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Abstract: A total k-rainbow dominating function on a graph G = (V,E) is a function f : V(G) —
212k} such that (i) Unen(o)f (1) = {1,2,..., k} for every vertex v with f(v) = @, (ii) Uyen (o) f (1) #
@ for f(v) # @. The weight of a total 2-rainbow dominating function is denoted by w(f) =
Yoev(c) If(v)]. The total k-rainbow domination number of G is the minimum weight of a total
k-rainbow dominating function of G. The minimum total 2-rainbow domination problem (MT2RDP)
is to find the total 2-rainbow domination number of the input graph. In this paper, we study the
total 2-rainbow domination number of graphs. We prove that the MT2RDP is NP-complete for
planar bipartite graphs, chordal bipartite graphs, undirected path graphs and split graphs. Then, a
linear-time algorithm is proposed for computing the total k-rainbow domination number of trees.
Finally, we study the difference in complexity between MT2RDP and the minimum 2-rainbow
domination problem.

Keywords: total 2-rainbow domination; total 2-rainbow domination number; NP-complete; linear-
time algorithm

MSC: 05C69

1. Introduction

In this paper, only graphs without multiple edges or loops are considered. Let G =
(V,E) be an undirected graph with |V(G)| = n and |E(G)| = m. The open neighborhood
and closed neighborhood of a vertex v in G are denoted by N(v) = {u|uv € E(G)} and
N[v] = {v} UN(v), respectively. The degree of a vertex v is denoted by d(v) = |N(v)|.
A graph is called k-regular if d(v) = k for v € V(G). For a positive integer 1, we write
] ={0,1,2,--- ,n—1}.

Let G = (V,E), F be a finite family of subsets of a non-empty set, if there is a
correspondence between V(G) and F such that f; N f; # @ if and only if uv € E(G), where
fi, fj € F and f;, f; are the corresponding sets of vertices u and v, respectively, then G is
an intersection graph. A graph G is chordal if every cycle C; with k > 4 in G has a chord,
i.e., an edge joining two non-consecutive vertices of the cycle, and a chordal graph is also
an intersection graph with F which is a finite family of subtrees of a tree, see [1]. If G is
a chordal graph and F is a finite family of paths of a tree, then G is an undirected path
graph [2]. A chordal bipartite graph is a bipartite graph and every cycle in G of length > 4
has a chord [3].

Inagraph G = (V,E), asubset D C V(G) is called a dominating set if N(u) N D # @
for u ¢ D. The domination number (G) is the minimum cardinality of a dominating set
of G [4]. The problems of finding a minimum cardinality dominating set in graphs [5], split
graphs and bipartite graphs [6], chordal bipartite graphs [7], planar bipartite graphs [8]
and undirected path graphs [9] are NP-complete. For relevant papers on dominating set in
graphs, see [10-14].

One of the most famous open problem involving domination in graphs is that
Y(G)y(H) < 7(GOH) for any graphs G and H, called Vizing’s conjecture [15], where
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GOH denotes the Cartesian product of graphs G and H [16]. To investigate a similar prob-
lem for paired domination, Bresar et al. proposed k-rainbow domination [17]. A k-rainbow
dominating function on a graph G is a function f : V(G) — 2112k} such that every vertex
u for which f(u) = @, then Uyeno) f (1) = {1,2,...,k}. The weight w(f) of a k-rainbow
dominating function f is denoted by w(f) = L,cv () |f (1) |- The k-rainbow domination
number ,¢(G) of G is the minimum weight over all k-rainbow dominating functions on
the graph G. A k-rainbow dominating function f of G with w(f) = 7,4(G) is called a
v¥x-function of G.

The minimum k-rainbow domination problem (MkRDP) is to finda minimum weight
of a k-rainbow dominating function in graphs. Bresar et al. proved that M2RDP is NP-
complete for chordal graphs and bipartite graphs [18]. Later, Chang et al. showed that the
MKRDP for chordal graphs and bipartite graphs are NP-complete [19]. The linear-time
algorithms for computing 2-rainbow domination number [20] and k-rainbow domination
number [19] of trees are proposed. For a more detailed discussion of k-rainbow domination
number in graphs, see [21-27].

Ahangar et al. [28] proposed a new dominating function named total k-rainbow

dominating function for protecting the Empire under a more complex situation where the
Empire is guarded by different types of guards, and where every location without guards
needs all types of guards in its neighborhood and every location with guards needs at
least one guard in its neighborhood. A total k-rainbow dominating function on a graph
G = (V, E) is a k-rainbow dominating function f such that U,c ) f (1) # @ for f(v) #
The weight of a total k-rainbow dominating function is denoted by w(f) = Loev(c) If(v )|
The total k-rainbow domination number of G is the minimum weight of a total k-rainbow
dominating function on the graph G, denoted by 7 (G). A total k-rainbow dominating
function f of G with w(f) = 74x(G) is called a y-function of G.

The properties of total k-rainbow dominating function in graphs was studied [28,29].
Ahangar et al. characterized all graphs G, where 74,2(G) = |V(G)| — 1 [30]. The problems
of finding a minimum weight of a total 2-rainbow dominating function (MT2RDP) in
chordal graphs and bipartite graphs are NP-complete [29].

In this paper, we study the total 2-rainbow domination number of graphs. Then,
we prove that MT2RDP is NP-complete even when restricted to planar bipartite graphs,
chordal bipartite graphs, undirected path graphs and split graphs. Next, a linear-time
algorithm is proposed for computing the total k-rainbow domination number of trees.
Finally, we study the difference in complexity between MT2RDP and the minimum 2-
rainbow domination problem.

2. Results
2n

Lemma 1. If the graph G is k-regular with order n, then v12(G) > &5
Proof. Let f be a y4»-function of G. To prove the lower bound, we define an initial charge
function s corresponding to f, such that s(v) = |f(v)|. Then, we apply the following two
discharging rules to lead to the final charge function s’ corresponding to s of G, such that
Yoev(6) S (0) = Loev(c) 5(0)-

Rule 1: For the vertex s(v) = 1, N(v) = {v1,v2,v3,...,vx}, suppose that f(v1) # @.
Then, s(v) transmits fﬂ charge to vy, v3, ..., Uk.

Rule 2: For each s(v) =2, N(v) = {v1,v2,03,...,0}, suppose that f(v;) # @. Then,
s(v) transmits 1% charge to vy, v3, . .., V.

Thus, for s(v) = 1, we have s/ (v) > s(v) — &= = by Rule 1.

k+1 B
For s(v) = 2, then s'(v) > s(v) — Z(kkﬂl) > k+1 by Rule 2.
For s(v) = 0, since v is adjacent to at least one vertex u such that s(u) = 2 or two
vertices s(x) > 1 and s(y) > 1, then v will receive k-%l charge form u or x,y by Rules 2 and
1, thens'(v) > s(v) + k—%l = ﬁ

Therefore, w(f) = Locv(c)s'(v) = Locv(g) $(0) > ki n=g24 O
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To show that y42(G) > ,{2% is sharp for k-regular graphs with order n = 4t when
k =3, t > 2, we investigate the total 2-rainbow domination number of double generalized
Petersen graphs.

The double generalized Petersen graphs DP(n, k) was introduced by Kutnar and

Petecki [31],n > 3and 1 < k < n — 1, with vertex set:
V(DP(n,k)) =UUVUXUY

where U = {ug,uq,...,uy1}, V. = {vo,01,...,001}, X = {xo,x1,.-., X1},
Y = {yo,y1,--.,Yn—1}, and its edge set is the union:

E(DP(n,k)) = Ey UE, UE;
where Ey = {ujuir1,yiyin1li € [n]}, B2 = {wvy, xyili € [n]}, Es = {vixjyp, xi0i44li €

I}, Es
[n]}, and the subscripts are reduced modulo n (see, e.g., (n,k) € {(6,1),(9,4), (n,1)} in
Figures 1 and 2).

Uj—3 Uj—p Uji—1 U; Uil Ujipp Ui43

oS,

9998y

Q
@, @, @,
Yi-1  Yi  VYit1

Figure 1. The graph DP(n,1).

(a) (b)
Figure 2. (a) The graph DP(6,1); (b) The graph DP(9,4).
Let
ain A M3 414 big bip biz ... biy
Apa = | @1 M2 M3 a2y By = bog bap bpg ... boy
x a1 axp az3 Az |’ x b1 bap b3z .. b3y
a1 Ao (43 dag by1 brp baz ... byy

Let fa,.,B,., beafunction of DP(n,1) with n = 4s + t, such that f(up) = f(up+4k) =

a1,p+1, f(0p) = f(Oprar) = a2p41, f(xp) = f(Xprax) = a3p11, f(¥p) = fWprax) = aap11,
f(un—l—q) = bl,t—q/ f(Un—l—q) = bZ,tfq/ f(xn—l—q) = b3,t7q/ f(yn—l—q) = b4,t—q/ where
p€{0,1,2,3}, ke{1,2,...,s},9€{0,1,2,...,t —1}.

Lemma 2. 7y4(DP(n,1)) > 2n+1, wheren > 9and n = 1,2,3 (mod 4).
Proof. Let f be a7yo-function of DP(n,1), Vo = {v|f(v) = @}, Vi = {v|f(v) = {1}},

Vo = {v|f(v) = {2}}, V3 = {v|f(v) = {1,2}}. Suppose that ;,2(DP(n,1)) < 2n + 1, that
is, w(f) = 12(DP(n,1)) = 2n.
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Then, V3 = @. Otherwise, s’ (v) =2— 3 — 1 =1, w(f) = Yoev(G) 8(0) = Loev(c) §'(0)
=Y oev, 8 (0) + Loy, 8 (0) + Loev, 8 (0) + Loev, 8'(0) > 3 X 4n+ 3 according to the proof
of Lemma 1, contradicting with w(f) = y42(DP(n,1)) = 2n.

Similarly, |[N(v) N V4| = |[N(v) N Va| = |[N(v) N V| = 1 for every vertex v € V),
and [N(v) N V;| 4+ [N(v) N Va| =1, |[N(v) N V| = 2 for every vertex v € V; U V;.

LetsUs = {1,2}, |s| = |s| = 1, tUt = {1,2}, |t| = |t| = 1, pUp = {1,2},
Pl = 1Pl = 1,qU7 = 11,2}, lg] = [7] = 1, I = {o3,1x;,y;}, where i € [].

Case 1: Yycy, [f(v)| = 4 for some i € [n]

In this case, f(u;) = s, f(vi) = t, f(x;) = p, f(yi) = q. Then, f(ui1) = f(vi1) =
f(xiza) = fyis1) = fuiza) = f(oia) = f(xiz1) = f(yi-1) = @. To dominate
Uit1, Xi+1, Vi1, Yit1, we have f(uin) =5, f(vit2) = 1, f(xiy ) = P, f(yi+2) = 4. Since
IN(v) N Vo| = 2 for every vertex v € VUV, thus f(u;y ) = f(vin3) = f(xi3) =
f(yir3) = @. To dominate u;3,X;+3,0i13,Yi+3, then f(ujrq) = f(u;) = s, f(vipq) =
f(oi) = t, f(xiya) = f(xi) = p, f(yira) = f(yi) = q. Therefore, f(uiyar) = f(ui) =s,
f(oivar) = f(vi) =, f(xira) = f(xi) = p, fWirar) = f(Yi) = q, f(wirar—2) = fuis2) =
S, f(Virar—2) = f(viy2) = & f(xipa—2) = f(xit2) = P, fWira—2) = f(Vir2) = 7,
fluizar—3) = f(uiy1) = f(uizar—1) = f(uizs) = f(vizar3) = f(vit1) = f(vipar—1) =
fits) = f(xitak—3) = f(xiz1) = f(Xira1) = f(xit3) = fivae—3) = fyiy1) =
fWirak—1) = f(Viy3) = @, where k > 1 and the subscripts are reduced modulo n. Thus,
n = 0 (mod 4), a contradiction.

Case 2: Y ¢y, | f(v)| = 3 for some i € [n].

Suppose that f(u;) =s, f(vi) = t, f(x;) = p, f(yi) = @. Then f(uiy1) = f(xit1)
f(ui—1) = f(xi_1) = @. To dominate y;, without loss of gravity, we assume that f(y;11) =
P, f(yi_1) = @. Then f(y;_») = {1,2} for dominating y; 1, contradicting with V3 = @.

Now we consider that f(u;) = s, f(v;) = t, f(x;) = @, f(y;) = q. Then f(u;q) =
f(xiv1) = f(ui—1) = f(xj—1) = @. To dominate x;, wl.o.g we assume that f(v;11) = 7,
f(viq) = @. Thus, f(x;_5) = {1,2} for dominating v; 1, contradicting with V3 = @.

Case 3: Yycy, [f(v)| = 1 for some i € [n].

Suppose that f(u;) =s, f(v;) = f(x;) = f(y;) = @. To dominate x;,y;, v; we have
F(ore)] = Fo Dl = 1 [F@i)] = 1F 1) = L i)l + f(vi1)] — 1. Therefore,
Yoer,, f(v) = 30r Yoey, , [f(v)] > 3. The result is entirely consistent with Case 2, then
contradicting with V3 = @.

Now we consider that f(v;) = ¢, f(u;) = f(x;) = f(y;) = ©. To dominate x;, y;, u;,
we have |f(o;1)| = [f(@i )| = 1, [f{yien)| = Lf( 1)l = 1, |fuie)] + | flus )] = 1.
Therefore, Y oep,,, f(v) > 30r Yoy, , [f(v)] > 3. The result is entirely consistent with Case
2, then contradicting with V3 = @.

Case 4: Y ey, |f(v)| = 2 for some i € [n].

In this case, it is sufficient to consider the following three subcases.

Subcase 4.1: f(u;) =s, f(v;) =t, f(x;) = f(y;) = @.

In this case, f(u;j11) = f(ui_1) = f(x;11) = f(x;_1) = @. To dominate x;, we have
f(vi—1) =q, f(vi—1) = q. To dominate u;, 1, then s = p. However, s = p for dominating
v;_1, a contradiction.

Subcase 4.2: f(u;) = s, f(x)) = p, f(v;) = f(yi) = @

To dominate y;, we may assume f(y; 1) = pand f(y;_1) = @. Since [N(v) N Vp| = 2
for every vertex v € V3 U V;, assume that f(u;1) = @. Then, f(v;11) =5, f(vi_1) =
f(u;_1) = p. To dominate v;, then f(x;_1) = 5. Therefore, f(u;, 1) = f(u;) = f(vl+4k)

u;

f(oi) = O, f(xivar) = f(xi) = p, fyirax) = f(yi) = O, fuira—s) = f(uz+1) =0,
firak—3) = f(vir1) =5, f(Xirw—3) = f(xiy1) = D, fWirak—3) = f(Vir1) = P,
fluivak—) = f(uir2) = @, f(vizak—2) = f(vir2) = p, f(Xiyak—2) = f(xip2) = O,
fWitak—2) = fir2) = s fluira—1) = f(uirs) = 7, f(Oirae-1) = f(viz3) = ©,
f(xizak—1) = f(xit3) =5, f(Yirak—1) = f(yi+3) = O, where k > 1 and the subscripts
are reduced modulo n. Thus, n = 0 (mod 4), a contradiction.

Now we consider f(u;_1) = @, then f(v;_1) =5, f(vis1) = D, f(uir1) = p. To
dominate v;, then f(x;_1) = 5. Therefore, f(uj qx) = f(u;) = s, f(virax) = f(vi) = D,
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fxivar) = f(xi) = p, fWirax) = f(Wi) = O, f(uivar—3) = f(uir1) = P, f(Virak—3) =
fit1) = O, f(xivak—3) = f(xiy1) = O, f(Yira—3) = f(Wir1) = P fluirae—2) =
fluiva) = O, f(visak—2) = f(vir2) = p, f(Xiyak—2) = f(xXir2) = O f(Yirar—2) =
fWiva) =s, f(Uiyar—1) = f(uir3) = O, f(virar—1) = f(viys) =5, f(Xiyar-1) = f(xiy3) =
5, f(Yirak—1) = f(Viy3) = ©, where k > 1 and the subscripts are reduced modulo n. Thus,
n = 0 (mod 4), a contradiction.
Subcase 4.3: f(u;) = s, f(yi) = q, f(vi) = f(x;) = @ (or f(v;) = t, f(x;) =

flui) = f(yi) = D).

In this case, we have f(uj 4) = f(u;)) = s, f(visar) = f(vi) = O, fxijar) =
f(xi)) = O, f(yiyax) = f(yi) = 4, f(uz+4k 3) = f(uiz1) = O, f(vigar—3) = f(vip1) =P,
f(xijak—3) = f(xiy1) = 5, f(Yivak—3) = fWir1) = O, f(uigar—2) = f(uir2) = 9,
fOigk2) = f(vira) = 5 f(xipa2) = f(xiy2) = P, fWirak2) = fyir2) = O,
;Euz—ﬂk 1) = f(uiyz) = s, f(Vigak—1) = f(vig3) = O, f(Xigak—1) = f(xip3) = O,

Vivak—1) = f(Yir3) = p, where k > 1 and the subscripts are reduced modulo n. Thus,
n = 0 (mod 4), a contradiction. [

2n, n = 0(mod 4),

>
21, n=1,23(moda, “heren=8

Theorem 1. 742 (DP(n,1)) = {

Proof. Case 1: n = 0 (mod 4).

Let:
@ o {2} {2}
{1}y {1} @ ©
© {1} {1} ©
{2} o © {2}

Agxy =

Then fa, , A,,., is a total 2-rainbow dominating function of DP(n, 1) with w(f) = 2n,
and y42(DP(n,1)) < 2n for n = 0 (mod 4).

Case 2: n = 1 (mod 4).

Let:

(2} o {1} © 2} o {1} {1} ©
PR R RCRE ) {1y o o {230}
A= My @ 2) @ 5= ) 1) {2} {2} @
{2} o {1} @ {2t o 2 {130

Then fa, , B, is a total 2-rainbow dominating function of DP(n,1) with w(f) =
2n+1,and y42(DP(n,1)) < 2n+1forn =1 (mod 4).
Case 3: n = 2 (mod 4).

Let:

o o {1} {2} © {2} {1} © {2} {1}
oo o @, _|Bo oo
b @ {2} {1} @ | 7% o {2y {1 {1} 2 ©

{1} o o {2} {1t o o {2} © {1}

Then fa, ,B,., is a total 2-rainbow dominating function of DP(n,1) with w(f) =
2n+1,and y442(DP(n,1)) < 2n+1for n =2 (mod 4).
Case 4: n = 3 (mod 4).

Let:
{2} o o {1} {2} 2 {1} {1} o © {1}
Ao | @2y o | {20{2) @ © {2} {2} ©
xd {2} {1}y @ @ |" %7 2} @ {2} {2} © ©
© o {2} {1} o {1} {1} o o {1} {1}
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Then fy, ,B,,, is a total 2-rainbow dominating function of DP(n,1) with w(f) =
2n+1, and y42(DP(n,1)) < 2n+1 for n = 3 (mod 4).
Furthermore, by Lemmas 1 and 2, this theorem holds. O

Therefore, y2(DP(n,1)) > 2n is sharp when n = 0 (mod 4).

2.1. Complexity

In this section, we show that the problems of finding a minimum weight of a total
2-rainbow dominating function in planar bipartite graphs, chordal bipartite graphs, undi-
rected path graphs and split graphs are NP-complete, by giving two polynomial time
reductions from two NP-complete problems, MINIMUM DOMINATION PROBLEM and
3-SAT, which are defined as follows.

MINIMUM DOMINATION PROBLEM(MDP)
INSTANCE: A simple and undirected graph G = (V, E) and a positive integer k < |V (G)].
QUESTION: Does G have a dominating set with cardinality at most k?

3-SAT

INSTANCE: A collection C = {C;y,Cy,...,Cy} of clauses over a finite set U of variables
such that |Cj| =3forj=1,2,...,m.

QUESTION: Is there a truth assignment for U that satisfies all the clauses in C?

MINIMUM TOTAL 2-RAINBOW DOMINATION PROBLEM(MT2RDP)
INSTANCE: A simple and undirected graph G = (V, E) and a positive integer k < |V (G)].
QUESTION: Does G have a total 2-rainbow dominating function of weight at most k?

Theorem 2. The MT2RDP is NP-complete for planar bipartite graphs, chordal bipartite graphs
and undirected path graphs.

Proof. Given a graph G = (V,E), then let each vertex v € V(G) be the tree T,, where
V(Ty) = {v,v1,v2,03,04,05}, E(To) = {vv1,0102, 0203, 0204, 0205} Let A = {T,|i €
{1,2,...,n}} be the set of disjoint trees corresponding to the graph G. If v'v/ € E(G), then
add an edges v'v/ between the trees T,; € A and T,; € A. Therefore, we obtain a graph G/,
see Figure 3.

(a) (b)
Figure 3. (a) The graph G. (b) The graph G’ obtained from G.

Claim 1. The graph G has a dominating set with cardinality at most k if and only if there is a total
2-rainbow dominating function f of the graph G' such that w(f) < k + 3n.

Proof. Suppose G has a dominating set D and |D| < k. We define a function f : V(G') —

{@,{1},{2}, {1,2}} such that f(01) = {2},£(02) = {1,2},f(03) = f(03) = f(05) = @ for
every tree Ty, and if v € V(G) N D, f(v) = {1},ifv € V(G) \ D, f(v) = @.
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Thus, f is a total 2-rainbow dominating function of G and w(f) < k + 3n.

Conversely, suppose the graph G’ has a total 2-rainbow dominating function f such
that w(f) < k+ 3n. It is immediate that | f(v1)| + |f(v2)| + | f(v3)| + | f(v4)| + | f(v5)] > 3
with equality if and only if f(vp) = {1,2}. If f(v) # @, letv € D, then v is dominated. If
f(v) = @and |f(v1)| <1, vis total 2-rainbow dominated by u € Ng(v) and vy, that is,
f(u) #@. Letv ¢ D, then v is dominated by u. If f(v) = @ and f(v1) = {1,2},1letv € D,
then v is dominated by u.

Since every vertex v € V(G) is dominated, D is a dominating set of G with cardinality
atmostk. O

If the graph G is a chordal bipartite graph or planar bipartite graph, so is G'. Recall
that the MDP is NP-complete for chordal bipartite graphs [7], planar bipartite graphs [8]
and undirected path graphs [9]; thus, it can be immediately concluded that the MT2RDP is
NP-complete for chordal bipartite graphs and planar bipartite graphs.

Now we show that if the graph G is an undirected path graph, so is G’. Suppose G is an
undirected path graph. Then, there exists a finite family F of paths {P,,|i € {1,2,...,n}}
of a tree T. Let x; be the one of the end points of path P, Ty, be a tree with V(Ty,) =
{a;, b, si,ti,ri}, E(Ty) = {a;b;, b;s;, bit;, bir;}, where i € {1,2,...,n}. Construct T' from T
by adding edges x;a; between a; € V(Ty,) and x; € V(Py,), wherei € {1,2,...,n}. Now
let PZ/?i = {xiai, a;b;, b;s;, bit;, b,’?’i}, where i € {1,2, ... ,1’[}, F'=FuU {PZ/],,‘ € {1,2, ... ,1’[}}.
Thus, there is a 1-1 correspondence f between V(G’) and F’ such that f(a;) = x;a;, f(b;) =
a;b;, f(S,‘) = bs;, f(t;) = bit;, f(rl-) = b;r;, and uv € E(G/) if and only if f(u) ﬂf(()) #+ Q.
Therefore, G’ is an undirected path graph.

The proof is completed. O

Theorem 3. The MT2RDP is NP-complete for split graphs.

Proof. Let U = {x1,x2,...,x,},C ={Cy,Cy,...,Ci} be an arbitrary instance F of 3-SAT .
Let Gr = (V,E) bea graph, V(Gr) = VI UV2U V3, E(Gp) = E'UE?> UE3, where V! =
{x,xli € {1,2,...,n}}, V2 ={¢jlj € {1,2,...,m}}, V3 = {a;, bjli € {1,2,...,n}}, E' =
{uvlu,v € {Vl}}, E? = {C]‘xi (or C]'fl‘)|xl‘ € C] (orx; € C])}, E3 = {x;a;, x;b;, X;a;,%;b;|x; €
Ci},ie{1,2,...,n},je{1,2,...,m}, see Figure 4.
It is immediate that the graph Gr is a split graph with a partitioning V(Gr) into a
clique v! and a stable set V2 U V3.

Figure 4. The graph Gr constructed from the instance F, where C; = x1 V x5 V x3, Co = X1 VX3V xy,
C3 =% VX3V xy.



Mathematics 2022, 10, 2059

8of 13

If C is satisfiable, then we define a function f : V(G') — {®,{1},{2},{1,2}}, such
that f(a;) = f(b;) = f(cj) = @. If x; is true, then f(x;) = {1,2}, f(X;) = ©; otherwise,
f(x) = {1,2}, f(x;) = @. Thus, f is a total 2-rainbow dominating function of Gr and
w(f) <2n.

Conversely, suppose the graph Gr has a total 2-rainbow dominating function f such
that w(f) < 2n. Let Vi = {v|f(v) = {1}}, V2 = {v|f(v) = {2}}, V3 = {v|f(v) = {1,2}}.
To dominate a;, b; fori € {1,2,..,n},if |f(a;)| > 1 (or [f(b;)| > 1), then |f(x;)| + | f(x;)| > 1
with equality if and only if |f(b;)| > 1 (or |f(a;)| > 1). Thus, |f(a;)| + |f(b;)] + |f(x;)]| +
|f(X;)| > 2 with equality if and only if |f(a;)| = |f(b;)| = 0. Note that w(f) < 2n, then
£ Cei) | + F G| =2, [f(ai)| = |£(Bi)] = 0, |f(c;)| = 0, where i € {1,2,.,1}, ] € {1,2,..,m}.

Since ¢; is dominated by one vertex v € V3 or two vertices u € Vi,v € V,, where
j € {1,2,..,m} then let x be true for x € V; U V3. Therefore, the clause C; is satisfied for
j€{1,2,.., m}. Note that V; U V3 C V1, s0 V4 U Vs is the true assignment for U that satisfies
all the clausesin C. O

2.2. A Linear-Time Algorithm for Trees

In this section, we propose a linear-time algorithm for computing the total k-rainbow
domination number of trees. Let f be a total k-rainbow dominating function of G. If S C
V(G), f(S) = Uyes f(?))

If u € V(G), an H-trk function of (G, 1) is a function g : V(G) — 212K} such that g
is a total k-rainbow dominating function of G — u, that is, every vertex v € V(G) \ {u} is
dominated by the vertices in V(G), the weight of g is denoted by w(g) = Lyev(c) 18(v)]-

Denote F = {g]| g is an H-trk function of (G, u)}:

(G, 1,0) = min{w(f)|f € F, |f(w)] = t, F(N(w)) = @}, 1 < t <k,
1(Gou,t,1) = min{w(F)If € F, |[f(w)l = t, F(N(u) £ @), 1<t <k,
Y(Gou,@,8) = min{w()If € E,f(u) = B, f(Nw)] > t},0< t <

v(G,u,@,k)}.

Lemma 4. Let G be a graph and u € V(G). If f is an H-trk function of (G, u) such that
|f(u)| =t 1<t <k, then forany A = {ay,ay,...,a¢},a; € {1,2,...,k},i € {1,2,...,t},
there exists an H-trk function f' of (G, u) with Ypey () |f'(0)] = Locv(c) If (0)I, f'(u) = A,
f(N@))| = [f(N())]

Proof. Assume that f(u) = {x1,x,...,x:} where x; € {1,2,...,k},i € {1,2,...,t}. Let
B = {xl,xz,. . .,xt} \ {611,612,. . .,ﬂt}, C= {Ll1,ﬂ2,. . .,at} \ {xl,x2,. . .,xt}, then |B| = ‘C‘
Assume that |[B| = p, B = {y1,¥2,..yp}, C = {z1,22,..,2p}. Let f’ be a function of
G obtained by changing y; into z;, changing z; into y; for y;,z; € f(v), v € V(G),
i€ {1,2,...,p}. Then, f'(u) = {ay,ay,...,a;} and f’ is an H-trk function of (G, u) and
Tocv(oy 1 (O] = Toevicy LF@)] [F/(N()| = |f(N(u))]. For example, G is a graph with
V(G) = {u,v,s}, E(G) = {uv,us,vs} and f is a total 5-rainbow dominating function of
G such that f(u) = {1,4,5}, f(v) = {2,3,4}, f(s) = {1,2}. Then, we try to obtain a
total 5-rainbow dominating function f’ such that f'(u) = {1,2,3}. Thus, let B = {4,5},
C = {2,3}. Then, for f(v) = {2,3,4}, change 3 into 5, 4 into 2, 2 into 4, so f'(v) = {2,4,5}.
For f(s) = {1,2}, change 2 into 4, f'(s) = {1,4}. For f(u) = {1,4,5}, change 4 into 2,
change 5 into 3, so f'(u) = {1,2,3}, as desired). O

Lemma 5. Let P and Q be disjoint graphs and u and v be the vertices of P and Q, respectively.
Suppose that G = (V, E) is a new graph with V(G) = V(P) UV(Q), E(G) = E(P) UE(Q) U
{uv}. Then, the following statements hold:

(@) v(G,u,t,0) = y(P,u,t,0) +v(Q,v,0,k—t),1 < t < k;

(b) v(G,u,t,1) = min{y(P,u,t,1) + 1g;]ir<1k{7(Q, 0,0,k —1t),7(Q,v,t,0),7(Qv,t,1)},

’y(Pr u,t, 0) + 1I<r}1r<1k{,)/(Qr 0, tlro)r 'Y(Q/ 0, tlll)}}/ 1 <t< k/
>
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(c) v(G,u,@,t) = O<tir<1t{'y(P, u,?,t1)+v(Q,v,t —t1,1),v(P,u,d,t) + v(Q,v,2,k)}, 1 <
=

t<k;

(d) v(G,u,2,0) = y(P,u,®,0) + 113}2}{{7((2, v,2,k),v(Q,v,t,1),}.

Proof. If h is a function of P , h; is a function of Q , f is a function of G such that
f(x) = hy(x) for x € V(P), f(x) = hp(x) for x € V(Q), then we write f = hy U hy.

(a) Let f; be an H-trk function of (P, u) with minimum weight such that |f;(u)| =
t, fi(Np(u)) = @, f» be an H-trk function of (Q,v) with minimum weight such that
f2(v) = @,k > g = |f2(Ng(v))| > k —t. Then, assume that f,(Ng(v)) = {s1,52,...,54},
S; € {1,2,..,](}.

If t +q > k, there exists a function f] such that f{(Np(u)) = @, Locy(p) |f1(0)] =
Yoevpy Ifi(0)| and fi(u) = {1,2,...,k} \ {s1,52,...,8¢} U {x0, X1, .., X;_(k—g) }, where x; €
{s1,82,...,8q} fori € {0,1,..,t — (k —q)} by Lemma 4.

Ift+q <k let A= {ay,ar,...,a;}, where a; € {1,2,...,k} \ {s1,s2,...,84}, 1 €
{1,2,...,t}. Then, there exists a function f] such that f{(Np(u)) = @, Locv(p) |f1(0)] =
Yoev(p) |fi(0)] and f{(u) = A by Lemma 4. Therefore, f = f] U f, is an H-trk function of
(G,u)suchthat |f(u)| =t f(Ng(u)) = @. Thus, v(G,u,t,0) < y(P,u,t,0)+v(Q,v,D,k—

t).

If f is an H-trk function of (G, u) with minimum weight such that |f(u)| = ¢,
f(Ng(u)) = @, then f = g1 U gy, where g1 is an H-trk function of (P,u) such that
lg1(u)| = t, g1(Np(u)) = @, g» is an H-trk function of (Q,v) such that ¢»(v) = @,
I§2(No(v))| = k — t. Thus, v(G, u,t,0) > y(P,u,t,0) + v(Q,v,0,k — t).

(b) Using similar strategies used in the proof of (a), we obtain the equation from the
fact that f is an H-trk function of (G, u) with |f(u)| = t and f(Ng(u)) # @ if and only if
f = fiU fa, where f; is an H-trk function of (P, u) with |f;(u)| = t and f1(Np(u)) # @
and f; is a total k-rainbow dominating function (TkRDF) of Q, such that |f,(v)| = t;, or f>
is a TKRDF of Q, such that f,(v) = @, |f2(Ng(v))| > k—t, or fi is an H-trk function of
(P,u) with | f1(u)| =t and f1(Np(u)) = @ and f; is a TKRDF of Q such that | f(v)| = #.

(c) Using similar strategies used in the proof of (a), we obtain the equation from the
fact that f is an H-trk function of (G, u) with f(u) = @ and |f(Ng(u))| > t if and only if
f = fiU fa, where f; is an H-trk function of (P, u) with f1(u) = @ and |f1(Np(u))| > #
and f, is a TkRDF of Q, such that |f,(v)| = t — t; and fo(Ng(v)) # @, or f is an H-trk
function of (P, u) with fi(u) = @ and |f1(Np(u))| > t and f, is a TKRDF of Q such that
fo(0) = @ and |fo(No(0))] = k.

(d) We obtain the equation from the fact that f is an H-trk function of (G, 1), with
f(u) =@ and |f(Ng(u))| > 0if and only if f = f1 U f,, where f is an H-trk function of
(P,u), with f1(u) = @and |f1(Np(u))| > 0and f, isa TkRDF of Q. [

By Lemmas 3 and 5, we propose the following linear-time algorithm , Algorithm 1,
with time-complexity O(k?|V(T)|) for computing the total k-rainbow domination number
of the tree T.
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Algorithm 1: TkRD(T).

Input :A tree T with a tree ordering [v1,v2, 03, ..., V4]
Output: The total k-rainbow domination number y;,(T) of T

fori =1tondo
fort =1tokdo
r)/(vi/ £ 0) =1
7(01'/ i’,l) = 7(01'/@/ t) = 0,
end
r)/(vi/ @/0) =0;
end
fori =1tondo
let v; be the parent of v;;
fort =1tokdo
'y(vj, £,0) + 'y(vj, t,0) + v(v;, D,k — t);
7(0j,£,1) <= min{y(v;,t,1) + min {7(v;, D,k —1),7(vi,s,0),7(vi,5,1)},

’Y(vj/ t, O) + 1111312]({7(01'/5/ O)/ ’y(vi,s, 1)}};
Y(0j,D,t) + min {y(v;,D,s) +v(v;, t —5,1),7(v;,D,t) + v(v;,D,k) };
1<s<k

end
71(0},2,0)  7(v),@,0) + min {7(v;, @, k), v(vi,s,1)};
end

Yk (T) = min{y(v,,1,1),v(v4,2,1),...,7(0n,k, 1), v(vn, D, k) }.

2.3. Complexity Difference between Total 2-Rainbow Domination and 2-Rainbow Domination

In this section, we define two classes of graphs for which the complexities of total
2-rainbow domination is different from 2-rainbow domination.

CONSTRUCTION 1: Let G = (V,E) be a graph with |V(G)| = n, then let each
vertex v; € V(G) be the tree Ty, where V(Ty,) = {v;,a;,bj, ci, d;, ei,si, ti, pi, i, vi}, E(To;) =
{viai, a;b;,a;c;, cie;, c;si, Cifi/diPi/ diqi/ dﬂ’i}, i€ {1,2, .. .,7’1}. Let B = {Tvi|i S {1,2, vy 7’1}}
be the set of disjoint trees corresponding to the graph G. If v;v; € E(G), then add an
edge v;0; between the trees Tp, € B and T,; € B. Therefore, we obtain a graph G". An
example is shown in the Figure 5a,b. Let GT be the set of G’ obtained from graphs by
CONSTRUCTION 1.

CONSTRUCTION 2: Let G = (V, E) be a graph with |V(G)| = n, then let each vertex
v; € V(G) be the graph G,,, where V(Gy,) = {v;, a;,b;,c;, d;, e;, fi, gi,g},giz,g?, hi, ki, m;, m},
m?, m3, pi, qi, 1i,5i,51,52,53 }, E(Go,) = {viay, vibj, ajei, cibj, aid;, dif;, die;, fie, figi, 8i&} 8i&7
8i83, Cihi, ciki, hiki, kim;, mym?, mm?, mym3, bip;, piqi, piri, 1iqi, isi, sist, sis,sis7 3,1 € {1,2,...
,n}. Let B={Gyli € {1,2,...,n}} be the set of disjoint graphs corresponding to the graph
G. If v;v; € E(G), then add an edge v;v; between the graphs Gy, € B and Gy, € B. There-
fore, we obtain a graph G’. An example is shown in the Figure 5a,c. Let GG be the set of G’
obtained from graphs by CONSTRUCTION 2.
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Figure 5. (a) The graph G, (b) the graph G’ obtained from G by CONSTRUCTION 1, (c) the graph G’
obtained from G by CONSTRUCTION 2.

Lemma 6. Let G' = (V/, E’) be a graph constructed from G = (V,E) by CONSTRUCTION 1,
then v42(G') = 6n.

Proof. First, we define a total 2-rainbow dominating function f of G/, f : V(G') —
{©,{1},{2},{1,2}}, such that f(a;) = f(c;) = f(di) = {1,2}, f(vi) = f(b;) = f(ei) =
f(si) = f(t;) = f(pi) = f(qi) = f(r;) = D, wherei € {1,2,...,n}. Clearly, f is a total
2-rainbow dominating function of G’ and y42(G') < w(f) = 6n.

Suppose f is a yyo-function of G'. To dominate e;, s;, £, p;, q;, i, it is clear that f(c;) =
f(d;) = {1,2}, wherei € {1,2,...,n}. Since b; need to be dominated, we have |f(a;)| +
|f(b;)] >2,i€{1,2,...,n}. Thus, 142(G') = w(f) > 6n.

Therefore, v4,2(G') = 6n. O

Lemma 7. Let G’ be a graph constructed from G by CONSTRUCTION 1, then v,2(G') =
’YrZ(G) +5n.

Proof. Let f be a 2-rainbow dominating function with minimum weight of G and let g
be a function of G/, such that g(b;) = {1}, ¢(c;) = g(d;) = {1,2}, g(e;) = g(s;) = g(t;) =
e(pi) = g(q;) = g(r;) = D, g(vi) = f(v;), wherei € {1,2,...,n}. Itis clear that g is the
2-rainbow dominating function of G/, and w(g) = w(f) + 51 = 7,2(G) + 5n. Therefore,
’YrZ(G/) < 71’2(6) +5n.

Conversely, let i be a y,p-function of G’. To dominate e;, s;, t;, pi, i, 74, [h(ci)| + |h(e;)| +
()| + (E)] = 2, and [h(d;)] + h(py) | + [1(g:)| + ()| = 2, where i € {1,2,...,1}.
Then, we define a function [ of G, I : V(G') — {®@,{1},{2},{1,2}} such that I(v;) = @
if h(v;) = h(a;)) = @ and |h(b;)| = 1, I(v;) = {1} if h(v;) = @ and |h(a;)| + |h(b;)| > 2,
l(v;) = h(v;) if h(v;) # @, wherei € {1,2,...,n}. Thence, | is a 2-rainbow dominating
function of G with w(I) < 7,2(G’) — 5n. Thatis 71,2(G) < 2(G") — 5n. This completes the
proof of the lemma. O

Lemma 8. Let G' = (V', E") be a graph constructed from G = (V, E) by CONSTRUCTION 2,
then v12(G') = vr2(G) + 12n.

Proof. Let f be a total 2-rainbow dominating function with minimum weight of G and let
¢ be a function of G/, such that ¢(¢;) = g(fi) = g(ri) = {2}, g(d;) = g(pi) = g(k;) = {1},
8(g:) = glmi) = glsi) = {1,2}, g(a;) = g(by) = gler) = g(hi) = glqi) = g(g}) =
8(87) = g(¢}) = gm}) = g(m?) = g(m?) = g(s}) = g(s7) = 8(s}) = @, g(vs) = f(vi),
where i € {1,2,...,n}. Itis clear that g is total 2-rainbow dominating function of G/,
and w(g) = w(f) + 11n = y42(G) + 12n. Therefore, v42(G') < v2(G) + 12n.
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Conversely, let i be a 7y»-function of G, Vy = {v|h(v) = @}. To dominate g}, g%, g7,
wehave l(g])| +|h(g7)] +[h(g?) + [(g;)| > 2. To dominatee;, [/2(e;)| + |1(f;)| + [h(d;)| >
2. Similarly, [h(m})| + [h(m?)| + [h(m?)| + [h(m;)| > 2, |h(c)| + (k)| + [h(k;)| > 2,
h(sHI + [h(s)] + [h(s)] + [h(si)| > 2, [h(pi)| + [h(ri)| + [h(q;)] > 2. Therefore,
Zvecv \{o} |h(v)| > 12 with equality if and only if h(a;) = h(b;) = @.

Then we define a function I of G, 1: V(G') — {®@,{1},{2},{1,2}}, such that
(1) if h(a;) = h(b;) = @, then I(v;) = h(v;), 2) if |h(a;)| + |h(b;)| > 1 and h(v;) # @, then
I(v;) = h(v;), I(vj) = {1} for one vertex v; € N(v;) \ {a;, b;} N Vo, (3) if |h(a;)| + |h(b;)] = 1
and h(v;) = @, then I(v;) = {1}, (4) if |h(a;)| + |h(b;)| > 2 and h(v;) = @, then I(v;) = {1},
I(vj) = {1} for one vertex v; € N(vl) \ {a;,b;} N Vp, wherei € {1,2,...,n}.

Hence, [is a total 2-rainbow dominating function of G with w(l) < 42(G’) — 12n.
That is ,2(G) < 942(G’) — 12n. This completes the proof of the lemma. O

Lemma 9. Let G’ be a graph constructed from G by CONSTRUCTION 2, then vy, (G') = 11n.

Proof. First, we define a 2-rainbow dominating function f of G/, f : V(G') — {@, {1},{2},

{1,2}}, such that f(g;) = f(mi) = f(si) = {1,2}, fai) = f(h) = f(q:) = {1}, f(by) =
fler) = flki) = {2}, f(vi) = flei) = f(di) = f(fi) = f(ki) = f(pi) = f(ri) = f(&}) =
£(8)) = f(&)) = f(mj) = f(mi) = f(m}) = f(s;) = f(s}) = f(s}) = @, where
i € {1,2,...,n}. Clearly, f is a 2-rainbow dominating function of G’ and 7,,(G') <
w(f) =11n.

Suppose & is a y,o-function of G'. It is immediate that |h(g})| + [1(g?)| + |h(g3)| +
h(ga)| > 2. Ja(m))] + (1) |+ ()| + [ (m) > 2, [B(s) |+ 1h(2) |+ (5| + ()] >
2, To dominate e;, d;, |h(e;)| + |h(d;)| + |h(a;)| + |h(f;)| > 2. Similarly, |k(b;)| + |h(p;)| +
|h(r;)| + |h(g;)| > 2. Since h; need to be dominated, |h(h;)| + |h(c;)| + |h(k;)| > 1. Thus,
Y2(G") = w(h) > 11n.

Therefore, 9,2 (G') = 11n. O

By Lemmas 6 and 7, Lemmas 8 and 9, and the fact that the M2RDP and MT2RDP are
NP-complete, the following results are immediate.

Theorem 4. For a graph G € GT, the minimum 2-rainbow domination problem is NP-complete
and the minimum total 2-rainbow domination problem is solvable in polynomial time.

Theorem 5. For a graph G € GG, the minimum 2-rainbow domination problem is solvable in
polynomial time and the minimum total 2-rainbow domination problem is NP-complete.

3. Conclusions

In this paper, we study the total 2-rainbow domination numbers of k-regular graphs
and prove that the lower bound of total 2-rainbow domination numbers of 3-regular graphs
is sharp for the double generalized Petersen graph DP(n,1) when n = 4t > 8. It will be
interesting to characterize the 3-regular graphs with order n, such that y4,(G) = \V(27G)|
Then, we prove that the decision problem of minimum total 2-rainbow dominating function
is NP-complete for planar bipartite graphs, chordal bipartite graphs, undirected path graphs
and split graphs, prove the complexity difference between minimum total 2-rainbow
domination problem and minimum 2-rainbow domination problem and show a linear-time
algorithm for total k-rainbow domination problem on trees. For the algorithm and hardness
aspects of the total 2-rainbow domination problem, designing approximation algorithms on
general graphs, or polynomial algorithms on some special classes graphs such as interval
graphs, deserves further research.
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