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Abstract: The exploration of heat transference in relation to fluid flow problems is important espe-
cially for non-Newtonian type of fluid. The use of the particular fluid can be found in many indus-
trial applications such as oil and gas industries, automotives and manufacturing processes. Since 
the experimental works are costly and high-risk procedures, the mathematical study is proposed to 
counter the limitations. Therefore, this work aims to study the characteristics of a fluid that com-
bines the properties of viscosity and elasticity, together with the porosity conditions, called the 
Brinkman–viscoelastic model. The flow is assumed to move over a horizontal circular cylinder 
(HCC) under consideration of the convective thermal boundary condition. The mathematical model 
is transformed to the less complex form by utilising a non-dimensionless and non-similarity varia-
ble. The resulting equations are in the partial differential equation (PDE) form. Subsequently, the 
equations are required to be solved by employing the Keller-box method (KBM). The solutions were 
conveniently evaluated by observing the plotted graphs in order to capture the propensity of the 
fluid’s behavior in response to the adjusting parameters. The study discovered that the viscoelastic 
and Brinkman variables had the impact of decreasing the fluid’s velocity and increasing the tem-
perature distribution. Nevertheless, when mixed convection and Biot numbers increased, the veloc-
ity profile exhibited the opposite pattern. Furthermore, increasing the Biot number raises the 
Nusselt number while decreasing the skin friction coefficient. These numerical results are critical 
for assisting engineers in making heat transfer process decisions and accurately verifying experi-
mental investigations. 

Keywords: Brinkman model; porous region; convective boundary condition; horizontal circular cyl-
inder; viscoelastic model 
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1. Introduction 
The boundary layer theory is very useful for tackling problems involving the move-

ment of two important elements, which are fluid and heat. When a real fluid flows across 
a stationary solid boundary, the viscous force exerts a significant influence on the velocity 
and thermal boundary layers [1]. To address expanding issues in technology and engi-
neering applications, a growing number of mathematicians are focusing on the study of 
convective boundary flow of non-Newtonian types of fluid. As per Jaiswal [2], the exist-
ence of the mentioned fluid happened when a fluid is subjected to shear stress, resulting 
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in rotation and shrinkage. Recently, there has been interest in convective flow problems 
involving various geometry and boundary conditions, for instance, the flow along a flat 
plate [3,4], over an HCC [5,6] and over a sphere [7,8]. 

The mixed convection flow was investigated in this paper due to its potential in in-
dustrial applications and engineering devices such as heating and cooling in channel 
flows. In particular, this flow results from the mutual reaction between natural and forced 
convections, on which the variation in surface temperature happens. Through a theoreti-
cal investigation, Acrivos et al. [9] were pioneers in the analysis of flow behavior associ-
ated with a mixed convection effect for the case of the broad section of the body at a stag-
nation point. Merkin et al. [10] analysed the flow in both situations of heated-cooled cyl-
inders via numerical integration approach and series expansion. The outcomes showed 
the boundary layer separation suppressed in the range of 0 180x° °< < . Ali et al. [11] de-
liberated on the convective fluid with microrotation and revealed that for opposing flow, 
the separation time is postponed at the stagnation point, but for assisting flow, this does 
not occur. In the geometry of HCC, Kasim et al. [12] presented the solution for the motion 
of viscoelastic fluid flow by highlighting the heat production features. The results sug-
gested that the movement and heat transmission characteristics were impacted by the vis-
coelastic parameter, along with heat production. Zokri et al. [13] explored the viscous dis-
sipation impact in a Jeffrey fluid flow across an HCC. The Jeffrey fluid parameter demon-
strated inconsistent behaviour for velocity and temperature distribution. The study was 
repeated the following year by Zokri et al. [14] utilising Jeffrey nanofluid. They noticed 
that raising the Eckert number resulted in a slight change in the physical quantities of 
flow. Nevertheless, at the cylinder’s stagnation point, the Eckert number has little influ-
ence on both velocity and temperature profiles. Mahat et al. [15] offered research on the 
flow of viscoelastic embedded with nanofluid and the presence of a viscous dissipation 
effect. The heat transfer coefficient is judged to be more successful and considerable at the 
stagnation point due to the principal heat source at the boundary conditions. Basha et al. 
[16] considered the investigation on fluid transport characteristics by embedding the en-
tropy generation towards the tangent hyperbolic nanofluids. Higher levels of mixed con-
vection increase overall entropy production and improve thermal convection parameters. 

The porous medium has been taken into account in this work. There are numerous 
papers in the literature that discuss convective flow in porous media [17–19]. The Brink-
man model, according to Alrabaiah et al. [20], elaborates on the fluid flowing in a high- 
porosity incompressible surface. Due to the extensive applications in the porosity field, 
such as grain storage, electronic devices and petroleum reservoirs, numerous studies have 
been conducted using the Brinkman model. Brinkman’s pioneering work in 1949 [21] con-
tributed a model employed in large holey surfaces. This scientist applied the Navier 
Stoke’s formula to study the flow triggered by the viscous force of minuscule spheres. 
Varma and Babu [22] investigated the flow over a porous channel under the effect of a 
magnetic field. The problem of nanofluid occupying a sphere saturated in a porous me-
dium by using the Brinkman model in two flow cases was examined by Tham and Nazar 
[23]. Considering the effect of mixed convection, the solution for aiding and opposing flow 
was obtained. They found that increasing the mixed convection parameter delays and 
suppresses boundary layer separation in the range 0 120x° °< < . Yadav [24] examined the 
onset of convection in a Darcy–Brinkman fluid and exposed that the Darcy number and 
gravitational forces were deferred during convection. In addition, Rafique et al. [25] in-
spected the motion of the fluid on Brinkman micropolar nanofluid and highlighted that 
the velocity of the fluid reduces as the Brinkman parameter increases. 

Another aspect influencing fluid flow heat transfer is the thermal boundary condi-
tion. The fact that the heat transfer surfaces are bared to a convective atmosphere at stated 
parameters means that the convective boundary condition (CBC) is likely the most often-
found boundary condition in practice. Convective boundary condition represents the con-
tact of detour wall conduction with the thermal film, which caused heated fluid and im-
pacted heat exchange efficiency. In the context of CBC, Alkasasbeh et al. [26] explored the 
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flow of a combined convection effect through a solid sphere. They found that raising the 
conjugate parameter reduces the thermal characteristics of the fluid. Moreover, the inves-
tigation of the boundary layer flow was addressed by Ramesh et al. [27] in the case of the 
moving flat plate. When a thermal gradient was given to the surface, the ratio regulating 
the temperature inside a body altered dramatically. Sarif et al. [28] investigated the influ-
ence of CBC set up in viscous fluid flowing through HCC. The same authors then ex-
tended their study for nanofluid flow, as documented in Sarif et al. [29]. In another paper, 
Ashraf et al. [30] studied the effect of CBC on mixed convection boundary layer flow of 
Casson fluid over a stretched sheet with Hall Effect. The author discovered that increasing 
the conjugate parameter improves thermal characteristics. Eventually, Mahat et al. [31] 
numerically investigated the steady mixed convection flow of a viscoelastic nanofluid un-
der the effect of heat generation. They concluded that when the Biot number upsurges, 
the fluid distributions are also increased. 

As an outcome of the research conducted, a new model of fluid flow has been pro-
posed. This study extended the basics of the Brinkman model to Brinkman–viscoelastic 
fluid in conjunction with viscoelastic knowledge. As a consequence, this study addresses 
mixed convective flow on an HCC of Brinkman-viscoelastic fluid immersed in a porous 
medium under the effects of CBC. The numerical results are attained using the KBM en-
coded in MATLAB R2019a software. The flow and heat transmission properties are exam-
ined and analysed for various values of the Biot number, mixed convection, Brinkman 
and viscoelastic factors. The proposed theoretical model enables it to investigate the prob-
lem of heat transfer in the porous region with viscosity and elasticity characteristics such 
as the filtration process of blood through a membrane, oil reservoir engineering and ma-
terial processing. The provided theoretical results will aid the engineers to make a better 
decision in the heat transfer process in order to generate high-quality products. 

2. Problem Formulation 
Referring to Tonekobani et al. [32], the variables of Cauchy stress tensor for viscoe-

lastic model are adopted as 

0 02 2p + kμ
∇

= − −I d dτ  (1)

Here, 0, , , μ
∇

I d d  and 0k  are declared as identity tensor, deformation rate tensor, up-
per-convected derivative, dynamic viscosity and the short-memory coefficient, respec-
tively. Next, the variable upper-convected derivative of tensor is defined as 

( ) ( )tr∇
= ⋅∇ − ⋅ ∇ − ∇ ⋅d V d d V V d  (2)

The above constitutive equation is used to obtain the boundary layer equation. This 
study deals with the laminar and steady mixed convection flow of a viscoelastic mode 
together with the Brinkman concept. Figure 1 depicts the physical configuration and fluid 
flow pattern, where the fluid is flowing through HCC in a porous medium. In a rectangu-
lar system, x  is calculated along the cylinder and y  is regarded perpendicular to the 

cylinder. 1
2

U∞  declared as velocity at free stream is assumed to move upward through 

the cylinder under the gravitational acceleration g  where T∞  is the surrounding tem-
perature. For thermal boundary condition of CBC, it is stated that fT  is the temperature 
when convection heats the cylinder’s surface from hot fluid, fh  is a heat transfer coeffi-
cient and k  is the thermal conductivity. 



Mathematics 2022, 10, 2023 4 of 16 
 

 

 
Figure 1. Fluid flow pattern through cylinder surface. 

The updated fluid model by Refs. [33,34] consists of continuity, momentum and en-
ergy equations under Boussinesq and boundary layer assumptions as follows 

0,u v
x y

∂ ∂+ =
∂ ∂

 (3)

( )

2 3 3 2 2

02 2 3 2

sin ,

e
e

uu u u u u u uu u k u v
K x y x y xy x y y y

xg T T
a

μ μ
φ

ρ β ∞

 ∂∂ ∂ ∂ ∂ ∂ ∂ ∂= + + + − + ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂ ∂ 
 + −  
 

 (4)

2

2 .m
T T Tu v
x y y

α∂ ∂ ∂+ =
∂ ∂ ∂

 (5)

with the referred boundary conditions 

( )0, 0,   at 0,

( ), 0, as .

f f

e

Tv u k h T T y
y

u u x v T T y∞

∂= = − = − =
∂

→ → → → ∞
 (6)

The velocity along x  and y directions are defined as u  and v  in the governing 
model, respectively. In addition, the external velocity flow is referred to as 

( ) ( )sin /eu x U x a∞= . 
By introducing the non-dimensional boundary layer variables from Ref. [35] as fol-

lows, 
1/ 2 1/ 2/ , ( / ), / , ( / ),

( ) / ( ), ( ) ( ) / ,f e e

x x a y Pe y a u u U v Pe v U
T T T T u x u x Uθ

∞ ∞

∞ ∞ ∞

= = = =
= − − =

 (7)

the PDEs (3) to (6) are transformed into a non-dimensional form, where / mPe U a α∞=  is 
a modifed Péclet number and yields to 

0,u v
x y

∂ ∂+ =
∂ ∂

 (8)
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4 3 4 3 3

3 2 4 3 23

13 2 2 3 2 2

2 3 2

Γ sin ,

u u u u u v u uu v
y y yx y x y y y x yu u k x

y yy u u u u u u
x y x x yy y y

θλ

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + + − ∂ ∂ ∂∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ = + +
 ∂ ∂∂ ∂ ∂ ∂ ∂ ∂ ∂− + + 

∂ ∂ ∂ ∂ ∂∂ ∂ ∂ 

 (9)

2

2u v
x y y
θ θ θ∂ ∂ ∂+ =

∂ ∂ ∂
 (10)

subjected to the transformed boundary condition 

( )0,      0,      1   at  0,

,   0,    0  as  .e

u v Bi y
y

u u v y

θ θ

θ

∂= = = − − =
∂

→ → → → ∞
 (11)

The following non-similarity transformation variables are used and have satisfied the 
Equation (8), 

( , ), ( , ),    ,   ,   x f x y x y u v
y x

ψ ψψ θ θ ∂ ∂= = = = −
∂ ∂

 (12)

where ψ  and θ  are defined as the stream function and fluid temperature, accordingly. 
Hence, by substituting Equation (12) to the Equations (9)–(11), the following systems are 
attained 

( ) ( ) ( )

( )

2
1

2

1

sinΓ 2 1iv

iv

xf f k f f ff f
x

f f f fxk f f f f
x x x x

λθ ′ ′′′ ′ ′′′ ′′− − − − − + = 

 ′′′ ′′ ′∂ ∂ ∂ ∂′ ′′ ′′′− − + ∂ ∂ ∂ ∂ 

 (13)

.ff x f
x x
θθ θ θ∂ ∂ ′′ ′ ′ ′+ = − ∂ ∂ 

 (14)

( ) ( )(0) 0, (0) 0, 0 1 ,      
sin( ) , ( ) 0, ( ) 0

f f Bi
xf f

x

θ θ

θ

′ ′= = = − −

′ ′′∞ → ∞ → ∞ →
 (15)

Note that ( )'  is the derivative term of y . The physical parameters involved in 

Equation (13) are declared as Da Pe
φ

Γ = , Ra
Pe

λ =  and 0
1 3

k KU Pek
aμ

∞= . Further, the non-

dimensional variables are demarcated as 2

KDa
a

=  and 
( )w

m

gK T T a
Ra

v
β

α
∞−

= . The de-

tailed formulation steps of the momentum equation starting from Equation (4) are pro-
vided in Appendix A. 

The PDEs (13) to (15) are converted to the less complex form (at lower stagnation 
region of the cylinder ( 0x ≈ )), 

( ) ( )2
1Γ 2 1 0,ivf f k f f ff f λθ ′ ′′′ ′ ′′′ ′′− − − − − − =   (16)

0.fθ θ′′ ′+ =  (17)

subjected to boundary condition 

( ) ( )(0) 0, (0) 0, 0 1 ,      
( ) 1, ( ) 0, ( ) 0.

f f Bi
f f

θ θ
θ

′ ′= = = − −
′ ′′∞ → ∞ → ∞ →

 (18)

The reduced physical quantities which were once mentioned by [33] are as follows 
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2
1/2 1/2

2/ Pr ,           .f
fC Pe x NuPe

yy
θ−∂ ∂= = −

∂∂
 (19)

3. Numerical Procedures 
The KBM is employed to solve the PDEs (13) to (15). This method is found to have 

unconditional stability, offers rapid convergence, is suitable for solving non-linear para-
bolic differential equations and can be modified to solve problems of any order [36]. 

The dependent variables in Equations (13) and (14) are transformed to a first-order 
system as presented below 

,f u′ =  ,u v′ =   ,v p′ =   .s t′ =  (20)

Thus, Equation (13) together with (14) are then transformed into 

( )2
1 1

sinΓp 2 1 ,x p f v uu k up fp v s xk u p v p
x x x x x

λ ∂ ∂ ∂ ∂ ′ ′ − − − − − + = − − +   ∂ ∂ ∂ ∂ 
 (21)

.s ft ft x u t
x x

∂ ∂ ′ + = − ∂ ∂ 
 (22)

and Equation (15) becomes 

( )0, 0, 1 at  0,
sin , 0, 0    as  .

u f t Bi s y
xu v s y

x

= = = − − =

→ → → → ∞
 (23)

Four steps are involved in the numerical technique process as shown in Figure 2. For 
the first step, a first-order system yielding from the simplification of PDEs is obtained. 
The achieved system is then written in finite-difference form with central differences. The 
finite difference is then linearised and converted to a matrix-vector form using Newton’s 
method. Finally, the method of blocking tridiagonal elimination provides the solution for 
the resulting system. 

 
Figure 2. Diagram for KBM. 
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4. Validation Procedure 
The algorithm is built from the KBM using MATLAB computational tools in order to 

analyse the characteristics of various physical variables existing in the final equation of 
the proposed model. The step size 0.02yΔ = , 0.01xΔ =  and the boundary layer thick-
ness of 8y∞ =  are used to ensure the results asymptotically meet the applied conditions. 
In a few limited cases, the current model is confirmed by relating the value of the skin 
friction coefficient to previously published outputs. The fixed parameters of 0.1Γ = , 

1 0k = , 1λ =  and Bi → ∞  are used, except otherwise stated. The current findings agree 
with Nazar et al. [33] and Tham et al. [35] as shown in Table 1. Table 2 also shows the 
comparison of momentum equations with the work carried out by Nazar et al. [33] and 
Tham et al. [35]. As a result, the proposed model is appropriate for further investigation. 

Table 1. Comparative value of 1/2 / PrfC Pe  at 0.1Γ = , Bi → ∞  and 1 0k = . 

x  
1λ =  

Nazar et al. [33] Tham et al. [35] Current 
0.2 1.1101 1.1115 1.111488 
0.6 3.1573 3.1696 3.169580 
0.8 4.0175 4.0387 4.038699 
1.0 4.7234 4.7555 4.755531 
1.2 5.2477 5.2921 5.292116 
1.6 5.6736 5.7447 5.744702 

Table 2. Comparative model in terms of momentum equations. 

Author Model (Momentum) Limiting Cases 

Current 

( ) ( ) ( )

( )

2
1

2

1

sinΓ 2 1iv

iv

xf f k f f ff f
x

f f f fxk f f f f
x x x x

λθ ′ ′′′ ′ ′′′ ′′− − − − − + = 

 ′′′ ′′ ′∂ ∂ ∂ ∂′ ′′ ′′′− − + ∂ ∂ ∂ ∂ 

 1 0k =  

Nazar et al. [33] ( ) sinΓ 1 0xf f
x

λθ′ ′′′− − + =  - 

Tham et al. [35] ( )( ) sinΓ 1 0xf f Nr
x

θ ϕ λ′ ′′′− − + − =  0Nr =  

5. Results and Discussion 
In this research, the value of the viscoelastic parameter 1k  is taken as a non-negative 

parameter 1k  since the study is aiming to investigate the outcome of the presence of vis-
cosity and elasticity properties. Therefore, the value of 1k  must be greater than zero to 
show the effect of viscoelastic properties. It is worth mentioning that the value of 1 8k ≥  
is chosen for the entire analysis. Furthermore, the mixed convection parameter, 0λ >  
shows the assisting flow and 0λ <  represents the opposing flow. To characterise the 
Brinkman factor, 0Γ >  is scrutinised due to the effect of porosity variation. The values 
for the Biot number are used within the range 0.05 0.2.Bi≤ ≤  Physically, there are no 
meaningful impacts on the boundaries when the large value of Bi  is employed. Figures 
3–10 show the velocity and temperature distributions at the stagnation point ( 0x ≈ ) for 
different values of 1k , λ , Γ  and Bi . Figures 3 and 4 are plotted against velocity and 
temperature profiles to demonstrate the fluid’s characteristics. It is noticeable that the dis-
tribution of velocity, ( )f y′ , reduces while the temperature, ( )yθ , intensifies with the 
greater value of 1k . Physically, this is due to both viscous and elastic properties resulting 
in the resistant motion of the fluid. Therefore, the temperature profile increases because 
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of the convection process. Next, Figures 5 and 6 show the variation in ( )f y′  and ( )yθ  
when the value of λ  changes. According to the figure, as the value of λ  rises, the 

( )f y′  increases but ( )yθ  decreases. This happens because buoyancy forces dominate 
the flow direction, causing the fluid to accelerate and the velocity profiles to rise. How-
ever, the convection process at the cylinder’s surface causes the heat transfer rate to in-
crease, gradually decaying the temperature profile. Figure 7 depicts the effect of Γ  when 
compared with the velocity distribution. From the figure, a decreasing trend in ( )f y′  is 
observed corresponding to the increase in Γ . Since the Brinkman parameter represents 
the porosity in porous media, the drag force raises as the Γ increases, resulting in a de-
crease in velocity [37]. Meanwhile, as shown in Figure 8, the ( )yθ  behaves in the opposite 
direction as the Γ  increases. Furthermore, Figures 9 and 10 show how the various Bi  
affect the fluid velocity and temperature profiles. In general, the Biot number is repre-
sented by convection followed by conduction at the surface of the cylinder. Analysis 
gained in Figure 10 shows that ( )f y′  slightly increases as the Bi  increases due to con-
vective heat transfer in cylinder surface. The ( )yθ  is also increased with an increase in 
Bi  in Figure 10. Physically, a higher Biot number present strong surface convection, 
which stores supplementary heat to the surface. Figures 11 and 12 present the local skin 
friction and Nusselt number towards the Biot number. From the figure, it is clear that the 

1/2 / PrfC Pe  is reduced and 1/ 2NuPe−  is inflated with the increment of Bi . The increase 
in the Biot number may exert the convective heat transference originating from the hot 
fluid to the cold surface of the cylinder that causes the increase in the heat transfer rate. 

 
Figure 3. Effect of 1k  on ( )f y′  when 0.1Γ = , 1λ =  and 0.1Bi = . 

f(
y)
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Figure 4. Effect of 1k  on ( )yθ  when 0.1Γ = , 1λ =  and 0.1Bi = . 

 
Figure 5. Effect of λ  on ( )f y′  when 0.1Γ = , 1 8k =  and 0.1Bi = . 

(y
)

f(
y)
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Figure 6. Effect of λ  on ( )yθ  when 0.1Γ = , 1 8k =  and 0.1Bi = . 

 
Figure 7. Effect of Γ  on ( )f y′  when 1λ = , 1 8k =  and 0.1Bi = . 

(y
)

f(
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Figure 8. Effect of Γ  on ( )yθ  when 1λ = , 1 8k =  and 0.1Bi = . 

 
Figure 9. Effect of Bi  on ( )f y′  when 1λ = , 1 8k =  and 0.1Γ = . 
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. 

Figure 10. Effect of Bi  on ( )yθ  when 1λ = , 1 8k =  and 0.1Γ = . 

 

Figure 11. Effect of Bi  on 1/2 / PrfC Pe  when 1λ = , 1 8k =  and 0.1Γ = . 
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Figure 12. Effect of Bi  on 1/ 2NuPe−  when 1λ = , 1 8k =  and 0.1Γ = . 

6. Conclusions 
The exploration of a Brinkman–viscoelastic fluid flowing across HCC by considering 

combined convective transport is presented. The analysis considered the heating process 
as the convective boundary condition. By including relevant non-dimensional and non-
similarity transformation variables into the governing equations, which include continu-
ity, momentum and energy equations, a dimensionless form of PDEs may be created. The 
numerical solutions are computed using the KBM and Matlab software. The results are 
compared with previously published articles in order to validate the proposed model. As 
a result, the numerical solutions show perfect agreement, indicating that the proposed 
model and method are appropriate for further investigation. In conclusion, all of the pa-
rameters investigated in this study have a significant influence on fluid flow behaviours 
and can be recapitulated as follow: 
1. It is observed that the viscoelastic and Brinkman parameter reduces the velocity pro-

file whereas the mixed convection parameter enhances the velocity profile. 
2. The Biot number elevates the velocity and temperature profiles. 
3. The Brinkman and viscoelastic parameter increases the temperature profile, whereas 

it can be decreased by enlarging the mixed convection parameter. 
4. The Biot number significantly diminishes the skin friction coefficient and elevates the 

Nusselt number. 
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Nomenclature 

a  radius of cylinder 1/2 / PrfC Pe  local skin friction coefficient 
U∞  free-stream velocity 1/2NuPe−  reduced Nusselt number 

fT  hot fluid temperature Ra  Rayleigh number 
T∞  ambient temperature Da  Darcy number 

fh  heat transfer coefficient y  Boundary layer thickness 
g  gravitational acceleration Greek Symbols 

x , y  coordinate surface  φ  porosity of porous medium 
u , v  velocity in x , y -directions μ  dynamic viscosity 

K  permeability β  thermal-expansion coefficient 

1k  viscoelastic parameter mα  effective thermal diffusivity 
of porous 

T  fluid temperature ψ  stream function 
k  thermal conductivity θ  fluid temperature 
( )eu x  external velocity Γ  Brinkman parameter 
Bi  Biot number v  kinematic viscosity 
Pe  modified Péclet number λ  Mixed-convection parameter 

Appendix A 
                             Problem formulation of momentum equation  
                             Non-dimensional variables 
                             From Equation (4), apply boundary layer variables (7), yielded 

                  
( ) ( )

( )

2

2 2

2 3 3 2 2

0 3 2 3 2
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y x y xa x y y y

μ μ
φ

ρβθ

∞
∞ ∞

∞
∞

∂∞ ∂= + +
∂∂

 ∂ ∂ ∂ ∂ ∂ ∂+ − + + − ∂ ∂ ∂ ∂∂ ∂ ∂ ∂ 

 (A1)

Then, multiply (A1) by K
Uμ ∞

 and define the dimensionless parameter as Da Pe
φ

Γ = , 

Ra
Pe

λ = , v μ
ρ∞

=  and 0
1 3

k KU Pe
k

aμ
∞=  for which 2

KDa
a

=  and 
( )w

m

gK T T a
Ra

v
β

α
∞−

= , ob-

tained 

                 
2 3 3 2 2

12 2 3 2sin cos sin ,u k u u u u u uu U x x k u v x
y x y xy x y y y

λθ
μ ∞

 ∂ ∂ ∂ ∂ ∂ ∂ ∂= Γ + + + − + + ∂ ∂ ∂ ∂∂ ∂ ∂ ∂ ∂ 
 (A2)

                             Next, differentiate (A2) with respect to y  will yield 

                 

4 3 4 3 3

3 2 4 3 23

13 2 2 3 2 2

2 3 2

Γ sin ,

u u u u u v u uu v
y y yx y x y y y x yu u k x

y yy u u u u u u
x y x x yy y y

θλ

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + + − ∂ ∂ ∂∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ = + +
 ∂ ∂∂ ∂ ∂ ∂ ∂ ∂ ∂− + + 

∂ ∂ ∂ ∂ ∂∂ ∂ ∂ 

 (A3)

                             Non-similarity transformation 
                             By introducing the variables in Equation (12), u and v  can be derived as: 

,    ,f fu x v x f
y x

∂ ∂= = − −
∂ ∂

 (A4)

                             Integrating Equation (A3), we obtain 
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      ( )
2 3 3 2 2

12 2 3 2 1 sin ,u u u u u u uu k u v x
y x y xy x y y y

λθ ∂ ∂ ∂ ∂ ∂ ∂ ∂= Γ + + − + + + ∂ ∂ ∂ ∂∂ ∂ ∂ ∂ ∂ 
 (A5)

In order to make the differentiation process simpler, several derivatives are obtained from 
(A4) and Equation (A5) becomes 

                    

( )

4 3 4 4

3 3 4 43

13 2 3 2 2 2 3 3

2 2 2 2 3 3

sinΓ 1 .

f f f f f f fx x f
y y xx y y y yf f xk

y xy f f f f f f f fx x
x y yy x y y y y y

λθ

 ∂ ∂ ∂ ∂ ∂ ∂ ∂+ − − ∂ ∂ ∂∂ ∂ ∂ ∂ ∂∂ ∂  = + + +
 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂− − + + 

∂ ∂ ∂∂ ∂ ∂ ∂ ∂ ∂ ∂ 

 
(A6)

                             Equation (A6) can be simplified as Equation (13). 
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