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Abstract: The effect of impact coefficient of restitution on the nonlinear response of the follower is
investigated at different follower guides’ clearances, different cam speeds and different followers’
offsets. The impact between the cam and the follower and between the follower and its guide is
considered in the presence of coefficient of restitution and follower offset. The nonlinear dynamics
phenomenon of the follower due to the impact coefficient of restitution is detected using the approach
of largest Lyapunov exponent. Moreover, the chaotic phenomenon is detected using a phase-plane
diagram. The numerical simulation of the nonlinear response of the follower is calculated using the
SolidWorks program. The chaotic phenomenon in the cam follower system is increased with the
increase of the impact coefficient of restitution value in which the potential energy of the follower
has been decreased in the presence of follower offset. The chaotic motion of the follower response
occurs due to the increase in cam speeds, follower’s offsets, follower guides’ clearances and impact
coefficient of restitution.

Keywords: coefficient of restitution; Rosenstein algorithm; follower offset; local Lyapunov exponent;
chaotic phenomenon; cam follower system
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1. Introduction

The impact coefficient of restitution is one of the indicators to interpret periodic and
non-periodic motion of the nonlinear dynamics phenomenon in the cam follower system.
Yousuf determined the contact stress at the point of contact at different locations for the
follower with the cam profile at (0, 90, 180, and 270) degrees using finite element analysis.
He used spring-damper-mass system at the end of follower stem to reduce the contact stress.
The value of the contact stress is checked and verified analytically using the circular plate
theory and experimentally using the photo-elastic technique [1]. The nonlinear dynamics
phenomenon of roller follower with the polydyne cam mechanism is done at different
cam speeds and different follower guide’s clearances [2]. Moreover, Yousuf found the
bending deflection and Hertzian contact stress at the point of contact of the globoidal
cam profile with roller follower system at different segments of the cam profile [3]. Yang
et al. introduced the mathematical model to describe the separation, transient impact,
and contact in the cam follower system using oblique impact [4]. They showed that the
cam and the follower system kept permanent contact without the use of coefficient of
restitution at low speeds for the cam. Li and Du used the coefficient of restitution as a
main control parameter to analyze the periodic movement and the bifurcation region in
a non-fixed constrained collision vibration system [5]. They showed that the chattering
phenomenon occurred when the coefficient of restitution is greater than 0.5. Yousuf detected
the detachment height between the cam and follower through the coefficient of restitution
criterion without the use of follower offset [6]. He used the nonlinear response of the
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follower, contact force, Lyapunov exponent parameter and Fast Fourier Transform to detect
the detachment between the cam and the follower. Alzate et al. showed that the coefficient
of restitution increased linearly with cam rotational speed for a radial cam and flat-faced
follower [7]. Osorio et al. discussed the transition to chaos due to the discontinuity in cam
profile with finger follower mechanism. They applied Newton’s restitution law to model
the plastic and elastic impact when the value of coefficient of restitution varied between
0 and 1 [8]. Sundar et al. analyzed the model of the coefficient of restitution critically by
taking into consideration the nonlinear contact stiffness and nonlinear contact damping
using single degree of freedom system [9]. Moreover, they discussed the effect of both
rolling and sliding contact on the nonlinear contact dynamics phenomenon in the cam
follower system [10]. Many researchers have focused on the effect of different follower
guide’s clearances and different cam speeds on the behavior of the dynamic motion of the
follower with cam profile mechanism without mentioning the impact of the coefficient of
restitution. In this paper, the effect of the impact coefficient of restitution on the behavior
of the dynamic motion for the follower is studied at different follower guides’ clearances,
different follower offsets and different cam speeds. The chaotic motion is detected using a
phase plane diagram and local Lyapunov exponent in the presence of the impact coefficient
of restitution.

2. Equation of Motion of the Dynamical System

The aim of this chapter is to find the general follower displacement against time and
this set of data can be used in Wolf algorithm code to extract the value of local Lyapunov
exponent parameter analytically alongside with the numeric values of embedding dimen-
sions and time delay. In this research, the suspension is described as a single or multi-shock
absorber system [11]. The equilibrium force at the contact point is:

F = (k1 ∗O + P) +
(

mΩ2 − k1

)
∗O ∗ cos(Ωt) (1)

The equation of dynamic motion is:

..
x +

cg
w

.
x +

kg
w

x = (k1 ∗O + P) +
(

mΩ2 − k1

)
∗O ∗ cos(Ωt) (2)

After simplification Equation (2) will be:

..
x + 2β

.
x +ω2x = F1 + F2 ∗ cos(Ωt) (3)

where:

c
m

= 2β ,
k
m

= ω2, F1 =
(k1 ∗O + P)

m
, F2 =

(
mΩ2 − k1

)
∗O

m
The homogeneous solution of follower displacement of Equation (2) is:

xH = e−βt

(
C1 ∗ sin

(√(
ω2 − β2

)
t

)
+ C2 ∗ cos

(√(
ω2 − β2

)
t

))
(4)

The particular solution of follower displacement of Equation (2) is:

xP = G + A ∗ sin(Ωt) + B ∗ cos(Ωt) (5)

The constants C1, C2, G, A, and B are obtained as in below:

.
xP = Ω ∗A ∗ cos(Ωt)−Ω ∗ B ∗ sin(Ωt)

And
..
xP = −Ω2 ∗A ∗ sin(Ωt)−Ω2 ∗ B ∗ cos(Ωt)
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Substitute
(
xP,

.
xP,

..
xP
)

into Equation (2) to obtain:

(ω2A−Ω2A− 2βΩB) sin(Ωt) +
(
ω2B + 2βΩA−Ω2B

)
cos(Ωt) + Gω2 = F1 + F2 cos(Ωt) (6)

where:

A =
2βΩF2

ω2 −Ω2 + 4β2Ω2

B =
F2

ω2 −Ω2 + 4β2Ω2

G =
F1

ω2

The general solution is:
xC = xH + xP (7)

Put the constant A, B, and G into Equation (6). Equation (2) will be:

xc = e−βt
(

C1 ∗ sin
(√(

ω2 − β2
)

t
)
+ C2 ∗ cos

(√(
ω2 − β2

)
t
))

+ F1
ω2 +

2βΩF2
ω2−Ω2+4β2Ω2 sin(Ωt) + F2

ω2−Ω2+4β2Ω2 cos(Ωt) (8)

After applying the boundary conditions (t = 0 and x = 0) and (t = 0 and
.
x = 0), the

constants and the general solution of the follower displacement are below:

C1 =
βF3√
ω2 −Ω2

− ΩF4√
ω2 −Ω2

where:

F3 =

(
ω2 −Ω2

)
F1 + 4β2Ω2F1 +ω

2F2

ω2Ω2 − 4β2ω2Ω2 −ω4

F4 =
2βΩF2(

ω2 −Ω2
)
+ 4β2Ω2

C2 =

(
ω2 −Ω2

)
F1 + 4β2Ω2F1 +ω

2F2

ω2Ω2 − 4β2ω2Ω2 −ω4

The general solution of the follower displacement with offset is:

xc = e−βt

β
(
(ω2−Ω2)F1+4β2Ω2F1+ω

2F2
ω2Ω2−4β2ω2Ω2−ω4

)
− 2βΩF2
(ω2−Ω2)+4β2Ω2

√
ω2−Ω2

∗ sin
(√(

ω2 − β2
)

t
)
+

(ω2−Ω2)F1+4β2Ω2F1+ω
2F2

ω2Ω2−4β2ω2Ω2−ω4

∗ cos
(√(

ω2 − β2
)

t
))

+ F1
ω2 +

2βΩF2
ω2−Ω2+4β2Ω2 sin(Ωt) + F2

ω2−Ω2+4β2Ω2 cos(Ωt)

(9)

The more value of follower guide’s clearance and follower offset the more chaotic
phenomena for the follower because of the gap between the follower and its guide will let
the follower move with three degrees of freedom and that leads to non-periodic motion and
chaos. If the value of the clearance between the follower and its guide is zero, which means
that the follower moves up and down with periodic motion, there will not be a non-periodic
motion and chaos for the follower. The chaotic motion for the follower is increased with the
increase of the follower guide’s clearance. The follower guides’ clearances with the values
of 16, 17, 18 and 19 mm are used in this paper. The cam follower mechanism is shown in
Figure 1.
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Figure 1. Polydyne cam with an offset flat-faced follower.

3. Nonlinear Response of the Follower

The nonlinear response of an offset follower in the presence of the coefficient of
restitution is discussed at different follower guides’ clearances and different cam speeds.
The numerical simulation of the nonlinear response of the follower is done using the
SolidWorks program [12]. The impact coefficient of restitution with the values (0.2, 0.3, and
0.4) is considered in the calculation of nonlinear response of the follower in the presence
of follower offset. The cam is installed on the motor shaft which rotates at constant speed
about a fixed pivot. The cam with the speeds (200, 400, and 600 rpm) is selected in this
paper while the follower with the shift (10, 20, 30 mm) is considered. Figure 2 shows the
nonlinear response of the follower against time at follower guide’s clearance (16 mm), cam
speed (N = 200 rpm) and coefficient of restitution (0.2) for different followers’ offsets. The
follower responses are compatible with each other after one cycle of cam rotation. The peak
of rise and return strokes are the same at follower’s offsets (O = 10, and 20 mm) after one
cycle of cam rotation. The followers’ offsets have no effect on the dwell stroke since there
are intangible losses in potential energy of the follower due to sliding in the presence of
coefficient of restitution.

Figure 3 shows the nonlinear response of the follower against time at different cam
speeds (200, 400, and 600 rpm) and different impact coefficient of restitution (0.2, 0.3,
and 0.4) when the follower offsets to the left (O = 10 mm) and follower guide’s clearance
(16 mm). The periodic motion of the nonlinear response of the follower is illustrated at
low speed of the cam (N = 200 rpm) while the chaotic motion of the nonlinear response
of the follower is depicted at (N = 400, and 600 rpm). The rise, dwell and return strokes
disappear with the increase of cam speeds and with the increase of the impact coefficient of
restitution. The dwell stroke is tangible at cam speed (N = 200 rpm) and impact coefficient
of restitution (0.2).
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Figure 3. Nonlinear response when the follower offsets to the left at (O = 10 mm) at follower guide
clearance (16 mm).

4. Detection of Chaotic Phenomena Using Coefficient of Restitution Parameter

The chaotic phenomenon in the polydyne cam and flat-faced follower in the presence
of follower offset at different follower guide’s clearances and different cam speeds is
detected using coefficient of restitution parameter due to the energy dissipation [13]. The
chaotic phenomenon in the cam follower system is increased with the increase of the impact
coefficient of restitution in which the impact will happen due the loss in potential energy of
the follower and due to the increase in follower guide clearance value. Figures 4 and 5 show
the mapping of nonlinear response of the follower at different cam speeds, different follower
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guides’ clearances and different impact coefficients of restitution when the follower offsets
are to the right and left, respectively (O = 10 mm). The nonlinear response of the follower is
periodic as shown in Figure 4a and both the cam and the follower are in permanent contact.
The follower lost the contact with the cam at time (t = 13.58 s) and (t = 15.99 s) at detachment
height (26.98 mm) and (27.43 mm), respectively. Due to the coefficient of restitution, the
follower kept bouncing from the cam from (t = 0.36 s) to (t = 5.658 s) while the follower will
regain energy and keep permanent contact with the cam for the period from (t = 9.208 s) to
(t = 10.11 s) which has a periodic motion as illustrated in Figure 4b. The chaotic motion is
shown in Figure 4c–f which increased with the increase of follower guides’ clearances, cam
speeds and coefficient of restitution. There is an intangible impact when the coefficient of
restitution (0.2) and the dissipation in potential energy occurred due to sliding while the
contact is still valid between the cam and the follower, as shown in Figure 5a. The periodic
and chaotic motion are together shown in Figure 5b,c. The periodic motion is shown from
the period (t = 6.1 s) to (t = 10.26 s) and from the period (t = 14.14 s) to (t = 19.55 s) as shown
in Figure 5b while the periodic motion begins from the period (t = 1.264 s) to (t = 3.808 s) as
shown in Figure 5c. The chaotic motion is shown in Figure 5d–f.
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Figure 6 shows the nonlinear response when the follower offsets to the right at (e = 10,
20, 30 mm) for follower guide’s clearance (16 mm) and cam speeds (N = 200 rpm) with
impact coefficient of restitution (0.2). The peak of rise and return strokes is increased with
the increase of follower’s offset which settles down after the second cycle of cam rotation.
The follower lost an intangible potential energy due to sliding since the contact between
the cam and the follower is still valid. The dwell stroke between the rise and the return
strokes is decreased with the increase of follower’s offsets.

Mathematics 2022, 10, x FOR PEER REVIEW 9 of 28 
 

 

the cam and the follower is still valid. The dwell stroke between the rise and the return 

strokes is decreased with the increase of follower’s offsets.  

 

Figure 6. Nonlinear response when the follower offsets to the right at (O = 10, 20, and 30 mm). 

Figure 7 shows the nonlinear response of the follower when the follower offsets to 

the right (O = 10 mm) and follower guide’s clearance (16 mm) at different cam speeds (N 

= 200, 400, and 600 rpm) and different impact coefficient of restitution (0.2, 0.3, and 0.4) 

receptively. The dwell stroke is clear at cam speed (N = 200 rpm) while the dwell stroke 

starts disappearing with the increase of cam speeds (N = 400, and 600 rpm) and with the 

increase of the coefficient of restitution (0.3, and 0.4). The periodic motion of the nonlinear 

response of the follower is indicated at cam speeds (N = 200, and 400 rpm), while the 

chaotic motion is depicted at cam speeds (N = 600 rpm) in which the rise, dwell and return 

strokes completely disappear with the increase of cam speeds and the impact coefficient 

of restitution. 

Figure 6. Nonlinear response when the follower offsets to the right at (O = 10, 20, and 30 mm).

Figure 7 shows the nonlinear response of the follower when the follower offsets to
the right (O = 10 mm) and follower guide’s clearance (16 mm) at different cam speeds
(N = 200, 400, and 600 rpm) and different impact coefficient of restitution (0.2, 0.3, and 0.4)
receptively. The dwell stroke is clear at cam speed (N = 200 rpm) while the dwell stroke
starts disappearing with the increase of cam speeds (N = 400, and 600 rpm) and with the
increase of the coefficient of restitution (0.3, and 0.4). The periodic motion of the nonlinear
response of the follower is indicated at cam speeds (N = 200, and 400 rpm), while the
chaotic motion is depicted at cam speeds (N = 600 rpm) in which the rise, dwell and return
strokes completely disappear with the increase of cam speeds and the impact coefficient
of restitution.
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5. Detection of Chaotic Phenomenon Using a Phase-Plane Diagram

A phase-plane diagram is used to detect the chaotic motion of the nonlinear response
attractor of the follower. When the phase-plane diagram is one closed cycle, it means that
the attractor of the nonlinear response of the follower is periodic [14,15]. If there are broken
lines in the upper and bottom surfaces of the phase plane diagram it means that there
is an intangible sliding between the cam and the follower while the contact is still valid.
When the attractor of the nonlinear response of the follower is multi opened cycles it gives
the indication of non-periodic motion and chaos. If there is a cross linking outside the
phase plane envelope it means that there is an energy dissipation due to the impact of the
coefficient of restitution. In this paper, the phase-plane diagram is examined at different
cam speeds, different follower guides’ clearances, different followers’ offsets and different
impact coefficients of restitution. The broken lines in the upper and bottom surfaces of
the phase plane envelope means that the follower starts losing energy due to sliding and
due to the impact coefficient of restitution as shown in Figures 8a and 9a. The dissipation
of potential energy of nonlinear response of the follower exceeds to the outside of the
phase-plane envelope as shown in Figure 8b. The cross linking of the nonlinear response of
the follower attractor is increased with the increase of cam speeds and with the increase of
impact coefficient of restitution as depicted in Figure 8c,d and Figure 9c,d. Moreover, the
variation of the nonlinear response of the follower is increased with the increase of follower
guides clearances and with the increase of impact coefficient of restitution as shown in
Figure 8e,f and Figure 9e,f.
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6. Detection of Chaotic Phenomena Using Lyapunov Exponent Conception

The dynamic tool of the Wolf algorithm code, written in MATLAB software, is used
to extract the value of the largest Lyapunov exponent. Equations (10) and (11) are used to
build the Wolf algorithm code [3].

d(t) = Deλt (10)

y(i) =
1

∆t
< ln

[
dj(i)

]
> (11)
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The Lyapunov parameter is the exponent value of the exponential function. When
the exponent value of the exponential function is negative it gives a positive value of the
Lyapunov parameter while when the exponent value of the exponential function is positive
it represents the negative value for the Lyapunov parameter. Two numeric values such
as time delay and embedding dimensions (dE) are needed in the algorithm code of the
Lyapunov parameter. Embedding dimensions (dE) and local embedding dimensions (dL)
should have the same values. d_Lyp represents local Lyapunov exponent parameter, and
this value is a typical value since this system is hyper chaotic. The hyper chaotic system
should have a great value of the local Lyapunov exponent parameter as shown [16]. The
local Lyapunov exponent parameter is used to detect the chaotic phenomenon of nonlinear
response of the follower attractor. A positive Lyapunov exponent refers to chaotic phe-
nomena while a negative Lyapunov exponent indicates to periodic motion [17]. Figure 10
shows the local Lyapunov exponent against the number of points when the follower offsets
to the right (O = 10 mm), at coefficient of restitution (0.2), cam speed (N = 200 rpm) and
follower guide’s clearance (16 mm). In this figure there are positive and negative local
Lyapunov exponents in which the negative local Lyapunov exponent represents the steady
state while the positive local Lyapunov exponent reflects to the transient state. Each value
of the local Lyapunov exponent has a value of an embedding dimension.
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(N = 200 rpm), coefficient of restitution (0.2), and follower guide’s clearance (16 mm).

7. Experiment Setup

The interface between high-speed camera on an OPTOTRAK 30/20 device and the
spread sheet of Microsoft excel is done through an infrared marker to catch the follower
position experimentally. To retain the contact between the cam and the follower a spring
of secondary force actuation is used between the follower and the installation table [18].
Figure 11 shows the experiment setup. Before the experiment setup has been started both
cam and follower are supposed to be polished to get rid of any extra plastic material from
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previous friction and impact due to high temperature. The cam is mounted on the electric
motor shaft while flat-faced follower is installed on the installation table which moves with
three degrees of freedom inside its guides. High speed camera contains three 3D lenses in
which these lenses catch the follower position and transfer it to the computer through a
marker wire.
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8. Chaotic Detection Using a Poincaré Map

A Poincaré map is used to detect the non-periodic and chaos for the follower attractor
due to the detachment or separation between the two mechanical parts. In the design, the
Poincaré maps in two dimensions detects either that the follower motion repeats itself or to
show the chaotic phenomenon due to multi impact in one cycle of the cam rotation [19].
The more black points, the more separation between the two mechanical parts. Figure 12
shows the trajectories of the follower attractor at (I.D. = 16 mm and 19 mm) and different
cam speeds. The single black dot in the Poincaré map illustrates that the follower motion
repeats itself at the given displacement and velocity while there are some black dots that are
stationed around one area in the Poincaré map which depicts the chaotic phenomenon [19].
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Figure 12. Poincaré maps of chaotic attractor when the follower offsets to the left (O = 20 mm).

9. Results and Discussions

Figure 13 shows the verification of the contact force against time at (I.D. = 16 mm)
and (N = 200 rpm) when the follower offsets to the left (O = 10 mm). An analytic set of
data of the follower displacement is calculated after applying Equation (10), while the
numerical simulation of the follower displacement is determined using a computer aided
design (CAD) program. The experimental set of the data of the contact force is calculated
after tracking the follower position using a high-speed camera at the foreground of the
OPTOTRAK 30/20 equipment. Newton’s law of translational motion is applied twice in
the presence of follower mass and follower acceleration to determine the contact force.

Figure 14 shows the comparison of nonlinear response of the follower at follower
guide’s clearance (16 mm) and cam speed (N = 300 rpm) when the follower offsets to the
left (O = 10 mm). The dwell stroke appears during the application of the analytic solution
while the dwell disappears due to the use of the numerical simulation. The dwell stroke
is intangible since either there will be lose plastic material from the geometry of cam and
follower or due to sliding between the cam and the follower.
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Figure 15 shows the verification of average logarithmic divergence against time to
extract the value of Lyapunov exponent when the follower offsets to the right (O = 40 mm)
at (N = 400 rpm). The method of least square makes the set of data tangent to the nonlinear
curve of the logarithmic divergence for the experiment setup and the numerical solution.
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Figure 15. Average logarithmic divergence against time when the follower offsets to the right
(O = 40 mm) at (N = 400 rpm).

Figures 16 and 17 show the nonlinear response mapping of the follower against time
when the follower offsets to the right and left (O = 30 mm) at different cam speeds, different
follower guides’ clearances and different impact coefficients of restitution. The motion of
the nonlinear response of the follower is periodic since there is a little bit loss in potential
energy due to sliding while the contact is still valid between the cam and the follower
as shown in Figures 16a and 17a. The follower is bouncing from the cam at (t = 3.903 s),
(t = 6.568 s), (t = 7.614 s), (t = 12.01 s) and (t = 16.49 s), as indicated in Figure 17a, while
the detachment occurs between the cam and the follower at (t = 12.87 s), as shown in
Figure 16a. The chaotic phenomenon is increased with the increase of follower guides’
clearances and with the increase of cam speeds at impact coefficient of restitution (0.3) as
shown in Figure 16b,d,f and Figure 17b,d,f when the follower offsets to the right and left
(O = 30 mm), respectively. The nonlinear response of the follower in Figure 16c has periodic
motion for the period from (t = 15.49 s) to (t = 19.56 s) while the nonlinear response in
Figure 17c has a periodic motion for the period from (t = 13.56 s) to (t = 16.1 s). Moreover,
the nonlinear response in Figure 17e has a periodic motion for the periods from (t = 6.962 s)
to (t = 7.707 s) and from (t = 14.75 s) to (t = 19.4 s) while the nonlinear response in Figure 16e
has a periodic motion for the periods from (t = 12.99 s) to (t = 14.44 s) and from (t = 16.34 s)
to (17.08 s).
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Figure 18 shows the nonlinear response against time when the follower offsets to the
right (O = 30 mm) at cam speed (N = 200 rpm) at different follower guides’ clearances and
different impact coefficient of restitution. The dwell stroke is decreased with the increase of
follower guide clearance and with the increase of impact coefficient of restitution.
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Figure 18. Nonlinear response when the follower offsets to the right at (O = 30 mm) at cam speeds
(200 rpm).

Figure 19 shows the nonlinear response when the follower offsets to the right
(O = 10, 20, 30 mm) at different cam speeds, different follower guides’ clearances and
different impact coefficient of restitution. The dwell stroke disappeared with the increase
of above mentioned parameter. The rise and return strokes are random which gives the
indication of chaotic motion for the follower. The system with the nonlinear response of the
follower at guide clearance (19 mm), cam speed (N = 600 rpm), follower offset (O = 30 mm)
and impact coefficient of restitution (0.4) represents example on the chaotic system.
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Figure 19. Nonlinear response when the follower offsets to the right (O = 10, 20, and 30 mm) at
different cam speeds, different follower guide’s clearance and different coefficients of restitution.

Figures 20 and 21 show the phase-plane mapping of the nonlinear response of the
follower against the velocity of nonlinear response when the follower offsets to the right
and left (O = 30 mm), respectively, at different cam speeds, different follower guides’
clearances and different impact coefficients of restitution. As mentioned earlier in phase-
plane diagram section, due to sliding there will a little bit loss in potential energy in
spite of the fact that the contact is valid between the cam and the follower as shown in
Figures 20a and 21a. The cause of the broken lines in the upper and bottom surfaces of
Figures 20a and 21a is the impact coefficient of restitution. There will be a dissipation in
potential energy of the follower in which there is a cross linking outside the envelope
of phase plane diagram as shown in Figures 20b and 21b since the cam speed and the
coefficient of restitution are increased. The nonlinear response variation of the follower is
increased with the increase of cam speeds and impact coefficient of restitution as depicted
in Figure 20c,d and Figure 21c,d. The chaotic motion of the nonlinear response of the
follower is increased with the increase of cam speeds, follower guides’ clearances, and
impact coefficient of restitution as shown in Figure 20e,f and Figure 21e,f.
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Figure 20. Phase-plane mapping of nonlinear response of the follower when the follower offsets to
the right at (O = 30 mm).
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Figure 21. Phase-plane mapping of nonlinear response of the follower when the follower offsets to
the left at (O = 30 mm).
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Figure 22 shows local Lyapunov exponent against number of points when the follower
offsets to the right (O = 30 mm) at cam speed (N = 600 rpm), coefficient of restitution (0.4)
and follower guide’s clearance (19 mm). The local Lyapunov exponent varies with the
embedding dimension in which each value of Lyapunov exponent has a specific value of
the embedding dimension. The positive value of Lyapunov exponent reflects the chaotic
motion (transient state) of nonlinear response of the follower while the negative Lyapunov
exponent represents the periodic motion of the nonlinear response attractor of the follower.
The local Lyapunov exponent is increased with the increase of the embedding dimensions
until it settles down.
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Figure 22. Local Lyapunov exponent when the follower offsets to the right (O = 30 mm) at cam speed
(N = 600 rpm), coefficient of restitution (0.4) and follower guide’s clearance (19 mm).

Figure 23 shows the Poincaré map of the trajectories of the follower attractor at
(I.D. = 16 mm and 19 mm) and different cam speeds. The single black point in Poincaré
map illustrates that the follower motion repeats itself at the given displacement and velocity
while there are some black points that stationed in one area inside the Poincaré map which
depicts to the chaotic phenomenon.

Figure 24 shows the phase-plane diagram of follower displacement against follower
velocity at (N = 200 rpm) when the follower offsets to the left at (O = 10 mm) without
follower guide’s clearance. The motion of the follower displacement is periodic since the
orbit of follower displacement attractor is one closed cycle.
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Figure 24. Phase-plane diagram at (N = 200 rpm) when the follower offsets to the left at (O = 10 mm)
without follower guide’s clearance.
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10. Conclusions

Chaotic phenomena of nonlinear response of the follower at different cam speeds,
different follower guides’ clearances and different followers’ offsets are discussed by
many researches nowadays. In this article the chaotic motion of the follower response
is considered in the presence of impact coefficient of restitution using the SolidWorks
program. The chaotic motion of the follower response occurred due to the increase in
cam speeds, follower’s offsets, follower guides’ clearances and the impact coefficient
of restitution. The value of the Lyapunov exponent is increased with the increase of
embedding dimension values. Especially in comparison to similar published research, the
effect of impact coefficient of restitution on the nonlinear dynamics phenomenon in the
cam-follower system is still one of the problems of much research. The main contribution
of this paper is to detect the chaotic phenomenon in the cam-follower system using the
conception of the Lyapunov exponent parameter, Poincaré map, phase-plane diagram
based on the increase in cam speeds, increase in follower guide’s clearance, increase in
follower’s offset and increase in impact coefficient of restitution. The practical significance
is important since the period of the dwell stroke is clear and obvious. Experimentally, the
curve fitting of follower displacement set of data using least square method is very smooth
due to the application of average logarithmic divergence to quantify the local Lyapunov
exponent parameter.
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Nomenclature

O Offset shift of the follower, mm.
m Mass of the follower, Kg.
k Spring stiffness which locates at the end of the follower stem, N/mm.
c Viscous damping coefficient, N.s/mm.
k1 Spring stiffness which locates between the follower and the installation table, N/mm.
x,

.
x,

..
x Linear displacement, velocity, and acceleration of the roller follower, mm, mm/s, mm/s2.

P Preload including the weight of the follower or the force on the cam before the cam starts
spinning, N.

F Force exerted by the cam, N.
Ω Constant speed of the cam, Rad/s.
ω Natural frequency of the follower, Rad/s.
xH Homogeneous solution of the follower displacement, mm.
xP Particular solution of the follower displacement, mm.
xC Solution of the follower displacement, mm.
D Distance between trajectories.
d(t) Percentage of variation in the distance between trajectories.
dj(i) Distance between the pair (jth) at nearest neighbors (i) of the trajectories.
t Time strides.
y(i) Data of follower displacement after curve fitting.
∆t Various time strides.
λ Largest Lyapunov exponent parameter.
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