing that:
|®,,(cos )| < cnP (14 nb)~*. (16)

Then we have for any x,y € S,

S
P21 (Lbnp(xy)) T F
measi (B, 1 (x))

VK[(I)H(<y/>)](x) S c nﬁfZAK*l(logn) . (1+nﬁ(x’y) 5

)
measx (B, 1 (x))

if o > 2A, +1,

if o =24, + 1

—a (1+np(x,y))* /2 ;
np—u T e ifa <2Ac+1,

where T is a positive number satisfying 2\ +1 < T < &, and p(x,y) = mingec p(gx,y) for
x,y € SL
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Proof. This is the analogue of [23] (Theorem 3.1). Using Proposition 1, we have

Ve[ @u((y, D] (x) = /é @ ((y,2))dpx(2),

X

where G, denotes the convex hull of the orbit G, := {gx : g € G} of x under the group G.
Since the group G has finite order, it follows that every element z € G, can be written in
the form z = Y, tg,2gx for some g, € [0,1] satisfying Y, tg- = 1. This implies that

(Zy) =) tez(gny) < maX(gx y), Vze Gy,
8€G

and

p(zy) = minp(gx,y) =:plx,y), Vz € Gr.

Thus, using (16), we deduce that:

Vel®u(ly, DI () < Vi [ (1m0 0) )] (6) = [ 0P+ np(z, ) “diec(z). (17)

X

(i) Ifa>2A+1, wehave
[ P mp(z, )y (2) < (L4 mp(r) B [ (1 mp(z, ) dpa(2).
GX X
Since T > 2A, + 1, we can use the Lemma 4 and follow the same argument as in the

proof of [23] (Theorem 3.1, (3.12)) to get

(1+np(x,y))*"?
measy (B, 1(x))

7

[ 1 np(zy) T (z) < c
Gx

and thus .
(1+np(x,y))*+7+7
meas, (B, 1(x))

Ve[ @ ((y, )](x) < mP241

(ii) Ifa <2A4+ 1, we use the linearity of Vi, Lemma 4, and the fact that

Ac+i -
VK[ . ]C]/‘\ ijk p]k ) xryESd lr

where {pj/k}zj: 1 be an orthonormal basis of the space H;-i(h%), to get:

Ax

Jo Pt (e ) dpalz) = [ Pally2)dpez) = Vi

Gx

écn,/ P A1y, | ()

n +)\ n 9
:.ZC”']])\ Ve S (0] () ;Z ¢ Pk (%) Pk (Y).

Then by (17), Lemma 4, and Holder’s inequality, we have:
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o (14 1p(x,y))*"?

< cnb~
= meas, (B, -1(x))

7

where the last second inequality is followed by Lemmas 2 and 3. The last inequality
followed by the fact the weight 2 is invariant under the group G, and by using (10),
we have

/Bnl @ hy(z)do(z) = /Bn e h2(z)do(z) < c(1 +np(g0x,y))5"/3 12(z2)do(z),

1 (v)

where gy € G is such that p(gox,y) = p(x,y) = mingeg p(gx, y) for x,y € $9°1;
(iii) If @ = 2A, + 1, following the same idea as (ii), and using the Lemma 4, we have:

S Pt e ) " ()

3. Main Results
We define the n-th Cesaro mean of order 6 > 0 of the WOPE (4) of f by:

n
SO (K2 f,x) : —(5 Z n—jPTOj; (W% f,x), x €S,
n ':
where A}S = % forj = 0,1,---. According to (5), the Cesaro (C,J) operators

SJ (h2) can be represented as:

S0 £,) = [, FOKMOZ 5 IR do(y), x € 87,
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where
52 e -1
Ky (he;x,y) =Y A0 Pi(hi;x,y), x,y €S
=0

The main point-wise estimate of the Cesaro kernel is as follows:

Theorem 1. For § > 0and £ > T > 2A, + 1, we have:

n ~ —1\—2Ky
K30 )] e [t o1 4 it Tl U oy ) 2P y) )
= (1+ jp(y) = dic
lo _ ~ _ 3. _
+L gzz" p-icisit 0l 1(1—|—np(x,y)) T+ 3sc—d+1
[Toer, ([(x V)] + {0y, V)| +p(x,y) +n1)2%
N nd_5_1(1+np(x y)) sK d+1 }
[Toer. ([ (6, v)] + [{goy, V)| +n~1 +p(x,y))>

where gy € G is such that p(gox,y) = p(x,y) = minge p(gx,y) for x,y € S 1.
Our second main result can be stated as follows:
Theorem 2. Let 6 > 0and T > 2A + 1. Then

1 ifé>3sc+7—1
Lo, K%, IR (1)do () < < Togn if6=3sc+T—1
nit T s < B b -1

As a consequence of the main kernel estimate, we can immediately obtain the following
convergence result:

Corollary 1. Let T > 2Ax + 1 and oy := %SK +1—1.Then if 6 > oy, Sfl(h%;f) converges in
LP(h2;S%1) forall 1 < p < oo,

In Section 5, we will also establish similar results for WOPESs on unit ball B? and the
simplex ']I‘d, with weights being given by:

u—1/2
W (x) =) (1= 1IxI?)" 7, pzo0xeB,

and
K2 e,
W)= K(H) (=2 p=0xeT,
Xy
respectively.

4. Proofs of Main Theorems

In this section, we will give the proofs of Theorems 1 and 2. Our main references
are [12,14,23].

4.1. Proof of Theorem 1

Let g9 € C*[0, %) be such that x(o1) < ¢o
function of the interval E, and let ¢(t) := ¢q ¢o(2t). Clearly, ¢ is a C°°—funct10n
t)

< Xjo2)- where x ¢ denotes the characteristic
(t) —
= @o(t) forall t > 0. Thus, let t = =1, we

supported in (3,2) and satisfying Y% ¢(2'
have }°; 1°g2"J+2 q)(#) =1lfor0<j<n—1
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We decompose the Cesaro kernel as follows:

n Ai_J\K_'_'
Ki(sxy) = ) s “ Ve O ()] )

j=0
[log, n|4+2 21'(”_]') Aif')\;{ +j N
N z;) J-Z(l)q’( n >Ai] Ax VK{CJ'A (<x,->)}(}/)
+ v al ()] W) 19
[logy n]+2
_ ;) VK[T¢i(<x,.>)](y)+%AKA:”VK[CQ"(&,v)}(y), (19)

where

n

Yy, (cos) = Z i

j=0

. . ; ; 5
Ty At i (2(n=2) Aoy
Zi) A C (cosf), and ¢;(t) = (p( . Aﬁ .

To show the Theorem 1, we will consider three parts to estimate Equation (18):

Part 1: When 2 < i < |log, n| + 2;

Part 2: Wheni =0, 1;

Part 3: The last term, i.e., the reproducing kernel.

We follow the proof of Lemma 3.3 of [24] (pp. 413—414). We shall use the following
formula for Jacobi polynomials (see [20] (4.5.3)):

k ; H .
yo @rtat prjr DMt atptj+1) purip)

(20)
= I'n+p+1)
_Tk+a+pB+j+2) pEtitLe) (p)
Fk+p+1) k ’
wherej=0,1,---
Define a sequence of functions {a,, ,, ¢(-) } 2, recursively by:
. . . ' 2i(y i Aé_‘
i) = 20+ Aeif) = 20+ ano ) S,
. anié(j) aniﬁ(j"'l)
. — lidi _ Ly >
i1 () TER DR A Ty vy i B
Using (20) and summation by parts finite times, we have for any integer ¢ > 0,
n A + F2Ac+ ) (Atl— A1
11;471 Z ]CAK = Ck Zanzé ]—)P( : 2)(t)/ (21)

TGi+Ac+3)
where A, = d%z—i—zvem Ky.
Part 1: When 2 <i < |log, n] +2

Note that a,,;(j) = 0if j+ £ < (1 — 57 Lynorj>(1- 2,11 )1, so that the sum is over
j ~ n. Furthermore, it follows from the definition, and Leibniz rule that

. ) i YA
‘Aé(qvi(z]i)) \ < cz—lé(i> ,  WeENO0<j<n,

and
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‘ o s+{
’Asan,i,é(j)‘ S C2716n7€+1 (n) 7 Slg = 0/ ]-/ B (22)
Consequently, using (21) and (22) with s = 0, and the following well-known estimates
on Jacobi polynomials [20] (7.32.6) for k > 1 and &, 8 > —%,

min{k®, k~207%"2} if0<6<Z

(lX, )
plap 9) <C —B— T T
k (cos) < f’é/ﬁ{min{kﬁ,k %(7‘[—9) P %} ify<bd=m,

we obtain for 8 € [0,n71],and £ > 1,

1 TG+ 20 +4) _(Aetrt—1 a1
%, (c0s0)| = [ex 3. ap () LU 220 0 phstt=3A-d)

cos
= T(j+Ac+3) 7 (cos6)]

N
: 2! 1
<¢ ¥ zzaan(n) _(j+AK+§)AK+ef% et}
jn
nfjrv%

< o - Qi 20

For6 € [n~!,Zland ¢ > 1,

) A LU 424 + ) (At t=F A1)

Yo, (cosb)| = lex ) anie() =1 B (cosb)|
]g) " F(]+/\K+%) ]
o 012 ! Toete=1 1, (Aete
S Cx ]gl 271 n- + <n> . (]+AK+§) ktt—3 .]'7297( K+)
717]/\4;’71

< - 2—i—i5+i€ . nZ/\K-H (1’[9)_()\’(-’_().

Forf € [5,m]and ¢ > 1,

d ST+ 2M0c+0) (Ae+0-1a—1)
¥, (c088)| = ¢ Y () =T P22 (s p)
2T+ A )
. . 1 141
< ¢k Z |an,i,€(])|'(]+)‘K+§)/\K+é Z'JAK 2
jom
n—jw%

~ o - AL bl

e
So, when 2 <i < |log, n| 42, we have
¥y, (cos )| < - 27 70T 2t min{1, (1) =1} ~ ¢ - 2770 2 (1 4 g)

Then applying the Proposition 3, we can get for £ > 7 > 2A, +1,

1+ nﬁ(x, y))ff+r+s;</2
measx(B,,1(x))

Ve [¥g (1, )] () < - 20t

Following along the same arguments as in [23] (Theorem 3.1, p. 569), we let m € N be
such that 2"n~! ~ n~! + p(x,y) and use the fact (9) to obtain

measy (B, 14 5(xy) (X)) < c2"*measx(B,,-1(x)) < (1 + np(x,y))*measc(B,1(x)), (23)
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and by the equivalent,
p(x,y) +n~ "+ [(x,v)] ~ [(x,v)| + [{goy, v)| + B, y) + 1", (24)
we then have

ni-1 (1+ np(x, y))ff+r+%s;<fd+l

Vi [ ((x, )] () < e -27 770 — . (25
Toer, (12, V)] + {80y, v)] + plx,y) +n=1)*
Thus,
[log, 1] +2 llogyn]+2 d-1(1 4 n5 — T+ 35 —d+1
VK ¥ X, < Cx 27171(5+1f n ( +np(x/y)) _ . (26)
L WlteltD@)<e ) ocr () + | (@oy, 1)+ 505, 9) F 1 %

Part 2: Wheni =0,1
Next, we deal with the cases of i = 0, 1.
The proof is very similar to that of Part 1. The difference here comes from the fact

that the coefficients (pi(%) fori = 0,1 are supported in 0 < j < %n rather than 7 <j < n.
Indeed, for the case of i = 0,1, we have to replace the estimates (22) by:

cn_k_l, ifé =1,

27
en L(j4+1)7F2H2 if e > 2. @7)

| A%y 0(7)] < {

Using (21), we obtain that for i = 0,1 and any ¢ > 2,

HIG

Ve [¥r (2, 0] () = cx Y ni0(f) Ve [P0 0 ) () (28)

. T 420+ 0) [
j=0 r(j+AK+%) L

By using Equation (7) with t = cosf, & = A + £ — %, and B = Ax — %, we have

/\K+£7%,AK7%)(

1P, cos8)| < e T (14 ng)~Aet0), (29)

11
Then, to estimate Vy [P].(A”M 2A3) ((x, ))} (v) on the right-hand side of (28), by (29)
and Proposition 3, we have for £ > 7 > 2A, + 1,

)) —(Ax+0)+T+5¢/2

Att=3 A=) ) < Aert—t-, 1 (Lo Y
wr CONEIS e, (B, 3]

We then use a similar argument of the proof in (25) to obtain that:

MeH—3 A=} 3 TN 4 p(x, )~ e+ TH 35—+
Vi P]( 2 2)(<xl>>] (y) <]Z Ax 2] ( ]P( y)) — -
[ver, ([{(x V)| +0(x,y) +71)

s U1 () Aet O T sd

ver, ([{(x,v)] + [{oy, v)| +p(x,y) +j71)

(30)

2Ky °

Consequently, using (27), (28) and (30) , we conclude that for i = 0,1, and a large ¢,
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3
& T(j+2Ac +£) (Act+e-3Ac— 1)
Ve[¥o ((x, —VK P! 2472 (-
[Fo ((x,- ; fiar ) |0 ((x, )| ()
<o Z(l )RR et bt jd_1HV6R+<\<x,v>| + [{(goy, V)| +ﬁ§x,y) +j)
=1 (1+ jo(x, ) MetmTmastd
n —1\—2xy
<o 2(1+j)d71.HVGR+(|<XIV>|;"|<80% vl +ploy) +77)" (1)
=1 (1+ jp(x, y)) et T Bowtd =

Part 3: The last term(reproducing kernel)
Finally, we consider the last term of (18):

LAK—i—n
Ad A

Ve[l (e 0 ),

that is, the reproducing kernel A%f, - Py (h,% ;x,y). Similarly, let Piis---sPja be an orthonormal

basis of the space H;i (h2) with respect to the inner product of L2(h2;S%~1). Then, we have

_ At -
karw 2y [ehn] @), xyest
Thus,
P12 x,y) = <y, {CA } Z (Y Ly
xy) = 0 Puk(X) k() < ( + ) )Puk()pui(y)
K m=0k=1 k=1

n am
= 2 Z pnk
m=0 :

By the Holder’s inequality, Lemmas 2 and 3, (11) and (23), and the equivalent (24),
we have:

1 1

n o ap 2 no am 2

|P71 hwx ]/ Z Z |pnk(x pnk (Z Z ‘pnk ) (Z |pnk >
m=0k=1 1

m=0k= m=0k=
<
C</,, y )h%(z)da(z))

1
2

1
2

(éﬂwﬁ@w@>

-1
c no(x sx/2 2(z)do(z
< c(1+np(x,y)) (éwmmUdm>
(1+np(x, )/ _ (4 mp(xy)) 3
= (L+np(x,y))~o*meask(B, 151y (x))  measc(B, 1,5,y (X))
(1+np(x, )3

”“m4+waV4n%muwvw+w4+mmew
B “1(1 4 np(x,y)) 354+
“nmkxumvﬂ+n—L+Mny»%v

N nd L1+ np(x, y)) 251

Thoer, (106 v+ [(goy, V)] + 0T+ plx, y))2
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So,

d—é6—1 ~ 3sx—d+1
n (1+np(x’y))2 . (32)

1
—|P, (hz;x, ) <e¢ — _
AR = T (e v + 1 gows vy + 1 L+ plx, )2

Finally, to estimate the Cesaro kernel, by using the (26), (31) and (32), we have:

i=0,1 i=2

[log, n|+2 "
K (02 xy|—\(2+ Y )Vd‘f(pi<<x,->>]<y>+jﬁ"; Ve[Cir ()] )

a1 Ther, ((x )|+ [{goy, v)| +p(x,y) +571) 7>

<cx - [ Z(l +7) (1 _|_jﬁ(x’y))/\x+£frf%sﬁd71

j=1
lo; _ ~ _f4T+3g —
+L gi imibtit n (14 np(x,y)) st
[er, ([(xv)| + [(goy, v)| +p(x,y) +n—1)2

P B, 7)) LS.
Tocr, 07+ {gay, )| + T+ 259072 |

4.2. Proof of Theorem 2
To show this Theorem, we will estimate |KS(h2; x,y)|h2(y), where hy(y) := [Tyer N
e x,y) g (y)de (y). By

|(y,v)|*, and then give the upper estimate of the integral [y, |KS(

Theorem 1 we proved,

|K5 (15 x,y) 1 (y)

i Ther, (16 v) |+ [(goy, v)| +5(x,y) +571) 2
<o [T (1)t R e IT v
j=1 (L+jo(x,y))" 2% VER,
. “"gzz piciseit (1 () T A TT 12
Tyer, ([(xv)[+ [(goy, v)| +p(x,y) +n- D)2 g 1
ndf‘sfl(l—l—nﬁ(x y))%sxﬂﬂl )
+ 7 _ oV Ky
ver, ([ v) ]+ [(goy, v)] + 1T+ p(x, )2 1} ]
=:ICk- [A1 + Ay + A3]. (33)
Let
" o\ 2Ky X
= (1 )] + gy, v)| +p(x )+ ) [y, v

—2Ky | 2,

= (1) + {go, ) +pCey) +n7)  (gow,v)

where the second equality is followed by the G-invariant of the weight. Thus, we have
[ I < Const. (34)
vER+

Hence, by (34) and a straightforward calculation, we have:
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A =n Z(lﬂ)d 1 Ihver, ({6 v)] + [(8oy, v) | + Pl y) +j71) 72
j=1

IT lyv

(14 jp(x, y)) M H-Tasctd=1 VeR,

L 1
S CKn—l Z]'d—l .

T U jplry) s

< o) 1)
d—1

n
:CK

(1 +np(x,y))"

For A;, we will consider two cases below to give the estimate:
(1) If0 < p(x,y) < n~!, then by (34),

[log, 1|42

> ‘21(,/

(35)

o d-1(1 ~ —l+T+35—d+1
Ay = 2 p—i—id+il n ( —|—np(x,y)) H ‘]// |2KL

= [Tver. (1(x, v)[ + [{goy, v)| +p(x,y) +n1)2v

log, n|+2
i1 1 [log, 1]

< 2—i—i5+ié
Tt P

1 [log, n|+2

d—1

S Crpd
K (1 + nﬁ(x/y))é—r—%s;(—i-d—l =

< Coxd* ndil

-1 1

(14 np(x, )+

/
~ Cé,K,d n

VERL

Y. 27" [bysetting ¢ = J]

(2) If p(x,y) > n~!, then we break the sum by A = leogz = Yoicup T Loisng-

For large enough ¢ and 6, we apply (34) to obtain:

d—1 ~ —l+T+3sc—d+1
—i—ib+il n"(1+np(x,y)) i ) |2
Y 2o e I o

sinp [ver. (IGx, V)| + [{goy, v} +0(x,y) +
§cndﬁl(nﬁ(x,y))fﬁﬂrgs"*d“ Z 9i((—0-1)
2i<np
< en®(np(x,y)) "I (n(x,y)) 07D fif £ > 641
-1 1
(1+np(x,y))>+d-7 3%

vERL

<cn

and

- ~ lir4ds
Y gt n?=1(1 4 np(x,y)) T asd ]
—T)2r, [(y,v
2>np [Tver, (1(x,v) [+ [{goy, v)| +p(x,y) +n—1)2e [1

< cn (np(x y))—é+r+%s,(—d+l Z Zi(ﬂ—é—l)
2i>np
< en® 1 (np(x,y) "I (np(x,y)) ! [by setting ¢ = 4]
1
(1+nﬁ(x,y))5+d—T_%sK'

VERL

S Cnd_l

1 1
(14 np(x,y))otd-T-25

Ay < cKnd

| 2Ky

(36)
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Lastly, for Az, by using (34), we have:
d—o6—1 —d+1
n 1+ np(x,
A3 _ ( P( y)) - - H |<y,V>|2KV
[Toer, ({x,v)| + [{goy, v)| +n~1 +p0(x, y))* 2k
< en?o-1 !
B (1+np(x,y))*- 351
1
d—1/,-1 | ~ 5
= (n +p(x,y))
(1+np(x,y))P 751
< enfil ! (37)

(1+np(x,y))o+d -3t
Therefore, by (35)—~(37), we have:

K (15, ) [ (y) < e[ A1 + Az + Ag]
< cKndfl(l + nﬁ(x,y))fﬁ(‘s),

where

B(6) :=min{d, 6 +d — 17— %SK,(S— gs,{—b—d— 1} =min{d, 6 +d — 17— %SK}.

Thus, we can get:

/S K (25, y) R (y)do(y) < en? /0 * (14 n60) PO (sin 9)4 246

1 if6>3sc+7—1
~ (< logn ifo=3sc+1-1
notiseTH e 5 < 35 4T —1.

5. Weighted Orthogonal Polynomial Expansions (WOPEs) on the Ball and the Simplex

In this section, we shall describe briefly some necessary notations and results for
WOPES on the unit ball BY and the simplex T9. Unless otherwise stated, most of the results
described in this section can be found in the paper [25] and the books [9,21].

5.1. WOPEs in Several Variables

Let Q) denote a compact domain in RY endowed with the usual Lebesgue measure
dx. Given a weight function W on Q), we denote by LP (W; Q)) the usual L?-space defined
with respect to the measure Wdx on ), and V¥(W) the space of orthogonal polynomials
of degree n with respect to the weight function W on Q. Thus, if we denote by IT/ the
space of all algebraic polynomials in d variables of total degree at most 1, then V(W) is
the orthogonal complement of IT¢_, in the space I14 with respect to the inner product of
L2(W; Q), where it is agreed that H‘il = {0}.

Since () is compact, each function f € L2(W; Q) has a weighted orthogonal polyno-
mial expansion on Q, f = Y5 proj, (W; f), converging in the norm of L?(W;Q)), where
proj, (W; f) denotes the orthogonal projection of f onto the space V4(W). Let P,(W; -, -)
denote the reproducing kernel of the space V¥ (W); that is,

Pu(W;x,y) = Z(Pn] )oni(y), X,y €Q
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for an orthonormal basis {(pn,]- : 1<j<at:=dim Vﬁ(W)} of the space V¥(W). The
orthogonal projection operator proj, (W) : L2(W; Q) — V4 (W) can be expressed as an inte-
gral operator,

proi, (Wi £,3) = [ f1)P(Wix,)W()dy, x €0,

which also extends the definition of proj,(W;f) to all f € LY(W;Q) since the kernel
P, (W; x,y) is a polynomial in both x and y.

Let SS(W; f),n = 0,1, - - -, denote the Cesaro (C, §)-means of the WOPEs of f € L}(W; Q).
Each S%(W; f) can be expressed as an integral against a kernel, K(W; x,y), called the
Cesaro (C, 6)-kernel,

S2(W; f,x) : /f (K, (W; x,y)W(y)dy, x€Q

where
s
K (W;x,y) : A{sEAn]]ny) x,y € Q.

5.2. WOPEs on the Unit Ball B¢

Recall that G is a finite reflection group on R? with a root system R C R%; x : R —
[0,0) is a nonnegative multiplicity function on R; the weight functions /, on S9~1 and
W,?H on B are given by

he(x) == ] I )™

VER,

and )
WS, (x) =i (x)(1 = [[x|)F"2, p>0,xeB, (38)

;B%) the L”-space defined with respect
;B%). Let G be the

respectively. For 1 < p < oo, we denote by LF (W} W

to the measure W, (x)dx on B4, and || - o ( WE,) the norm of L (W;,;

finite reflection group on R4*+1 agsociated with the root system,
R:= {17 =0 eRM v e R} U{xesi1},

and define % : R — [0,0) by #(?) = x(v) for v € Rand &(+eg41) = p. Clearly, K is a G-
invariant nonnegative multiplicity function on R. Let hiz be the G-invariant weight function
on R4+ associated with the root system R and the multiplicity function % as defined in (1);
that is,

he(x,xa11) = |xaal" TT )™, x € RY x40 €R.
V€R+

The weight /i on S? is related to the weight function W,?/y on B by
h%(x, 1-— ||x||2> = Wf,y(x) 1—|x)2, xeB.
Furthermore, a change of variables y = ¢(x) with:

p:B' 8, xeB— (x,\/1—||x||2) es?

shows that
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[, fwiwdety)

_/ { ( 1- ||x||2> +f<x,—m>]w,§#(x)dx. (39)

Given a function f : B — R, define f : S — R by:

f(x, xg41) = f(x), x€ B, (x,x441) € s,

Clearly, f o ¢ = f, and by (39), the mapping f — f is an isometry from L (W} ﬂ,Bd )
to LP(S41; h% /2)- More importantly, the orthogonal structure on the weighted ball B is
preserved under the mapping ¢ : B — S?. To be precise, let v (WB ) denote the space of
weighted orthogonal polynomials of degree n with respect to the measure W72 u(x)dx on B,
and let proj, (W2 ' f) denote the orthogonal projection of f onto the space v (W,gy). Then

a function f on B belongs to the space v (WB ) if and only if f € H4H!(h2) and, moreover
(see [9,25,26]),

proj, (W2 ,; f, x) = proj, (WE; f o ¢, x) = proj, (h%; f,¢(x)), x€B".

This relation allows us to deduce results on the convergence of orthogonal expansions
with respect to W2 uon B¢ from those of h-harmonic expansions on S¥.

5.3. Results on the Ball
For x € B, we set x;,1 := /1 — ||x|[2. Let p : BY x BY — [0, 7] denote the metric on
B¢ given by:
op(x,y) = arccos(x -y + Xg11ya1), %y € B,
For x € B and 6 > 0, define:

BB(x,0) := {y eB: pplx,y) < 9}.

We write:

meas? (E) := /EW,EH(x)dx, ECBY,

where W,?,V is the weight function on B given in (38). It is easily seen that meas? is

a doubling measure on B, satisfying that for any x € B? and 8 € (0, 7],
meas? (BB (x, 219)) < C2/%F meas? (BB(x,G)), =12, (40)

where C > 0 is a constant depending only on % and d, and si is the optimal constant for

which (40) holds. Recall that P(W? w X, y) denotes the reproducing kernel of the space
Vd(WB ) of orthogonal polynomials of degree n with respect to the weight W,EH on B,
s (ny ; f) denotes the n-th Cesaro mean of order § > 0 of the WOPE of f with respect
to the weight function Wf onB?, and K¢ (W,?w x,y) is the Cesaro kernel of the operator

s (W,gy). The point-wise estimate of the Cesaro kernel K <W'§V’ x,y) is as follows:
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Theorem 3. For 6 > 0and £ > T > 2Az + 1, we have:

KON <o [t Yo e el o)+ pute ) i
n\ Vi, ur s >Cx = (1+].~po(x,y))AK+é—T7%s,g+d
log, n|+2 ~ NS PO
+ LogZZH —i—id+il n(1+npg(x,y)) Hrrtase—d _
o ex, (0 v+ {0y, v)[ + pB(x,y) +n1)%
n?=0(1 + npp(x,y)) 354 ]
Myer, (G v) [+ 8oy, v+ n T+ pp(x,y)) % )’

+

where gy € G is such that pp(gox,y) = Pp(x,y) = mingec pp(gx, y) for x,y € B
Our next result can be stated as follows:

Theorem 4. Let 6 >0, T > 2Az + 1,

1 ifo > %s,z +7—-1
[ KA OVE ) WE, (1)do () < { logn if0 =35 +T-1
noF skl ifo<3sg+71—1.

As a consequence of the kernel estimate, we can prove the following:

Corollary 2. Let T > 2Az + Land oz := 3sg + T — 1. Then if 6 > o, Sfl(Wf,y;f) converges in
LP(W,gy;Bd)for all1 < p < oo

These results can be deduced directly from the corresponding results on the sphere S7.
Since the proofs are almost identical to those in [10,14], we skip the details here.

5.4. WOPESs on the Simplex T¢

In this subsection, we will deduce similar results on the simplex T¢ from the already
proven results on the ball BY. Our argument is based on the connections between WOPEs
on B? and WOPEs on T?, as observed by Y. Xu, see [21,26].

The weight function W, , we consider on the simplex T is given by:

2
WKle(x) = hK(M) (1- |x|)”_%, u>0xeT (41)
T

It is related to the weight W,gy on B? through the mapping,

w:(xl,...,xd)EIBBdH(x%,...,xﬁ) e, 42)
by
W, (x)
T _ ep d
WK,ﬂ(lP(x))i |x]"'Xd|’ XEB .

Furthermore, a change of variables shows that:

L s@WE, (= [ (W], (x)dx. @)
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For1 < p < oo, we denote by L ( b Td> the LP-space defined with respect to the

measure WKT,y(x)dx on T%, and by || - HLP(WKTV) the norm of LP( f: H’Td> Note that (43)
particularly implies that the mapping,

1 (Whi!) = 12 (WEiB), s fou,

is an isometry.

Let v, (WT ) denote the space of weighted orthogonal polynomials of degree n with
respect to the weight W[ uon T¢. The orthogonal structure is preserved under the map-
ping (42) in the sense that R € V (WT ) if and only if Rop € V4, ( b ;«) Furthermore,
the orthogonal projection, proj,, ( e f ) of f onto V4 (W ( ) can be expressed in terms of
the orthogonal projection of f o ¢ onto V4, (WW) as follows (see [9,13]):

proj, (Wi f,9(x)) = projy, (Weyifog,x), x € B

5.5. Results on the Simplex

For x = (x1,---,x4) € T% let |x| = x; +x2+ -+ x5 and x5, := 1 — |x|. Let
pr : T% x T¢ — [0, 7] be the metric on T? given by:

d+1
or(x,y) = arccos(Z \ /x]-y]->, x,y e T
j=1
For x € B? and 6 > 0, define:

BT (x,0) := {y eT: pr(x,y) < 0}.

We write:
meas,. (E / Wl (x ;4 dx, EcTY

where W u is the weight function on T¢ given in (41). It is easily seen that meas! is
a doubling measure on T satisfying that for any x € T¢ and 8 € (0, 7],

meas; (BT (x 2]0)) < C2Js measg (BT(x 9)) i=12,---, (44)

where C > 0 is a constant depending only on & and d, and s; is the optimal constant
for which (44) holds. Recall that P(WKT ur X y) denotes the reproducing kernel of the
space V4 (W) of orthogonal polynomials of degree n with respect to the weight W, on

’]I‘d 5‘5 (WKT w o f ) denotes the n-th Cesaro mean of the WOPE of f with respect to the weight

function W[ on T%, and K}, (WKT w X y) is the Cesaro kernel of the operator S, (WKT V) .
The point-wise estimate of the Cesaro kernel K¢, (WKT X, y) is as follows:

Theorem 5. For § > 0and £ > T > 2A; + 1, we have:
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KW ) ex- [ 3501+ ) T, (1) + {goy, v)| +pr(x,y) +j 1) 2
7 Ay Ui s '
n\" VK, pu a (1+jﬁT<x,y))A,?+£—r—%s,z+d

1 2 ~ _ 3g.
+ LogZXn:H pimid il n?(1+ npr(x,y)) T _
i= IT,cx, () + Kgoy, v)| + pr(x,y) +n—1)%
+ n (1 + npr(x,y)) ]

[er, (KX v) |+ 8oy, v)| + 171 + pr(x,y))>

where go € G is such that pr(gox,y) = pr(x,y) = mingcg pr(8x,Y) for x,y € T,
Our next result can be stated as follows:

Theorem 6. Let 6 > 0,7 > 2Az +1,

1 if6>3sp+1—1
L KW ) W ()doty) < Jlogn — if5 = dse 471
nO0tasTTHLf s < %s,z +7—-1.

As a consequence of the kernel estimate, we can prove the following:

Corollary 3. Let T > 2Ax + 1 and oz := %s,z + T — 1. Then, if § > o, Sﬁ(WKT/V;f) converges in
LP(WTL,;T%) forall 1 < p < co.

KW

These results can be deduced directly from the corresponding results on the sphere B.
Since the proofs are almost identical to those in [10,14], we skip the details here.
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