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Abstract: Metric fixed point theory has vast applications in various domain areas, as it helps in
finding analytical solutions under various contractive conditions, including non-linear integral-type
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1. Introduction

Metric fixed point theory has its roots in the famous Banach Contraction Principle [1]
of 1922. The principle has been applied in the setting of various metric spaces for the past
several decades to establish fixed point results. In the past decade, many researchers have
reported fixed point results for conformal mappings in the setting of various topological
spaces, such as partial metric space, cone metric space, cone b-metric space and so on—
see [2-16]. In the sequel, Azam et al. [17] introduced complex valued metric spaces, which
is a special class of cone metric spaces, and established the following fixed point result for
mappings satisfying rational inequality.

Theorem 1. Let (X, d) be a complete complex-valued metric space and S,T : X — X be two
mappings. If S and T satisfy

pud(x, Sx),d(y, Ty)
1+d(x,,y)

d(Sx, Ty) = Ad(x,y) +

for all x, y € X, where A, yu are non-negative reals with A + u < 1, then S and T have a unique
common fixed point in X.

The above theorem paved the way for the study of the existence of fixed point theorems
in the setting of complex valued metric spaces. The results of Azam et al. [17] were
generalized by Fayyaz et al. [18] and Sintunavarat et al. [19]. Subsequently, Rao et al. [20]
proposed complex b-metric spaces and studied certain fixed point results in the setting of
complex b-metric spaces.
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Later, Dhivya and Marudhai [21] introduced the concept of complex partial metric
spaces and studied the associated topologies and proved some fixed point results in the
setting of complex partial metric spaces. Then, Gunaseelan et al. [22] introduced the concept
of complex partial b-metric spaces and proved fixed point theorems thereon. Fixed point
results using (CLR) and (E.A.) properties in complex partial b-metric spaces were studied
by Leema et al. [23]. Gunaseelan et al. [24] proved some fixed point theorems in the setting
of complex partial b-metric spaces, generalizing proven results.

A variety of real-world problems are described through integral equations. The Fred-
holm linear integral equation or its non-linear counterparts—the Hammerstein integral
equation and its generalization—and the Urysohn integral equation are most commonly
used to describe many scientific problems. Many authors have studied various types
of integral equations and associated theories, cf. [25-28]. In [27], sufficient conditions
for the existence of a principal solution of a non-linear Volterra integral equation of the
second kind on the half-line and on a finite interval were obtained. In [28], Sidorov et al.
established the uniform convergence for non-linear Hammerstein integral equations (a
class of Urysohn-type integral equations) in the neighborhood about the bifurcation point
using the implicit function theorem and the Schmidt lemma. The techniques used in [27,28]
can be applied to study operator equations in Banach spaces.

Various researchers have reported the application of fixed point results to find ana-
lytical solutions of various types of integral contractions. Recently, Debanath et al. [29]
reported the application of metric fixed point theory to solve real-world problems in
various domain areas, such as science, engineering and behavioral science, etc. In 2013,
Sintunavarat et al. [30] generalized the contractive conditions in [17] and presented an
application to study the existence of a solution to Urysohn integral equations in the setting
of complex metric spaces, cf. [19,30]. In the recent past, Rajagopalan et al. [31] established
the existence of an analytical solution to non-linear integral equations of Voltera type, while
Fahad et al. [32] applied the fixed point results to examine the analytical solutions of the
integral equation of Caratheodory-type functions in modular metric spaces. In the recent
past, Abood et al. [33] analyzed the existence of analytical and approximate solutions for
a fractional quadratic integral equation, while Sarim et al. [34] introduced the concept of
fuzzy cone metric spaces called fuzzy integrable functions and ¢ fuzzy cone integrable
functions and established fixed point results in these spaces. More recently, Aslam et al. [35]
studied the application of fixed point results to find the solutions of Urysohn-type integral
equations in the setting of complex valued b-metric spaces.

Inspired by the above, in this article, we establish fixed point results in the setting of
complex partial metric spaces, extending the results of [21]. The achieved result has been
supported with a suitable example. We have also presented an application to find a unique
solution to a Urysohn integral equation. Throughout this paper, CPMS refers to complex
partial metric space.

The rest of the paper is organized as follows. In Section 2, we review certain basic
concepts and monographs reported in the literature. In Section 3, we present a fixed
point theorem and prove a corollary satisfying the contractive condition in the setting of
complex partial metric space and supplement the obtained results with a suitable example.
In Section 4, we present an application to find the analytical solution of a Urysohn-type
integral equation in the setting of complex partial metric space, using our main result.

2. Preliminaries

The following are required in the sequel.

Let C be the set of complex numbers and Z1, Z, Z3 € C. Let the partial order < on Cbe
defined as:

Zl = Zz if and only if RE(Zl) < RE(Zz), Im(Z1) < Im(Zz)

It is thus clear that Z; < Z; if one of the following holds:
(i) Re(Zy) =Re(Zy), Im(Zy) < Im(Zy),
(i) Re(Zy) < Re(Zy), Im(Zy) = Im(Zy),
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(ili) Re(Zy) < Re(Zy), Im(Zy) < Im(Zy),
(iV) RE(Z]) = RE(ZQ), Im(Zl) = Im(Zz)

Precisely, we can say Z; 3 Z; if Zy # Z; and any one of (i), (ii) and (iii) holds and we
say Z1 < Zp if (iii) alone holds.

It may also be noted that
(@ 027132 = |Z1]| <|Za],
b) 717 and Zp < Z3 — Z1 < Z3,
(0 nm,y€Randy <qy = nZ; 2 vZ; forall0 < Z; € (.

Here, C; (= {({,9)|C, ¢ € R4 }) represents non-negative complex numbers, while
R4 (= {¢ € R|{ > 0}) represents non-negative reals.

Usually, in a metric space, the self distance d(x, x) = 0, whereas in the case of a partial
metric space, it need not be equal to zero. Using this, Dhivya et al. [21] defined the complex
partial metric space given as below.

Definition 1 ([21]). Let X # @and dcy : X x X — Cybea map, such that forall I',Y, 3 € X:
(i) 0=dep(I,T) =2dep(I,Y);
(i) dep(I,Y) =dep(Y,T);
(iii) dep(I,T) = dep(L,Y) =dep(Y,Y) ifand only if T =Y;
(iv) dcp(rl Y) = dcp(rl 3) + dcp(S/ Y) - dcp(?)/ 3)
Then, dp is a complex partial metric on X and the pair (X, dcp) is called a CPMS.

Definition 2 ([21]). Let (X,dcy) bea CPMS. Let {{} be any sequence in X.

(i) {Cn} converges to T, if limy oo dep(3n, §) = dep(T, Q).

(i) {Cn} is CP-Cauchy in (X, dcp) if
By, s 400 dep (Tn, Cm) exists and is finite.

(iii) (X, dcp) is a complete CPMS if for every CP-Cauchy sequence {T,} in X if there exists
{ € X such that
Limy, m—+ o0 de(Cnxgm) = limy 40 de(gnfg) = dcr](gr 7).

Definition 3 ([21]). Let X # @ and let ® and ¥ be self maps on it. A point { € X is called a
common fixed point of ® and ¥ if { = ®f = Y.

The following theorem is the main result of Dhivya et al. [21].

Theorem 2 ([21]). Let (X, <) be a partially ordered set. Let d., be a complex partial metric on
X such that (X,dcp) is a complete CPMS. Let U,11 : X — X be a pair of weakly increasing
mappings and suppose that, for every comparable {, o € X, we have either

dep (8, BC)dep (0, 1p)
dcp(él ©)

whenever dcy (g, ) #0,a >0,b > 0anda+b <1,or
de(0g,1lp) =0 ifdcz?(gf ©) =0.

® € X is a common fixed point of U and 11 with d., (9, 9) = 0, if either U or 11 is continuous.

dcp(zjg/ H@) j a + dep(gr p)/

Now, we present our main result.
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3. Main Results
Throughout this paper, M represents the class of functions £: 0. — [0, 1) so that

£(Ca) =1 = [Cal =0,
for any sequences {{,} in C...

Theorem 3. Let (X, dc,) be a complete CPMS and let U, 11: X — X be two maps. Consider the
two maps ¢,g: C; — [0,1), such that, forall {, p € X,

@) e(Q)+9(0) <L

(ii)  the mapping £: 0 — [0,1) defined by £(7) = 1 E(C)

Aep(C, 0))dep(C,0C)dep (o, I
() dep (U2, 110) = <(dey(C, 0))dep(, ) + 202 E ) +’;i(£) (o 110),

Then, there exists a unique common fixed point for O and 11 in X.

belongs to 11;

Proof. Let {y € X be arbitrary. Consider a sequence {{,} in X such that

Cowt1 = Oloa,  Coat2 = Ulpayr1, Yo € NU{0}. 1)

By using Equation (1), we obtain

dcp(C2a+l/ €2a+2)
= dcp (U€2ar H€2a+1)
= e(dep(Qoar Gout1))dep(Gons Cont1)

0(dep(Coar Coat1))dep(Cous B02a ) dep (C2a+1, 20 41)
1+ dep(C2n, Coat1)

= e(dcp (CZM €2a+1 ) )dcp (€2a/ C-Za-i—l )

g(dcp(@ar €21x+1)>dcp(g2a/ €21x+l)dcp<€21x+1/ {oa+t2)
1+ dcp (éZa/ gsz—&-l)

= e(dep(C2ar C2u11))dep(C2as C2at1)

+

dcp(§2m Csz-&-l) )
1+ dcp(éZargzwrl)

= e(de(CZM €2a+1))dcp(52m €2a+1) + g(dcp(CZa/ €2a+1))dcr)(€2a+1/€2a+2)/

+ g(dcp((-Zm €2a+1))dcp(€2a+1/ €2a+2) (

which implies that

dcp me €2a+1 ))
dcp ngu €24x+1

dcp(§2a+1/ €2a+2 ( ))>dcp (€2m C2a+1)

£( cp(§2m€2a+1))dcp(€2a/ €2a+1)- ()
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Similarly,

dep(Qou+2,C20+3)
= dcp (€2tx+3/ €2“+2)

j E(dcp (€2a+2/ §2a+1 ) )dcp (§2a+2/ €21x+1 )

0(dep(C2a12, Coat1))dcp (L2012, B2 12)dep(L2ar1, U201 1)
1+ dcp (€2a+2/ Csz-&-l)

= ¢(dcp(Cont2, Couv1))dep(Coat2, Cont1)

9(dep(C2at2, Cont1))dep(Con+2, C2uat3)dep (Coat1, Goat2)
1+ dep(C2a41, C2ut2)

= ¢(dcp(Cont2, Cout1))dep(Coat2, Cont1)

_|_

dC e 7 14
+ 9(dep(Goat2, Couv1))dep(G2at2, Couts) (1 T Zﬁf&;j’zéjjz) )
= E(dcp (€2a+2/ 52&-&-1 ) )dcp (€2a+2/ §2a+1 )
+ 0(dep(Can+2, Gout1) )dep (Goat2, Coat3),

which implies that

dcp(§2a+2/ €2a+3 ( cp €2a+2/ g20‘—’_1)))))dcp(€20¢+2/ €2a+1)

0(dep(C2at2, Goat1
= £(dep(Cont2, Cont1)) dep (Loat2, Coat1)- 3)

From Equations (2) and (3), we have

dﬁp(gﬂw Zﬂt-i—l) j £(dﬁp(gzx—1/ gﬂé))dﬁp(gﬂl—ll éa),Wé e N.

Finally, we obtain

|dcp(§rx/ ga+l)‘ < E(dcp(gzx—lr gzx)) |dcp(§zx—1/ grx” < |dcp(€a—1f sz)LVlX eN. (4)

This implies that the sequence {|dcy({a—1,Cu)|}xen is monotonically non-increasing
and bounded below. Hence, |dcy(Zx—1,0a)| — § for some g > 0. We claim that g = 0.

Suppose not. Let us assume g > 0. Letting & — +-o00in (4), we obtain £(dcp (Za—1,{a)) —
1. Since £ € I, we obtain |d¢p({a—1,3a)| — 0. This is a contradiction. Thus, g = 0, that is

|dcp(§tx—1r gtx)| — 0. (5)

To show that {Z.} is a CP-Cauchy, we shall prove that the subsequence {(»,} is a
CP-Cauchy sequence based on Equation (5). Let us suppose that {{, } is not a CP-Cauchy.
Then, there exists ¢ € C with 0 < y, and for all i € N U {0}, there exists B > ax > k
such that

dcp(éthk/ €2ﬁk) = H. (6)
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Further, corresponding to aj, we can choose B in such a way that it is the smallest
integer with B > a; > k satisfying Equation (6), and,

dep(Gonyr Copy—2) < M-
By the definition of a CPMS, we derive that
H j dCP(&szkr gzﬁk) (7)
< c+dep(Qop,—2,02p—1) +Acp(T2p—1, G2y )- (8)
This implies
|ul < ldep(Canyr Cap ) < |1l + |dep(Cap,—2, Gopp—1)| + ldep(Cap, -1, Gop, ) |-
Therefore, we have
lul < kETm\dcp(Czakrézﬁkﬂ < [l ©)
Further, we have

dep(Coayr Gopy+1) = dep(Canys Copy) + dep(G2pir1s G2p,) — dep(Capyr C2py)
= dep(Conyr G2y ) + dep(C2py 41, C2p,)

and

|dep(Congr Coper1)| < Ndep(Sanyr Cop, )| + 1dep(Zap, 1, Copy ) |-

By using Equations (5) and (9) and as k — o0, we obtain

|dcp(€2ak/ €2/Sk+l)| - |V| (10)
By the definition of a CPMS, we derive that

dep(Zonyr Copyt1)

= dep(Comyer Comgt1) + dep(Comy+1, Copyr2) + dep(Copy 2, Copit1)
—dep(Cap,+2,Copyr2) — dep(Cong 41, Conyr1)

= dep(Conyr Gomr1) + dep(Cong 1, C2pir2) + dep(S2pi2, Cop 1)

= dep(Gongr Congr1) + dep(OCany, lap, 11) + dep(L2p,, G2py+1)

= dep(Canyr Comr1) + e(dep(G2nyr G2y +1))Aep (Goner C2pri)

(d

9 CP@Zak/gZﬁkJrl)) CP(CZ”‘k’ng"‘k) Cp(gzﬁk+1' ngﬁkJrl)
1+ dcp(éZak/ €2ﬁk+1)

+dep(Cap,s Gopei1)}
= dep(Goags Coupr1) + e(dep(Qonyr Cop+1) )ep (Gongs Cop+1)

0(dep(C2ays 0oppt1 ))Acp(L20yr Conp+1)dep (gZﬁk-i'l' €2ﬁk+2)
1 + dCP (éZDLkr €2ﬁk+l)

+

+dep(Lapys C2pit1)s
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which implies that

|dcp (gZDCk/ C2‘5k+1)‘
< |dep(Canyr Com+1)| + (dep (Goaer Gopy+1)) [ dep (Goaer Gopyv1) |

dep(Coner Cong+1)dep($ap 41, Copr2)
1+ dep(Gonyr Coppt1)

+ g(dCP (€20‘k’ §2,Bk+1))

+ |dcp(€2/3kf CZﬁk+l)|
< |dcp(€2ak1€2ak+l)| + e(dcp (€2akr€2ﬁk+l))|dcp(€2ak/ g25k+1)|

dcp (CZ:xk/ gZak+1 )dcp (§25k+1/ €2ﬁk+2)
1+ dcp (éZakr gZﬁk-H)

+ g(de (€2“k’ gZ,BkJrl))

+ |dep(G2py Coprr1)]

¢ (dCP (gZak/ g2,3k+l ) )
1- g(dcp(g?.akr Copr+1

< |dcp(€2ak/€2ak+l)| + ) |dCP(€2“k’€2ﬁk+1)|

dep(Coner Cong+1)dep($ap 41, Copr2)
1+ dep(Gongr Coppt1)

=+ g(dCP (€2ak1 g2,3k+1))

+ |dcp(€2/3kf gZﬁk+1)|
< |dcp(€21xk1€2ak+l)| +E(dcp@ZakréZﬁk—&-l))‘dcp(gzxkr gZﬁk+l)|

dep(Zouyr G20y +1)dcp(S2p, 11, G2py12)
1+ dep(Gonyr Coprt1)

+ g(dcp (€2“k’ gZﬁkJrl ))

+ |dep(C2p,, Coprr1)|
< |dep Qs Goag+1) |+ £(dep (Coyr G2 1)) 1dep (C2ayr Copyr1)]

dep (Gouyr T2y +1)dcp (L2115 G2py12)
1+ d6p(€2zxkz §2ﬁk+l)

+ 9(dep(Con,.s §2/3k+1))

+ |dep (G2, Coppr1)]-

As k — 400, we have

<t £y G Gen) ) ] < [l
That is

lim £(dCP (CZIXk/ gZ,BkJrl)) =1

k—+ o0

Since, £ € I, we obtain |dcp(Lax,, {2, +1)| — 0, which contradicts the fact that 0 < p.
Hence, {2, } is a CP-Cauchy, which proves that {{,} is a CP-Cauchy sequence. By the
completeness of X, there exists a point ¢ € X such that {, — & as & — 4-occ and

dep(9,9) = nLiTOO dep(Gn, 8) = ngToo dep(Gns Cm)- (11)



Mathematics 2022, 10, 2019

8of 13

Next, we claim that ¢ = @. On the contrary, if 3¢ # 8, then d, (¢, 0¢) > 0. Then,
we have

dey(8,009)

= dep(9, Qonv2) + dep(Coat2, B8) — dep(Toat2, Coat2)
= dep(9, Cont2) + dep(Caut2, U9)

=dcp(9, Qony2) +dep(Ul2a41,U0)

= dcp(8, Qony2) +dep(09, 1124 11)

8) 4 e(dep(, Cont1) )dep (0, Cons1)

i g (dcp (8, Coav1))d cp (0, U7~9)dcp (Coa+1,Ul2a41)
1+ dcp (19/ éZvH—l)

- dcp(€2a+21 19) + e(dcp(ﬂl €2a+1))dcp(l9/ €2a+1)

g (dcp (0, Coas1) )dcp (0, Uﬁ)dcp (Coa+1,C2a42)
1+ dep(8, Gont1)

= dcp(§2a+2/ 19) + e(dcp(ﬂ/ €2a+1))dcp(ﬁr €21x+1)

dcp (’9/ 619)dcp (€2a+1/ g2a+2)
1+ dcp(ﬁ/ gZa—i—l) ’

j dcp (§2zx+2/

+

+9 (dcp (%, C2at1))

which implies that

|dep(8, 00)| < |dep(Coa+2,0)| + e(dep (8, Goat1))dep (8, Cant1)]

dcza (19/ Uﬁ)dcza (§2a+1/ §2a+2)
1+ dcp (19/ €2a+l)

+ g(dcp(ﬁf €24x+1))

As & — +o0o, we have |d., (8, 58)| = 0, which is a contradiction. Hence, ¢ = ¢. It
follows that, similarly, I1¢# = ¢. Therefore, @ = U¢ = I19. Hence, ¢ is a common fixed point

of U and II. R
Let us suppose ¢ to be another fixed point, such that ¢ = U¢ = I1¢. We have

dep(9,0) = dep (U9, 119)

. - dep(8,9))dep (8, 5)d,p (8, 118
< e(dep(9,8)) ey (0,8) + 20t O 0,501y (0,00
1—|—dcp(19,19)

= ¢(dep(9,09))dep (0, 0).

which means that \dcp(ﬁ,ﬁ)\ < e(dcp(ﬁ,@)ﬂdcp(ﬁ, 8)|. Since 0 < e(dep(9, 8)) < 1, we
obtain |d,(9, #)| = 0. Therefore, 8 = 9. O

Corollary 1. Let (X,dcp) bea CPMS and I1: X — X be a mapping. If there exist two maps
¢,g: G4 —[0,1) such that forall {, p € X,

@ e(@)+9(d) <L

(i)  The mapping £: 04 — [0,1) defined by £(7) = I i(é)

dep(C, 9))dep (T, T )dep (g, 1T
i) dep (G, 10) = ey (€, )€, ) + L2 E ot G E 0 20

Then, 11 has a unique fixed point in X.

belongs to M;
s
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Proof. The result follows by putting O = II in Theorem 3. [

Example 1. Let X = {1,2,3,4} together with the order { < p if { < @. Then, < is a partial
order in X. Define dcy : X x X — Gy as follows:

() dcr](g/@)
(1,1),(2,2) 0
(1,2),(2,1)(1,3),(3,1),(2,3),(3,2),(3,3) e’k
(1,4),(4,1),2,4),(4,2),(3,4),(4,3),(4,4) 3¢k

Obviously, (X, dcp) is a complete CPMS, for k € [0, ]. Define U,11 : X — X by U =1,
1 ifge{1,2,3}
I(Z) = ,
2 iff =4
Define ¢, g: 1. — [0,1) by ¢({) = 1, 9(¢) = 3. We have the following cases:
)

1. {=1lwithp € X—{4}, = U(0) = U(p) = Land de,(5(7),(p)) = 0 satisfying
the conditions of Theorem 3.
2. Ifl=19p=41then0C =1 1p=2,

dc(UZ:/H@) — eZik =< geik

. Eik
= %elk + g(dcp(é, @)) %
= ¢(dep(Z, 9))dep (T, 9)

dep (8, 00)dep (0, L) '

+9(dep(T, 9)) 1+dep(C, )

3. If0=2p=4then=1lUp =2,

ey (U, 1) = & = (54 3 )

3 i (eik)3eik
= Ee’ +a(dep(, @))7

= ¢(dep(Z, 9))dep (T, 0)

dep (C, 6€)dcp(p/ Ip) .

+9(dep(Z, 9)) 1+dep(Z, p)

4. If0=3p=4thenOC=11p =2,

ey (U, 1) = & = (54 3 )

3 . ik 3 ik
— Eelk + g(dcp(gr p))%
= e(dep(L, 9))dep (T, 0)

dep (¢, Ug)dcp(p/ p)
1+dep(C o)

+a(dep(8, 0))
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5. Ifl{=49p=4then0f=11p=2,
ik 1N i
dep(07,11p) =€ =3 5 + 3 e

3. 3 ik 3 ik
= 30t g0, ) 20
=e(dep(C, 9))dep (L, 9)

dcp(gr Gg)dCP(p/ H@)
1+ dcp(gf ) '

Theorem 3 is satisfied. Hence, U and 11 have the unique common fixed point 1.

+ g(dcp(gr ©))

4. Application

We now present our application to Urysohn-type integral equations. Consider the system

alh) + [ Uy (,5,2(s))ds

¢(n)
(12)
{p(h) = a(h) + [} Ua(h,s, 0(s))ds,

where

1. {(h) and p(h) are unknown variables for each h € [x,y], x > 0,
a(h) is the deterministic free term defined for I € [x,y],
3. Uj(h,s) and Uy(h,s) are deterministic kernels defined for &, s € [x, y].

Let X = (C[x,y],R"),qg > 0and dp : X x X — R" be defined by

N

dep(C,0) =10 — ol +2+i(I0 — o] +2),

forall ,p € X.

Obviously, (Clx,y],R",d.p) is a complete CPMS. We consider the Urysohn-type
integral system as in Equation (12) with the following;:

1. a(h)eX;
2. There exist two mappings ¢,g: 0+ — [0,1) by ¢({) = 4 and g({) = 0 such that
¢(0) +9(0) <1,

3. U, U:[xy] x[x,y] x R" — R" are continuous functions such that

|Uy(h,s,(s)) — Ua(h,s, p(s))| = 2|(§y—_px) - yix'

Theorem 4. Let (C[x,y],R", pcp) be a complete CPMS, and then the system in Equation (12),
satisfying 1-3 above, has a unique common solution.

Proof. For {, p € X and g € [x,y], let us define continuous maps, 5,11 : X — X by

Oz() = a(h) + [ Urlh,s,5()ds,

and

Mp(h) = a(h) + /xy Us(h,s, o(s))ds.
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Next, we have
dep(OZ(h), Up(h)) = [O7(h) — LUp(h)| +2+i(|Of(h) — Hp(h)| +2)

- ./;’ \Uy(h,s,2(s)) — Ua(h,s, o(s))|ds + 2

il [ 1l 29 - Ui o(s)) s 1.2
<Gl e
S5
_ls (k)

¢ — ol (1C=9
=75 +1+1< 5 +1)

=e(Q)¢ -l +2+i(IT - p[+2))

dep (C, Ug)dcp (p, Hp)
T+dep(G o)

Thus, all the conditions of Theorem 3 are fulfilled and hence the system of Equation (12)
has a unique common solution. O

=¢(0)dep(Z, ) + 8(dep(Z, 9))

5. Conclusions

It is a proven fact that the Banach contraction principle and its generalization in the
setting of various topological spaces can be applied to find fixed point results and analytical
solutions to various types of contractions, including integral-type contractions. In the
first part of our paper, we established common fixed point theorems in the setting of a
CPMS. In the application section, we applied the derived result to find the solution of
Urysohn-type integral equations, in the setting of the CPMS. It is an open problem to
further investigate the fixed point results for multi-valued contractions in the setting of
complex valued partial metric spaces.
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