. mathematics

Article

A Generalized Bohr-Jessen Type Theorem for the Epstein

Zeta-Function

Antanas Laurinéikas 11

check for
updates

Citation: Laurincikas, A.; Macaitiene,
R. A Generalized Bohr—Jessen Type
Theorem for the Epstein
Zeta-Function. Mathematics 2022, 10,
2042. https://doi.org/10.3390/
math10122042

Academic Editors: Diana Savin,
Nicusor Minculete and Vincenzo

Acciaro

Received: 16 May 2022
Accepted: 10 June 2022
Published: 13 June 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Renata Macaitiené

2,%,1

Institute of Mathematics, Faculty of Mathematics and Informatics, Vilnius University, Naugarduko Str. 24,
LT-03225 Vilnius, Lithuania; antanas.laurincikas@mif.vu.lt

Institute of Regional Development, Siauliai Academy, Vilnius University, Vytauto Str. 84,

LT-76352 Siauliai, Lithuania

*  Correspondence: renata.macaitiene@sa.vu.lt; Tel.: +370-699-66-080

1t These authors contributed equally to this work.

Abstract: Let Q be a positive defined n x n matrix and Q[x] = xTQx. The Epstein zeta-function
(s;Q), s = o +it, is defined, for ¢ > 7, by the series {(s; Q) = Lyezm 0} (Q[x]) %, and is meromor-
phically continued on the whole complex plane. Suppose that 1 > 4is evenand ¢(t) is a differentiable func-
tion with a monotonic derivative. In the paper, it is proved that +meas{t € [0, T] : {(c +ig(t); Q) € A},
A € B(C), converges weakly to an explicitly given probability measure on (C, B(C)) as T — co.
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1. Introduction

It is well known that the Riemann zeta-function

1
ms’

ngk:

S =0 +it,

g(s) =

oc>1,

m=1

shows analytic continuation to the whole complex plane, except for a simple pole at the
point s = 1, and satisfies functional equation

wir(3)ee =7 (A1 )i,

where I'(s) denotes the Euler gamma-function. The majority of other zeta-functions also
have similar equations, which are referred to as the Riemann type. Epstein in [1] raised a
question to find the most general zeta-function with a functional equation of the Riemann
type and introduced the following zeta-function. Let Q be a positive defined quadratic
n x n matrix, and Q[x] = xTQx for x € Z". Epstein defined, for ¢ > %, the function

i(5Q) = ), QD™

x€Z"\{0}

continued analytically it to the whole complex plane, except for a simple pole at the point

o . . .
s = 5 with residue oL and proved the functional equation

TT(s)0(5 Q) = (detQ) 2T (3 —s)¢ (5 -5 Q7).

In [2], Bohr and Jessen proved a probabilistic limit theorem for the function {(s). We
recall its modern version. Denote by B(X) the Borel o-field of the topological space X, and
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by measA the Lebesgue measure of a measurable set A C R. Then, on (C, B(C)), there
exists a probability measure Py such that, for o > %,

1

Tmeas{t €[0,T]:¢(c+it) e A}, AeB(C), 1)
converges weakly to P, as T — oo (see, for example, [3] (Theorem 1.1, p. 149). In [4],
the latter limit theorem was generalized for the Epstein zeta-function {(s; Q) with even
n > 4 and integers Q[x]. Namely, on (C, B(C)), there exists an explicitly given probability

measure Pg , such that, for o > "51 ,

%meas{t €[0,T): {(c+it:Q) € A}, A€ B(C),

converges weakly to Pg - as T — oo.
For the function {(s), more general limit theorems are also considered. In place of (1),
the weak convergence for

%meas{t €0,T]: {(c+ig(t) € A}, A€ B(C),

with certain measurable function ¢(t) is studied. For example, theorems of such a kind
follow from limit theorems in the space of analytic functions proved in [5].

Suppose that the function ¢(t) is defined for t > T > 0, is increasing to +oo , and has
a monotonic derivative ¢ (t) satisfying the estimate

(;)(21%)L <Lt t— oo

¢'(t)

Denote the class of the above functions by W(Tp).
The aim of this paper is to prove a limit theorem for

IN

1
Prgo(4) < cmeas{t € [0,T] : {(c +ig(t);Q) € A}, A€ B(C),
when ¢(t) € W(Tp). In place of P, one can consider

Proo(A)Y %meas{t € [T,2T] : (o +ip(t);Q) € A}, A € B(C).

It is easily seen that the weak convergence of Pr o, to Py, as T — o is equivalent to that
of Pr g Actually, if Pr g, converges weakly to Pg, as T — oo, then

lim Pro,(A) = Poq(A
Lim Proq(A) = Poe(4)
for every continuity set A of the measure Pg . Since

Pr o (A) = 2P g (A) — Proy(A),

we obtain that
Lim Proq(A) = Poe(A), )

i.e., Pr g, converges weakly to Pg, as T — co.
Now, suppose that (2) is true. Then

XPx 00(A) = XPg o (A) +ga(X)X,
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where g4(X) — 0 as X — . Taking X = T2~/ and summing the above equality over
j € N, we obtain, ue of s-additivity of the Lebesgue measure,

Proe(A) =Pos(A)+ Y ga(T277)27. G)
=1

Let € > 0. We fix jy such that '
Y 27 <e
J>jo
Then
ZgA (T27)277 <4 Y 8a(T277) +
=1 J<jo
Thus, taking T — o0 and then € — 0, we find

li T277)271 = 0.
Tg{}o];g/x( )

This together with (3) shows that
Proo(A) = Poy(A) +0o(1), T — e,

ie., pT,Q,a converges weakly to Py, as T — 0.

Since, in the case of Pr g, the function ¢(t) occurs for large values of £, the study of
Pr o, sometimes is more convenient than that of Pr . Therefore, we will prove a limit
theorem for Pr g ;.

As in [3], we use the decomposition [6]

0(5;Q) = L(s;EQ) + L(s; Fo),

where {(s; Eq) and {(s; Fg) are zeta-functions of certain Eisenstein series and of a certain
cusp form, respectively. The latter decomposition and the results of [7], [8]—see also [9]—
imply that, for o > 251,

K L A
=L Lt L(s=S+1w)+ 4

where ay; € C,K,L € N, L(s, Xk) and L(s, ¢;) are Dirichlet L-functions, and the series is
absolutely convergent for o > =1, Equality (4) is the main relation for investigation of the
function {(s; Q). Before the statement of a limit theorem, we construct a C-valued random
element connected to {(s; Q).

Let IP is the set of all prime numbers, v = {s € C: |s| = 1}, and

Q:H’Ypf

peP

where 7y, = 7 for all p € P. The infinite-dimensional torus () is a compact topological
Abelian group; therefore, the probability Haar measure can be defined on (Q, B(Q))). This
gives the probability space (Q), B(QY), mp). Denote by w(p) the pth, p € P, component of
an element w € (), and extend the function w(p) to the whole set N by the formula

= ] «'(p), meN.
p{m
pl+m
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On the probability space (Q, B(Q)), my), for o > "1, define the C-valued random element by

(0wQ) = VY Muwnn(a— Z+Lw)

k=11=1 kel
where (Peo(p) )
L(U,w,x:()zgm(l—x" pp[, p) ,
and

-1
L(J—g—i-l,w/llfl) = H(“W) '

pelP

Now, denote by P; ¢, the distribution of {(c, w; Q), i.e.,
P go(A) =mp{w e Q:{(0,w;Q) € A}, A e B(C).

Becausen > 4,0 — 5 +1> % foro > % Therefore, the second Euler product for Dirichlet
L-function is convergent for almost all w and defines a random variable.
The main the result of the paper is the following theorem.

Theorem 1. Suppose that ¢(t) € W(Ty), n > 4and ¢ > "5 is fixed. Then Pr,o, converges
weakly to the measure P; oy as T — oo,

Since the representation (4) depends on Q, the random element (o, w; Q) depends on
Q. Thus, the limit measure P, g, also depends on Q.

2. Some Estimates

We will consider the measure Pr ,; therefore, we suppose that t € [T,2T| with
large T. Let x be a Dirichlet character modulo g, and L(s, x) be a corresponding Dirichlet
L-function.

Lemma 1. Suppose that ¢(t) € W(Ty) and o > 1 is fixed. Then, for T € R,

2T
/|L(a—|— ip(t) +iT, X)[PdT <o op T+ 7))
T

Proof. It is well known that, for fixed o > ”T_l,

T
/ (o + it x)|Pdt <y T. )
-T
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An application of the mean value theorem, in view of (5), gives
2T 2T
def [ ) ) 2 1 . . 2
(T x0) ™ L@+ iop) +itx)fat = [ osiiio+iglt) +im ) gl
T T
2T e+t i ¢ [ o+t
:/ ’(t)d / \L(0 + iu, x)|*du | = W/d / L(c + iu, x)|*du
7 ? T ¢ T T
fp(é)ﬂ 1 p(2T)+||
= L(o + iu, x)|*du < / \L(0 + iu, x)|*du
¢'( ¢/(T)
(T)+T o(T)=I7|
1 ¢(2T)+[7| 1
< L(o+iu, 2du<<,7 2T) + |1|),
gy [ oo geen +ie)

where T < ¢ < 2T and ¢'(t) is increasing. Thus, by the definition of the class W(Ty),

¢(2T) | -
s (1+ e ) oe T+ 12

If ¢'(t) is decreasing, then similarly we have

(T, x,0) <oy

1 2T [ o(t)+T , e(2T)+1
_ . 2 _ . 2
(T, x,0)= T /d / |L(o+iu, x)|"du | = 7T / |L(o +iu, x)| du
¢ T p(6)+T
, e(2T)+1 1
- 2
< q)/(ZT) / |L(0'+ ZM/X)l du <<‘7/X q0/(2']“) (§0(2T) + |T|)
@(2T)+T
¢(4T)
Lox ST (1417]) <opp T(AH+T]).

O

Let 6 > 0 be a fixed number, and

on(m) = exp{—(;\n])e}, m,N €N,

where exp{a} = €. Put

LN(SIX) — i X(TI”I)ZJN(T’I’[)

Then, by the exponential decreasing of vy (m), the latter series is absolutely convergent for
o > o0y with arbitrary finite ¢y. Define

K L oof(m)

Then the series for {n(s; Q) is absolutely convergent for o > “==. It turns out that {n(s; Q)

approximates well in the mean the function {(s; Q). More prec1sely, we have the follow-
ing result.
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Lemma 2. Suppose that ¢(t) € W(Ty) and o > "5L is fixed. Then

2T
tim timsup . [ (2 +ig(1); Q) ~ n(o +igle); Q)] de = .
T

N—eo 7 .0

Proof. Let 6 be from the definition of vy (m); T'(s) denotes the Euler gamma-function, and

In(s) = %F(%)NS.

Then, the Mellin formula

b+ico
- —s — aa

7o I(s)a*ds=e"", ab>0,

b—ico

leads, for 67 > %, to
1 91+ioo d
z
Ln(s,x) = ) / L(s+20)In(2) 2 (6)
1100

Denote by o the principal Dirichlet character modulo 4. Since the function L(s, x) is entire
for x # xo, and L(s, xo) has a simple pole at the point s = 1 with residue

def 1
W 9II(0-,)
plq

the residue theorem and (6) give

—f+ico
1 dz
NGO - L0 =5 [ Ll+z0NE T+ Rals ),
7927i00

where 0 < 6, < 1 and

Therefore,

|IL(c+ip(t), x) — Ln(o +ip(t), x)|

| |lN(_92 + l'T)‘

< 1o +ig(t) +im )| PG E L dT - [Ry(o +ig(t), 1l

Hence, we have that

2T

7 [ 1L +i9(6), ) ~ (o +ig(t) ) dt << 1y + I, 7)
T

) 2T
o 1 . . ZN(—92+iT)
11—/((TT/|L(0' Bz—l—z(p(t)—i-zr,)()dt) e LY

where



Mathematics 2022, 10, 2042 7 of 11

and
1 2T
L= 7 [IRn(e+ip(t) )] dt
T

It is well known that, uniformly in 07 < 0 < 0y with arbitrary 07 < 0y,

[(o+it) < exp{—cl|t|}, |t| >ty >0, c¢>0. 8)
Therefore,
IN(A =0 —ig(t)) 1o o f €
1—0—ip(t) <o N exp{ G(P(t)}’
and
1 v c c
L <y, le‘TT /exp{—§¢(t)}dt <g g leaexp{—a(p(T)}. 9)
T

Suppose that o > % and 0, is such that ¢ — 6, > % Then, in view of (8) again,

IN(—=62 +iT) —6, c
M <N tew{—gld}
Therefore, Lemma 1 implies

[e9)

_ c _
I oo N7 [ (1|7 exp{~gltl }dT <o N7

—00

This, (9) and (7) show that, for fixed o > %,

N—oo 1 400

2T
lim lirnsup% [ 1L +ig(1), ) Ln (o + (), ) dt = 0.
r

Since o > ”T_l, wehaveo — 2 +1> % Therefore, for o > ”T_l,

lim lim sup % 7T'L(U— g +1+ i<p(t),1p,) ~ Ly (a - g +1 —|—i(p(t),1pl> ‘ dt = 0.
T

N—oo 7.0

Hence,

N—=oo T .0

2T
lim limsup % / |C(c+ig(t); Q) — In(o +ig(t);Q)|dt
T

2T
- 1 . .
< I\%un hmsupTl_ZlT/‘L(a— g +1—|—zq)(t),lpl) —LN((T— g +1+z(p(t),1pl)’dt =0.

P T se0
O

3. Limit Theorems

We divide the proof of Theorem 1 into lemmas that are limit theorems in some spaces.
We start with a lemma on the torus Q. For A € B(Q)), define

Qr(A) = %meas{t € [T,2T]: (p_i‘P(t) tpE IP) € A}.
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Lemma 3. Suppose that ¢(t) € W(Tp). Then Qr converges weakly to the Haar measure mpy as
T — oo.

Proof. We will apply the Fourier transform method. Let g7 (k), k = (kp : ky € Z,p € P) be

the Fourier transform of Qr, i.e.,
/ (H wh ) dQr,

peP

where “*” indicates that only a finite number of integers k;, are distinct from zero. Thus, by
the definition of Qr,

2T
/H —ikpo( f) dt = ;/exp{i¢(t)2*kp logp}dt. (10)

pelP T pelP

Obviously,
gr(0) =1. (11)

Now, suppose that k # 0. Since the set {logp : p € P} is linearly independent over the
field of rational numbers, we have

Akdgz*kl, logp # 0.
peP

Then

dsm (Arep(t))

. (¢'(T))"" fdsin(Akq)(t)) if ¢'(t) is increasing,
T
A e
S (@2T)) " [ dsin(Age(t)) if ¢'(t) is decreasing
g
if ¢'(t) is increasing,

<< _
¢'(2T))"! if ¢/(t) is decreasing,

| Agl

—_
——
—
~e\
~
SN—
S—
_

where T < ¢ < 2T. Since ¢(t) € W(Tp),

(go’(T))fl if ¢'(t) is increasing, o(T)
if ¢/(t) is decreasing

as T — oo. Therefore,

/cos(AK(p(t))dt =0o(T), T — oo. (12)
T

Similarly, we find that

Thus, (10)—(12) show that
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Since the right-hand side of the latter equality is the Fourier transform of the Haar measure
mp, the lemma is proved. O

For A € B(C), define

Praoo(A) = %meas{t € [T,2T] : On (0 +ig(t); Q) € A}

To prove the weak convergence for Prn o, as T — oo, consider the function uy : Q — C
given by the formula
uN,a(w) = éN(O'r w; Q),
where
wn (m)ew(m)
mY

7

In(o,w;Q) = i

m=1

and

i wy (m)
m=1 m°
is the Dirichlet series for {n(s; Q). Clearly, the above series are absolutely convergent for
o> ”T_l The absolute convergence of the series for {n(s, w; Q) implies the continuity
for the function uy. Therefore, the function uy is (B(Q)), B(C))-measurable, and we can
define the probability measure Vy , = m Hugjrlg, where
mHuR,,lU(A) = my (ulf]/lgA), A e B(C).

Lemma 4. Suppose that ¢(t) € W(Tp) and o > "5 is fixed. Then, Pr,y o, converges weakly to

VN as T — oo.

Proof. By the definitions of Pr x o, Qr and uy 4, for all A € B(C),

PrNo(A) = %meas{r € [T,2T]: (p—i(p(t) ‘pe IP) c u&lv} —Or (”1:1,10)

Thus, Pr .00 = QTu]fjlg. Therefore, the lemma is a consequence of Theorem 5.1 from [10],
continuity of uy , and Lemma 3. O

The measure Vy , is very important for the proof of Theorem 1. Since Vy . is indepen-
dent of the function ¢(t), the following limit relation is true.

Lemma 5. Suppose that o > ”—51 is fixed. Then Vy - converges weakly to P; o, as N — oo,
Proof. In the proof of Theorem 2 from [4], it is obtained (relation (12)) that Vi, converges
weakly to a certain measure Py, and, at the end of the proof, the measure Py is identified by
showing that Py = P; o, [

For convenience, we recall Theorem 4.2 of [10]. Denote by D, the convergence in distribution.

Lemma 6. Suppose that the space (X, p) is separable, and X-valued random elements Yy, X1n, Xon, - - -
are defined on the same probability space with measure P. Let, for every k,

D
X — X,
kN N—o0 k

and

D
X — X.
k—o00
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If, for every e > 0,
lim limsup P(p(Xkn, YN) > €} =0,

k—oc0 N—oco
D
then Yy — X.
N—oo
Proof of Theorem 1. Suppose that {7 is a random variable defined on a certain probability
space (Q), B(Q), P) and distributed uniformly in [T,2T]. Since the function ¢(t) is con-
tinuous, it is thus measurable, and ¢(&r) is a random variable as well. Denote by Xy

the complex valued random element having the distribution Vy », and, on the probability
space (Q), B(Q)), P), define the random element

X1,Ne = In(o+ip(lT); Q).

Then, in view of Lemma 4,

D
Xt No — XN (13)
T—o0
and, by Lemma 5,
D
Ao oG Foae (14)

Define one more complex-valued random element

Y10 = §(0+ip(lr); Q).
Then, an application of Lemma 2 gives, for e > 0,

lim limsup P{|XtNnos — YTo| > €}
N—oo T 500

2T
< T/ T(s +i9(8);Q) — In(s + igp(t); Q)\dt = 0.

This, relations (13) and (14) show that all hypotheses of Lemma 6 are satisfied. Therefore,
Yr, —2— P
T,o Too ,Qo/

and this is equivalent to the assertion of the theorem. [

4. Concluding Remarks

By Bohr and Jessen’s works, it is known that the asymptotic behavior of the Dirichlet
series can be characterized by probabilistic limit theorems. It turns out that Bohr—Jessen’s
ideas can also be applied for the Epstein zeta-function {(s; Q) whose definition involves a
positive defined n x n matric Q. We prove that, for any fixed o > ”T_l,

%meas{t € [T,2T]: (0 +ip(t);Q) € A}, A € B(C),

converges weakly to an explicitly given probability measure on (C, B(C)) as T — oco. Here
¢(t) is an increasing differentiable function such that

@(2t)
@' (t)

For example, ¢(t) can be a polynomials or the Gram function. We recall that the Gram
function g(t) is the solution of the equation

<Lt t— oo

b(t)=(t—-1)m, >0,
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S
where 6(7) is the increment of the argument of the function 77~ 2I'(5) along the segment
connecting the points s = % and s = % 4+ it. It is known [11] that

g(h) = lfj;a +o(1))
and , o

§(8) = o (1 o(1)
ast — oo.
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