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for co-ordinated convex functions via g1, g;-integrals. Since the inequalities are newly proved, we
therefore consider some examples of co-ordinated convex functions and show their validity for
particular choices of 41,42 € (0,1). We hope that the readers show their interest in these results.

Keywords: Hermite-Hadamard inequalities; convex functions; co-ordinated convex functions;
quantum calculus

MSC: 05A30; 26D10; 26D15; 26 A51; 26B25; 81P68

1. Introduction

Quantum calculus (sometimes is called g-calculus) is known as the study of calculus
with no limits. Note that g-calculus can be reduced to ordinary calculus if we take lim,_,;. It
was firstly studied by the famous mathematician Euler (1707-1783). In 1910, F. H. Jackson [1]
determined the definite g-integral known as the g-Jackson integral. Quantum calculus has
many applications in several mathematical areas such as combinatorics, number theory,
orthogonal polynomials, basic hypergeometric functions, mechanics, quantum theory, and
theory of relativity, see, for instance, [2-7] and the references therein. The book by V.
Kac and P. Cheung [8] covers the fundamental knowledge and also the basic theoretical
concepts of quantum calculus.

In 2013, J. Tariboon and S. K. Ntouyas [9] defined the g-derivative and g-integral of
a continuous function on finite intervals and proved some of its properties. Many well-
known integral inequalities such as Holder, Hermite-Hadamard, trapezoid, Ostrowski,
Cauchy-Bunyakovsky-Schwarz, Griiss, and Griiss—Ceby3ev inequalities have been studied
in the concept of g-calculus, see [10] for more details. Based on these results, there are many
outcomes concerning g-calculus. For example, in [11], some new Hermite-Hadamard type
inequalities were established for co-ordinated convex functions and Simpson’s type in-
equalities for co-ordinated convex functions were established in [12]. In [13], Kalsoom et al.
used co-ordinated n-polynomial preinvexity and proved some Ostrowski type inequalities
for quantum integrals. In [14,15], the authors used quantum integrals for the functions of
two variables and proved some new Hermite-Hadamard type inequalities for co-ordinated
convex functions.
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In 2020, S. Bermudo et al. [16] newly defined the g-derivative and g-integral of a
continuous function on finite intervals, called qb—calculus, while the definition of J. Tariboon
and S. K. Ntouyas is called g,-calculus. Moreover, in their paper, they proved Hermite—
Hadamard inequalities for convex functions and h-convex functions by using such the
new definition.

The Hermite-Hadamard inequality is a classical inequality stated as: If f : [a,b] — R
is a convex function, then

Inequality (1) was introduced by C. Hermite [17] in 1883 and was investigated by
J. Hadamard [18] in 1893.

In [19], Alp et al. proved the following quantum Hermite-Hadamard inequality for
convex functions using the following quantum integrals:

Theorem 1. If f : [a,b] — R is a convex function, then we have

a-+b b .
f(qu‘J)gbia/af(x)”dquW- )

Bermudo et al. also proved the corresponding Hermite-Hadamard inequality for
q'-integrals, as follows:

Theorem 2. If f : [a,b] — R is a convex function, then we have

a+qb 1P fla) +qf(b)
P ) = ot [ et < FEEAE ©

Recently, Sitthiwirattham et al. proved some new quantum Hermite-Hadamard
inequalities for convex functions by using their new techniques.

Theorem 3. If f : [a,b] — R is a convex function, then we have
a+b 1|, b
f< - )<b_a |7 p) et o [ sy

Moreover, Ali et al. proved the following new version of quantum Hermite-Hadamard
inequality involving a g,-integral and g’-integral. They also proved some inequalities for
estimations of the left and right hand sides of this inequality.

SYIOES I

Theorem 4. If f : [a,b] — R is a convex function, then we have

b

(5) =i [ff(x) A Ju 00 P

YIOESIUIN

When f : A — Ris a co-ordinated convex function, S. Dragomir [20] presented the
Hermite-Hadamard type inequalities in 2001 as follows:
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Theorem 5. If f : A — R is a co-ordinated convex function, then we have
a+b c+d 17 1 b c+d 1 4 (a+b
f( 2 "2 )52[—oz/f<x’2>dx+—c/cf< 2 ’y>d4
S—a@d—0 / /fxy dy dx
gé[ _a</fxcdx+/fxd > (6)
_C</C f@a,y) dy+/c f(b/y)dyﬂ

< ;Uf(a0)+ f(bc) + f(a,d) + f(b,d)].

N

Inspired by the ongoing studies, we prove some new versions of quantum Hermite—
Hadamard inequalities for co-ordinated convex functions. We also show the validity of
newly established inequalities with some examples for particular choices of 1,4, € (0,1).

The structure of this paper is as follows: The fundamentals of g-calculus for one and
two variable functions, as well as other relevant topics in this field, are briefly discussed in
Section 2. In Section 3, we establish new variants of the g-Hermite-Hadamard inequality
for co-ordinated convex functions. We present some examples in Section 4 to illustrate the
newly established inequalities. Section 5 concludes with some research suggestions for
the future.

2. Preliminaries

Throughout this paper, we let A := [2,b] X [c,d]| CRxR,0<g<land0<g; <1
for i = 1,2. The definitions of g-calculus, co-ordinated functions, and g-calculus for co-
ordinates are given in [9,14-16,20].

Definition 1 ([9]). Let f : [a,b] — R be a continuous function. Then, the q,-derivative of f at

x € (a,b] is defined by 1
aDgf(x) = f(x) (—1{(29)5(-; (_ a—) q)a).

The qq-integral is defined by

[ F® gt =00 -0) g f e+ (1))

Example 1. Let f(x) = x? for x € [0, 1]. Then, we have

f(x) = fgx+ (1 —49)0))

0Def () = = = o —0)
_ f(x) = f(gx)
(1—q)x
xZ o quZ
(1—q)x
=(14+9)x, for x € (0,1].

Example 2. Let f(x) = x for x € [0, 1]. Then, we have

01/2f()odX—(1—q<—0)i #((3) +a-a0)

n=0

1—9¢g nl 9"
2or(%)
2 H;O 2
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1_qoo 2n
=0 q
T L

_1-q( 1
4 \1-¢2

_ 1
~ 4(1+9)

Definition 2 ([16]). Let f : [a,b] — R be a continuous function. Then, the q*-derivative of f at

x € [a,b) is defined by : )
bmﬂ@:ﬂﬂoﬁgggmwx

The qb-integral is defined by
b )
| A0 gt = (=)0 =) Y a"f@"x+ (1= g")0).
n=0
Example 3. Let f(x) = x? for x € [0,1]. Then, we have

1Wﬂ”‘ﬂﬂﬁﬁ%$giwm

_ P (qx—gq+1)
T i—qG-1)
1+g)x+1—gq, for x € [0,1).

Example 4. Let f(x) = x for x € [0, 1]. Then, we have

1,ﬂﬂ1%x:(1—w<1—;>§;¢7<f<;>+(P—Wﬂ>

1/2

n=0
1-— — n 1 & 2n
Sty
S 1-qf 1 1/ 1
Rt
1 1
T2 4(1+49)

Definition 3 ([20]). A function f : A — R is said to be co-ordinated convex (or convex on
co-ordinates) if the partial mappings

friledsv—= f(x,0) €R and fy:[a,b] >u— f(u,y)eR
are convex for all x € (a,b) and y € (c,d).
A formal definition for co-ordinated convex functions may be stated as follows:
Definition 4 ([21]). A function f : A — R is said to be convex on co-ordinates if

ftx+ 1=tz Ay+ (1 —A)w) <tAf(x,y) + 1 = A)f(x,w) + (1 —t)Af(z,y)

+(1-t)1-A)f(z,w) @

holds for all t, A € [0,1] and (x,y), (z,w) € A.
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Definition 5 ([14]). Suppose that f : A — R is a continuous function of two variables. Then, the
definite integral is given by

/ax /Cyf(t’s) chZS adqlt = (1 - ql)(l — qz)(x — ﬂ) (y _ C)

X Z Z qiqy f(gix + (1 —qf)a,q5'y + (1 —g5')c).

n=0m=

Definition 6 ([15]). Suppose that f : A — R is a continuous function of two variables. Then, the
definite integrals are given by

Ax /ydf(t,s) ddqu adqlt = (1 — ql)(l — qz)(x — Cl)(d _ y)

7192 f(g1x+ (1 —qf)a, g5y + (1 — q3')d),

agk
hgk

X
0

Il
o

n m

by
| F09) cdas Pyt = (1= a0) (1 =) (0 = 1) = o)

iobmzf qix+ (1 —q1)b,q3'y + (1 —g3')c)

hgk

X

3
Il

o
3

and

b pd
[ 69 s gt = (1= )1 = )b - x)(d )

X 7195 f(gix+ (1 —q7)b,q5'y + (1 —q3')d).

[7e
[1e

n=0m=0

3. Main Results
In this section, we prove some new Hermite-Hadamard inequalities for co-ordinated

convex functions.

Theorem 6. Let f : A — R be a co-ordinated convex function. Then, we have
a+b C+d a+h C+d
f<2’2>§(bfa c[/ / flay) Fgy Fdgx
n+h (+d
+/ de X, y C*“dQZy 2 dtilx +/+,7/ f X y) 2 dthy ““’dqlx (8)

+/ﬂ Mf(xry) %d%y %dihx:|
2 2

< fae) + fa,d) + f(be) + f(bd)
= 4

Proof. Since f is co-ordinated convex, we have

14t 1—t¢ 1/1-—t 1+t 1/1+s 1-s 1/1-s 1+s
(a—!—b)—i—z( 5 a-+ > b),z( 5 c+ 5 d>+2< 5 c+ > d))
1+t 1—t 1+s 1-s 14t 1—-t 1-s 1+s
( 5 a+ > b, 5 c+ 5 d) +f( > a+ > b, 5 c+ > d) 9)

1—t¢ 1+t, 1+s 1-—s 1—t¢ 14+¢t, 1—s5 1+s
b d b d
+f< At — b ——ct— >+f( 5 At — b ——ct— )]

where t,s € [0,1].
qa,c-Integrating both sides of (9) over [0, 1] x [0, 1], we obtain
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a+b c+d 1 st 1 1+t 1—t 1+s 1-s
< = d ) od dg t
f( 2 4 2 )74{/OAf 2 ’ 2 C+ 2 >0q250 q
1 1—|—t 1—t 1—s 1+s
+/O/Of< 5 b ——c+ — d> odgys odg, t
1 1—t 1+t 1+s 1-—s
+/ / f< B b, 5 ¢+ d) oquSOdqlf

2
1—t 1+t 1-—s 1+s
+// ( e R Odqzsodqlt}

4(11+12+13+14)

By Definitions 5 and 6, we have

Ll /14t 1—t 14s 1-s
11:/0 /O f( 5 a b, 5 c+ > d) Odv]zsodmt

1 T—g' 1+q  1—g0
q2f< +4q7 a4 ‘71b, +’12C+ 2’12d)

+

gk
ngERS
)

—3

=(1-q1)(1—-4q2)

n=0m=0 2 2
—(1—fh)(1—qz)2ququ<q1a+( e ,q26+( —q5') )
=0m=
4 Lﬁb # ctd atb
e [ [ o S e

Similarly, we obtain
12_/1/1f(1+ta+1—tb’1;sc+142rsd) odgys ody
~(b—a) _C/ de % y#dmx,
13:/0/Of(lgtaJrlztb,l;Schl;Sd) oS odo

S S T dy and
T W-a)d—o /“f’/c f(xy) 7Y apblg X

and

vt 1—t 1+t, 1—s 1+s
14://f( a+ 2 b, 5t — d) 0dg,S odg, t
- _g —C /1+h ifx]/ C+ddq2y thqlx

2

Replacing Iy, I, I, and 14 in (10), we obtain

a+b ct+d

f(“ﬁb,cgd) < (bfu)l(dfc) [/ / Flry) Fdgy Hdgx

n+h C+d
+/ de xY) cradgyy k3 dqlx +/1+b/ fley) = dqzy ﬂ+bdq1

/’1+b erd f X, ]/ c+d dqzy n+b dql :|

2

Thus, the first inequality of (8) holds.
Next, by co-ordinated convexity of f again, we have
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f(1+t 1—t 1+s 1—sd)g(1+t)(1+5) fla,d)

(1+8)(1—s)
T N 4 fla,e)+ 4

1-1)( 1-1)(1 10
+(_)4ﬂf(b,c)+(_)4gf(brd)/
(e 5tetyter %) < R0 + L g a1
n Wﬂb,c) + Wﬂb,d%
f<1;ta+ T ey 1;Sd> < (l_tL(HS)f(a/CH(l_t)z;ﬁf(”’d) 12)
n Wﬂblc) i Wf(b,d)
and
f(lgta—&- 1—2i_tb,1;5c+ 1_2'_501) < (1—t{4(1—5)f(atc)+Wf(u,d) (13)
+(1+t)4ﬁf(b,c)+(l+t)4w]f(b,d).
Summing (10)—(13), we obtain
14+t 1—t 1+4s 1-—s 1+t 1t 1-s 145
f(2“+2b’2c+2)+f( zb'2c+2d)
+f(1;tu+1—2i—tbll—2&—sc+1; d)+f( ;ta+1;rtb11;sc+142rsd) (14)

< f(a,c)+ f(a,d)+ f(b,c) + f(b,4).

qa,c-Integrating both sides of (14) over [0, 1], the second inequality of (8) holds. The
proof is completed. [J

Theorem 7. Let f : A — R be a co-ordinated convex function. Then, we have

a+b c+d

f(anrb’CjZLd> = (b a)l(dc) Ua 2 /c S Coy) ey oy x

+/ dexy qzyadqlx"‘[Hb/ fxy) dg,y Vdg x

* /m oo S0Y) gy bdchx}
2 2

- f@0) + flad) + f(b,e) + f(b,d)
- 4

(15)

Proof. Since f is co-ordinated convex, we have
a+b c+d 1/t 2—t 1/2—t t 1/s 2—5s 1/2—s s
1 t 2—t, s 2—5 t 2—t 2-—s S
< = — — b — — - bh — —
_4{f<2u+ > b,2c+ 5 d) +f<2a+ > b, > c+2d> (16)
2—t t, s 2—3s 2—t t. 2—s S

where t,s € [0,1].
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qa,c-Integrating both sides of (16) over [0,1] x [0, 1], we obtain

f<a+b,c+d>_4[//f( +—b zgsd)odqzsodqlt
+//f<a+ — L d) 0dgyS odg t
s (R ;; 2250 ooyt 47
wf G e 39)

4(15+16+17+18)

nELPYRLY| 0dg,8 od,ht}

By Definitions 5 and 6, we have
S 2—s
Is = / / f( e 2d> oS od
0o 0 n 2 _ gh m 2 _ g
—0-w0-w ) Y q?qs"f(”’gw 2l ey 2 0a)

—(-m-m ¥ Y aeds (o (50 + @ -abvag (S50) + - ap)

Similarly, we obtain

1 r1 t s
4 b5t
= T—c /m / f(x,y) cdgyy bdchx/
2—
I; —/ / f< a+ - b EC—F 5 Sd) Odqzs Odq1t

= b—a) _C/ %fxy dqzyadthx

and

S

- [ [ (5"

= m/u /c i f(x,y) cdgyy addg, x.

Substituting Is, Ig, I7, and Ig in (17), we obtain

555 o [ o

a+b c+d
+/ de x,Y) qzyadmx*'/ﬂ,/ Fxy) cdgy Vg, x

/z+b ctd f X ]/ 2]/ bdqlx]'

2

IN

Thus, the first inequality of (15) holds.
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Next, by co-ordinated convexity of f again, we have

(2 t)s 2—t)(2—s) (18)
2 0+ 22 1,0,
f(£a+22tb,225c+;d) < ”L(%S)f(a,cw%sf(a,d) "
n (2-— tL(Z _S>f(b,c) . (Zjlt)sf(b,d),
(3t poaer 350) < B w0+ B3
+ 2 f(bo)+ “24_5)f(b,d)
and
f<2;ta+;b,22_sc+;d> S(z_tllﬁf(a,c)—ﬁ—(z;it)sf(a,d) on
tH(2—s) ts
+ 22 f(b,0) + L f(b,d).

Summing (18)—(21), we obtain

t 2—t, s 2—5 t 2—t 2-—s S
f(z“ 2 b'i” 2 d)”(z“zb'z”zd)
t L2-s 2—t t 2-s5 s (22)
< fla,c) +f<a,d> +f<b, ¢) + f(b,d).

qa,c-Integrating both sides of (22) over [0, 1] and then multiplying by %, the second
inequality of (15) holds. The proof is completed. [J

Theorem 8. Let f : A — R be a co-ordinated convex function. Then, we have

ﬂ+b C+d 1 L;b C+d a+b C+d
= A a
f( 5 o )Z(b—a)[,/a f(x, > > dq1x+/+b <, 5 );bd,hx]
! G (ath N o d  (a+b
+2(d—c)[/c f( ,y> Yy + de( . ,y> cyd%y]

1 b pegd c+d atb
ST_C /a /c flx,y) Tdgy 2 dgx

a+b b # ctd
+/ de x,Y) c+ddqzy dq1x+ﬁ+b/ flx,y) T dgy agp gy X

(23)
b [ ) iy o
2

2

34(17_01)[“ flx,0) + f(x,d) 2 d

4(;_6)[/6% y)+f(by) Ty | +

< fla, o)+ f(a,d)+ f(bec) + f(b,d)
= 4

4(b1—a) [/i flxe)+ f(x.d) mdq]x}

2

s g L @+ ) ]

2
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Proof. Let gy : [a,b] — R be a function defined by g,(x) = f(x,y). Then, g, is convex on
[a,b] because f is co-ordinated convex on A. By Theorem 3, we can write

ﬂ+b 1 L;b L‘*’b b gy(ﬂ)+gy(b)
8y<2> S l/” gy(x) 7 dgx+ %gy( )a;bd,hxl <SS
That is,

+b
(50) <5

q“-Integrating both sides of (24) over [c, “4¢] and then dividing by (d — c), we have

1 St la4b cd
d_c/c f(,y) ? dgyy

{/ floy) Frt [, ' F) g x } < J@NEIOW) o)

u+b C+d c+d C+d
S(bfa fC l/ / fxy E ‘12-1/ qu1x+/+b/ fx]/ 2d72yﬂ+bd71x] (25)
c+d
< 5= / fla,y) + f(by) Fdgy.
Similarly, g.-integrating both sides of (24) over [¢3¢,d] and then dividing by (d — c),
we have
1 4 (a+b
d—c/fzdf< 2 ,y> eyt .Y
a+b
S b—a)(d—c) [/ de X, Y) c+ddq2y dq1x+ gt %f(x ,Y) Md,hy Hbd,h ] (26)

IN

2(011_C) if(“ y)+f(by) exadgyY-

2

Let hy : [c,d] — R be defined by hy(y) = f(x,y). Then, hy is convex on [c, d] because
f is co-ordinated convex on A. By Theorem 3, we can write

c+d

c+d 1 e ctd d
hX( 5 ) < i_c l/ hx(y) 1 dfh]/+/c+d hx(y) #d‘hy
¢ v

That is,

hx(c) + hy(d)
—

S+ f(rd) -

C+d C+d
o) < | [ A Fgre [ 7o) | < L207

q’-Integrating both sides of (27) over [a, %5!] and then dividing by (b — a), we have

a+b
1

v c+d
b—ll/u f<x’ 2 ) d’h

_a —C [/ / fxy 2 dthy 2 dq1x+/ ifxy c+ddq2y 2 d'h (28)
2

| /\

1 b ath
2

Sm/ﬂ f(x,c) + f(x,d) 2 dgx.

1

Similarly, g,-integrating both sides of (27) over [%£¢, b] and then dividing by (b — a),
we have
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1 bt
~(b—a)(d—c) [/;b/c fly) ey agbdgy X + ap %f(x Y) egadayy appdg, x| = (29)
1
S 3 —a) #f(x,c) + f(x,d) #d[ﬁx.

Summing (25), (26), (28), and (29), we derive

1 # C+d b C+d
Z(b—u) [/a f<x' 2 ) d‘ilx+ _;f(X, 2> L;bdqlx
1 C+d a+b C+d d a+b
+2(d—c) l/c f( /y) dg,y + C+df( 5 ,y) #dqzy

a+b c+d +b a+b
Si(b—a =0 [/ / f(x,y) quzy dq1x+/ /+dfxy c+ddq2y7dql

c+d (30)
s b
/m/ flry) Fdgy ash gy X + gt ﬂf(x,y) exadoyy a;bd%x]
ot
§ [/ f(x,c)+ f(x,d) Zd,hx—l—/ fxc)—l—f(xd)mdqlx]
%
l Fla,y) + fb,y) T dgy + Mf(a y)+ f(by) c+ddq2y]

Now, the second and the third inequalities of (23) hold.

c+d

For the first inequality, by the left hand side of the inequality (24) with y = %,
we have

a+b c+d 1 aph c+d ot b c+d
< -
f( 2 ' 2 )‘b—al/a f<x’ 2 ) dgyx + +f<x' 2 )”?bdqlx] (31)

2

b

and by the left hand side of the inequality (27) with x = %52, we obtain

a+b c+d 1 S (a+b e i fa+b
f( 27 2 )<d—c[/c f( fl/) g,y + de( > ,y> szdqzy]. (32)

Combining (31) and (32), we obtain the first inequality of (23).
Using the right hand side of (24) with y = c and y = d, we obtain

S@ b0

11+b
l/ flx,c) dqlx—l—/ f(x,c) Hbd,h 5

and

SYICXIESICU R

7

n+b
= [/ Flx,d) dqlx—i—/ F,d) wyady x| <

respectively. Using the right hand side of (27) with x = a and x = b, we have

SFIURES{CXI

c+d
[/ fla,y) 2d2y+/ fayc+ddqzy



Mathematics 2022, 10, 1962 12 of 20

and

SYIULES (IR

cid .
ey
_c l/ f b 3/ dq2y+ #f(b,y) #dqzy

respectively. Replacing (33)-(36) in (30), we obtain the last inequality of (23). The proof is
completed. O

Theorem 9. Let f : A — R be a co-ordinated convex function. Then, we have
fa+bc+d 1 /“éhfxc+d dx+/hfxc+d by o
272 )= 20b—a) | 2 )0 ap 7 \" 2 o
1 St la4b d  lfa+b \ g4
+2(d—c)[/c f( ,]/) cdgpy + Mf( ,y> dgy
atb  cbd

e Ua U ) gy sy

ﬂ+b c+d
Jr/ de X, y dﬂzy ﬂd‘hx + /H»b / f X, y) Cdlhy dlh

(37)
+/L+b ﬂf(x’y) d’izy d@lx:|
7 V72

1
4(b —a)

<
> -
z

L

[ |7 U0) + £ )] adyy

[ @) + 56 ]

2

+ 4(d1— c) ch[f(”'y) +f(b,y)] cdgy | +

fla,c) + f(a,d) + f(b,c) + f(b,d)
I :

<

Proof. Let gy : [a,b] — R be a function defined by g,(x) = f(x,y). Then, g, is convex on
[a,b] because f is co-ordinated convex on A. By Theorem 4, we can write

atby_ 1 | gy(a) + gy (b)
gy<2> < b—a[/a Qy(x) adg x + %gy( x) dqlx] < %

That is,

a+b
qc-Integrating both sides of (38) over [c, 4%] and then dividing by (d — ), we have
1 c+d a + b
d—C/c f< /y> Cd‘hy
c+d c+d
b—a)(d—c) [/ / fxy) ¢ qzyadq1x+/+b/ f(x,y) cdg,y qll

< 2(011—c)( / 3 [F(a,y) + £(b,)] cdayy- -

< flay) erf (By) (35

[/ Fley) adgx+ [ Flx,) Y, ] <
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Similarly, g*-integrating both sides of (38) over [}, d] and then dividing by (d — c),

we have
1 d {1+b d
ﬁ/wdf( 2 ,}/) dg,Yy
1 a+b
Sl—a@—0 [/ de x,Y) dqzyadm”/ﬂ, %f(x y) gy Vg, x
<—1 " ey + Flby) Y n
_Z(d—c),/%fay f(by Y- (40)

On the other hand, let hy : [c,d] — R be defined by h(y) = f(x,y). Then, h, is convex
on [c,d] since f is co-ordinated convex on A. By Theorem 4, we can write

e : B ! hy(c) + hy(d
hx( 2 )Sd—cl/c hx(y) quzy‘f'/czdhx(y) dd,hy] SM'

That is,

f(xfc?i> Sdicl/czf(x,y) gy + if(x y) gy | < w (41)

qa-Integrating both sides of (41) over [a, “4%] and then dividing by (b — a), we have

1 24h c+d
b—u/a f(x'T) allg; X

a+h c+d n+l;
b—a)(d—c) [/ / flx,y) g,y ad,hx—i-/ de x,Y) dqzy aldg x ] 42)

/Hb [ (x,€) + £(x, )] adlg,x.

Similarly, g’-integrating both sides of (41) over %2, b] and then dividing by (b — a),
we have

1 b C+d b
b—a/#f<x' 2 ) A, X

1 c+d
S<b—a>[/m/ 59 ey Mg 1, [, P00 P )

b
< o5y Jus )+ 10 )] Y
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Summing (39), (40), (42), and (43), we derive

1 o5t c+d b c+d\,
M[/a F(o57) atart [ 1 (5 557) P

2

gl () e L) ]

H+b c+d a+b
b—a)(d—c) [/ / flxy) e q2y“d'hx+/ %f X, Y) qzyadqlx

c+d (44)
/m/ f(x,y) cdgyy dq1x+/+h Lf x,y) “dg,y bdqlx]
2

<meall

sl

Now, the second and the third inequalities of (37) hold.
For the first inequality, by the left hand side of the inequality (38) with y = #,
we have

a+b c+d 1 o5t c+d b c+d\,
< -7 -7
f( 2 ' 9o >_ba[4 f<x/ 2 ) dﬁlx—i_ erf(xr 2 > dqlx (45)
and by the left hand side of the inequality (41) with x = b , we obtain

a+b c+d 1 S a4 d  /a+b
f( ) )Sd—cu f( ,y) cgpy + de( 5 ,y)ddqzy]. (46)

By combining (45)-(46), we obtain the first inequality of (37).
Using the right hand side of (38) with y = c and y = d, we obtain

ol

£ (5,) + £, )] addgyx + i[f(x )+ f(x,d)] Yy, ]

2

[fla,y) + f(oy)] cdgpy + |, [f (@,y) + f(b,y)] ddqzy] :

a+b
f X, C dq1x+/ f X, C bdq]x < W (47)

and

[/H F(x,d) adg,x+ if(x d) P, x SW (48)

respectively. Using the right hand side of (41) with x = a and x = b, we have

Hl/ f(a,y) cdgyy + C+df(a3/) dg,y Sw (49)

and

BYIURESCTI R,

£4d d
4(011_@ [/C f(b,y) cdgyy + /;d f(b,y) Ydg,y

respectively. Substituting (47)—(50) in (44), we obtain the last inequality of (37). The proof
is completed. O
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Remark 1. If we take the limit g1 — 1~ and qo — 17 in Theorem 8 and 9, then Theorem 8 and 9
reduce to Theorem 5.

4. Examples

Now, we give some examples of our main results to demonstrate our theorems.

Example 5. Let f : [0,1] x [0,1] — R be a function defined by f(x,y) = x?y>. Then, f is
co-ordinated convex on [0,1] x [0,1]. By applying Theorem 6 with g1 = L and g, = 3, the first
inequality of (8) becomes

SOOI NEED
< d

1 e 2,201 041
~(1-0)(1-0) /0 /0 Xy© T dgy 2dyx
% ! 2.2 0+1 1 % 5 5 041
Jr/0 /Oglxy ozldiy2d1x+/021/0 X7y Zd%yo%ld%x

1 % 1 1 /1
2.2 = 2.2
+ %/O x7y Zd%y%d%x—F/% %X]/ %d%y%d%x
13118 & /1\"/3\"1 1 1\"\? 3\ 2
vt n () G aa-G)) (-G))
13113 & /1\"/3\"1 1 1\"\? 3\ ™\ ?
rriaan(6) G) aa(-G)) Q)
2 m~ 2
viaent(6) () (1)) (0-(0))
44 2 2,;6”;0 4) \2) 11 4 4
13118 /1\"/3\"1 1 1\"\? 3\ ™\ 2
Z.Z.2.Z Z Z) Z.2(1 - 1 2
rrraan (i) (1) eale (@) 0+ Q)
85 11,339 1765 235,451 53
+ +

~ 116,032 ' 1,740,480 ' 116,032 ' 1,740,480 336
We also have

f0,0)+f0,1)+f1LO+f(1L1) _1

i

=~

It is clear that

18 _1
16 — 336 — 4

which demonstrates the result described in Theorem 6.
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Example 6. Let f : [0,1] x [0,1] — R be a function defined by f(x,y) = x>y Then fis
co-ordinated convex on [0,1] x [0,1]. By applying Theorem 7 with g1 = } and qo = 3, the first
inequality of (15) becomes

11N\ (11 0+1 0+1
16 \2 2 f 22 =f 272
0+1 0+1
2
= a=0a=o 1— l/ / Xy odgy odyx
O+1 0+1
+/ / 21d3y0d1x+%)+1/ x2y? Od%yld%x
2214 1
+/M/Mxy d%y d}lx}
2 2
N Pl
:/O / x°y Od%yod%x—i—/ /lxy d%yod%x
1 % 1
+/1/ 2y 0d3y1dlx+/ /1 x*y? 1d%y1d%x

=

1
4
13118 & /1\"/3\"1/1\% 1/3\™\2
tir2a2xXlz)(3) 1 -3l
n=0m=0
13113 & /1\"/3\"1 1/1\"\?%/3)\2"
srraar ) () :0-20)) (O
n=0m=0
1311 & /1\"/3\" 1/1\"\? 1/3\™\?
SEHEE 007016
442 242 2\3) \4 2\1 2\1
4 139 41 5699 10,187

= 777 5439 T 3885 T 108,780 ~ 108,780°

We also have

f(0,0)+£(0,1) +f(1,0) +f(L,1) _ 1

It is clear that

which demonstrates the result described in Theorem 7.

Example 7. Let f : [0,1] x [0,1] — R be a function defined by f(x,y) = x?y>. Then, f is
co-ordinated convex on [0,1] x [0,1]. By applying Theorem 8 with q; = L and g = 3, the first

inequality of (23) becomes
_ (0+1 0+1
) =)
+ 1
f

HOIORIC
0

,_n

0+1

1 oyt 1\ o 0+1
< -
=2(1-0) [/0 f\»— ) s yx o S\ 2 >°§1dix1

+
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1241
T 12,432°

+
>~ =
N| =
e =
o Il
VR
=1 W
~__

2
=
>~ =
7 N

|
7N
=1 W

1 N

2
~__

+
| =
N —
ire
o
Y
=1 W
~_

2
L
> =
7 N\

—_
+
7N
=1 W
~_

2
~~

N
—_

_ 1717 353 i 75 i 667
~ 2[3360 3360 8288 8288

The third inequality of (23) becomes

53 8 n 11,339 1765 n 235,451
336 116,032 ' 1,740,480 = 116,032 = 1,740,480

SRR O ()
)

131 18 & /1\"/3\"1 1 1\"\2 3\ "\ 2
AHEEC O 6
14222 2\4)\1) 11 4 4
131 1& & /1\"/3\"1 1 1\"\? 3\ "\ 2
rraeen D s) (6) aa(e () 0
131 18 & /1\"/3\"1 1 1\"\?2 3\"\2
,,,,,,, = 2) 2. 21 Z 1 2
riiaan () () 3a0G)) 0+6)
Y a1 o L,
=, /0 X7y 7d%y7d%x+ A /lxy 1d%y7d%x

0+1 0+1
2 2

0+1

< 4(11_0) Uozf(x,o)+f(x,1) "d,x

n #{ 011 F(x,0) + f(x,1) %d%x}

2

+ ﬁ [/02 £O,y) + f(Ly) T ﬁ[ ;f(o,y) +fLy) w%y}

2

0 4 p 0

31 /1\"1 1\"\? 3 1.& /1\"1 1\"\?

125 (i) 0-G)) 125 () s0 ()
1 1& /3\"1 3\"\2 1 1

rian(3)s0-G)) +iaxl(

_ 1 68 1412+ 300 +2668 1241

T 403360 3360 8288  8288| 6216°

Jr

We also have

fO,00+ /(0D +f(10)+f(11) 1

4 4
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It is clear that

which demonstrates the result described in Theorem 8.
Example 8. Let f : [0,1] x [0,1] — R be a function defined by f(x,y) = x?y>. Then, f is
co-ordinated convex on [0,1] x [0, 1]. By applying Theorem 9 with q1 = % nd g = 3, the first
inequality of (37) becomes
1 _f 0+1 0+1
n 272

SR
>0d1 4 (;f(x,ogl> 1dix]

T 0)[/0;f<0+1 >0d3]/+ O;f<0;1,y> 1d3y]

1/3 2n
'4(4) i

1

4
_1[s 41 1%
2 74

S E )00
2

~ 31,080

2072
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The third inequality of (37) becomes

10,187 4 139 41 5699

108,780 ~ 777 + 5439 + 3885 108,780

IHEEW O
1
4

+;.;.;Eg;c> BEo) <1—<z>"‘>2
AR (0
A HEE 000

4 n
_/ / xy 0d3y0d1x+/ / 21d%y0d%x
2
+/1/ xzyzod%yld%er/l/lx2y21d%y1d%x
2 2
s OT
“otah 4 e

- (1-0(1-0)

0+1

0+1
+/ / 21d3y0d1x +/)+1/ ij/ Od%yld%x
21 1
/0+1/0 d%]/ d%x}

0+1

{ L7 0+ F D] odyx| +

o, 100+ )y

0+1
2

4(1-0)
0+1

i ﬁ [/0 T IFO.9) + F(L)] oy

|:/0 X 0d1x+/ 21d1x+/ y 0d3]/+/ y21d%

2

+ 4(11_0) Mll[f(o y) +f(Ly)] 1day]

]
£ HEW -0
RO R (-30))]

_1£+@+i+556 2381
T 4126 840 74 2072 |  15,540°

+
NN
N

e i

We also have

f0,00+f(0,1D)+f(1,0)+f(1,1) 1
4

o~ |

It is clear that

1 < 2381 10,187 < 2381 < 1
16 — 31,080 — 108,780 — 15,540 — 4’

which demonstrates the result described in Theorem 9.

5. Conclusions

In this paper, we proved some new Hermite-Hadamard inequalities for co-ordinated
convex functions in g-calculus. We also gave some examples in order to demonstrate our
main results. We can extend these results further to another convexities, post-quantum
calculus, and fractional calculus. We can also use other techniques to improve the outcomes.
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