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Abstract: Free convective flow in a cubical cavity loaded with copper-water nanofluid was examined
numerically by employing a non-homogeneous dynamic model, which is physically more realistic in
representing nanofluids than homogenous ones. The cavity was introduced to a horizontal magnetic
field from the left sidewall. Both the cavity’s vertical left and right sidewalls are preserved at an
isothermal cold temperature (Tc). The cavity includes inside it four isothermal heating blocks in
the middle of the top and bottom walls. The other cavity walls are assumed adiabatic. Simulations
were performed for solid volume fraction ranging from (0 ≤ φ ≤ 0.06), Rayleigh number varied as
(103 ≤ Ra ≤ 105), the Hartmann number varied as (0 ≤ Ha ≤ 60), and the diameter of nanoparticle
varied as (10 nm ≤ dp ≤ 130 nm). It was found that at (dp = 10 nm), the average Nusselt number
declines when Ha increases, whereas it increases as (Ra) and (φ) increase. Furthermore, the increasing
impact of the magnetic field on the average Nusselt number is absent for (Ra = 103), and this can be
seen for all values of (φ). However, when (dp) is considered variable, the average Nusselt number
was directly proportional to (Ra) and (φ) and inversely proportional to (dp).

Keywords: natural convection; nanofluid; magnetic field; cubical cavity; non-homogeneous dynamic
mathematical model
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1. Introduction

The buoyancy-driven convection, sometimes called free convection, in an enclosed
space, is one of the most studied phenomena in heat transfer. This traditional problem
has attained increasable attention inside the research community [1]. This is not an instan-
taneous change, but it is due to the abundance of industrial applications of this problem
in real life. Specimens of these applications cover the cooling of electronic equipment,
nuclear reactor core, solar energy field, heat exchangers, drying and food technologies, and
airplane cabin insulation [2–5]. Despite this enticing attention, the number of published
papers concerned with the natural convection in a 3-D cavity is still few compared with
their corresponding papers dealing with the two-dimensional one. This difference is due to
the problem complexity and the long-running time to obtain suitable results. Samples of
works that deal with the natural convection in a 3-D cavity loaded with water or air include
Ghachem et al. [6], Onyango et al. [7], Hussein et al. [8], Al-Rashed et al. [9], and recently
Alnaqi et al. [10].

From another perspective, the subject concerns the mixed influence of natural convec-
tion, and the magnetic field is magneto-hydrodynamic (MHD) natural convection. This
subject has an important application in many fields such as geothermal energy, crystal
growth in liquids, microelectronic equipment, plasma technology, hemodialysis, and metal
casting [11–13].

On the other hand, the natural convection inside the cavities can be dramatically
enhanced by replacing the traditional or base fluids (e.g., water) with another advanced
fluid called the nanofluid [14]. The latter can be defined as a homogenous suspension
of nanoparticles in a traditional fluid. The secret to this substitution is due to the high
thermal conductivity of nanoparticles, which makes the nanofluid considerably better and
more efficient as a result of their high thermal conductivity [15]. In the last ten years, the
nanofluid has entered most medical, agricultural, industrial, and engineering applications
such as solar energy, biological sciences, heat transfer equipment, environment, car, tractor
radiators, transportation, water purification, and many others [16–18]. Some excellent
literature surveys such as Hussein [19,20], Hussein et al. [21,22], Haddad et al. [23], Bahiraei
and Hangi [24], and Kamel et al. [25] can be read for further background on the nanofluid
and its applications.

However, few researchers have considered MHD natural convection of nanofluids
inside cavities, such as Kolsi et al. [26–28], Al-Rashed et al. [29,30], and Sheikholeslami
et al. [31,32].

Kolsi et al. [26] numerically simulated MHD free convection of CNT nanofluid in
a cubical cavity having a cold inclined plate. The enclosure’s right sidewall was open,
while the left was kept at an isothermal hot temperature. The rest walls were insulated.
The results were displayed for the Hartmann number (0 ≤ Ha ≤ 100), Rayleigh number
(103 ≤ Ra ≤ 105), the volumetric fraction (0 ≤ φ ≤ 0.05), and the inclination angle of
the plate (0◦ ≤ θ ≤ 360◦). They concluded that the influence of the inclined plate was
substantial for the high Rayleigh number. Kolsi et al. [27] investigated free convection of
MWCNT nanofluid in a differential heated cavity subjected to a periodic magnetic field.
They examined the volumetric percentage, oscillation period, and Hartmann number at
various values. The large Hartmann number reduced the heat transmission oscillation
behavior. The impact of the horizontal or vertical magnetic field on the thermocapillary
free convective flow of CNT nanofluid in a 3-D cavity was examined numerically by Kolsi
et al. [28]. They modified the configuration of Kolsi et al. [27] by opening the upper wall. It
was discovered that raising the solid volume fraction while reducing the Hartmann number
increased the average Nusselt number.

Al-Rashed et al. [29] numerically analyzed MHD natural convection in a cubical
enclosure filled with CNT-water nanofluid. Their study included two cases. The magnetic
field was applied to the upper enclosure region in the first and the lower regions in the
second. The enclosure was cooled from its right side and heated from the left side, whereas
other walls were kept insulated. They concluded that the magnetic field’s position and
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strength influenced natural convection. Al-Rashed et al. [30] considered the same problem
and the configuration by Al-Rashed et al. [29]. The sole difference was the enclosure was
subjected to a tilted magnetic field. The authors presented the flow and thermal fields for
different magnetic field orientation angles, Hartmann and Rayleigh numbers, and the solid
volumetric fraction. The authors concluded that the orientation angle effect was dominant
at (Ra = 105).

Sheikholeslami and Ellahi [31] studied the MHD natural convective flow in a 3-D
cavity loaded with alumina-water nanofluid by means of numerical simulation. The upper
and lower walls were kept at isothermal cold and hot temperatures, respectively, while
the rest of the walls were insulated. The hydrothermal behavior of the natural convection
was examined for various values of the solid volumetric fraction, Rayleigh, and Hart-
mann numbers. They deduced that the average Nusselt number declined by decreasing
the solid volume fraction and Rayleigh number and increasing the Hartmann number.
Sheikholeslami et al. [32] utilized the Lattice Boltzmann approach to examine the charac-
teristics of the natural convection inside a 3-D enclosure subjected to the magnetic field
effect. The cavity was loaded with water-based alumina nanofluid. Their results were
illustrated for Hartmann number ranging from (0 ≤ Ha ≤ 100), Rayleigh number ranging
from (103 ≤ Ra ≤ 105), and the solid volumetric fraction varied as (0 ≤ φ ≤ 0.04). They con-
cluded that the nanofluid was more efficient for low Rayleigh and high Hartmann numbers.

In fact, the traditional homogeneous model of the nanofluid is based on the assumption
that nanofluid is treated as usual fluid. Therefore, the governing equations of the mass,
momentum, and energy are utilized, taking into account the effective constant properties
of the nanofluid. On the other hand, the non-homogeneous dynamic model is a new model
developed by Uddin et al. [33,34]. It is assumed that the transport of nanoparticles is
due to the relative velocity between the base fluid and the nanoparticles. The model was
named as non-homogeneous dynamic model due to the non-homogeneity of the nanofluid
caused by the Brownian and thermophoresis diffusions. It includes the correlations of
thermo-physical properties of nanofluids, the thermal diffusion coefficient equation, and
the buoyancy effect. Moreover, it also includes the concentration equation of nanofluids
so that their concentration effect can be taken into account. The reader can be referred
to [35–37] for further information about this model.

The non-homogeneous dynamic model was used by different researchers to explore
the free convection of nanofluids in square containers. Sheikhzadeh et al. [38] numerically
researched the nanoparticles’ transport impacts on the natural convection in a differential
heated square cavity loaded with water-based alumina nanofluid. They found that natural
convection decreased with the nanoparticles’ size and bulk volumetric fraction increment.
The natural convection in a differential heated square cavity loaded with CuO-water
nanofluid was addressed by Choi et al. [39]. They deduced that the average Nusselt
number was enhanced by decreasing the solid volumetric fraction for both considered
models for the constant Rayleigh number. Alsabery et al. [40] explored the free convection
of water-based alumina nanofluid inside a square enclosure containing a solid conducting
block. The upper wall was cold, whereas an isothermal heater was located in the lower-left
corner. The rest of the lower and right walls were assumed insulated. The findings were
displayed for a broad variety of the solid block’s thermal conductivity, thickness, Rayleigh
number, and solid volumetric fraction. They noticed that the block size variation influenced
the natural convection. Al-Balushi et al. [41] explored the transient natural convection in a
square enclosure loaded with various kinds of nanofluid-containing magnetic nanoparticles
(i.e., Fe3O4, Co-Fe2O4, Mn-Zn Fe2O4, and SiO2). The top and bottom walls were kept at
constant cold and hot temperatures, respectively, whereas the vertical sidewalls were
adiabatic. The results were presented for various values of Rayleigh number, nanoparticles
shape factor, and volumetric fraction. It was found that the average Nusselt number
intensified as the solid volumetric fraction and Rayleigh number increased. In addition, it
was improved when using blade-shaped nanoparticles.
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Other researchers used the non-homogeneous dynamic model to examine the MHD
natural convection of nanofluids inside different containers. Uddin et al. [42] numerically
explored the natural convection in a quarter-circular enclosure loaded with various types
of nanofluid. The left vertical sidewall of the enclosure was assumed adiabatic, and the
bottom wall was heated under a variable thermal condition, while the round wall was
kept cold. The enclosure was exposed to a magnetic field with an inclination. It was found
that the average Nusselt number was enhanced by increasing the inclination angle of the
magnetic field, Rayleigh number, and the solid volumetric fraction. The numerical analysis
of the transient natural convection in a semi-circular enclosure loaded with various types
of nanofluid was carried out by Uddin and Rahman [43]. They concluded that lowering
the nanoparticle’s diameter increased the average Nusselt number. In addition, it was
noted that the nanoparticles were uniformly suspended in the base fluid when the range of
their diameter (1 ≤ dp ≤ 10 nm). Uddin and Rasel [44] numerically analyzed the natural
convection of copper oxide-water nanofluid inside a trapezoidal vessel. The top and bottom
walls were considered adiabatic and hot, respectively. Whereas its left and right inclined
sidewalls were subjected to cold temperature. It was noted that the natural convection
diminished when the nanoparticles diameter was in the range of (1 ≤ dp ≤ 10 nm).

Recently, Alsabery et al. [45] explored free convection in a tilted 3D wavy cavity loaded
with alumina-water nanofluid by using the non-homogeneous equilibrium model. The left
wall of the cavity was considered cooled, whereas its right wavy wall was kept heated. The
remaining walls were considered thermally insulated. The characteristics of the flow and
thermal fields were illustrated for various values of the orientation angle, solid volumetric
fraction, number of undulations, and Rayleigh number. They noticed an augmentation in
the average Nusselt number when the orientation angle was more than 90◦. Other useful
references can be found in Refs. [46–49].

According to the published literature review results and the best of the authors’
knowledge, no work has been conducted to date that studies the MHD natural convection
in a cubical cavity filled with copper-water nanofluid using a non-homogeneous dynamic
model of the fluid. This kind of problem is worth studying as it is of essential interest in
practical engineering applications such as compact heat exchangers and nuclear reactors.
Furthermore, the influence of four isothermal heating blocks inside the cavity was also
considered. Therefore, the main purpose of the current endeavor is to examine this genuine
problem in great depth and detail. The physical aspect of the present study is to analyze
the effect of the magnetic field on the natural convection in a cubical cavity when the
nanoparticle diameter is considered either fixed or variable from a physical engineering
point of view.

In this study, a mathematical formulation of the problem is given in Section 2. Section 3
presents the numerical solution procedure and the validation of the model. Section 4
reports the obtained simulation results, while detailed discussions of the results are given
in Section 5. Finally, the conclusions of the study are given in Section 6.

2. Mathematical Model
2.1. Problem Geometry, Assumptions, and Governing Equations

The present problem geometry with its Cartesian coordinate system is depicted in
Figure 1. It consists of a 3-D cavity of equal height, width, and depth (H) and is exposed
to a horizontal magnetic field (Bo) from its left sidewall. The cavity was loaded with
copper-water nanofluid. The cavity’s vertical sidewalls were kept at an isothermal cold
temperature (Tc). The cavity includes four isothermal heating blocks inside it positioned at
the center of the top and bottom walls. Together with the remaining parts of the top and
bottom walls, the other walls are assumed adiabatic. Table 1 includes the thermophysical
characteristics of the water and copper nanoparticles.
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Table 1. Thermo-physical characteristics of pure water and nanoparticles [50].

ρ (kg·m−3) β (K−1) k (W·m−1·K−1) Cp (J·kg−1·K−1)

Pure Water 997.1 21 × 10−5 0.613 4179

Cu 8933 1.67 × 10−5 400 385

To solve the governing equations, it is necessary to make the following assumptions:

1. The flow is assumed laminar, steady, Newtonian, 3D, and incompressible.
2. The viscous dissipation, chemical reaction, and thermal radiation effects are negligible.
3. Boussinesq approximation was adopted.
4. Non-homogeneous dynamic mathematical model was taken into account.
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5. Brownian motion, nanofluid concentration, and thermophoresis are studied and considered.
6. The conduction heat transfer in walls was considered negligible.

When stated in their dimensionless form, the equations of continuity, momentum, and
energy read [33,34]:

U
∂U
∂X

+ V
∂U
∂Y

+ W
∂U
∂Z

= −
ρ f

ρn f

∂P
∂X

+
µn f

ν f ρn f
Pr

(
∂2U
∂X2 +

∂2U
∂Y2 +

∂2U
∂Z2

)
(1)

U
∂U
∂X

+ V
∂U
∂Y

+ W
∂U
∂Z

= −
ρ f

ρn f

∂P
∂X

+
µn f

ν f ρn f
Pr

(
∂2U
∂X2 +

∂2U
∂Y2 +

∂2U
∂Z2

)
(2)

U ∂V
∂X + V ∂V

∂Y + W ∂V
∂Z = − ρ f

ρn f
∂P
∂Y +

µn f
ν f ρn f

Pr

(
∂2V
∂X2 +

∂2V
∂Y2 + ∂2V

∂Z2

)
+

(ρβ)n f
β f ρn f

RaT Prθ + RaCPrΦ− HaPrV
(3)

U
∂W
∂X

+ V
∂W
∂Y

+ W
∂W
∂Z

= −
ρ f

ρn f

∂P
∂Z

+
µn f

ν f ρn f
Pr

(
∂2W
∂X2 +

∂2W
∂Y2 +

∂2W
∂Z2

)
(4)

U ∂θ
∂X + V ∂θ

∂Y + W ∂θ
∂Z =

αn f
α f

(
∂2θ
∂X2 +

∂2θ
∂Y2 +

∂2θ
∂Z2

)
+ 1

Le

(
∂Φ
∂X

∂θ
∂X + ∂Φ

∂Y
∂θ
∂Y + ∂Φ

∂Z
∂θ
∂Z

)
+ Pr NTBT

SC

((
∂θ
∂X

)2
+
(

∂θ
∂Y

)2
+
(

∂θ
∂Z

)2
) (5)

U ∂Φ
∂X + V ∂Φ

∂Y + W ∂Φ
∂Z = Pr

SC

(
∂2Φ
∂X2 +

∂2Φ
∂Y2 + ∂2Φ

∂Z2

)
+

Pr NTBTC
SC

(
∂2θ
∂X2 +

∂2θ
∂Y2 +

∂2θ
∂Z2

)
+ Pr NTBT

SC

(
∂Φ
∂X

∂θ
∂X + ∂Φ

∂Y
∂θ
∂Y + ∂Φ

∂Z
∂θ
∂Z

) (6)

It is possible to define the non-dimensional parameters that are present in Equations (1)–(6)
as follows [41]:

U = uH
α f

, V = vH
α f

, W = wH
α f

, X = x
H , Y = y

H , Z = z
H , Φ = C−CC

∆C

θ = T−TC
∆T , P = pH2

ρ f α2
f

Pr =
ν f
α f

, NTBT = DT
DB

∆T
TC

, RaT =
β f gH3∆T

ν f α f
, RaC =

(ρβ∗) f gH3∆C
ρn f ν f α f

NTBTC = DT
DB

∆T
∆C

CC
TC

, SC =
µ f

ρ f DB
, Le =

k f CC

(ρCp) f DB∆C
and

Ha = B0H
√

σn f
ρn f ν f

where TC = T = 300 K, DB = kBT
3πµ f dp

and DT = 0.26
k f

2k f +kp

µ f
ρ f T φ.

The following data are considered in the present work:

Le = 4.3713× 105, SC = 29, 890, DB = 3.3654× 10−11, DT = 3.9806× 10−12, NTBTC = 0.39429, NTBT = 0.0039427.
Pr = 6.8377, ∆T = 10 K, ∆C = 0.01, TC = T = 300K, CC = 1 and Ha = 0, 30 and 60.

dp = 10, 70 and 130 nm.
In the present work, the effective density (ρn f ), thermal expansion coefficient (β)n f , heat

capacitance (ρCp)n f , and thermal diffusivity (αn f ) of the nanofluid are defined as [50–52]:

ρn f = (1− φ)ρ f + φρnp (7)

βn f = (1− φ)β f + φβnp (8)(
ρCp

)
n f = (1− φ)

(
ρCp

)
f + φ

(
ρCp

)
np (9)
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αn f =
kn f(

ρCp
)

n f
(10)

The Brinkman model is used to calculate the viscosity of the nanofluid, which is
regarded as a function of the solid volumetric fraction [53]:

µn f =
µ f

(1− φ)2.5 (11)

Whilst Maxwell correlations of the nanofluid thermal conductivity are taken into
account in the current work [54]:

kn f

k f
=

(knp + 2k f )− 2φ(k f − knp)

(knp + 2k f ) + φ(k f − knp)
(12)

The nanofluid thermal conductivity is also defined by including the shape factor of
nanoparticles as follows [42]:

kn f

k f
=

knp + (n− 1)k f −
[
(n− 1)

(
k f − knp

)
φ
]

knp + (n− 1)k f +
[
φ
(

k f − knp

)] (13)

where n = 3
ψ . The symbol (ψ) is called the sphericity of the nanoparticle and represents the

ratio of the sphere’s surface area to the real particle’s surface area with equal volumes.
The electrical conductivity of the nanofluid is defined by [55]:

σn f = (1− φ)σf + φσnp (14)

The local Nusselt number reads:

Nul(Y, Z) =
kn f

k f

∂θ

∂X
(15)

The average Nusselt number, Nua, is calculated as the integral of the temperature flux
through the vertical right cold wall and is written as:

Nua =
kn f

k f

∫
S

→
∇θ·→e xdydz (16)

2.2. Boundary Conditions

The non-dimensional boundary conditions for the current work are given by the
following expression:

For both left and right cold sidewalls,
U = V = W = 0, θ = 0 and Φ = 0
At the four isothermal heating blocks,
U = V = W = 0, θ = 1 and Φ = 1
For all adiabatic walls,
U = V = W = 0 and ∂θ

∂n = 0.

3. Numerical Solution, Validation and Grid-Independent Test

The mathematical model used in this work is based on the conservation of mass,
momentum, and energy equations. The finite volume technique is employed to discretize
these equations in conjunction with the power-law scheme. The SIMPLEC algorithm is
used for solving the momentum equations in conjunction with the continuity equation.
The generated discrete algebraic system is resolved using the Alternating Direction Implicit
technique (ADI). For the purpose of solving the resulting system of algebraic equations
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as well as the boundary conditions, the Thomas Algorithm is employed. This numerical
method is applied in this research as it is easy to implement and gives more accurate results
compared to other methods.

To validate the numerical approach used in this study, the MHD natural convection in
a differential heated square enclosure loaded with alumina-water nanofluid reported by
Ghasemi et al. [54] is resolved using the same code used in this work. Excellent agreement
was established for velocity, temperature, and isotherms between the two papers, as
illustrated in Figures 2 and 3.
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Furthermore, various grid tests are carried out, and it is found that the grid (71 × 71 × 71)
is enough to ensure that the computations are independent on the selected grid. Finally,
a validation check is performed and presented in Table 2. This table disclosed that the
current algorithm has an excellent agreement with the previously published data.

Table 2. Sensitivity to the mesh of the average Nusselt number at different numbers of grids for
(Ra = 105, φ = 0.02 and d = 1).

41 × 41 × 41 51 × 51 × 51 61 × 61 × 61 71 × 71 × 71 81 × 81 × 81

Nuav 5.748685 5.721563 5.698485 5.695235 5.692066

4. Results

This section presents the findings of the numerical analysis conducted in the present
work. In the current study, the Hartmann number ranged as (0 ≤ Ha ≤ 60), the Rayleigh
number is varied as (103 ≤ Ra ≤ 105), the volumetric fraction is varied as (0 ≤ φ ≤ 0.06),
and the diameter of nanoparticle varied as (10 nm ≤ dp ≤ 130 nm).
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Figure 4 presents the flow (top) and thermal (bottom) structures inside the cubical
cavity filled with pure water [φ = 0 (solid line)] and Cu-water nanofluid [φ = 0.04 (dash
line)] for various values of (Ha) and (Ra = 105). In this case, the nanoparticle diameter
is considered fixed at (dp = 10 nm). The first row of Figure 4 represents a 2D pattern of
streamlines drawn at the (Y-Z) plane, while the second and the third rows represent the
three and two-dimensional pattern of isotherms, respectively.
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Figure 5 depicts the fluctuation in temperature profiles along the X-axis for various
Rayleigh number, Hartmann number, and solid volumetric fraction values. These profiles
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are drawn at the midsection of the vertical and axial axes (i.e., Y = Z = 0.5) and when the
nanoparticle diameter is constant at (dp = 10 nm).
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The impact of the Hartmann number and the solid volumetric fraction on the velocity
profiles along the X-axis (left) and Y-axis (right) at three different values of (Ra) and
(dp = 10 nm) was illustrated in Figure 6. These profiles are drawn at (Z = 0.5). With respect
to the horizontal velocity profiles [U (X, 0.5, 0.5)].
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Figure 6. The variation of the velocity profiles along the X-axis (left) and Y-axis (right) for different
Rayleigh numbers, Hartmann numbers, and the solid volume fractions at (dp = 10 nm).

The influence of the Rayleigh and Hartmann numbers on the local Nusselt number at
the cavity’s left cold sidewalls (NuL) is seen in Figure 7 for (dp = 10 nm and φ = 0.02).

The link between the average Nusselt number and the solid volumetric fraction was
depicted in Figure 8 for various Ra and Ha numbers and for (dp = 10 nm).

The flow structure at (Y-Z) plane and (X = 0.5) inside the cavity filled with pure water
[φ = 0 (solid line)] and Cu-water nanofluid [φ = 0.04 (dash line)] for various values of
(Ra) and (dp) was presented graphically at Figure 9. In this case, the Hartmann number is
considered constant at (Ha = 30).
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Figure 9. Flow structures inside the cavity for various values of Rayleigh number and diameter of
nanoparticle at [φ = 0 (solid line), φ = 0.04 (dash line)] and Ha = 30.

The temperature profiles variation along Y-axis for different values of (Ra) and (dp)
at (Ha = 30 and φ = 0.04) were presented in Figure 10. All these profiles are displayed at
(X = Z = 0.5).

The relationship between the maximum stream function and the solid volumetric
fraction for various values of (Ra) and (dp) at (Ha = 30) were portrayed in Figure 11.

Figure 12 displays the variation of the velocity profiles along the Y-axis for different
Ra and dp at (Ha = 30 and φ = 0.04). These profiles are drawn at (X = Z = 0.5).

The fluctuation in the average Nusselt number and the solid volumetric fraction for
various values of (Ra) and (dp) at (Ha = 30) is depicted in Figure 13.
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Figure 12. Variation of the velocity profiles on the Y-axis for different Rayleigh numbers and
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5. Discussion

Detailed analysis of the obtained numerical results, which were presented in Section 5,
is discussed in this section.

5.1. When the Nanoparticle Diameter Is Considered Fixed at (dp = 10 nm)

Generally, Figure 4 shows that the flow field in the cavity is initiated at the bottom
wall adjacent to the two isothermal heating blocks embedded inside it. After that, it begins
to move parallel to the cavity’s cold left and right sidewalls until it reaches another two
heating blocks in the top wall. The flow field can be observed from the 2D pattern drawn in
the mid of the X-axis (X = 0.5), and its structure was displayed at the (Y-Z) plane. The reason
for choosing the plane (X = 0.5, Y, Z) can be returned to its unique location, perpendicular
to both the top and bottom walls containing the heating blocks. So, this plane is very
useful to represent the fluid motion and the heat transfer inside the cavity distinctively.
When the effect of the magnetic field is considered negligible (Ha = 0), the streamlines
(first row) are accumulated intensely beside the heating blocks in the bottom wall. The
shape of streamlines is seemed to be irregular, close to each other, and such as a curve,
especially in the middle of the (Y-Z) plane. Both water and nanofluids exhibit this behavior.
However, the effect of the water is better than nanofluid, especially near the top wall. The
same pattern can also be noticed adjacent to the corresponding blocks in the top wall.

All these signals are due to the influential behavior of the natural convection at
(Ha = 0). Now, when the magnetic field exists (30 ≤ Ha ≤ 60), a noticeable inflection in
the flow field pattern is noticed inside the plane (X = 0.5, Y, Z). The streamlines begin to
diverge from each other and become approximately linear and uniform, especially in the
core of the (Y-Z) plane. When the Hartmann number rises to (Ha = 60), the intensity of the
magnetic field increases, and this can be approved from the evident divergence between
the streamlines as a result of the dominance of the Lorentz force generated by the magnetic
field, which leads to slow the strength of the flow circulation inside the cavity. Both water
and nanofluids exhibit this behavior.

In terms of the thermal field, the 3D pattern of isotherms (first row) clearly indicates
that the temperature next to the heating blocks in the top and bottom walls drops as (Ha)
grows from 0 to 100. The same decrease can be detected in the core of the cavity. For the 2D
pattern of isotherms (second row), it was seen again that the temperature decreases faster
inside the (Y-Z) plane as the Hartmann number increases. This can be confirmed by the
rapid increase of the cold region inside this plane. In addition, the thermal plume, which
can be observed around the heating blocks in the four corners of the (Y-Z) plane, begins
to weaken and disappear gradually as (Ha) increases. As discussed previously, this is a
normal reaction to the predominant effect of heat conduction with increasing (Ha).

As could be seen in Figure 5, for low Ra number (e.g., Ra = 103), for all studied values
of (Ha) and (φ), there is a high agreement between the temperature profiles. In this case, the
shape of the profiles is uniform, symmetrical, and seems similar to a semi-ellipse. Therefore,
the rise in (Ha) and (φ) has no noticeable influence on the temperature profile in the
cavity. This high similarity between the temperature profiles can be attributed to the weak
influence of the convection at low Ra or when the conduction is dominant. The maximum
temperature distribution is noticed at the midplane of the X-axis (X = 0.5). However, when
the value of the Ra rises to Ra = 104 and 105, the simultaneous profiles which are noticed at
(Ra = 103) begin to diverge from each other. The reason beyond this behavior is due to the
increase in the buoyancy force and hence the natural convection in this case.

For (Ra = 104), as seen in Figure 5, the temperature reaches its highest value when
the magnetic field is absent (Ha = 0). Since the influence of convection within the cavity
is very strong in this scenario. However, as the Hartmann number rises to (Ha = 30 and
60), the temperature values gradually decrease and match each other. This is because
the magnetic field effect increases, which results in a decrease in temperature as a result
of convection damping. The impact of the solid volumetric fraction on the temperature
profiles can be seen to decrease as the solid volumetric fraction increases from φ = 0



Mathematics 2022, 10, 2072 22 of 28

to 0.04. This action is exhibited when no magnetic field is present (Ha = 0). While for
(Ha = 30 and 60), the increase of the solid volumetric fraction has very slight effects on the
temperature profiles. Therefore, it can be concluded that the water (φ = 0) is better than the
nanofluid (0.02 ≤ φ ≤ 0.04), when the magnetic field is removed, the difference between
them becomes minor for (30 ≤ Ha ≤ 60). When the Rayleigh number increases further to
(Ra = 105), a clear increase in the temperature distribution can be noticed. This is due to the
increase in the natural convection for high values of (Ra).

Furthermore, evident confusion can also be seen in the temperature profiles. They
begin to elongate along the X-axis, and their shape confuses significantly, especially at
(Ha = 0). Again, it can be seen that the temperature distribution tends to collapse as the Ha
and φ grow. Again, it is noticed that the temperature distribution attains its peak value at
(X = 0.5). This behavior can be found at (30 ≤ Ha ≤ 60). However, at (Ha = 0), they begin
to decline suddenly in this region while they increase on each side of their profiles. This is
due to the large temperature differential within the cavity, which increases the strength of
the buoyancy force impact compared to the gravity force.

It is noticed from Figure 6 that, the velocity profiles for low Ra (Ra = 103), they start
from zero value at (X = 0) and then decrease gradually until (X = 0.1). They then proceed to
rise in value until they reach their maximum at (X = 0.5). Then, a clear decrease in their
values can be seen up to (X = 0.9), when they increase again until they reach zero value at
(X = 1.0). This behavior can be observed clearly for no magnetic field (Ha = 0). However,
as the magnetic field becomes significant (30 ≤ Ha ≤ 60), the variation in these profiles
decreases strongly until they approach zero value for the severe magnetic field at (Ha = 60).
This is owing to the magnetic field’s detrimental impact, which reduces the flow velocity
and acts as a barrier to the flow circulation within the cavity.

With respect to the effect of the solid volume fraction on the horizontal velocity profiles,
it can be observed that the maximum velocities can be found for water (φ = 0) and decrease
gradually as (φ) increases. This suggests that adding Cu nanoparticles to the water causes
the flow to slow down and the velocity to decrease. This tendency can be observed for any
of the values of Ha that are considered in this study. Since for (Ra = 103), the conduction
is dominant, and the effect of the nanofluid on the velocity profiles is not much attractive.
When the Ra increases to (Ra = 104), a remarkable increase in the horizontal velocity profiles
can be seen, this is because increasing (Ra) increases the buoyancy force and circulation of
the flow, which results in an increase in velocity.

Again, it can be observed that U (X) decreases as (Ha) increases, especially at (X = 0.5).
It is useful to mention that at (Ra = 104), the velocity of nanofluid exceeds those of water
and reaches its peak value at (φ = 0.04). Now, for further increase of the Rayleigh number
to (Ra = 105), a noticeable change in the behavior of the horizontal velocity profiles can
be observed. At (Ha = 0), all the velocities can be noted below the zero value, and the
peak of them can be found at (φ = 0.04). While, for (30 ≤ Ha ≤ 60), the velocity profiles
at this range begin to diverge from each other compared with corresponding profiles at
(103 ≤ Ra ≤ 104), Particularly along the cavity’s cool left and right sidewalls (i.e., X = 0 and
X = 1). In addition, it is possible to deduce that the nanofluid outperforms water and that
the greatest velocity is observed at (Ha = 60).

With respect to the vertical velocity profiles [V (0.5, Y, 0.5)], it can be observed
that at (Ra = 103), they begin from zero value at (Y = 0) and then fall progressively at
(0.01 ≤ Y ≤ 0.1). Then, they grow until they reach the zero value at the mid of the vertical
axis (i.e., Y = 0.5). In contrast, an inverse trend was observed at (0.51 ≤ Y ≤ 1.0). This
behavior can be noticed clearly at (Ha = 0) and begins to regress rapidly as (Ha) increases.
For the solid volumetric fraction effect on the vertical velocity profiles, it was seen that
they reach their peak value when the water is used, and this behavior is observed at all
considered values of Ha. Now, as the Ra increases to (104 ≤ Ra ≤ 105), a high jump in the
values of V (Y) can be observed. The maximum values of V (Y) decrease as (Ha) increases
and (φ) decreases. Furthermore, it is useful to mention that the effect of (φ) on profiles of V
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(Y) becomes highly remarkable at (Ra = 105) compared with other values of (Ra). Since the
deviation between them is very clear at this value.

From Figure 7, it can be noticed that for (Ra = 103), the local Nusselt number starts
to decline gradually as the value of (Y) increases from (Y = 0) until it reaches the mid of
the vertical axis (Y = 0.5). After that, it begins to increase gradually at (0.5 ≤ Y ≤ 1.0). This
behavior can be noted for all values of the Hartmann number (0 ≤ Ha ≤ 60). In addition, it
can be observed that in the upper region of the cavity (0.5 ≤ Y ≤ 1.0), the (NuL) decreases
as values of (Ha) increase. This is due to the magnetic field’s dominating influence, which
results in a drop in the (NuL) values due to the natural convection and buoyancy force
impacts. While an opposite behavior can be noted at (0.5 ≤ Y ≤ 1.0).

When the Ra approaches (Ra = 104 and 105), a noticeable rise in (NuL) values may
be noted, particularly at (Ra = 105), since the intensity in the buoyant flow is directly
proportional to the increase in (Ra) values. Furthermore, when the magnetic field is absent
(Ha = 0), the values of (NuL) increase rapidly and strongly along with the vertical axis
values. However, this increase becomes slow and less severe when the magnetic field exists
(i.e., 0 ≤ Ha ≤ 60). This is, of course, connected to the magnetic field’s suppressing impact,
as previously described.

Figure 8 shows that as the Ra grows from Ra = 103 to 105, the average Nusselt number
increases significantly. This is because natural convection rises significantly when (Ra)
grows due to the large buoyancy force. For low Ra (Ra = 103), it is noticed that the increased
effect in (Ha) number on the relation between the average Nusselt number and the solid
volumetric fraction is missing. This can be confirmed by the symmetrical increase between
(Nuav) and (φ) for various values of (Ha). Since, in this case, the conduction influence is
more than the convection one inside the cavity.

Now, as the Rayleigh number increases further to (Ra = 104 and 105), the effect of the
increase in (Ha) on the (Nuav) becomes more remarkable. The convection impact becomes
evident in this scenario. Therefore, any increase in the magnetic field can be seen easily. In
general, the increase in (Ha) leads to a decrease in the (Nuav), and this decrease becomes
very high at (Ra = 105). This decrease can be observed for various values of (φ). It may be
traced back to the magnetic field’s dampening effect. Since the last produces an opposite
force to the buoyancy force, called the Lorentz force. This hampers the flow circulation and
declines the average Nusselt number, especially for severe magnetic fields (i.e., Ha = 60).
Therefore, it can be determined that (Nuav) achieves its greatest value in the absence of a
magnetic field (Ha = 0), which is true for all examined ranges of (φ) and (104 ≤ Ra ≤ 105).

5.2. When the Nanoparticle Diameter Is Considered Variable at (10 nm ≤ dp ≤ 130 nm)

As it is clear from Figure 9, the flow field pattern is uniform and symmetrical for low
Ra (i.e., Ra = 103). Since the influence of the free convection in the cavity is weak. The
results also indicated that there is no difference between the water and the nanofluid in
this case. This behavior can be confirmed by the perfect matching between the flow fields
of both.

Moreover, it is noticed that at Ra = 103, increasing dp has no impact on the flow field
pattern. A striking shift in the flow pattern may be observed as the Rayleigh number
approaches Ra = 104 or 105. The uniform pattern seen at (Ra = 103) begins to break down,
and switches to a confuse one, especially at (Ra = 105). This is because of the significant
influence of natural convection as Ra grows. In addition, it is useful to mention that the
effect between the water and nanofluid on the flow field becomes clearer at (104 ≤ Ra ≤ 105).
Moreover, it is noticed that the impact of increasing dp on the flow pattern becomes clear
to some extent at (104 ≤ Ra ≤ 105), especially in the middle of the upper region of the
(Y-Z) plane.

The results depicted in Figure 10 showed that the temperature profiles increase as
(Ra) increases until they reach their maximum value at (Ra = 105). It can also be seen that
for (103 ≤ Ra ≤ 104), the profiles begin to decrease along Y-axis until they reach (Y = 0.5)
and then increase after that. Moreover, the effect of the increase in (dp) on these profiles is
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little in this range of (Ra). In an opposite manner, When the Ra is increased to (Ra = 105), a
noticeable shift in the temperature profiles occurs. They increase continuously along the
Y-axis, and the effect (dp) on them becomes clearly visible. It was seen that at (0 ≤ Y ≤ 0.4),
the profiles increase as (dp) decreases, whereas an opposite behavior beyond this range
was noted.

The findings of Figure 11 demonstrated that the maximum stream function is inversely
proportional to (φ). Since an increase in (φ) results in an increase in viscosity and a
reduction in surface velocities. Therefore, the maximum stream function decreases. While
it increases as (Ra) increases. Concerning the impact of (dp) on the stream function values,
it can be seen that they decline as (dp) increases for (Ra = 103). In contrast, an opposite
behavior can be found at (104 ≤ Ra ≤ 105). Furthermore, it can be observed that the effect
of (dp) on the relationship between the maximum stream function and the solid volumetric
fraction begins to fall dramatically as the Ra increases from (Ra = 103 to 105).

Figure 12 indicated that the effect of increasing (dp) on the velocity profiles is slight at
(103 ≤ Ra ≤ 104). This can be confirmed from the symmetrical behavior of velocity profiles
for all selected values of (dp). However, as Ra increases to (Ra = 105), the impact of (dp)
on the velocity profiles becomes more visible, and the maximum value of these profiles
corresponds to the lowest value of the diameter of the nanoparticle (i.e., dp = 10). On
another side, it is noticed that these profiles increase as (Ra) increases and attain their peak
value at (Ra = 105).

It is noticed from Figure 13 that (Nuavg) increases as (Ra) and (φ) increase. The cause
for this increase was previously discussed. From the opposite side, a clear decrease in
(Nuavg) can be seen when the diameter of the nanoparticle increases from (dp = 10) to
(dp = 130). In fact, the nanoparticle’s diameter determines the concentration level of the
nanofluid. Therefore, when (dp) increases, it leads to a decrease in the concentration level
of the nanofluid and causes this decrease in (Nuavg). Therefore, it can be concluded that
the nanofluid with a small diameter enhances the convection heat transfer more than the
large one. Furthermore, it can be noticed from Figure 13 that the variation between (Nuavg)
and (φ) becomes very slight and approximately linear for high Ra and dp (i.e., Ra = 105

and dp = 130 nm).

6. Conclusions

The following findings may be concluded from the current work:

6.1. When the Diameter of the Nanoparticle Is Considered Fixed at (dp = 10 nm)

1. For (Ra = 103), the temperature distribution is uniform, symmetrical, and seems
similar to a semi-ellipse. In this case, the increase in (Ha) and (φ) on the temperature
profiles are absent, and the conduction effect is predominant.

2. For (Ra = 104 and 105), the temperature profiles begin to diverge from each other, and
clear confusion can be seen in their shape, especially at (Ra = 105).

3. The temperature distribution begins to decrease as the Hartmann number and the
solid volumetric fraction increase, especially at (Ra = 105).

4. For (Ra = 103 and 104), the maximum temperature distribution can be found in
the middle of the X-axis (X = 0.5). For (Ra = 105), this behavior can be found at
(30 ≤ Ha ≤ 60). However, at (Ha = 0), they begin to decline suddenly in this region,
while they increase on each side of their profiles.

5. The temperature distribution increases as Ra increases.
6. For (Ra = 103 and 104), the variation of the horizontal velocity profiles decreases

strongly as Ha increases. In contrast, an opposite behavior can be found at (Ra = 105).
7. For (Ra = 103), the vertical velocity reaches its maximum value when the pure water

is used, while it decreases as (φ) increases.
8. For (Ra = 104 and 105), the use of the nanofluid enhances the horizontal velocity

profiles better than water.
9. The horizontal velocity profiles increase as the Ra increases up to (Ra = 105).
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10. For (Ra = 103), the maximum vertical velocity can be found at (Ha = 0) and when the
water is used (φ = 0).

11. For (104 ≤ Ra ≤ 105), the maximum values of vertical velocities increase by increasing
(Ra) and decreasing (Ha). While they increase as (φ) increases.

12. Hartmann number impact on the (NuL) profiles becomes more observable at higher
values of Ra (Ra = 105).

13. When Ha grows, the average Nusselt number drops; however, when Ra and the solid
volumetric fraction increase, the average Nusselt number increases.

14. The increasing impact of the magnetic field on the average Nusselt number is absent
for (Ra = 103), and this can be seen for all values of (φ).

6.2. When the Nanoparticle Diameter Is Considered Variable at (10 nm ≤ dp ≤ 130 nm)

15. The effect of (dp) and (φ) on the flow pattern becomes more clear at (104 ≤ Ra ≤ 105).
16. The velocity profiles are affected by increasing the nanoparticle diameter when Ra is

high (Ra = 105).
17. The temperature profiles increase as (Ra) increases. They increase continuously along

the Y-axis for (Ra = 105), and the effect (dp) on them becomes clearly visible.
18. The maximum stream function decreases as (φ) increases, while it increases as (Ra)

increases. On the other side, the effect of (dp) on the relationship between the maxi-
mum stream function and the solid volume fraction begins to decrease significantly
as Ra increases from 103 to 105.

19. The average Nusselt is directly proportional to (Ra) and (φ) and inversely proportional
to (dp).

Finally, the physical aspect of the present study was performed by testing the effect
of the magnetic field on the natural convection in a cubical cavity when the nanoparticle
diameter is considered either fixed or variable from a physical engineering point of view.
As future extension to this research, the influence of porous media and radiation parameter
may be investigated.
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Nomenclature

Bo Magnetic field (Tesla)
C Concentration
CC Reference or low concentration (mole/m3)
Cp Specific heat at constant pressure (J/kg·K)
DB Brownian diffusion coefficient (m2/s)
DT Thermal diffusion coefficient (m2/s)
dp Diameter of nanoparticle (nm)
g Acceleration due to gravity (m/s2)
H Height or width or depth of the cavity (m)
Ha Hartmann number
k Thermal conductivity (W/m·◦C)
kB Boltzmann constant (J/K)
Le Modified Lewis number
NTBT Dynamic thermo-diffusion parameter
NTBTc Dynamic diffusion parameter
Nu Nusselt number
N Empirical nanoparticle shape factor
P Dimensionless Pressure
p Pressure (N/m2)
Pr Prandtl number
RaT Thermal Rayleigh number
RaC Solutal Rayleigh number
Sc Schmidt number
T Temperature (K)
TC Reference temperature (K)
U Dimensionless velocity component in X-direction
u Velocity component in x-direction (m/s)
V Dimensionless velocity component in Y-direction
v Velocity component in y-direction (m/s)
W Dimensionless velocity component in Z-direction
w Velocity component in z-direction (m/s)
X Dimensionless coordinate in the horizontal direction
Y Dimensionless coordinate in the vertical direction
Z Dimensionless coordinate in the axial direction
x, y, z Cartesian coordinates (m)
Greek symbols
α Thermal diffusivity (m2/s)
ρ Density (kg/m3)
β Thermal expansion coefficient (1/K)
µ Dynamic viscosity (kg/m·s)
φ Solid volume fraction
ψ Sphericity of the nanoparticle
ν Kinematic viscosity (m2/s)
θ Dimensionless temperature
Φ Dimensionless concentration
σ Electrical conductivity (W/m·K)
∆C Concentration drop (mole/m3)
∆T Temperature drop (K)
Subscripts
av Average
C Concentration
c Cold
f Fluid
h Hot
nf Nanofluid
np Nanoparticle
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