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Abstract: In this paper, a special class of boundary value problems, —Au = Au?+u",in Q, u > 0,
2

2
nondecreasing C! function. Here, O € RN(N > 3) is a bounded domain with smooth boundary

N
nQ,n-Vu+gu)u = 0,ondQ, where 0 < g <1 <r < Ni— and g : [0,00) — (0,00) is a

dQY and A > 0 is a parameter. The existence of the solution is verified via sub- and super-solutions
method. In addition, the influences of parameters on the minimum solution are also discussed. The
second positive solution is obtained by using the variational method.

Keywords: sub and super solutions method; comparison principle; variational method; mountain
pass theorem
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1. Introduction
This paper deals with the nonlinear boundary value problems:

—Au = Aul +u" in Q),
u>0 in (), 1)
n-Vu+guu=0 onodQ),

where Q C RN(N > 3) is a bounded domain with smooth boundary Q. A and A are
the Laplace operator and the real parameter, respectively. This problem arises in thermal
explosion theory. In recent years, this kind of problem has no longer been limited to mathe-
matical research. It involves many fields, such as physics, biology, environmental systems
and economic systems (see [1-4] and the references therein). The nonlinear boundary
condition is inspired by the following Dirichlet boundary problem. For example, Rey in [5]
proved the existence of the solution of

—Av=c¢f(x,v)+ |v|ﬁv
v=0

in Q),

2
on o), @

where O C RN is a bounded domain. In addition, f(x,v) is a term of lesser order than

N2, When ¢ tends to zero, the asymptotic behavior of the solution of (2) is obtained. In [6],
Tarantello showed the non-uniqueness of solutions for

—Av=f+|v|P~%0
v=20

in Q),
on 0},
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2N 1 -1 1
and p = N3 (N > 3), f # 0. Denote by (Hy(€))~" the dual space of Hj((2); then,
f e (HY{Q))! will be
N2 1
| fo < enlIVoll2)" %, forvo € HY(Q), ol = 1,
4 N—-2 N2

where cy = N—3 (m) 1. When N = 3, Huang [7] proved that the problem

—Apu=A[ 2o+ o/ %v  inQ,

v=0 on dQ) @)

o . NP

has a positive solution, where A* < A < Ajand1 <s<p <t(t < N p), when N > 3

and2§s<p<t§NNp

. For the case of 0 < A < A1, Huang also proved the existence

of the solution of (3).
In addition, Ambrosetti et al. [8] discussed the existence of the below question.

—Av = Avl 4 oF in Q),
v=0 on d(),

N+2
withO<q<1<p§N+ .

Some other studies of the existence of Dirichlet boundary value problems can be found
in [4,9-14] and the references therein. For the Poisson equations with nonlinear boundary
conditions, we recall the following works presented in the literature (see [15-18] and the
references therein). In [15], Garcia-Azorero and others discussed the concave—convex
problem with the nonlinear boundary conditions.

~Nv+ov=pf%0 inQ,
n- Vo= Alo|1 %0 on dQ},

2(N -1 N
%), pE (1,m] and A € (0,+0c0). If 1 < g <2 < pand A is small,
there exist two positive solutions, and for large A there is no positive solution.

In thermal explosion theory, Ko and Prashanth [17] proved that the two-dimensional

elliptic equations

where g € (1,

—Av =A™ in O,
n-Vo+g(w)v=0 ondQ,

have a positive solution which is not unique, for & € (0,2]. In [18], Yu and Yan showed that
there is a positive solution of the problem

—AU—F&? = AvP in O,
[

v>0 in Q),

n-Vo+g(v)v =0 on 0},
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where a, p € (0,1). Among them, the authors discuss three cases of K(x) (positive function,
negative function and sign changing function).

Gordon et al. [16] proved the uniqueness and variety of positive solutions for the
problem below.

—Av=Af(v inQ,
n-Vo+c(v)v=0  onadQ,

where f : [0,00) — (0,00) € C!, A > 0is a parameter and ¢ € C'7 is a non subtractive

) _

function defined on [0, c0), which satisfies ¢(0) > 0. In addition, Sle —

s
Differently from the above papers, consider the problem (1) in which f(x, u) = Auf +
+2

" with 1 1
wowithl <g<1<r< 55—

and g(u) satisfies the following assumptions.

Hypothesis 1 (H1). g : [0,00) — (0, 00) isa increasing C' function and satisfying ¢(0) = go > 0.

Hypothesis 2 (H2). There exists Cy such that for any y > 0, we have

> _ -
/O g(s)sds = ——=8(y)y” + Coy™.
Hypothesis 3 (H3). g satisfying

lim 8(s) =0.

s5+oo g1

Remark 1. (H3) indicates that the highest power of g is less than r — 1. The function g sat-
isfying this assumption exists. For example, g(s) = s*+1 with k < r — 1, so there exists

0<C< 2(rr—+11) such that
I e =
=Gty - "yz*i/:i > G+ (5 - 2(rr111))y2+i/:i
Zrily2+i/:21+col/z
= rilg(y)szrCoyz

is true.

It is well known that the sub- and super-solutions method is an important tool for
solving the existence of initial and boundary value problems (see [19-23]). In this paper,
using the sub- and super-solutions method, we present some new results on the existence
of positive solutions for problem (1).

The definition of energy functional corresponding to the problem (1) is introduced.

Iy(u) = %/Q |Vu|?dx — /QF(u)dx—k/aQ G(u)do, 4)

N+2 u wh
with0<g<l<r< N3 F(u):= / AsT +s"ds and G(u) := / <(s)sds, where the
- 0 0

symbol do denotes the surface measure of ().
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Definition 1. u € H'(Q) is a weak solution of (1) if it satisfies
Vu-Vgdx = [ (Autg+u'p)dx— | o,
[ vu-Vgdx = [ g+ wp)ax— | gupupdo
forany ¢ € HY(Q).

More precisely, u € H!(Q) is a weak solution of (1) if and only if u € H'(Q) is a
critical point of I and u is a positive solution.
Finally, the following results are obtained.

Theorem 1. Letg € (0,1),r € (1, %) and g satisfy (H1), (H2) and (H3)

(i) There exists A € Rand A > 0, such that (1) has at least one positive solution for A = A.
There is no positive solution in (1), for A € (A, +00). There are at least two positive solutions in (1),
for0 <A <A

(i) For 0 < A < A, (1) has a minimal positive solution u,, and the map A — u,(-) is
increasing. Moreover, for A € (0, A), I has a local minimum near zero.

This paper is divided into the following sections. In the second section, we list and
show several lemmas that can be widely applied. The Lemmas proposed in the third and
fourth part are proved under the condition of Theorem 1 and prepare us for the proof of
Theorem 1. The fifth part focuses on proving our results.

2. Preliminaries
In this section, we rephrase problem (1) in the general form
—Au= f(x,u) inQ,
u>0 in ), (5)
n-Vu+guu=0  onoQ.

The corresponding definitions of sub-solution and super-solution are given as follows:
Definition 2. A function x, : Q — R is called a super-solution of (5) if x2 € C2(Q) N C(Q) and

Axa+ f(x,x2) <0 inQ,
n-Vxa+g(x2)x2>0  onoQ.

Definition 3. A function x1 : Q — R is called a sub-solution of (5) if x1 € C*(Q) N C(Q) and

Ax1+f(x,x1) 20 in Q,
n-Vx;+g(x1)x1 <0  onoQ.

Lemma 1 (see [24]). Let f € Q x Rand % be continuous and g satisfy (H1). If y and x are the

sub- and super-solutions of problem (5), respectively, such that y < yx, then problem (5) has at least
one solution u satisfying

u<u<y on{.
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From the above lemma, it can be seen that if you want to obtain the solution by the
sub- and super-solution method, you must prove that the sub-solution is less than or equal
to the super-solution.

In order to compare the sub- and the super-solution more conveniently, the following
comparison lemma is proposed.

Lemma 2 (see [17]). Let wy,w, € C*P(Q)NCYE(Q) satisfy —Aw; < —Aw,, in Q,
n-Vw; + g(wy)wy < n-Vw, + g(wy)wy, on 0Q). Then wy < wy in Q.

f(x,5)

Lemma 3 (see [18]). Let f : Q x (0,00) — R be a continuous function such that — is
strictly decreasing in (0,00). Let @1, @, € C2(Q) N C(Q) satisfy:
(@) A+ f(x,@) > 02> Awy + f(x,@1), in Q;

(b)) n-Voi+g(w)o1 > ¢ >n- Vo, + g(@;)@,, on 0Q with ¢ a nonnegative constant and
@1,@0y > 0in ) o
(c) Awy € LYQ). Then @1 > @, in Q.

Let HY(Q) = {u : u € L?(3Q)), Vu € L?>(Q)}. We have the following norm:

2 . 2 2
2y = /Q|Vu\ dx+b/aQ|u| do,

where b is a positive constant. For convenience, take b = 1 in the following proof process.

Remark 2. Thanks to the trace imbedding and the imbedding of Cherrier (see [25-27]), it follows
that || - || is indeed an equivalent norm in H'(Q). In other words, there are My and My > 0
such that

Millvlg(a) < IVl < Mallvly ), v € HY(O)

where ||1/||%{1(Q) = /Q(|V1/|2 + |v[*)dx and H}(Q) = {v: v € L*(Q), Vv € L*(Q)}.
0
In the proof, we will apply the next result.

Lemma 4 (see [28]). (Rellich—Kondrachov Compactness Theorem) Assume () is a bounded open
subset of RN and 9Q) is C'. Suppose 1 < p < N. Then,

W (Q) cc L1(Q),

Np
< = —
foreachl < g < px N

When studying the nonlinear problems on the boundary, we should also pay attention
to the following embedding conditions on the boundary.

Lemma 5 (see [29]). Let Q) be a smooth bounded domain in RN, N > 2. For any p > 1, with
N3 if N > 3, we have the validity of the Sobolev trace embedding of H'(Q)) into LP (9Q));

namely, there exists a positive constant S such that

p<

Sllullp1aa) < lullmay,

forallu € HY(Q).
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In order to construct a sub-solution, the following boundary value problem will

be used.
—Av = Avf in ),

v>0 in Q), (6)
n-Vo+g(w)v=p  ondQ)

where g € (0,1) and p > 0.

Lemma 6 (see [18]). Let g € (0,1), A > 0. The problem (6) has only solution ¢ € C(Q) N
C*P(Q) and ® > 0 on 3Q.

The second solution of (1) is proved by variational method. The following lemma will
be used.

Lemma 7 (see [30,31]). Let F be a functional on a Banach space X, F € C'(X,R). Let us assume
that there exists r, R > 0 such that

(i)  F(u) >randVu € X with ||u|| = R;
(i) F(0) = 0and F(wy) < r for some wy € X with ||wp|| > R.

Let us defineT' = € C([0,1],X) : v(0) = 0,v(]) = wp and

= inf F(y(t
¢ = inf max (v(1))

Then, there exists a sequence {u;} € X such that F(u;) — cand F'(u;) — 0 in X* (dual of X).

3. Constraints of A When Solutions Exist

We define
A = sup{A > 0: (1) has a positive solution}. (7)

Lemma38. 0 < A < oo.

Proof. Let e be a solution of

-Au=1 in Q),
n-Vu+gou=0 on dQ).

Since 0 < g < 1 < r, we can seek out Ay such that for all 0 < A < A there exists
M = M(A) > 0 satisfying
M > AMIeT + M'e".

Then, the function Me > 0 verifies
—A(Me) = M > A(Me)T+ (Me)", inQ

and
n-VMe+ g(Me)Me > M(n-Ve+goe) =0, ondQ.

It guarantees that Me is a super-solution of (1).
In addition, in order to apply Lemma 1, the existence of sub-solutions needs to be
confirmed. For € > 0 small enough, the above discussion can deduce
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Aed)T = (e8)1 = —A(ed) < AeTHT €70

On 9Q), since g is a nondecreasing C! function,
n-Ved+g(ed)ed < e(n- V) +g(d)ed =¢e(n- VI + g(8)9) =0.

Therefore, ¢ is a sub-solution of problem (1).
Let ¢ be sufficiently small to satisfy e¢ < Me. Therefore, by Lemma 1, problem (1)
admits a positive solution u such that

e < u < Me,

whenever A < Ay and thus A > A. B B
Next, prove that A is finite; namely, there is a positive constant A such that A < A.
The following eigenvalue problem,

—Av = Av in (),
v=20 on (), 8)

and A; and ¢; are the corresponding minimum eigenvalue and eigenfunction respectively.
If u is a positive solution of (1) corresponding to parameter A, then

—Au- d://\’i d+/’ dx,
/Q wogrdx = | Aulgrdx+ | ugrdx

where ¢ is solution of (8).
Through the computations and ¢; = 0 on 9€), obtain

//\u‘hpldx—k/ﬂur(pldx

_/ —Au - prdx
O odo+ / VuVprdx
20 on Be Q 91

:O+/ u%d(f—/ ulNg@idx
_/ d0’+/ u/\lqoldx.

d¢;
on

991
/\/ d:)\/"d—i—/rd—/ 99 4,
1 ngol X QM p1ax QM p1ax aguan

>A/ T91d /V dx.
> Qu(p1x+0u(p1x

By taking into account that == < 0, we have

)

Let A satisfy B
AT+t > AMt, VteR, t>0.

Since @1 > 0in (),
/ (AuT +u")prdx >/ Mugqdx. (10)
Q Q

The previous relations (9) and (10) imply that



Mathematics 2022, 10, 2070

8 of 19

Al + " d>/A d>A/‘4d /fd
/Q(u+u)g01x Q1M(P1x_ Qu<p1x+0u<p1x

and A < A. Hence, A < Aand 0 < A < 0. [
Lemma 9. Under the assumptions of Theorem 1, the solution of problem (1) exists for all 0 < A < A.

Proof. Given A < A, from the definition of upper bound, there exists Ag > 0 such that
A < Ay < Awhen A = A,
Since —Auy, = Aouio +uj, > )‘”qu +uy, inQ
and

n-Vuy, +g(uy)uy, =0, ond;

therefore, 1, is a super-solution for (1) when the parameter is A.
As ¢ > 0is small enough to ensure e8¢ < u,, by exploiting Lemma 1, there is a positive
solution u of (1) satisfying ed < u < u,, forall0 <A < A. [

When using variational method to solve such problems, we can usually refer to weak
solutions and to the energy functional (4) associated with problem (1).
It is easy to verify I, € C!(H!(Q),R) and

Lw,o) = [ V- Vodx— [ (w+uyodx+ [ do,
(I (u),v) | Vu- Vodx Q( ul +u")vdx + aﬂg(u)uva
for any u,v € H'(Q)). Here A € (0, A), A is given by the definition (7).

Lemma 10. Suppose that the minimal positive solution of problem (1) exists. Then, uy < uy for
Iy <lyandly,ly € (0, A\). Here, uy is the minimal positive solution of problem (1) for A = I;.

Proof. Indeed, if [; < I, then
—Auy = bud +ub > lhud +uj, inQ

and uj is a sub-solution of (1) satisfying e¢ < u; for a small enough ¢ > 0. By Lemma 1,
problem (1) has a positive solution. We obtain ¢ < u; < up by Lemma 1.
Hence, we get 117 < 1y by u; # up and the strong maximum principle.
From
—Aupy = lzug +ub > llu? +u] = —Auy, in Q)

and
n-Vuy + g(up)uy =0 =mn-Vuy + g(uq)uy, onaQ,

it can be deduced that u; < up in Q by Lemma 2. O

Lemma 11. For all A € (0, ), problem (1) has a positive solution u. Thus, 1, obtains a local
minimum in the C' topology.

Proof. There exists A1 such that A < A; < A and the minimal positive solution u; = u,
defined in Lemma 10 and u; > 0in Q by (7). Let u A be the unique positive solution of (6)
withp =0

—Au = Auf in O,

n-Vu+gu)u=0  onodQ.
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s
Smce = = s is strictly decreasing for each 0 < s < co, we have Auy, + Au =02

—uy = A1u1 +AupinQandn-Vuy + g(up)uy =0 =n-Vug + g(uq)u; on 0Q). Therefore,
uy < uq in Q) by the Hopf maximum principle and Lemma 3.
Let us define the following cut-off nonlinear function:

Alup ()T + (ua ()" ift < up(x),
Al =4 M+t ifuy(x) <t<wup(x).
Aug (x))T + (u1(x))" if t > up(x)

~ u -~ o
and Fy(x,u) = / fa(x, t)dt, x € Q. Then, I) : H'(Q) — Ris given by
0

- 1 -
I(u) = E/Q|Vu|2dx—/Ql?)‘(x,u)alir/BQG(u)alcT.

This functional is coercive and bounded from below. Obviously, T (1) = I, (1) when
up(x) < u(x) < uy(x). Let u, be a global minimizer of Iy on H'(Q). Then, u, is the
solution of

—Au :j?A(x,u) in Q),
n-Vu+gu)u=0  onodQ.
Through the define of f)(x,t), we obtain fy(x,uy) < fi(x,up) < fa(x,u;) and
uy <uy < upin Q by Lemma 2. In addition, u, is a solution of (3).

Let & = min{min|u)(x) — uy(x)|, min|ui(x) — uy(x)|}. On the set
xeQy x€Q)

{u:flu—uplla < ;}, I, = I,. Hence, u, is a local minimal for [,. [

Remark 3. We observe that u) has negative energy Iy (uy) < 0.

o~

In fact, Iy (uy) < I(u1), I\ (u1) = I(uq) and
(T4 (u1), u1) / |Vu1|2dx+/ (uy)utdo — / )\uq+1 +uitdx = 0.

Hence we have
L(uy) < I(ur) =Th(u)
/ |V |*dx +/ / s)sdsdo — / /ul Aud + uldsdx
/ |Vuy|?dx —i—/ (lug]) 1d(7 / )\uqH +ui M dx
= / A oy — /Q Au‘{“ +urtdx
= —f/ )\uqH +uidx < 0.

4. The Second Solution

The proof of the existence of the second solution is very long. For the convenience of
readers, it will be proved separately. Next, let us prove an important result about bounded
PS sequences.
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Lemma 12. Let {u,} C H'(Q) be a bounded (PS) sequence for 1, which is defined by Equa-
tion ((12)). Then, u, — uin H'(Q).

Proof. Indeed, the (PS) sequence {u,} of I, satisfies
1T\ (11,)] < Cand Ty (1) — 0, as n — oo.

Since {u,} C H'(Q) is bounded, we get that {u, } weakly converges to u; i.e., u, — 1,
and
(T;(”),Mn —u) —0,asn — .
Obviously, it is
(T:\(un),un —u) — 0, asn — oo.

Combined with the previous two equations, there are

(T;\(un) _Ti\(u)/un —u) =0, asn — oo.

2N
N-2"
For ug as the fixed parameter defined by Lemma 11, a fixed parameter A and
[AuT] < A(lu|+1),

[un — ul[ 120y = 0and [lup — |41y — Osince2 <r+1 <

| OVl + w0l = Al 4+ 00]) (1 — )|
gA/Q|un—u\(|un+uo|q+|u+uo|‘7)dx
< A/Q|un—u\(2—|— ity + 10| + | + 1g| ) dx
gZ)t-meas(Q)Hun—u||Lz(Q)+/\(/Q\un+u0|2dx)%(/0|un—u|2dx)%
1 1
—l—/\/ u+u 2dx?/ u, — ul?dx)2
([ ot o) ([~ ufax)

=27 - meas(Q) ||un — ull 2y + Al[un + ol 20y + 1 + uoll 2()) ln — ull 12

— 0, asn — o

by Holder inequality. Thus, we get
/Q(A\un + ugl? — Mu+ugl?) (uy — u)dx = o(1), as n — co.
Similarly, it can be inferred that

|/Q |up + ug|” — |+ up|”) (uy — u)dx|
< (ot + 0l 3y + 13+ 101 )t — g
— 0, asn — oo.

By exploiting the above relations, the Holder inequality and assumption (Hj),
we obtain

[8(s1) — &(s2)] (51 =52) >0
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and g(x,s) = 0 fors < 0.

o(1) = (I) (un) — I3 (u), un — )

= LIV (=) P+ [ (§(or0) = 3Cx,0)) (10 = w)dor

—/Q[/\|un+uo|q—)\u0—(|u+u0|‘7—)\u0)](un—u)dx

— [ [+ w0l” =1ty = (Ju + wol” = 05)] 1 — )

_/Q|V —u |2dx+/ g + o) (un +uo) — g(u +uo) (u+ up)) (1y — u)do
/(A|un+u0|q—|u+u0|q)( —u)dx—/n(|un+uo|’—|u+u0|’)(un—u)dx

>/ |V (uy —u 2dx—|—/ (un + uo) (un + ug) — g(tn + o) (0 + ug)) (uy — u)do

+/ (tn 4 up) (u +ug) — g(u +up) (u+ug)) (uy —u)do

2/ |V(un—u)|2dx+/mg0(un—u)zda

(gt +10) — (a4 10)) [(0n +10) — (1 + o)) (1 + mo)dor

> min{1, go}||un — uH%{l(Q), asn — oo.

Thus, u, strongly converges to u in H!(Q). The proof is concluded. [

5. Proof of Theorem

Proof of Theorem 1(i). The first part (i) is divided into two steps: we first prove the exis-
tence of the solution, and then prove whether the solution is unique.

Through Lemmas 8-10, the solution of problem (1) exists, for any A € (0, A).

Firstly, the following argument shows the second solution of (1) exists. Let us look for
a second positive solution of the form u = uy 4 v, where uy = u, is the positive solution
found in Lemma 11. The function v satisfies

{ 0o = F(x,0), in0, .
n-Vo+g(x,v) =0, on 00}
with R q .
_ . Cur S,
F(x,s(x)) = { 0(u0+S(X)) + (up +s(x)) ug — u) s(x)
' s(x) <0,
sy | S )@ o) g, s(x) 20,
o 0, s(x) <0
and
/ |Vu|dx+/ (x,u)do — /Qf(x,u)dx, (12)

where F(x, u) / f(x,s)ds and G(x,u) = / 2(x,s)ds. For convenience, we write s(x)
0

as s. The second component on f(x, u) and g(x, u) represents a function of u = u(x).
Note that 1,(0) = 0 and v = 0 is a local minimum of T, in H'(Q). Let v™ be the
positive part of v. As

/|Vu0|2dx+/ (ug)do — /QF(uo)dx
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and

= %/ |vv+\2dx+1/ |Vzryzdx+/ é(zﬁ)da—/ F(v")dx
0
2/ |Vv+\2dx—/ F(ug+o" dx+/ Audot + Aufotdx

2/ Vo~ Izdx+/ )dtf—i-/OF(uo)dx

By computation, we have
Iy(up +07T) :1/ |Vv+|2dx—|—%/ |Vu0|2dx+/Q|Vu0||Vv+|dx
—i—/ (g +o")do — /QF(uoszﬁ)dx
_ E/ |Vv+|2dx+%/ |Vuo|2dx+/Q|Vu0||Vv+|dx
+/ (g + o )do — /QF(uO+U+)dx
f/ |Vv+|2dx—/QP(uO+v+)dx+/0(/\ug+/\u6)v+dx
/ |Vu0|2dx+/ (g + o )do — /aog(uo)uoerd(T.
Therefore,
= %/ﬂ\VU*|2dx+/aQE(v+)da+/QF(uo)dx+I(u0+v+)

+ 1 2 llo+?}+
+/mg(u0)uov do — E/Q |Vu| dx_/an/o g(s)sdsdo

= %/ ‘VU_PdX‘F/ C(U"‘)d(f—l—/ g(uo)uoz)+d0-_|_ I(u0+v+)

uo+‘0Jr
+/ (up)dx — f/ |Vu0|2dx—/ / s)sdsdo — / / s)sdsdo
Q) Jugy

/\Vv |2dx+/ o + I(ug +07) — I(up)

uo—i-'uJr
+/ (ug)ugvtdo — / / s)sdsdo
00 Juy

= f/ (Vo |2dx + I(ug +0T) — I(up) —l—/ ¢(ug)ugv™do

/a / (s +up)(s+up) — g(ug)uodsdo — / / (t+ ug) (t + ug)dtdo
Q
**HVU || +I(uo+v ) — I(uo)

with t = s — ug. From the Lemma 11, I (v) > = HV?J || > 0 =1,(0) is obtained and

v = 0 is the local minimum of T, in H'(Q).
Choose L > 0 so that

0= I)(0) < Ix(u), forall [ul| gy < L.

Since ¢ < 1 < r and the highest power of g is less than the r — 1 of (H3),
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2

I\ (tu) = %/Q |Vu|2dx+/mé(u)d¢7— /Qf(u)dx

<P [ \vupa " dsd (13)

S5 +/ / + + o
5 [ 1vula+ [ [T els+uo)(s +uo)ds

tu
- /Q/ A(s+u)T 4 (s +ug)" — Aul — updsdx — —o0
0
ast — +oo. Fix u € H'(Q) — {0} such that T (1) < 0. Necessarily, 11l g () > L- Set
[ ={y:[0,1] — HYQ) : v is continuous , y(0) = 0, (1) = u}

and define the mountain-pass level

B = inf sup Ty(v(1)).
7€l 40

Clearly, B > 0 since T/\(O) = 0. We recall the definition of the PS sequence around the
closed set F.

Definition 4. We define the closed set F = {u, € H'(Q) : [ull gy = %} if B = 0and
F=HYQ)ifp>0.

Definition 5. (PS)p g means a sequence {u,} € H'(Q) such that
o T T
Jg]godzst(un,lf) =0, nlggo I)(up) = pand nlglgo I3 ()|l (k1)) = O,
where (H'(Q))* is the dual space of H'(Q)).

We have the following two cases:

(i) inf{Ty(u):u € H'(Q) and ||u| 1y =} forall I < L.
In this case, Ghoussoub and Preiss proved the existence of such a (PS)F g sequence
(see [32]). Next, we just need to prove that there is also a (PS)p,l; sequence in the
following case.

(i) There exists 0 < I; < L such that

inf{T,(u) : u € H'(Q) and [ull gy =t > 0.

Note that § = 0 implies that (i) holds and (ii) implies B > 0. In the case (ii), we can
find r > 0 such that T (u) > r, Vu € H'(Q) with |lu|| = I}, 1,(0) = 0and T (4) <0 < r
for some p € H'(Q) with ||u|| > L > ;. By Lemma 7, (PS)E, hold and there exists a
sequence {0,} € X such that I, (v,) — Band Ty (v,) = e, — 0.

Hence, we have |(Ty(04),0n)| < enl|onll g1 () and Ty (04),00) > —enl|vn| g1 (q)- In

addition, (Ty (v,,), 10) — 0 for fixed uy € H(Q).
Note that uy € H!(Q) is the local minimum positive solution of I,. Thus,

< I (u), ¢ >= 0, forany ¢ € H'(Q)

and
/Q Vugy - Vedx + /ao g(ug)ugpdo = /Q()tug +ug) pdx < Tq||¢|l 2, (14)

whete Ty = ([ (Afuol? + fuo|)2dx)? > .
Sincel < g+ 1 < 2and (14)
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B+ou(l) = Ir(vn) — (T;L(Un)r“O) + (IA(Un) Up +Up) — (IA(UH> On + 1)

r+1 r+1 r+1
1 -
/ \an|2dx—|—/ / (s +uo)(s+up) — g(ug)updsdo + ﬁ(l/\(vn),vn)
A q+1 _ ) q+1 r+1 r+1
—/ [on + o] %o —/\ug\vn|dx—/ [on + 10" — 11y — up|o,|dx
Q g+1 r+1

/Q IV 0u| |V (0 + 110 |dx — g(vn + 110) (v + 1) — g(ito) 1) (0 + 1t0)dor

1
r+1
/Q(vn + 1) — ul (v + up)dx +— / Oy + 1) T — uf (v + ug)dx

Cr+1

+r+l
>1/ Vo |2dx—i/ Vo |2dx——/ IV 0| Vi dx
= n r+1Jo n r+1Ja n 0

vn+u0 1
/80/14 Htdtdo — /ang(uo)uovnda — 1€n||vn||H1 Q)

1
(v +ug) (v + uo)zda + 1, g(uo)uo(vn + ug)do

|vn+uo|‘4+1dx+ quldx—i—/\ ul v, |dx
+1 a0

r—|—1

q+1

r+1/ )\|vn+uo|r+1dx+ 1/ ’de—l—/numun\dx

1 g+1 A q
+m/ [on +uol™* dx—ﬁ/o”o dx [ flualdx

1 1
] /|vn+u0|’+1dx +1/ u{]“dx—ﬁ/ uf|un|dx (15)

(r /|an| dx+C0/ |0y + uo|?do— / / tdtda——/ |Vo,||Vug|dx

—/ (ug uovnda—i—i/ (Aud + uf)|un|dx —

ol

‘Am/ on-+ ol v+ A b [l s
2

> - 2 / 2 _/ ug . /
> 565D 5 [ IVoudx+Co [ fouPete mg(uwzda L [ 1oVl

+/ |an\|Vu0|dx—/ (Va5 i + = [ (N -+ )

+1
r_

*/\m / max{2[v, |, 2|ug| }7+"dx — le||Un||Hl Q)

r—1 ) u3 1 i s
>m1n{ 1) CO}anHHl(Q)—/E)Qg(uo)ida—r+1/ﬁ()\u0+u0)]un|dx

2771 (r —¢q)
—/\W max{||vy||

r—1 1 €
> mi ,C 2y —Ca— ——T —
_mm{ 2r+1)" 0}||UnHH1(Q) 27 1an||L2(Q 1

1 €
E:—l HMOquH Q)} - 1’+nl HUWHHl(Q)
1onl ()
2!7-&-1(,, )
—Aimax [
1 1
> CilloullZ ey — Cz — Calloullin gy — Camax{llonll il ol ke .

+1 +1
ZqH(Q)r HMOH‘ZqH(Q)}
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with C min{ r-1 Co}, C / (u )u%da C ! 71, + — and
= 1 —_— = —_ , = —_—
1 200+ 1) 05, L2 an 05 3 Fr1 12T
Cy = Ams"“ where S; satisfies ||u]|;iiq) < Sillu]| and C; is a constant
TG+ 1) ey i Li(Q) = 2ili*iAY Q) 2
value.

Therefore, we get the bounded (PS) sequence {v, } of I,. Accordingly with the proper-
ties of bounded sequences and Lemma 12, we have

uy — u, in HY(Q).

Next, let us verify the conditions of the Mountain Pass Theorem (see [33]). Obviously,
1,(0) = 0. In the previous proof, we found r > 0 such that I, (u) > r, Vu € H'(Q) with
[[ul| = 1.

In Equation (13),

T\ (tu) — —oo, ast — +oo, forany u € H(Q) — {0}.

Choose a sufficiently large t = t* such that I (u®)

B = inf sup I,(7(t)) and
1€l o)

|H”°°”H1(Q)>L>ll < 0. For

I'={y:00,1] = HY(Q) : 7 is continuous, 7(0) = 0, y(1) = u}

and the critical value g > r by the mountain pass theorem (see [33]).
Through the above argument, there is a solution u; € H'(Q) such that

T\(u) =0and T (1) =B >r>0

and u is a critical point of functional I.

Assuming u; = 0, the contradiction is obtained from I (u1) = 0 # B = I, (u1). Since
—Aup = f(x,u1) > 0in Qand n- Vuy + g(ug)u; > 0 on 9Q, we get u; > 0in Q by
Lemma 2. Therefore, ug + u; is the second positive solution of the problem (1).

When A = A, the problem has a positive solution.

Let {A, } be a sequence satisfying A, — A, where A, < A. Then there exists a sequence
of solutions {u,,} C H'(Q) to problem (1) for A, fulfilling

sup Iy, (uy,) < +oo, and I} (uy,) = 0.

From Lemma 11, {1, }o<) < A is uniformly bounded in C'(Q)) and I, (1) < 0. In fact,
—Auy = Auf\ < Au?\ = —AupinQandn-Vuy +g(up)uy =0=mn-Vuy + g(up)u on
0Q), where 1, is the unique positive solution of

—Au = Auf in Q),
n-Vu+gu)u=0  onoQ.

Hence, for all 0 < A < A, {u,} is less than us. uy, < up, for any A, € [0,A].
Therefore, {u,,} is a bounded sequence in H(Q), so u,, — u,. For parameter A = A, it
is proved that the problem has at least one positive solution.

Thirdly, accordingly to (7), there are no positive solutions for A > A.

This concludes the proof of the first part (i) of Theorem 1. [
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Proof of Theorem 1(ii). Assuming p = 0, (6) has an only positive solution # by Lemma 6
with
—AY=A0T <A +9, inQ

and
n-Vo+g(9)9=0, onoQ.

Since problem (1) has a positive solution for any A € (0, A),
Au+Aul <0= A0+ A9, inQ,

n-Vo+g(0)d=0=n-Vu+g(u)u, onoQ)

and ¢ < u by Lemma 3.
Construct the following monotone iteration:

— Ay = /\“Z +uy, in Q,
n- Vi +g(ugyr)ugr1 =0,  onoQ),

with 1y = 0. Let u be an arbitrary solution; then, u > ¢ is a super-solution of (1).
Fork =0,
—Auy = M+ ulhy > Aud = —Aug = —A8, inQ

and
n-Vuy + g(uy)u; =0=mn-Vug + g(ug)up, onoQ.

Hence, ¢ = up < uy, by Lemma 2.
Since (As7+s")" = gAsT~! 4+ rs"~1 > 0, the function As? + s” is strictly increasing. For
k=1,
—Aupy = Au‘{ +uj > /\ug +uy=—Au;, inQ

and
n-Vuy +g(u1)u1 =0=n-Vu +g(u2)u2, on 0Q).

This implies by Lemma 2 that u; < uj.
Forany k € N,
O=up<uy <up<---<up <--- <

Thus, u; < u by iterating this process. In addition,

uy, = lim u < lim u=u,

0 k—+o0 k—r+o0

so u,, is a minimal positive solution of (1).

Denote by u,, the minimal positive solution of (1) for Ay € (0,A). Moreover, by
Lemma 10 we get the strict inequality u,, < u), for Ag < Ay.

Let A as defined above,

to tv to
I, (tv) :%/Q|Vtv|2dx—/\/0dx/0 |s\‘7ds—/0/0 |s|rds+/aod(7/0 g(s)sds

t2 . v Zd /\tq+1 q-‘,—]d tr+1 . r+1d d to d
_E./Q| vl x77q+1/0|v| xf—r+1/0|v| Jch./aQ 0'/0 g(s)sds,

for any v € H'. In a sufficiently small neighborhood near the zero point,
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I (tv)

tz +1 to
= 0 [y = Aot )~ el g + [ do [0 +o(1))sds

> 2 8ot / 2 oft )/ 2 AT g
_ dx + 8¢ do+ 22 do —

/ Volfdx + 25— | oo+ =5= | o*do q+1llv\|m+1<o)
H |r+1

7’+1 Lr+1
<max{f,&}t2(/ |Vv|2dx+/ vzd0)+0(tz)/ Pdo || (.
- 2" 2 o 20 2 Jon L1710

tI’Jrl
— =l

r+1 Lr+1(Q)
_ 1 80qy,.20 112 o(t?) 2 Mg r+1
=max{3, PPNl + 75 [ Pt~ Tl Mn I q)
<0,ast—0.

1
Accordingly to the calculation, there exists |[um | ;1 () < Let {u,} C B1( ) be
a minimizing sequence for I, where B1 (0) =: {u € H'(Q) : [ull ) < ;} Since

the bounded sequence {u,} C H'(Q) has convergent subsequence {1,y there exists
uy € HY(Q) such that u,, — u,,. Clearly,

/ |Vul?dx < lim inf/ |Vt |2dx
QO k—o00 Q

is established. In addition, since q,r < N_2’

A/ unkdx — /\/‘
/Quzkdx%/nufndx,

by Lemma 5 and the convergence theorem. It also follows that /a G(up, )do — /E; G(uy)do,
Q Jao

and

according to the compactness of the tracked embedding. Hence, we have I (u,) <
lim inf Iy (u,, ) = inf I,. Since u, € B1(0), there mustbe Iy (u,,) = inf I,.Based on the
k—c0 B4 (0) n B, (0)

above discussion, i, is the local minimum of I in the set {u € H!(Q) || ullgr) < B 1 (0)}.

Notice that because I (0) = 0 > I (uy,), there is u,, # 0. The local minimum Value can be
obtained near zero of I,. [

Therefore, Theorem 1 has been fully proved.

6. Concluding Remarks

In this paper, we did not only prove the existence of an application of the sub- and
super-solutions method, but also proved the existence of the second solution via variational
method. The results show that the uniqueness of the positive solution of the elliptic equation
with a special boundary is related to the parameters of the internal nonlinear equation.
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