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Abstract: In this paper, the results of a quadruple coincidence point (QCP) are established for
commuting mapping in the setting of fuzzy metric spaces (FMSs) without using a partially ordered
set. In addition, several related results are presented in order to generalize some of the prior findings in
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1. Introduction

Fixed-point (FP) theory has many applications, not only in nonlinear analysis and its
trends—including solutions of differential and integral equations, functional equations aris-
ing from dynamic programming, topologies, and dynamic systems—but also in economics,
game theory, biological sciences, computer sciences, chemistry, etc. [1-4].

There is no doubt that the study of fuzzy sets is extremely important for their many
applications, such as in the control of ill-defined, complex, and non-linear systems. It
is more common to find solutions for control problems that are difficult to solve with
the classical control theory. Fuzzy set theory is becoming an increasingly important tool,
especially in the rapidly evolving discipline of artificial intelligence, such as in expert
systems and neural networks. It creates completely new opportunities for the application
of fuzzy sets in chemical engineering [5-8].

The concept of fuzzy sets was initiated by Zadeh [9] in 1965. Many mathematicians
used these sets to introduce interesting concepts into the field of mathematics, such as fuzzy
logic, fuzzy differential equations, and fuzzy metric spaces. It is known that an FMS is
an important generalization of an ordinary metric space where the topological definitions
are extended, and there are possible applications in several areas. Many mathematicians
have considered this problem in many ways. For example, the authors of [10] modified
the concept of an FMS that was initiated by Kramosil and Michalek [11] and defined the
Hausdorff topology of an FMS. For more details about this idea, we advise the reader
to see [12-17].

In 2011, the coupled fixed-point (FP) [18] result was extended to a tripled FP in partially
ordered metric spaces by Berinde and Borcut [19]. Using these spaces, they introduced
exciting results of tripled FP theorems. For more details, see [20-24].
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In the setting of FMSs, coupled FP results were presented and some important theo-
rems were given by Zhu and Xiao [25] and Hu [26]. Elagan et al. [27] studied the existence
of an FP in a locally convex topology generated by fuzzy n—normed spaces.

Motivated by the results of the notions of coupled and tripled FPs in partially ordered
metric spaces, Karapinar [28] suggested the concept of a quadruple FP and proved some
related consequences of FPs in the same spaces.

Based on the last two paragraphs, in this publication, a QCP is considered, and some
new and relevant FP results in FMSs are reported. Our paper’s strength is determined
by two factors. First, we can adapt it to complete metric spaces (CMSs) so as to achieve
Karapinar’s results [28] (in non-fuzzy sets). So, our paper covers and unifies a large number
of outcomes in the same direction. Secondly, we can apply the theoretical conclusions to
Lipschitzian and integral quadruple systems in order to discover a unique solution. Finally,
non-trivial examples are mentioned and discussed.

2. Preliminaries

Hereafter, we will refer to  as a non-empty set, O(p, 7, T, v) as Qporv, ¥(p,0, %) as
Yo (x), and w(p, ) as wp-

The usual metric space is a non-empty set { equipped with a function w : { x { — R*
such that for all p, o, T € {, the following conditions are true:
i wplT Z 0/
* wpr=0ifp=g,
*  Wpr < Wor + Wrg

The pair ({, w) is called an MS.

A mapping 1:{ — { onan MS ({, w) is called Lipschitzian if there is @ > 0 such that

W < @Wpg, Vo,0 €.

The smallest constant 0—denoted by w-—that satisfies the above inequality is called
the Lipschitz constant for 1. It is clear that a Lipschitzian mapping (LM) is a contraction
with @0+ < 1.

Theorem 1 ([29]). Let ({, w) be a complete MS and let Q : { — { be a contraction mapping, that
is, the following inequality is true:

w(Qx, Qy) < kw(Qx,Qy), forall x,y € {,

where k € [0,1). Then, Q has a unique FP x* in {. Moreover, for xo € {, the sequence (Q"xg)
converges to x*.

neN

For examples on LMs, let { = R and let 7J; : { — { be defined by Ti(p) = A,
Ta(p) = up, T3(p) = cosp, Ta(p) = ﬁ, Ts5(0) = ——, and Tg(p) = arcsinp, where

(1+p)*
A peR.

Definition 1 ([30]). A mapping x : [0,1]> — [0,1] is called a k-norm if it is nondecreasing in
both arguments, associative, commutative, and has 1 as identity. For all £ € [0,1], the sequence
{xmeye_, is inductively defined by x*¢ = £, " = (*¥"~10) x (. A triangular norm  is of
Y-type if {x"0}5_, is equicontinuous at ¢ = 1, that is, for each € € (0,1), there is > € (0,1)
such that if ¢ € (1 — 1], then x™{ > 1 — € for each m € N.

The most famous continuous x-norm of the Y-type is x = min, which satisfies min(¢;, £) >
l14; for all #1, 4, € [0, 1].
The results below include a wide range of x-norms of the Y-type.
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Lemma 1 ([30]). Assume that x is a k-norm and ¢ € (0,1] is a real number. Define x, by
p*o0 = px0oifmax{p,c} <1—9,and px,0 =min{p,c} if max{p,c} > 1— 0. Then, x,
is a x-norm of the Y-type.

Definition 2 ([11]). Let { # @ be an arbitrary set, let x be a continuous x-norm, and let ¥ :
{x T x[0,00) = [0,1] be a fuzzy set. We say that ({,"¥,*) is an FMS if the function ¥ satisfies
the hypotheses below for each p, o, T € {,and x,u > 0 :
(fms 1) ¥ps(0) = 0;
(fms2) Yoo (k) =1 p =0;
(fms 3) ¥po () = ¥op(x);
(fms4) ¥po(.) : [0,00) — [0,1] is left continuous;
(fms 5) ¥ po () x Yor () < ¥pr (x4 p).
Here, we also consider ({,'Y) an FMS under %, and we will only consider the FMS that verifies:

(D) Kh_r}rc}o‘lfpg(x) =1,Vp,0 €.
Lemma 2 ([12]). On the infinite set [0, 00), ¥ o (.) is a non-decreasing function.

Definition 3 ([10]). Assume that ({,'Y) is an FMS under some x-norm; a sequence {pm} C {
is called:
*  Convergent to p € {, and we write nlgn om = p if, for every € > 0, k > 0, there is my € N

such that ¥,,0(x) > 1 — € for all m > my,.

* A Cauchy sequence if, for every € > 0, x > 0, there is mo € N such that ¥p,,p.(k) >1—€
forallm,j > my.

*  An FMS is called complete if every Cauchy sequence is convergent.

Definition 4 ([11]). We say that a function 71 : { — { defined on an FMS is continuous at py € {
if lim Tom = Tpo for any {pm} € { such that lim p,, = po. As is familiar, for po € ¢, we will
m—o0 m-—o0

denote T (p0) = {p € £ : To = po}.

Remark 1 ([11]). If ¢y < 05, then o1 > p'2 provided that o € [0,1) and ¢4, ¢, € (0,0). This fact
will be expressed here as follows: 0 < ¢1 < £y < 1 implies that ¥ g ()7 > ¥po (1) 2 > ¥ per (k).

For any x-norm x, it is obvious that x < min. So, if (,¥) is an FMS via min, then
(¢, ¥) is an FMS under any x-norm.
In the examples below, we only define ¥, (x) for x > 0 and p # o.

Example 1 ([10]). For x > 0 and p # o, we define an FMS in different ways from an MS (, w)
as follows:

K wpo

_ o 0, fx<w
_— 11}6 — K \PO e 4 - pas
eI ORI ROR

w J—
* TP‘T(K) o 1, ifx > wp-

It is obvious that, under the product x = ., ({,'¥Y%) is an FMS, which is called the standard
FMS on (g, w). In addition, ({,¥Y*), ({,¥¢), and (C,¥°) are FMSs under min. This is a standard
method for seeing the MS ({, w) as an FMS, though it is not as well known.

Moreover, ({,w) isa CMS iff ({,¥Y%), ({,¥¢), or (¢, ¥°) is a complete FMS.

3. Main Results

We begin this section with the following simple definition.

Definition 5. Assume that Q) : {* — { and 71: { — { are two mappings.
e Wesay that Q) and 71 are commuting if 1Qpory = Qp707c0, V4, 0,0,0 € L.
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o Wesay that (o,0,7,v) € {*isa QCP of Q and T if
Qparv = -lp/ Qm‘up =To, QTUP(T = Tl and vam‘ =T.

Theorem 2. Assume that  is a xk-norm of the Y-type such that yxx > ux for all u,x € [0,1].
Suppose that ({,Y,*) is a complete FMS and Q) : {* — , 71: { — { are two mappings such that

@ 0% <),
(b) T1is continuous,
(c) TTis commuting with Q,
(d) forallp,o,7,v,p,0,T,0 € (,
Y Qoo Qe (K@) 2 Y5 () % ¥ (6) 2 % Fpme ()0 % P (0) 0, (D)
where @ € (0,1) and 1,0, {3, £y are real numbers in [0,1] such that {1 + by + €3 + €4 < 1.
Then, the following conclusions hold.

(1) There is a unique p € { such that p = Ty = Qpppp. In particular,

(2)  There is at least a QCP for the mappings 1 and (); moreover, in the case of Q) = po, there
is a constant on {*. This holds only if the inverse of the mapping 7 exists and it satisfies
7 Ypo) = {po}; then, we have

(3)  (p,p,p,p) is a unique QCP of T and Q).

Note that, to avoid the unidentified quantity 0°, we consider here ‘I’-ip-[ﬁ(x)o =1 for
allx > 0andallp,p € .

Proof. We divide the proof into two cases:

Case 1. When () C ( is constant, that is, there is pg €  such that, forall p,o, T, v € (,
Qporv = po- Since ) and 7T are commuting, one can write Tog = 1Qpsr = Qp70710T0 = Po-
Therefore, pg = oo = Qpypopepe and (00, 00, 00, P0) is @ QCP of O and 7. On the other
hand, assume that 171(pg) = {00} and (p,0,T,v) € ¢* is another QCP of Q and 7.
Then, o = Qporv = pPo, 50 P € T (po) = {po}. In the same manner, we can write
p =0 =T=uv = pp; hence, (po, po, Po, Po) is a unique QCP of (Y and .

Case 2. Assume that () € { is not constant; for this, let (¢1, {2, £3,¢4) # (0,0,0,0). In
this case, we consider j and m to be non-negative integers and x € [0,00). This case is
divided into five steps.

St;. Deriving four sequences {pw }, {om}, {Tn}, and {vy }: Suppose that py, 00, T, vo
are arbitrary points in . As Q(¢*) C TI({), we can select p1,01, 71,01 € { so that
01 = Qppoprover 101 = Quyouoper 111 = Qugugpooy and 101 = Quypooer- Again, with
Q(¢*) C T(Q), we can select py, 02, T2, 2 € { so that Tpy = Qoo 102 = Qo010
1 = Qg0 p101, and Tvp = Qy, p1o17p - Continuing with the same scenario, we can construct
{om}, {om}, {tm}, and {vy } so that for m > 0, o1 = Qppowtmomr m+1 = Qowtnvmoms
TTnt1 = Quompmoms a0 1011 = Qo0

St,. {om}, {om}, {tm}, and {v,,} are Cauchy sequences. For m > 0 and all x > 0,
we define

Em(x) = II['lp,,,-bomﬂ (x) *‘P'Iam'lamﬂ *T‘lrm‘irmﬂ *‘F‘ivm‘iva-

& is a non-decreasing function and x — k@ < x < %, so we get
K
Em(x — k@) < Ep(x) §Em(5), forallx > 0and m > 0. (2)
It follows from (1) that, for all m € Nand all k > 0,

ijm-lperl (K) - LIJme—lam—l Tn—1Ym—1 o0 T o (K

Y0, 1 Tou (& ) 70 (5)" ®)
*Thh—mfl T (£)53 * ¥y _

v
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Yo
Fe

Y K
-iO'm-[O'erl ( ) Tim—1"Tm—1"m—1Pm—1 QU’” Tm Vm Pm

m— ]-lgm ((; )Zl 7\'‘I'r-iTrn—l-iTrrz (%)KZ (4)
I
*‘Pjvm—l -iv"l (%) ’ *‘P-[pm—l-ipm (

v

1Ij-le-iTerl (K) = IIJQTM71 U 1Pi—1 -1
1

T-[Tm_l -[Tm (%)E * ‘P-[Um—l-lvm (%
5, 70, (&) (

v

) 5)

‘.va-il)erl (K) Uin—1Pm—1%m—1"Tm-1 vap”l Im Tm (K)
‘Fjvm,l _iUm (%) ! *ijm 1_iPm (%)22 (6)
K, (5)7 5 Fre, T, (5)

m—1
It follows from (3)—(6) and Remark 1 that

Y

III-ipm—‘PmH (K)
> ¥, o (%)E * ¥, 1o (g)b *¥ T (%)ZS *¥ o, (%)E4
> Y, Tow (%) * Y0, 10w (%) *¥ o (%) *¥, o, (%)
= Emfl(%)/
Y0301 (€)
> ¥, v (5) P (5) e, 0 (5) v, v ()
> Y, e, (=) 2 ¥ T (2) 2 ¥, 0, (5) <Y, 5, ()
= Em—l(%);
‘If‘iTm‘ITmH (K)
> 1II‘irm 1 1T (%)Z *T'lvm 1 W (£>€ * o, 1 Tom ( )€3 *T_“T _1 oy, ( i )h
E 6 (%) * Y0, 1o (%) Yo, om ( K) *¥ao 7o, (%)
= Emfl(%))
and
‘Yvr,numﬂ (x)
> v oy, (%) * ¥, 1‘lpm( )62 *qj‘lam oy, (%)KB *Tij,l-iTm (%)64
> o (5) 2 ¥ 00 (5) * e, 0 (5) + ¥, ()
= Em—l( co)

This proves that, for all x > 0 and all m > 0,

) > Em l(K>' (7)

[1]
§
L

III"lpy,fi/.),,prl (K)/ ‘P'ivm'itrmﬂ (K)r 1F'h'y,fi’r,,,ﬂ (K)/ II'rva'lu,,Hrl ( ) >

Putting x — @x instead of x, we obtain, for all « > 0 and all m > 0, that
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T-lpmjpmﬂ (K - ('DK)' ‘Fjﬂm-igm-#l (K - (DK), ‘PWTm-le-H (K - (DK)’TUTm-lUmH (K - ('DK) (8)
> Bpo1(x — @x).

Since * is commutative and x > ., using (3)—(6), we deduce that

En(®) = Fpuom ) * Fo,70m 0 * Yo To * T omToms
K\ 0 K\ L2 K\ {3 K\ a
> (‘P‘lpm1 0 (5) * Y0, o (5) *\P‘Irmil‘lrm (5) *T-IU"171 v, (5) >
x\ L2 43 K\ la K\ 0
* ¥, o (5) Y0, 1o ( w) * ¥ T, (5) * Yo o, (5)
K\ %3 K\ la K\ 4 K\ 2
*(Thipml Tom (5) *T'ltrm,l'lom (5) *‘I{‘lrmfl'lrm (6) *"P'Ivnh1 Tv,, (5) >
K\ la x\ 4 K\ L2 K\ %3
* (T'ipml Tom (5) *‘Y'iam,l'lam ( > * Tr 1 Vo (5) * "F'IunH1 Tv,, (5) >
K\ 4 K\ b K\l K
= (‘F‘lpm1 o (5) ¥, Tow (5) ¥, Tow (5 ¥, Tow (5

N——
~

'S
SN—

K\ &2 K\ K
* T-Wm—l-lgm (5) *T-Wm—l-lgm <5) *‘I{-lgm—ljam (5
K\ K\ {4 !
* ‘Y‘irm717r”, (5) * ¥z T, <5) * ¥z Tt (5) *\Pjrmfl'lr

K\ a K\ G K\ &
* ‘F‘ivmfl‘lvm(5> *T"lumfl‘ivm (5) * ¥, _, 1oy, (5) *T'lvm

*¥p o (

~
N

~— ~—
S
~

8l=r 8=

3
/N

Tv,,

~

8=

N~—
&
~——

-1

It follows that

K\ 0 K\ L2 K\ {3 K\

m(K) Z (T-lpml-[pm (5) "Yjpm,l jPm (5) 'Yjpm,l—ipm (5) '\Ij-lpm,l-[pm (5) >
L2 K\ K\ la K\ &

*(‘Y-iamnam (5> P (5) e P (5> F, o (5) >
K\ 03 K\ la K\ 4 K\ L

* (‘Y-hml-irm ( @> Fe T, (5) He T, (5) Fe T, (5> )

K\ la K\ 4 K\ L2 K\
*(‘Y‘ivml'lvm<w> -‘"Ij‘lvmil‘lvm (5) ~‘P‘ivm71‘ivm(5) 'Y-h’mfl-l”m(a) )

K\ L1+l +l3+Ly K\ L +l+0+,
= ‘F—Ipmfl-‘pm (5) *‘F-io'm—l-la'm (7>

()
K ) L1+l +l3+Ly
[

[1]

K ) Oy +ly+l3+1y

*‘f["-[Tm_l T, ( * ‘I’-[Um_l T, <i

@
K K K K
=z Y, Tou (5) * ¥, o (5> ¥ T, ( - ) ¥, T, (5)
_ K
= ':'mfl(a)

By using (2), one can write

K

mfl(a) =

[1]
[1]
[1]

m(K) > m-1(K) > Ep_1(x —x@), Vk >0, and m > 1. 9)

By continuing in the same manner, we have

- —_ K —_ K
dm(K) > dm—l(a) > dm72(7

v
v
[z]

0(%), Vk >0, andm > 1,

K
im 5, (x) > lim Z(—) = im &, (x) = 1.
nllrrgo m(K)fﬂ%ln‘éo o(—=) 1énl1rrc1>o m(x) =1 (10)
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From (7) and (9), we have

‘Pjpm-lpm-#l (K)"P-[(Tm-lam-ﬂ (K)/ ‘Fj’fm-l"fm-f-] (K)’TUTm-[U;n+1 (K) Z ‘Em(K) Z E‘m—l (K - K(D)‘ (]‘1)

After that, we will prove that, for all x > 0 and all m,r > 1,

LP‘lpy,,-lpm.y (K>' ‘P‘lam‘itrmﬂ (K), ‘P‘l'rm‘irnl+, (K)/ \Pvrm-lvm_,_, (K) >+ By (k — x@). (12)

We can show this by induction in > 1 as follows: Inequality (12) holds if » = 1 for all
m > 1and all « > 0 by (11). Assume that (12) is true for all m > 1 and all ¥ > 0 for some r.
Now, we prove the relation for r 4 1. It follows from (1), the induction assumption, and

* > . that
Y1 Tom 41 (@)
= Y0000 D ity (P)
> ¥, (01 * ¥, (02 % ¥ e (00 % Fy 0, ()
> (KB (k= k@) ok (K Epyq (k= k@) 2 5 (K Epy1 (5 — k@) 5 (K Epy_1 (k — kD))
> (KB (k= k@) (K B (K — k@) 2. (K Epy1 (5 — k0)) 3K Epp_1 (x — xc0))™

U+l +l3+0 -
1172143 42*7":‘m

[1]

(¥ Epy—1(k — x@)) —1(x — x@).

Similarly, we arrive at
(‘Y-ipm+1 Tomtri1 ((DK)’\II—lUn1+1 141 (CDK)"P-iTerl Tngri1 ((DK>’ ‘Pjvm+1 Tmgri1 (('DK)> 2 *VEm_l (K - K(D)'

From Definition 2 (fms 5), (8), and the induction assumption, we get

ijmﬂ-ipmwﬂ (k) = ‘Ij-lperl-iPerrJrl (k — k@ + K@)

III-IPm—IPerl (K - KLD) * T-[Pmﬂhipmwﬂ (KLD)
Em—1 (K - KCD) * (*ramfl (K - KCD))

AV

A B, (k- ko).

In addition, the same result holds if we consider Y=, 70, (€), Y10, 17000, (K),
and ¥y, ,,70,.,,,, (). This leads to (12) being true. This allows us to prove that { oy } is
Cauchy. Assume that x > 0 and e € (0,1) are given. From this assumption, as * is a k-norm
of the Y-type, there is ¢ € (0,1) such that +"¢; > 1 —e¢forall ¢; € (1 — ¢,1] and for all
r > 1. From (10), limy,—c0 (k) = 1, so there is my € N such that

Em(k —x@) >1— ¢, Vm > my.
Hence, by (12), we have

lIj‘l,t),,1‘ipm+r (K>/T'Ionl'iam+y(7()rqj‘[1,,l‘irm+r (K)/\Ijvrm'lvmﬂ(’() >1—¢ Vm>mpandr > 1.

Thus, {Tpn} is a Cauchy sequence. Similarly, {70y, }, {77}, and {Tv,} are also
Cauchy sequences.

St;. Proving that () and T have a QCP: As { is complete, there are p,0,7,v € {
such that

lim T, =p, lim 7oy, =0, lim Tt, = tand lim v, = v.
m—o0 m—r00 m—o0 m—o0

The continuity of 1implies that

lim o = Tp, Jim 1oy, = o, Jim 71, = T, and Jim. 1oy = .

m—o0
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The commutativity of Q and T leads to

TToms1 = 1U0m, Om, T, Om) = Q(NPm, T0m, VTn, T0m).

By (1), we get
‘Y-[-[pWH»lQpUTU (K(‘D) = ‘YQ-ipmamrm um Q,O(f‘rv (K(D)
¢ ¢ ‘ ¢
> Y110, () * Y110, 710 (6) 2 % ¥, e (6) 7 % ¥, 70 ()™ (13)
>

Y170, 70 () * Y170, 70 (€) % ¥ 91,70 (1) % ¥g70, 70 (%)
Asm — o0,in (13), we find that

rrl[ll’)r;o -I-Ipm+1 - QPUTU - -lp

Similarly, we deduce that Qyryp = 710, Qrypr = 1T, Quper = 0. This shows that
(p,0,7,0)isa QCP of Q) and .

o= Qporv, o= Qorop, Ot = Qrvpo, o = Qupor- (14)

St;. Showing that p = Qporv, 0 = Qurop, T = Qrype, and v = Qyper: From
Stipulation (1), we get

T-lp-ingrl (K('D)

leQpaTvam'rmumpm (K(O) (15)
/ 14 V4 l
Yp10,, () * ¥, (1) 2 % Fyem, (€)% g0, ()™

v

lP'Itr'iT,Hl (K‘D>

‘PQaTupQvampmam (KCD) (16)
Y4 l 0 Y4
Y010, (0) 7 % Ve, ()2 *‘Y"Iv'Ipm (k)2 *T"ip'lam (k)

AV

lP—[T_lvarl (K(D)
Yﬂrvpaﬂvmp;mmrm (K(D) ' ' ¢ (17)
‘I’-[ijm (K) ! *T"iv‘ipm (K) 2 *W'lp'Iam (K) ¥ x ‘Ij-[U'-iTm (K) 4

AV

‘Ij-[v—'PnHrl (K(D)

TQUpU’TQp;anTmUm (K(D) (18)
12 l l Y4

\Ij‘lv'lpm (K) ! *‘P"Ip'lam (K) : *T-iﬂ_h’m (K) } *‘Y'IT'Ivm (K) i

We set Vi (k@) = Y70, (K@) x Y1515, (K@) % ¥q70, (K@) % ¥ 357p,, (k@) forall x > 0
and m > 0. It follows from (15)—(18) that

%

Vini1(k@) = Y0, (k@) x Y574, (k@) x ¥070,,, (K©) * T07p,,., (kD)
> (‘Yﬂpmrm ORES S MO SRS ST (K)E“)
* (‘Y-mrm ORES SEMNORES SEMOREE SR )e“)
* (‘Y-iﬂum (1) 5 10, (1) % ¥y, (%) % ¥, (K)&)
* (‘Y-iv-lpm (1)1 % Fin, ()2 % Figig, (0) % Fie, (K)&)
= (‘Y-lp-ram (1)1 % ¥, () % ¥y, (K % 1, (1 )ZZ)
* (‘Y-mrm (1) 5 ¥y, (1) % ¥ g1, (1) % ¥ (i )43)

¢ ¢ ¢ ¢
*(‘Y-mum (1) % 00, (K) 2 % ¥, (1) % ¥ 100, () 4)

/. V4 V4 V4
*(‘Ywu-lpm (1) x ¥ qum1p,, (€)% Fqum1p,, (€)% * Fq09p,, (%) 1),
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which implies that

12 L l 1
Vi1 (6@) > (¥, (1) F i, (1) ¥y, (1) ¥y, (1))

14 2 L 14
* (F05, (1) 2 ¥ 1075, ()1 i1, () ¥ 70, (1))

‘ ¢ ¢ ¢
*((‘I’-lﬂvm(’f) * ¥ 070, (6) 2 ¥ 1070, () ¥ 070, (1) 4))

L l l ¢
* (‘leﬂpm (K) ! “Y_‘U_‘Pm (K) } III-[U_[Pm (K) 2 'IF-IU-[Pm (K) 1)
_ 11;_[()_‘0}” (K)Kl +l+l3+10, * IIj-lo'-iTm (K)gl +l+l3+10,

l1+ly+L3+-L U+l +l3+L
K e, ()2 K Fqy, () TR

> ¥pm0,, (€) * Y010, () * Y070, () * Y7, () = Vi ().

This implies that V11 (k@) > V, (k) forall m > 0 and all « > 0. Repeating this process,

V() > vm,l(%) > vm_2(§) > .. > v0(§), Yk > 0and m > 1.

From (15)—(19), we conclude that

¢ ‘ ¢ ‘
Yo, (k@) > ¥pe, (6) 1 % Vom0, (6) 2 % Yoo, (1) 2 % Fq0mp,, ()™
> Viu(x) = Volgm);
o ‘ ‘ ¢
Yo, (K@) > P01, (0) 1 * Voo, ()2 % ¥, (6) 2 % gm0, (€)™
2 vm( ) > VO(wm)
14 V4 l V4
Yo, (k@) = ¥, (6) 7 * Va7, (6) 2 % Ypmi0,, (€)% Y1q,, (6)
> Viu(x) = Volgm);
o ‘ ‘ ‘
Yaup (K@) > ¥, (0) 1 *x ¥, (6) 2 % ¥p71q,, (6) 2 % ¥pm, (1)
> Vin(x) = Volgm)-
Thus,

K
Y1000 (KCD),“I’-[U-[TW+1 (K(D),‘I’-hjum+1 (K@),‘I’jv-[pmH (k@) > VO<H)/ Vk > 0and m > 1.

Yo (k@)

Yor (k@)

Yo (k@)

Yop (k@)

(19)

(20)

(21)

(22)

(23)

Taking the limit as m — o0 in (20)-(23) and using limy; e Vo(Z2w) = 1, for all « > 0,
we get limy, o 1om = 10, liMy—s00 10 = 10, im0 1T = 10, and limy, 00 10y = 1T,
This shows, together with (14), that

Qoo = o= hm owm =0, Qprp = o= lim 1, = 7,
% n— P m—o0
QTUP(T = -h.- - 7%141’)1’;0 -Ivm =0, vag"[ - -IU - Wllli;rgo -Ipm - p.

Sts. We shall prove that p = ¢ = 7 = v. We set I1(x) = Yo (k) * Yor (k) * ¥ro(x) *
¥y (x) for all k > 0. Then, according to (1), we can write

)4 V4 V4 V4
Y000 Qe (K@) = ¥ 5710 (K ) Lok Wme ()2 % Wyemo ()2 % W (1) ™
o ()1 % Wrp ()2 % P () % o ()4

l l L
Y00 Qrope (K@) 2 ‘I’-ia-ur(K) 1ok e (6) 2 % Fqpp (1) * Vo (1)

TTU( )Z *Tvp( ) po (K *T(TT( )£4r

N

2 14

()7
‘I’qupgnw(m) > W ()1 % ¥y (1) 2 % Wi (1) % W (1)
Wop (1) % W oo ()2 % Worr (1) 5 W ()4
( )Z 5 ¥y () 2 % e ()2 5 Py ()
(k)"

5 W (1)1,

TQUPJTQPUTU(K(D) > LI[-lll-lp K
W oo (1)1 % For (1) 2 % T (6

(24)

(25)

(26)

(27)
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Using the above four inequalities together, we have

(k@) = Ypo(k@)*Yor (k@) x ¥rp (k@) * ¥op (k@)
(For ()1 % Fru()? 5 Fup ()" % Fpo ()

v

*(Fro ()1 % Fop (1) 5 () % Fore (1))

*(Fap ()1 5 o ()2 % ¥ () % o (1))

*(Fpr ()1 % ¥ () % Fo (1) 5 o (1))
= (oo ()" 5 Fpr () % Fpo (1) 5 Fpur (1))
*(Fore () Fore ()% % Fre ()" % ¥ ()2
*(Fro ()2 4 P () 5 Fr () % ¥ (1))
*(Fup ()" % Fup ()2 % W (1) 5 o (1))
(TPU(K)‘@ ¥ o(x) .qug(x)ﬁz.xyw(x)él)
*(‘I"UT(K)él Wor (k) For (1) .‘I’UT(K)ZZ)
*(‘fw(;c)fww(x)fl .‘fw(;c)@}fw(x)@)

l l 12 15
*(‘PUP(K) 3 W (1) 2. W () 1. W g () 4)
_ TPU(K)51+f2+£3+Z4 * ‘YUT (K)fl +l+l3+10y

v

*‘I;TU(K)51+€2+E3+Z4 *‘YUP(K)€1+Z2+ZS+€4
> Yoo (K) *¥or () x Vro(x) x Yop(x) = TI(x).

Thus, T1(k@) > I1(x) leads to IT(x) > TI(5) > II(Z;) > ... > I1(gw) forallx > 0
and m > 1. Applying (24)—(27), we get

For(k@) > For(K) % ¥ro(K)2 % Fop () % Fpor (1)

> Wor(K) % Yro(K) % ¥op (k) x Yoo (k) = (k) > n(%),
‘YUT(KC’O) > TTU(K)Zl *‘{/UP(K)@ *Tpa(K)£3 *IIIUT(K)Q

> W)+ ap () % P () % Fore (i) = T1(x) > T1( ),
Fro(k@) > Fup() 5 Fpr ()2 % Tor (1) % Tro ()

> Yop(x) x* ¥po (k) % Yor () x ¥ro(x) = TI(x) > H(%),
Fup (k@) > Foo (1)1 % For (1) 5 Frg (1) % Fop (1)

2 YPU(K) *T‘TT(K) *‘FTU(K) *‘Pvp(K) = H(K) > H(%)

As m — oo, we have lim;, ;0 IT1(Z) = 1 for all m > 1. This means that ¥, (k@) =
Yor (k@) = Yoy (k@) = Yy (k@) = 1 forall k > 0, thatis, p = ¢ = T = v. The uniqueness

of p follows from (1). O

Remark 2. In Theorem 2, the continuity of  is only discussed at (1,1), that is, if {pm}, {om} C
[0, 1] are sequences such that {p} — 1 and {0} — 1; therefore, {pm * o} — 1, which holds
because {pm *x om} > {pm-om} - 1x1 =1
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Example 2. Assume that { = R and (R, ¥°) is defined as Example 1. Consider p,h > 0 and

€ (0,1) are real numbers such that 8p < hw, that is, % < g. For all p,o,T,v € R, we

define QO : R* — Rand T: R — Rby Qporo = §(p — o) and (o) = Lp. It is clear that T is
continuous, O and T are commuting, and Q(R*) = R = TI(R). Moreover, ¥¢ satisfies

— 2 max —0)|,|(c—7 5
‘Pf)pmoﬁm(@") _ (e\(p—p)ﬂmm) waz(ez {le—pL >})w
( _ 2max{|(p-pLI(e }) _ n\max{[(p—=p)|,|(c—7)[}
Z e = (e 81()

. _Me=p)|  _ A(e=0)]
= min< e 8k e 8K

> min<e ,€ 8 e 8 e 8x

he=3)| _B(=7)| _ B|(v=0)|
= minde 24K 206) o 208) e 2(4N)
1
{(752,00) (48,2,00) . (5,2,00)

Thus, through Theorem 2, we deduce that Q) and 1 have a QCP.

h|(e—5)| h|(r—%)| h(vﬁ)}

[T

= min

, (‘Ye-mg(K)) ¢ }

4. Some Related Results

In this section, the view of ({,w) as a friable FMS (¢, ¥°, min) is used. This tactic
permits us to deduce some results involved in the metric space from the corresponding
results in the fuzzy setting. Furthermore, without a partially ordered set, Theorem 3 is just
a QCP result, similar to that of Karapinar and Luong ([28], Corollary 12).

Theorem 3. Assume that ({,w) is a CMS and that Q) : {* — {and 7 : { — { are two mappings
such that:

« O <)
e Tis continuous;
e Tlis commuting with Q).

If Q and T satisfy some of the conditions below for p,o,T,v,p,0,7T,0 € { :

(i) forsomeQ < @ <1,
WOpory gy = @maX{W‘lp-lﬁ/ W6, W T, w-ma}-
(ii) for some 0 < @ < 1and some ©1, 92, 93, 91 € [0, %],
WOpore sy = (mw-up-ip + 2w T P3WTE mwwmv)
(iii) for some ©1, 2, 93, P4 € [0,1) with 1 + @2 + p3+ o4 < 1,
WO Qg = P1WTpTp T 9207076 T P3W T T + P4WT0To-

Then, there is a unique point p € { such that o = 7o = Qpppp-
Proof. (i) Suppose that ¥° is defined as in Example 1. The completeness of (¢, w) leads
to ({, ¥?, min), which is a complete FMS. We fix p,0,7,0,p,7,7,0 € {, and x > 0, and

we will achieve (1) by taking p1 = @2 = p3 = o4 = % and * = min. If ‘Y‘lip-lﬁ(K) =0,
Y& +5(x) =0, ¥4 (k) = 0, or ¥4, +5(x) = 0, then (1) is clear. Assume that Y& _—-(x) =1,
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Ql,ﬂﬁ( k) =1, ¥ 4-(x) = 1, and ¥% -;(x) = 1. This implies that w-,; < , w7z < &,

w7z < &, and w=,75 < k. Therefore, x > max{w-ip-[ﬁ, W W, a;-[v-h;}, and

@K > @max{w-ip-lﬁ/ WG, W TRy w-lv-na} 2 WOy Qg

POTO

Thus, Y¢, poreOpors (k@) = 1 and (1) holds.
(ii) Here,

Wprro Qg = @ (plw‘ip‘lﬁ + 2w T 3w + @4w-ima>

1 1 1
< w <4w7p'lp + w'ia‘[a + 4C‘J'IT'IT + 4w-iv-lv>
@
= 7 (w-l,ﬂp + W + W + w'lv'lv)
()
< g 4ma><{w-|p1§, W WIrTE wwma}
= max{wjp-[p, W6, Wz, w‘lv'lﬁ} .

(i) fo=p+pr+p3+ps <1,

WOpore Qg = P1WTpTp T 02007076 + P3W0TcTe + P4WT0T0

IN

01 maX{w-[p-iﬁ, WeTe, Wt W‘iu‘ia}

+¢0 maX{w-ip‘lﬁl W, Wt w‘ma}

+63 maX{w-lp-nﬁ, WrTe, Wr Tz wwma}

+ 604 max{w-;pﬂﬁ, WeTe, W, w‘lu‘iﬁ}

= (p1+ o2+ 03+ p4) maX{CU‘]p-iﬁ/ W, W, W‘lu‘lﬁ}
= @ max{wjp-lﬁr W6, W7, w-lv'lﬁ} .

O

Example 3. Consider { =R, w(p,0) = |p — | forall p,o € Rand forall {1,065, 03,04,¢,F € R

with ¥ > 01| + |€a] + |€3] + |£4|. We define the mappings Q : R* — Rand T: R — R by
(lrp+ola+Tl3+vl4+3)
¥

Qporo = and Tp = p forall p,o, T, v € R. It is easy to check that the two
mappings verify the hypothesis (iii) of Theorem 3, and (po, 0o, 0o, Po) is a unique QCP of Q) and 7,

_ ¢ =
where pg = ey oy and Qpypopp00 = P0-

Now, we can generalize Theorem 1.7 [18] by obtaining a coupled coincidence point for
Q:R2 5 Rand 7. We only take /1 = ¥y = % as follows.

Corollary 1. Assume that * is a k-norm of the Y-type such that y x« > ux for all u,x € [0,1].
Suppose that ({,Y,*) is a complete FMS and Q) : {> — , 71: { — { are two mappings such that

« Q%) S0,

e Tis continuous,

e Tlis commuting with Q,
* forallp,o,p,0 €,

V4 Y4
¥ 0,005 (k@) = ¥p75(6) " % 05 () 2,

where @ € (0,1) and {1, are real numbers in [0, 1] such that {1 + l, < 1.
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Then, there exists a unique p € { such that p = 7o = Qpp.

Proof. Define /3 = ¢4 = 0 and Q* : * — C as QZUTU = Oy forall p,o,7,v € {. Then,

0*(g*) = (%) € T(¢) and O is commuting with T, thatis, 0%, = Qe = Opr =
05 oo T In addition, one can write

V4 Y4

Yoy, 00 (k@) = Yo, «@) = ¥p75(6) " * Tpp(x) 2

0070

l L
Fpmp(0)™ * o5 () 2 x 151

Y

0 l l l
Fppp(0) % V015 (6) 2 % Vg (1) 2 % g () .

Hence, by Theorem 2, there is p € { such that TTp = Q;;mv. If o € { satisfies Qg = 7o,
then o = Qe = O} . Thus, 0 =p. O

The proof of the corollary below follows immediately from Theorem 3.

Corollary 2 ([18]). Assume that ({,w) isa CMS and Q : {*> — , 71: { —  are two mappings
such that:

o« 0% CT);
e Tis continuous;
e Tlis commuting with Q).

If Oy and 7 satisfy some of the conditions below for p,7,p,0 € { :
(i) forsomeQ < @ <1,

(UQWQ@? <w max{wjp-[ﬁ, WG } .

(i) for some 0 < @ < 1and some 1,0, € [0, 3],

N——

W00y < @ (@1“’7,0‘[5 + 2077
(iii) for some 1, pp € [0,1) with p1 + @2 + @3 + pa < 1,

W0 Q5 < P1WTpTp + 2007075

Then, there is a unique point p € { such that p = o = Qyp.

5. Supportive Applications

This section was specially prepared to highlight the importance of the theoretical
results and how to use them to find the existence of the solution to a Lipschitzian and
integral quadruple system.

5.1. Lipschitzian Quadruple Systems
Assume thatI'1,I»,I'3,T4 : R — R are LMs and g1, g7, ©3, ps € R are real numbers.

4
Let U : R — Rbe defined by U(p) = ¥ p;Ii(p) for all p € R; then, U is also an LM and
i=1

4 4
@5 < Y |pil@r,. Itis easy to see thatif A = Y |p;|@r, < 1, then U is a contraction; thus,
i=1 i=1

there is a unique pg € R such that U,, = pg. Now, forall p, o, 7, v € R, define 0 : {* —  as

Qporo = p111(p) + 92l2(0) + ©al3(T) + pala(v).
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It is obvious that for all p € R, Qpppp = Up. In addition, we have
4
W (Qprp0300 Qrnonrey) = Z| ©il|Ti(0i) — Ti(oy)|

4
< §|@i\wr,~|m -0 < Alrgfélw(tojf“j)-

If A < 1, then Q satisfies (1) with Tp = p forall p € R.
According to the above results, we can state the corollary below.

Corollary 3. Assume that I'1,I'5,I'3,Ty : R — R are LMs and @1, g2, 93, 4 € R such that
4

Y |pil@r, < 1; then, the system

i=1

P o111(p) + 2l'2(0) + p3l3(T) + pals(v),

©111(0) + 2l2(7) + p3T3(v) + paTa(p), (28)
T= @1T1(T) + 2T2(v) + al'3(p) + palsa(0),
v = pT1(v) + pal2(p) + al3(0) + pala(7).

4
has a unique solution (po, o, Po, Po), Where pg is the only real solution of p = Y. ©;Ti(p).
i=1

Example 4. Consider the system

24 cosp — 1}372 + 144 = 120p + (1fr2) —15arcsinv,
24 coso — 1J1r812 + 144 = 1200 + (1431;2)2 — 15arcsinp, 29)
24cosT — 132 + 144 = 1207 + <1fp2>2 — 15arcsino,
24 cosv — 13’2 + 144 = 1200 + <1+4¢72)2 —15arcsin T,

2
If we select T1(p) = 6+ cosp, T'2(p) = 1+17, I'3(p) (ﬁ) ,and Ty(p) = arcsinv,
then I'y, I'p, I's, and T'y are LMs, and (Drl =awr, =1, or, = 3‘[ , and @r, = 7 . Let p1 = é,
02 = —55, 3 = &, and py = §. Then, Z |pil@r, = 0.479 < 1 because system (29) is a special

case of system (28). So, the problem (29) has a unique solution (po, po, Po, Po), where py represents
a unique solution of

18
24 cosp — 112 + 144 = 120p + <

2
1102 > — 15 arcsin p.

By programming in Matlab or Mathematica or by using the bisection method, we can approxi-
mate the value pg = 1.26624.

5.2. An Integral Quadruple System

Assume that ¢1,(, € R with {1 < £ and set ¢ = [{1,(5]. Let { = L'(¢) be equipped
with w;(T,R) = [ o T (1), R (1) [wr, where J is the Lebesgue integral. It is clear that

(L1 (9), wl) is a CMS. Suppose that @, 1, ©2, 3, 94 € R are real numbers and 3 : R* -5 R
is a mapping satisfying 3(0,0,0,0) = 0 and

4
| To1020308 — Borcnses| <@ Y wiloi — ail, (o1, 02,03, p4,), (01,02, 03,04) € RY.
i=1

If B € R, we want to find the functions I'y,T,T'3, T4 € L! (¢) such that
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Ti(p) =B+ oy A(Ti(x), Tiv1(x), Tiga(k), Tiya(x))wk, (30)

is fulfilled forallp € 9,1 =1,2,3,4.
ForTy,T5, T3, T4 € L1 (¢),and all p € ¢, define the mapping Q) by

Orryrr,(p) = B+ [ 311 (). T2(x), (), L) Jor. 6

According to (30) and (31), we see that Or, 1,r,1, € L'(¢); hence, QO : L' (@)* — L'(9)
is well defined.
In addition,

w1 (QF1T2F3T4' QN1N2N3N4)

= /¢|Qr1r2r3r4(40) — O s, (0) |wp

= (13003000 T, T, Ta) = T 6), Mo ), Kal), R e

4
/(/ @2@i|ri—Ni|WK>wP
e\l 5
4 .
w;@i/go(/qjlfimlm)wp

4 4
= @) @i/q)ah(l"i, N)wp = @(lr — £1) Y piwr (Ti, N;).
i=1 i=1

IN

IN

4
If we take @({; — 01) ¥ p; = A < 1, then Q) justifies (1) with T(I') = T for all
i—1

I € L'(¢). We conclude from the above results that system (30) has a unique solution
(To,To,To,Tp), where Ty is a unique solution of the equation

To(p) = B+ /[p1 | 30) To (), o) T e,

forTy € L(¢p)and allp € g.

6. Conclusions

The study of fuzzy sets led to the fuzzification of a number of mathematical notions,
and it has applications in a variety of fields, including neural networking theory, im-
age processing, control theory, modeling theory, and many more. In fixed-point theory,
contraction-type mappings in FMSs are extremely important. So, in this manuscript, we
investigated QCP results for commuting mappings without assuming a partially ordered
set in the setting of FMSs. Furthermore, some new results are presented to generalize some
of the previous results on this topic. In addition, non-trivial examples are given. Moreover,
some applications for finding a unique solution for Lipschitzian and integral quadruple
systems are provided to support and strengthen our study. In our future paper, we intend to
establish a fixed-point theorem for cyclic ¢ —contractive mappings in an M—complete FMS.
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