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Abstract: In this article, we investigate the existence and uniqueness of solutions for a nonlinear
coupled system of Liouville-Caputo type fractional integro-differential equations supplemented with
non-local discrete and integral boundary conditions. The nonlinearity relies both on the unknown
functions and their fractional derivatives and integrals in the lower order. The consequence of
existence is obtained utilizing the alternative of Leray-Schauder, while the result of uniqueness is
based on the concept of Banach contraction mapping. We introduced the concept of unification in the
present work with varying parameters of the multi-point and classical integral boundary conditions.
With the help of examples, the main results are well demonstrated.

Keywords: coupled system; integro-differential equations; Caputo derivatives; multi-point; integral
boundary conditions; fixed point theorems

MSC: 26A33; 34A08; 34B15

1. Introduction

In the mathematical modeling of many real-world problems, the study of coupled
systems of fractional orders of differential equations (FDEs) has gained significant attention;
for example, chaotic system synchronization [1,2], anomalous diffusion [3], ecological
models [4], etc. We refer to some papers for some recent results on coupled systems with
FDEs [5-13]. The use of fractional calculus methods is quite prominent in the mathematical
modeling of various processes and phenomena. The main reason is that fractional operators,
unlike integer operators, are non-local and able to trace the past effects of the phenomena
involved; see [14-19] for examples and details. Some researchers have addressed the
problem of fractional boundary value problems (BVPs), and a significant trend can be seen
in the recent literature; for example, see [20-37] and the references cited therein. A few
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authors have recently started investigating coupled fractional BVPs. Ahmad et al. [38]
discussed the solvability of the following coupled FDEs with integral boundary conditions:

CDx(t) = f(t,x(t),y(t),

CDPy(t) = h(t L x(1), y(1),

x/(O) = [ 2 (s)ds, x(1) =B [y g(x'(s))ds
—Mﬁ)(@%/y)=ﬁkﬁg((»%,

te[o 1, 1<qp<2 0<¢E0<1,

where CDq, CDP denote the Caputo fractional derivatives (CFDs) of order g, p, f,
h: [0,1] x R x R — R are given continuous functions, and «, 8, &1, B are real constants.
The FDEs with integral and ordinary-fractional flux boundary conditions

t)
t)

CDx(t) = F(t,x(), y(t)),
CDPy(t) = h(t,x(t), y(t)),

x(0) ﬂ»aﬁ(ws (0) =°D"x(1),
y(0) +y(1) = a1 [} y(s) '(0) = B,CDy(1),
te0,1], 1<a,p<2, 0<7,5<1

were discussed in [39], where CDa, CDﬂ, CDY, CD5 denote the CFDs of order «, 3, v, 6, f,
h: [0,1] x R? - R, are given continuous functions, and a, b, a1, by are real constants.
Ahmad et al. analyzed in [40] the existence results for coupled system of FDEs:

D*u(t) = f(t,o(t), DFo(t)),
DPo(t) = g(t,u(t), DIu(t)),
u(0) =0, u(l) = yu(y),
0(0) =0, zJ(1) (1),

=7
0<t<l, 1<a,pf<2 0<y<],

where D%, Dﬁ, DP, D7 denote the Riemann-Liouville fractional derivatives of order «,
B, 1, q, f, g:10,1] x R> — R are given continuous functions, and 7 is the real constant.
Agarwal et al. [41] analyzed the results with discrete and integral boundary conditions of
the existence of coupled fractional-order systems. In fractional BVP involving the Caputo
derivatives, Subramanian et al. [42] studied coupled non-local slit-strip conditions.

In this article, we are investigating the existence of solutions for nonlinear coupled
Caputo fractional integro-differential equations,

CD%u(t) = f(t,u(t),0(t), D o(1), I¢0(1)), T€[0,T] :=U, )
CD(t) = g(t,u(t), D" u(t), Zu(7),v(7)), T € [0,T] :=U,
supplemented by nonlocal integral and multi-point boundary conditions,
u(0) = ¥1(v), u (0) =e; f”l v’(e)de, u"(0) =0,---,u""0) =0,
&
u(T) = [ o(0)do+ g Zw]
@

0(0) = o(u), o'( —e2f 6)ds, ©"(0) =0,---,0"2(0) =0,
3
o) =12 | uw+mz%wm,
j=1

where CDQ, CDQ, CDgl, CD! are the Caputo fractional derivatives of ordern — 1 < ¢,¢ < n,
0<o01,61 <1, 7¢, ¢ are the Riemann-Liouville fractional integrals of order {,¢ > 0, f,
gU x R* 5 R, ¢1, ¥ : C(U,R) — R are given continuous functions, 0 < v; < v < §1 <
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0 <t < P <---< B0 < Pn—2 < T,andei,)ti,yi (l = 1,2),(27j,wj (] = 1,2,...,](—2)
are positive real constants.

The rest of the article is assembled appropriately. In Section 2, we retrieve those
concepts for a good reference and prove an auxiliary lemma, which provides the basis for
solving the problem. Section 3 presents the primary outcomes, while Sections 4-6 provide
examples, some important observations, and closing remarks, respectively.

2. Preliminaries

Firstly, we remember some fundamental fractional calculus definitions.

Definition 1. The fractional integral of order o with the lower limit zero for a function § is defined as

19(7) = F(lq) ./O‘T ( ) s r>0,0>0, 3)

T—s)l—¢

provided that the right-hand side is point-wise defined on [0.00), where I'(-) is the gamma function,
which is defined by T'(¢) = [;° 79 e~ "dr.

Definition 2. The Riemann—Liouville fractional derivative of order o >0, n—1 <o <n,n €N
is defined as

d\" [T
DSJ(T) = 1—'(1’11—Q) (d’f) /O (T — S)n_g_lf(S)dS,T >0, (4)

where the function f has an absolutely continuous derivative up to order (n — 1).

Definition 3. The Caputo derivative of order ¢ € [n — 1,n) for a function § : [0,00) — (R) can
be written as

n k
°DE.1(r) = Df, (fm SR <o>>,r >on-1<g<n ®

Note that the Caputo fractional derivative of order ¢ € [n —1,n) exists almost everywhere on

[0, 00) if § € AC"([0, 0), (R)).

Remark 1. If§ € C"[0,00), then

“Dg, §(v) = F(nl_ 5 ' & f_(;:;gi)l_nds = " O(n)(1), T > 0,n—1< g <n.

Lemma 1. Forany f,§ € C[0, T], the solution of the linear system of FDEs

P

{ CD%u(t) = f(1), TEU,
g

CD%(1) = 4(1), T €U, (©)

supplemented with the boundary conditions (2) is equivalent to the system of integral equations

7) ./OT(T — 9)9—1f(9)d9 + 11 (0)[1 + x1A4(T) — A3(T)] + o (u) [k A3 (T) — Ag(T)]

+ ?(ZQ(? iz) /0 : ( /0 "0 0)2f (a)da> do + DilT)er /0 ) ( /0 "o 0)9‘2§(0)d0) do

e [ ([ 0= e )aos e Y L [or - 00 (oo

[g—1)
k—2

F(Q) j=1

)/()T(T—G)ng(e)dé)} + As(7) [)‘1 /051 (/()g(e—a)glgw)da)cze

I'(¢)
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1 T .
+m o [T -0 g0 - s (T o)t (e)de), %
I'(e) Jo
and
1 T 1A
o(t) = @/0 (T—0)5718(0)d0 + o (u)[1 + x2A7(T) — As(T)] + 1 (v) [K1 Ag(T) — Az (T)]
As(T)er /”1 (/9 24 ) Ag(T)e2 'VZ( 0 22
+ 0 — o) 24(0)do d9+7/ /9—0-@ o)do ) do
)\1 51( 6 1 k=2 (D] 79]' 1
+AT—/ /6—09 $(o)dor | d6 + —/ 9, — 0)514(0)do 8
ey (0o soe)aoin L [0, -0 'ge) ®
1 /T(T - e)elf(e)de} + Ag(1) {)‘2 /52 </9(9 - a)@lf(a)da> d6
T'(o) Jo I'(e) Jo \Jo
k=2 . @; . 1 T
J J -1 ~14
i —/ Y ede——/ T — )¢ GdG],
e L g (o1 0 00— i [T 01300
where
A5 A o1 k—2 A 52 k—2 Ao k-2
&= 1 Moy +m Z @;b, G = 721 ) @8, &= % 2 ) wigj, 4= 7312 +2 ) wigl )
=1 =1 =1
Y1 =1—vwererd2 =T> =18, 93 = T" = G16a, Ja = T '8 — &T, 95 = (T — T8, 96 = T" — 6283, (10)
= Jonvy te1er + F193, v2 = Fovy e + F1F4, U3 = TV e + F1ds, va = TV M vaerer + F196,
U = Upv3 — U1Ug # O, (11)
v ey 81 — v 18:)e v e By — v 1B e vt ey B — 1 18)e
171:1+(1 3 2[310 1 Bs) 1’772:€1V1+(1 3 zﬁzv 1 Be) L (v} 2[33U 1 B7) 1
vt ey By — 1 18g)e v — ety € V18, — vty €
ps = (n1v3 2!34U 1 Bs) 1/;75:€2V2+(2 P1 1)1 2P5) 2/’76:1+(2 B2 1}1 2hs)ez.
iy = (vi B3 — E:;/?*ll/zﬁﬂ'?z, s = (vi By — 621/{171,381/2)52, (12)
B1 = G2(vs — v3€212), B2 = (vaervy —v3)F2, B3 = (V383 —v4T)91, Ba = F1(v3T — v48y),
Bs = (v2 —viean) G2, Bo = (v2€1v1 —v1)F2, B7 = (1183 — v2T)F1, Bs = F1 (1T — v2é1), (13)
k-2 k-2
K1 =A2bo + iy Y wj, Ky = A0 +p1 ) @;, (14)
= =
n—1 n—1 n—1 n—1
Tt T p _ T T _ T3 | T B3 _THa | T B
A (7) = 3 +— Ao (T) = 2 e As3(T) = 7 e Ay(7) = A e
n—1 n—1 n—1 n—1
_ 15 T Bs _ e T Pe _ Ty T By _ s T Bs
A5(T) = ,?1 70 , A(,(T) = ,?1 71) , A7(T) = ,?1 71) , Ag(T) = /)\/1 70 . (15)

Proof. Solving the FDEs (6) in a standard manner, we get

y(f):/o - (9); 1f( 0)df +ag+ayT+ -+ a7, (16)

1
Z(T):/O( (g))g §(0)d0 + by + byt + - -+ by T, (17)

wherea;, b; € R,i =0,1,2,---,n—1, are arbitrary constants. Using the boundary conditions
(2) in (16) and (17) together with notations (9)—(15), we obtain ag = ¢1(z), by = ¢2(y), and

1% 4
—biervy — by_qevf Tt = r(gel_ 1)/01 (/0 (G—U)g_zg(a)da> ae, (18)
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vy 0 R
by — ayvren — an_162v§_1 = F(QGZ_ 1)/0 (/o (6 — O’)Q_Zf(a’)d0’> do, (19)
T+ ay T — b1&) — by 18 = L/é1 /9(9—0)5*“(0)(10 d6
1 n—1 161 n—-162 = F(g) 0 0 g
& @t 1,
A Y AL O
1 T .
’@./o (T — 0)21f(6)d6
+ k22 (y) — ¢1(2), (20)
5 [ 10 X
DT+ by T — 4183 — ay_18s = 1")(\2)/0 (/0 (60— U)Qlf(a)d‘7> do
k=2 w] Pj N
L —0)717(0)do
1L i fy @0
1 T
—@/O (T — 0)514(6)do
+ x11(z) — P2(v). (21)

Solving the system (18)—(21) for ay, a,_1, by and b,_1, we get

ap = % [r(zlill) /OVI (/09(9 - U)gzg(a)da> de
e </09(9 A da) v

+’73<r}(\¢1;) /05l <f06(9—<7)§‘1§(0)d0> do

+m ]; f(é)/o (9 —0)° 1g(9)d9—@/0 (T —6)°1£(6)do
& 0 .
+ K262 (y) —471(2)) + 14 (1,}(\2)/0 (/0 (G—O’)Qlf(a)d(7>d9
k=2 . e . 1 T o
+uz]; f(é)/o (pj —0)° 1f(9)d0—@/0 (T —6)"'4(0)d6

+Kx11(2) — 4’2(]/))1/
B 1 15€ " 0 h
=g [r(gs—ll) /0 </0 (6 -0)° 23(0)’”) a6
e
+;77<1"/é) /061 </09(9—U)g_1§(0)d¢7>d9

k—2 1

i L s [0 - 0 g0 - o [T -0 oy

j=1 0
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T raa(y) —¢1<z>) s (ﬁ}f}) I ( [ —v)@*f(a)da) 6

k=2 w9 o 1 T o
+V2]§r(é)/o (pj —0)° 1f(9)d9—@/0 (T —6)5"'4(0)d6

+x1¢1(2z) — 472(]/)) 1 )
o= e et
s [ ( [e-ep f(@mf) 0

P (rA@ /051 (/09“’ - U>“g(a>da> a9

k=2 0. 8; . 1 T o
+ﬂ1];1q(é)/o (0;—0)° 1g(9)d9—@/0 (T —0)2"1£(6)do
+ K22 (y) —¢1(z)> +ﬁ4<r?2) /0 ” ( /0 (6= oyt f(a)da) a9

k=2 o re; o 1 T L
ﬂtz];r(é)/o (p; —6)° 1f(G)alefﬁg)/o (T —6)5"14(0)d6

+r¢1(z) — ¢z(y)>],
b= [I’(I[foll) . </09<9 - v)“g<a>da> o
ey (/09 (0 U)Q—2f<a>da> 0

+h (FA(::) /0‘51 (/09(9 - U)glg(a)d0> do

k=2 . 8; . 1 T L
+ ]gr(é)/o (% —6)° 1g<9>d9—@/0 (T —0)2"1f(6)do
+ k22 (y) —471(Z)> + Bs <F/(\Z) /052 (/()G(H—U)Qlf(a)da> do

k=2 . rg; o 1 T o
+"2]§r(é)/o (pj—0)° 1/‘(G)dﬂ—@/o (T —0)"'4(0)d6

+r1¢1(z) — 4’2(1/)”,

where 41, v, y;and B; i = 1,2, - -, 8, are given by (10)—(13) respectively. Substituting the
values of ag, a1, a,_1, by, b1 and b,,_1, in (16) and (17), we obtain the solutions (7) and

8). O
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Iy (u,0)(7) =

I (u,0)(t) =

Aq

3. Existence and Uniqueness Results

We define space G = {ulu € C(U,R), “D*'u € C(U,R)} equipped with norm
lullg = [lull + D% u|| = sup |u(1)] +sup|CDglu(T)|. Furthermore, H = {v|v €
Teu Tel
C(U,R), °D*'v € C(U,R)} equipped with norm |[v]|3 = ||v|| + ||SD*'v|| = sup |v(7)| +
Teld

sup 1D (1)), Obviously (G, | - |lg) and (H,| - ||%) are Banach spaces, and thus the
TeUl
product space (G X H, || - ||gx#) is a Banach space with norm ||(1,v)|gxx = ||ullg + ||v|l%

for (u,v) € G x H.
Using Lemma 1, we consider an operator IT: G x H — G x H as

(w,0)(7) = (1 (u,0)(7), 2 (1, 0) (7)), (22)

where

r(le) /OT(T —0)2718,(0)d0 + 1 (v)[1 + 1 As(T) — Az(T)] + o (1) [k2A3(T) — Ay(T)]

+1{\(2Q(T—)i2) /0 b ( /0 "0 0)92§u(a)da> d6 + 1{\(1;??) /(]Vl ( /09(9 - U)”Sv(v)dv) de

k=2

Ay [ 6 PN w; [P 1A
+A4(7) [T(Q)/o (/0 (6 —0)° 1Su(0)da>d9+y2];r(é)/o (9 — 0)° 15,(6)d6 (23)

1 T 1A A o/ P L
_@/0 (T—-06)° 181;(9)d9:| + Az(T) |:r(g)/0 (/0 (0 —0)¢ 151;(0')610')619
k=2 0. 8 o 1 T A
+H1 ];r(é)/o (% —0)° 180(9)1197@/0 (T —6)° 1Su(6)d9],
and
r(lg) /OT(T —0)5718,(0)d0 + o (u) [1 + 12 A7(T) — Ag(T)] + 1 (0) [K1As(T) — Az (T)]
As(t)er (i [? o2& Ng(T)ey [v2( (8 oa
+r(5€_11)/0 (/O (0 —0)° ZSU(U)da)er(éQ_S/O (/0 (0 —0)° ZSu(U)da>d9
A o1 0 o k=2 . 9 L
+A7(7) [1"((1‘)/0 (/O (6 —0)° 18v(0)d0)d9+#1 ];r(é)/o (8 — 0)8,(6)do (24)
1 T 1a Ay [02( [0 A
—@/0 (T —0)° 1&(9);16} + Ag(7) [F(Q)/O </0 0 —0)° 1Su(a)da>d6
k=2 w. o o 1T o
+"2];r(é)/o (¢ —0)° 1Su(9)d9—@/0 (T —6)S 150(9)d9].
where

S.(1) = f(r,u(r),o(t), D" v(1),I% (1)), T € U,
So(t) = g(t,u(t),°D%u(tr), Tu(1),0(1)), T €U,

and A; (i =1,2,---,8) are given by (15). Suitable for computation, we represent

- . . 5Q+1 k-2
TO(1+ A3) + Aseavs + Ay | a2+ 12 Y wig? ||, (25)
(e+1) =1 /
¢+1 k=2

1 . — 1)
= s 6 1 95
1 [T Ay +A1€11/1 + A3 <)\1 (g+1) + 1 ]; (Dﬂ%)], (26)
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(O]

b4l
Y2

Yy

|

([ PR QK 5§+1 oo
TCA7 + Agervy + Ag| Ao —=—< + 1> Ww;Q: ,
o+ | : CESVREEP PRl
1| VR Ty v S v ‘5%“ LS.
| TS(1+Ag) + AservS + Ap [ Mt 1 Y @ ||,
Fern | T A+ Asend G T
1 [ Te-1 K/ 0 K/ 0 K/ N 5§+1 1“22 0
e + Areqvs5 + 25—+ U2 ) wig; ||,
r(Q+1) -Q 3 2 2 4 (Q+1) H = ]q)]
1 [ ¢~ ‘SEH LS
TAy + Ajervs + A | Ay———< + @0 ||,
(VN I e (R Y m]; T
1 [ o+ s L=
Ty + Ageat +Ag | Ao+ Y wig? | |,
Florm |17+ Asets A Mgy i ) i)
1 i 1, % ~ .~ 5%“ kiz I3
ng_ +A8Tg +A5€11/1 + A7 A + 1 6’0]19 ,
Tc+1) | c+1) "5
Tl=01 Ti-61  __ Ti-01 . Tl-¢c1
A — A A — A A — A A A
<1+r@—qnl*’3+r@—go3>m+< D PR R YO Q”’
T

Tl-01 . Til-61 52 T%
+ <A2 + 7@& + Ay + A4> <max{51,32} + 3)
— 01

r2-o) r2—-g¢1) r(¢+1)
Tl (kA + Ay) TG (kAy + Ag)
A A 1 A A
+{K2 3+ 4+ 1—-(2_91) + +K2 7+ 8+ F(2—91) WZ/
Tl-01 Ti1=¢1 ra TS
M4y M +A+—7——A >(max 72,71 +)
( YTTR—e) T T T2 tramsd 55
<A Tl-a1 A A Ti1-¢1 A )
A+ D+ A+ ——— Ay s
2T T T T )

T (k1A + Ag)
I'(2—o01)
AV + DV + (1 + k1 A4 + A3) V1 + (k2Az + Ag) Vs,

AMuVi+ DoV + (le; + K,3)V1 + (K2K/3 + K;)sz
Agin Vo + D V1 + (1 4+ 10A7 + Ag)Va + (k1 As + A7)V,

+x1Ag + A7+

T1=61 (5, Ag + Ay)
oy
I'2-¢1) !

+{1+K1A4+A3 +

= 2412]/2 -+ 3311\}1 + (K2K7 -l—KS)Vz + (K1K8 + K7>V1,

MTi+8Ts, Pa=MTi+0Ta, Py=MTo+03Ti, Py=D0To+ AT,
Ti-01 . T1-61
P, PPt
r2-a) ’ PTT2-¢q)

= Pl + 7)4/

T1-01 T1-¢1
r2-o) I(2-¢1)
Ti = supf(7,0,0,0,0) <oo, T, = supg(t,0,0,0,0) < oo,
TeU Teld
TS TC

RSk

Y = ¥+ Y, ¥=V¥;+ ¥,

nHn = 14—, 1
1 S

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)
(38)

(39)
(40)

(41)

(42)

(43)
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where A; = max |A;(7)| and A; = max|Aj(t)] i = 1,2, - -,8. We need the following
TeH TeEH

assumptions in the forthcoming analysis: f, ¢ : U x R* — R and ¢y, ¢» : C(U,R) — R are
continuous functions 1 (0) = ¥,(0) =

(F1) There exist positive constants r; and s; > 0,79 > 0,59 > 0, Vw; € R, i =1,2,3,4.

|f(T/ w1, w2, ws, w4)\
|g(T/ w1, Wy, ws, ZU4) ‘

ro + r1|wr| + ra|wy| + r3|ws| + r4lwyl,

<
< sp+sp|wi| 4 sp|wa| 4 s3|ws| + sa|wyl.

(F2) There exists positive constants Wy, W, > 0,
[p1(@)] <Wrlloll, [g2(u)] < Wallul|, ¥ u,0 e CU,R).

(F3) There exist positive constants V;,i = 1,2,V T € U and r;,s; € R(i = 1,2,3,4), we

have
|f(T,r1,72,73,74) — f(T,51,82,83,84)] < V1<\71—51|+|r2—52|+|7’3—S3|+\T4—S4|),
g(T,r1,72,73,74) — 8(T,51,52,83,84)| < Vz(\ﬁ—S1|+|72—Sz|+|T3—S3|+\V4—S4|)-

(F4) There exist positive constants V; (i = 1,2) such that

[p1(r1) — P1(r2)| < Villrr —rall,  [92(r1) — $a(r2)| < Wallry — 72,

Vry,rmeR

Theorem 1. Assume that (Fy) and (F,) hold. Further, if ® = min{®,, @3} < 1, then the
problem (1) and (2) has at least one solution on U.

Proof. In the first step, we show that operator Il : G x H — G x H is completely continu-
ous. Operator IT is continuous by the continuity of f, g, 11, P functions. Let Q C G x H
be bounded. Then, 3 positive constants £ £ and L such that
Su(0)] = |f(t,u(t),0(1), D" o(1), I%(1))| < Ly
[So(0)| = [g(r,u(r), "D u(t), Tou(1),0(1))| < Lg,
(u v) € Q, and constants Ly,, Ly, > 0 such that [ (v)| < Ly, [Y2(u)| < Ly,, Yu,
C(U,R). Then, for any (u,v) € Q), we have

i)l = r<1@/0T<T—9>“|@<9>|de+ 1)1+ 51 Ag(0)] + A5 (0)] + 20 ol Ao(0)] + g ()]

R ([N 2Sutone Yo+ DT [ ([0 - 016 218 (oo )ao

3 R k=2 . : R
+|Ag(T)] {If(\z)) /05 (/09(9—0)@1|Su(¢7)d¢7)d6+y2 Y ﬁé))/oq” (¢j_9)071|8u(0)|d9

j=1
Lot 118 A8 A
g h T 1|3v<9>d9] +|A3(T)I{F(g)/O </O (6 0) 1|Sv(a)da>d6
k=2 @ b o i o
+"1]§r(é)/0 (8 —6) 1|Sv(9)|d9+@/0 (T —6)° lSu(G)d()]

< MLy + DLy + 14 k1 Ay + N3] Ly, + [2A3 4+ Ay Ly,
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Likewise, we get [IT; (1, 0)(7)| < A Li+ AL+ k1 Ay + N3] Ly, + [Kng —|— Ay)Ly,, which
implies that |SD"II;(u,v)(1)] < (Tzl le ) (MLf+ ALy + (k1A + A3]£¢1 + [k A5+
A4)Ly,). Thus, we have

ITh(u,0)llg < MLs+ 8oLy +[1+x1A0 + As] Ly + [K2A3 + Ag] Ly,
Tl-a

T(2— o)) (BiLy+ BoLg + [1 Ay + N3] Ly, + [k2Ag + Ayl Ly, ). (44)

_|_

We obtain that, equivalently, |I1,(u,v)(T)| < A4£g + Agﬁf +[1+ K2A7 + A8]£¢2 + [K1Ag +
A7]Ly,, and T, (u,v)(7)] < A4Lg + A3£f + [K2A7 + AS]sz [K1A8 + A7]£¢1, which im-
plies that |C D' T, (u, v) ()| < T 1 Y (AsLg+ A3y + [K2A7 + Ag},% [K1A8 + A7]£¢1).
Thus, we have

||H2(u/ U) HH < A4£g + A3[’f + [1 + K2X7 + Xg]ﬁll;z + [leg + Xﬂﬁlpl

T1-61

l—v(z _ Ql) (g4ﬁg + g3£f + [K2K7 +K8]£1llz + [K1X8 +K7]‘C1/71)‘ (45)

Thus, II is uniformly bounded by (44) and (45). Operator II must be shown
to be equicontinuous.
For 11, » € U with 1 < T, we have

111 (1, 0) (r2) — Iy (u,0) (1)
5 =)+ (= )]+ [ (01 [ (184 (12) = As(T)]) + (A7) — Aa))]

I'(o+1)
— € VQ
20l [a(1As() ~ As()l) + (Aa(m) ~ Ag(a)))] + L2 oty

A25§+1£f+ ]fw](¢])gﬁf Tgﬁg ]
To+2) ™ &Te+1) T+

/\15€+l£g k— 2(1)19 ,Cg TQﬁf ]

IN

(|A1(12) — A1 () |)ervi £
i I'(c+1) =+

(|A4(m2) —A4(T1)){

1
S W Y + ,
Me+2) M4 r(g+1) T(o+1)

+(As3(12) —A3(T1))[

and

1Ly (u,0) (12) — 1Ty (1, 0) (1) |

< | [ = O f0,u(0),000), D7 o(0), F0(0)0
2 (19 — -2 1 ’ / / /
| [ G2 16, u0),006), D7 o6), ZE00)6] -+ 111 (0)] s (143 () = Ay ) + (143() = A
/ / / / . —A viL
a0 ka1 (12) — A5 () )+ (15 (1) — A () )] + 22 r(’gﬁ;')ez =
/ - , , 2,88 k=2 (@)L
+) r(gl(?))')ewlﬁg+<|A4<rz>A4<n>>{r2<§+zf = rjéjﬁnf ]

Mo, k2 a@iLy  TOL ]

+(|A5(12) — Az(11)]) [F(g+2) T HT(+1) T

Thus, we have
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D (u, 0)

() — D" Ty (u,0) ()|
1 1 ,C / ! ! /!
. {f[<rz—n>@—1+<r§ P ] (o) [ (1A () — Ay(m)]) + (A7) = As(m)])]

<
- TI'(2-0) | T(0)
, , , , Asy(T2) — A Ly
)] [ra(1A5() — Aa(m)]) + (185 m) — Ay ] + 22 (Qﬁl))')ezvz !
(1A} (72) = AL (m) ervs £ R [/\259“[, - q)] eﬁf TS, ]
, , Mo, k2 @iiLy  TOL
+H(185(m) = 5 ()| Tl #0 L o) +F(Q+1)}
Thus, we obtain ||I1;(u,v)(2) — IT1(4,v)(11)||g — O independent of u and v as
T — T1. According to the above, we get
[1a(u,v)(72) — a(u,0) (1)
c
S T(c Jgr 1 [(z2 = 70)* + (15 — 1) + 2 ()] [K2(|A7(Tz) —A7(m)) + (|As(m2) — AS(T1)|)}
A —A ‘L
1) [ra(1As(1) — As(m)]) + (A7 () — Ay ()] + LR Eelen s
(|1A6(T2) — Ag(T1)])ev5 L ML, k=2 @t Ly TOLs
+ To+1) + ([A7(12) — Az(m)|) m+741j:1 Tlc+1) +F(Q+1)
A2§Q+1£f k= 26() (p] Qﬁf Tgﬁg
+(|Ag(12) — Ag(T1)]) T(o+ 2]:1 0+ 1) F(g+1) ,
and
T (1,0)(12) — Ty (1,0) (11|
O [(m—0)%— (n—0)7 :
< /0 2 F(g—l)l x ¢(6,u(8), D" u(G),Zgu(B),v(G))dO‘
T i -2 ! ! ! !
+ / (Trz(g f)i) g(e,u(é),CDQ]M(O),Igu(é?),v(@))d@‘ + a2 (u)] [Kz(lAy(rz) = Az (m)]) + (| Ag(n2) — As(n)\)]
/ / / / . — A, Vs L
) [ra(185()  Asl) )+ (185() — Ag(m)))] + o2 Esta e s
+(\A'6(r2) — Ag(m)])e2vs Ly - (AS(m) = A ML, k2 @08 Ly  TOL,

T(g+1) Me+2) METrD) Tt

MLy K 2wi(ep)eLy  TL,

Consequently, we have
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DM, (u,0) (12) — D Ty (,0) (1) |

IN

1-61 / ' / /
ré _;) {r(fj_ pyl(2 =7+ (5 = ]+ a0l [ra(1A7(22) = A7(m) ) + (14 (2) — Ag(m)))|

L) — A ¢
) [ra(185) — Aam)]) + (14 () — ()] + UL Es O e s

A15§+1Lg+ k=2 @05 Ly LTy ]
Mg+2)  M&T(+1) " Tle+1)

/ / A 5Q+1£ k=2 (@)L
+(|A8(T2)_A8(Tl)|)[1~2(;_|_2)f W]; rjéz)ﬁl)f F(T;—E%gl)”'

’ *A/ QE , ’
L (84(m) F(Qi(rll)mem f 4 (1Ab(r) — A7<Tl>|>[

which means that ||I1,(u#,v)(12) — ITx(u,v)(71)||% — 0 independent of u and v as T, — 7.
Hence, the operator I1(u,v) is equicontinuous, and thus it is completely continuous by
Lemma (see Lemma 1.2 [15]). Next, we demonstrate that the set ® = {(u,v) € G x
H|(u,v) = nIl(u,v),0 < y < 1} is bounded. Let (u,v) € ®; then, (1,v) = yIl(u,v), and
forany T € U, we have u(t) = nI1i(u,v)(t), v(7) = Il (u,v)(7). Thus,

¢
umlg < m(ro-+rlluls + (maxra ra} + s ) el

Sg,Tg
SAYS (So + (max{slrSZ} + m) llullg + S4HUHH)

+ (14 Rl + (A ) Willollse + (el As] + [As ) Wallullg,

—~ C
W@l < A(rotnlulg+ (maxr )+ m) ol

~ S3T€
s (s -+ (max{si, o2} + 2y ) Illg +sallelln)

p— — ! !
+ (1 Al + [R5 )Wl + (2 s + [Asl ) Walullg,

Tl-o1

01 "N 7’4T§
D% u(r)| < m_gl){m(ro+r1||u||g+(max{me)||v|H)

S3 Té'.

o) Mo siloll)

+(K1|K4| + |X3|)W1||U||H + (K2|K3| + |A4)W2||”||9}-

+A, (so + (max{sl,sz} +

Hence, we have
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ul < 8a(ro+nlluls + (maxtra s+ =2 ol
- r(¢+1)
Sng
0350+ (maxdsy, sz} + 2y ) Illg +saloll)
+ (14 1Rl + [As| )W ol + (ol Al + [Ral ) Wallulg
Ti-a | raTS
— A , Y 46
+m_gl){ (o nllullg + (max{ra, s} + g2 ) lellu) - @9)

-~

|Su(7)|

S0 (7))
[1(0)|

IN

~ S3T€
+Ba (0 + (maxtsu o2} + 2y ) Illg +saloll)

+(K1|K4| + |K3|)W1||U||H + (K2|K3| + |A4|)W2||”||g}-

According to the above, we get
ol <= Ba(so-+ (max{sn,sa) + 20 Yl + salol)
- r(¢+1)

1’4Tg
85 (ro +ralullg + (maxtra s+ g ) oll)

+(1+x2lA7| + [As ) Wallullg + (1 [As| + [A7]) Wil

Ti=61 | 53T
+1~(2_(51){A4(50+(max{slfsz}‘f'm)”“b‘*’%”””%) (47)

—~ 1’4T€
#8s(r +ralullg + (maxtra sk + gt ) oll)

+ (2l A7 | + [l ) Wallullg + (1 [As| + |A7|)w1|v||ﬂ}.

Using the above inequalities in combination with the notations (46) and (47), we deduce the

result below. ||u|| + [[v]| < @1+ min{Py, P3}||(1, V)| gx3, which leads to || (1, v)||gxy <
1

1-— min{CDZ, @3} ’

IT has at least one fixed point by Theorem (see Theorem 1.9 [15]), which means the system

(1)-(2) has at least one solutionson .

This concludes that the set min{®,, ®3} is bounded. Therefore, operator

Theorem 2. Assume that (F3) and (Fy) holds. Additionally, if
Y+9 <1, (48)

where ¥, ¥ are defined by (42), then on U there is a unique solution to the problems (1) and (2).

P+P
1—(¥+9)
by (41) and (42), and show that I1B; C Bz where the operator IT is given by (22) and
Be={(u,v) € G xH:|(u0)|| <€} For (u,v) € Bs, T € H, we have

Proof. Let us fix this€ > max , where ¥, ¥ and P, P are respectively given

£ (), 0(2), D o(1), To0(0))] < Van (|, 0) g ) + Ts < VinE + T,

18(,u(7), D u(7), Tou(x), 0(1))| < Voo (1 (w,0) lgne ) + To < Vot + T,
VIE, [1a()] < ViE,
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which lead to
ITTy (1, 0)(7)| < Y18+ P,

where ¥ and P; are given by (36) and (40). With the above notes, we get
[T, (1, 0)(7)] < ¥oE+ P,

which means that
T1-a1

C 191 < =
CDUI (1, 0) (1) < F(Z_Q1)<1F2£+'P2).
Thus, we get
(1,0} g < (%1 + o)t Pyt o) )
u,v < _— e _— .
! g TTR-ar) TTe-a)?

Similarly, we get
T (u,v)(7)| < Y3+ P3,

where Y3 and Ps are given by (38) and (40). With the above notes, we get
T (1, 0) (7)] < Y&+ Py,

which means that

T1-61
ICD M I, (u,0) (1) <

B @ ("Y4€+ 774) .

Hence, we have

T1-61
102,03 < (¥s +

I'(2-¢1)

So, (49) and (50) follow ||TI(u,v)||gx3 <& and thus, I1B; C B;.
Now, for (u1,v1), (u2,v2) € G X H and any T € U, we have

1g11)1f4)§+ (Ps+ Py). (50)

r2—-g

Ty (11, 01) () =TTy (142, 02) (7)| < ¥1(||u1 — w2lg + |01 — v2]|30)-
Next, we find that
Ty (11, 01) (T) =TTy (142, 02) (7)| < a1 — walg + |01 — v2]|30)-

Thus, we have

Tl-o1
DT (1, 01) (7) = “D T (19, 02) (7)| € =5—— (‘Yz(llm —izflg + [lor — UZ”H))r
I2-a)
Hence, we get
Tl1-a1
I a1, 21) = T (12, 22)lg < (Y1 + o5 ¥2) (i = wallg + lon = wally)-+— 61)

Similarly, we have

1021, 01) = (1, 02) e < (¥ + rg_tl)m)uul —ualg + lor = v2lla). (52)
So, (51) and (52) follow
[T1(u1, 1) — TT(u2, 02) [l g =1t
1-o1 T1-61
< (‘Y1 + W% + ¥+ m‘ﬁ) (Il = u2llg + llor = v2l20)-

It follows that, in view of the condition (48), the operator I1 is a contraction. Thus, by
Theorem (see Theorem 1.2.2 [14]), the system (1) and (2) has a unique solutionon /. O
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4. Examples
Example 1. Consider the system of Caputo type FIDEs given by
68 $ 46
“DEu(r) = f(r.u(0),0(x), D e(1), T a(x)), )
“DFo(r) = g(t,u(x), “DIu(r), THu(7), o(7)),
subject to the boundary conditions
v 5 k—2
(0) = 1 () (0) =enfy"s (0)d6, w(T) = [ 0(@)d0 + s} foyo(@
= (54)

v(0) =1 (u),v 0):62fovzul(9)d6, o(T) :/\2/0 u(6)do + o Z; w]-u((p])
j=

__ 68 _ 62 _ 44 __ 46 39 _ _ 1 _ 37 _ 37
Here@*ﬁrgfﬁfé’l 5or€1 »6=30= szT L o1 =g 02 = 550, 1 = 350/

49
_ _ _ 113 59 _ 6 _ _a _ 58
0 = 500' ¥ = 250' 9y = 55, 1 = 500/ P2 = 250' P3 =25, P4 = 200/ W1 = 15, W2 = 535/
_ _ 17 _ 7 _ 7 _ 9
w3 = 400r W4 = 250/ W1 = 70 W2 = *125/ “’3 250/ ws = 155, M 80’ A2 = 550, M1 = 00+

2 11 19
Mo = %,q = 400/ €2 = 550/ V1 = %, vy = 500 We consider the functions,

1 1 |1 sin us arctan uy
7 7 7 7 S 2 7
(1, 4z, 43, )| 2002 +1) 70(2+r)2( 2ty |u1|) 700 ' 140(3+ 1)
1 1 cos us |y

|g(T, uy, up,u3,ug)| <

uz
< 3 ,
(T4+1) +150(1+r2)(3 + ”1)+ 800 ' 400(1 + |ua])

P < gl gt < o5 lull
Clearly )
< N -
‘f(T’ul/uz’u?”u‘l)’ — 20+ 140| 1|+ 0|Z/l2|+ 700| 3|+420|u4|
1
< — —_
g (T, u1, up, uz,ug)| < 7+ &5 | 1|+450|u2|+800\ 3‘+4OO‘ P

1 1
p@) < golel Il < ool

With the given data, we find that ro = 20, r = 1}10, Ty = 70, r3 = 700, ry = 4%0, So = %, s1 = 50,
$2 = 139, 53 = g, 54 = 305, M1 = 0.46845200402823617, Ay = 0.0007227881649342847,
Az = 0.0011251030301272463, A; = 0.6151822290610394, A; = 0.8713184743902467,
Ay = 0.0014641295646385377, Az = 0.00186307333192, A4 = 1.0704190784503973, we find
that & = min{®y, ®,} < 1. Thus, the assumption of Theorem 1 holds and the problem (53) and
(54) has at least one solution on [0,1].

Example 2. We consider the functions

Lf(T,uq,up,us3,uy)] < ! < 3 + cos(uy + up) + ] +arctanu4>
T T 9/r2+ea\TH1 us| +1 '
1 72 1] .
<
|g(T,M1,M2,M3,M4)| = 24\/W<T+2+(u2+ 1+|u1|)+smu3+\u4\ ’
1
< — .
P < golel gl < Sl
Using the given data, it is found that V; = %, V, = ﬁ, Vi = 1%70' V, = 6l,

A1 = 0.46845200402823617, Ay = 0.0007227881649342847, Az = 0.0011251030301272463,
Ay = 0.6151822290610394, A1 = 0.8713184743902467, A, = 0.0014641295646385377,
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1T (u,v)(7)

1Ty (u,0)(7)

A3 = 0. 00186307333192 A4 = 1.0704190784503973, with Y1 + r(2 Q ) Y, ~ 0.0514018187
—1

3251667, and Y3 + r( )‘I’4 ~ 0.05324949686716335; hence, the Theorem 2 is satisfied, and
here the problem (53)— (54) has a unique solution on [0, 1].

5. A Variant of a Problem

Note that the boundary conditions (1) include the strips of different lengths when
modifying the strips in boundary conditions to the same lengths (1); then, the problem
reduces to the form

u(0) = ¢1(v), u'(0) =e; [y 0 (0)do, u"(0)=0,---,u"%0)=0,

u(T) = Ay [y 0(0)d6 + iy X7 i w] (9), 5)
v(0) = ¢2(u), 0 (0) = € fo 0)do, v (0) =0,---, 0" 2(0) =0,

U(T) =A fO 9)d9 + ]lzz 1 C()]M(ﬁ])

Concerning the problem (1) with (55) instead of (2), we obtained the operator [I:GxH—
G x H defined by

~ ~

[, 0)(7) = (T (1, 0)(7), T2(u,0)(7)),

where

F(le) /OT<T - = As(T)] + () [k2A5(7) — Ag(7)]

+I{\(ZQ(T)?) /0 (/09(0 —0)?2Qu(c )da) a6 + r(g()?) / </09(6 - aw@v(a)da) a0

k=2

Ay 5/ (0 o wi Y o
+A4(7) {T(Q)/o (/0 60— 0) 1Qu(0)da>d9+yz];r(é)./o (8 0)010,(0)d0  (56)

r(lg)/OT(T +A3(7){FA(;)/05</09(9

i Lk [ -0 w0 — o [1(r -0 0,000,

0)210,(0)d0 + 1 (v)[1 + 1 Ay (T)

9)9_1Qv(6)d9] a)g_le(a)da> do

and

A
e (U
+A7(T) [r/zé) /05

—F(Z)/OT(T—G)Ql@u(())dG} + Ag(7) HZ) /0’5 (/09(9—
k-2 1

tu Lo [ -0 Quonde s [T - 0) 1 Qu(000)

/=1

)57 10, (0)d0 + o (u)[1 + K2 A7(T) — Ay7(7)]

"60- a)“QU(a)da) 46 + ;\&(T_)% /O ’ ( /0 "0 — )02 Qu(U)dU) a6

k=2

</09(9 — 0)5*1 Qv(a)da> de + u 2 % /0‘9;'(19]- — 9)9*1 Qv(e)d@

j=1

— Ag(T)] + 91 (v)[k1A8(T)

+
7)e 19, (U)da) de (57)

where

Ou(t) = f(t,u(r),0(r), D" v(1), % (1)), T € U,
Ou(t) = g(t,u(t),“D%u(t),I¢u(1),0(1)), T € U.
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Aq62 —

Apo"
7—"_”12@] jr CZ_ !

¢1= -, tm

f1=1—12€e162, G2 =T2 =683, F3=
v = fov'ere2 + 193, v2 = Fov"
(vexB1 — v Bs)er

Zwﬂ* G =

T" — 184, Ga=

ey + 9194, v3 =G0

A6?

A"
St :

—2
Zw] jr 54—7""]"2

T 1g, - §4T 95 =& T !
ler + 9195, va = Fov"e162 + 9196, v =
(v"eaPa — v Be)er _ (Ve —v"'Br)er

-2
Z% w]'ﬁ;lil,

=T, G6 =T" — 8283,

vaU3 — v1Ug # 0,

m=1+ s , M2 =€V + . .
n _ ,n—1 n—1 _ n n—1 _ n
ne — (V€24 UV Ps)er 15 = exv + (V"B U€1V Ps)er do =1+ (V" B2 v€1V Pelez
(" Bz — eV By)e; (TR — eV Bg)er
777 - v 7 ;78 - v 7

B1 = F2(vs — v3€20),

B2 = (va€1v — v3) 92,

Bs = (v2 —vieav)F2, Be = (v2€1V — 1) T2,

B3 = (v383 — v4T)¥1, Ba = 71(v3T — v481),
B7 = (163 — v2T)91, Bs = Y1(v1T — v281),

k=2 k-2
K1:)L2(5-|—]/l2 ZW‘, K2:)\15+]/l1 Z(D],
j=1 j=1

T h= 1ﬁ1 T T"71ﬁ2 ™3 T7171[33 LN T”71ﬁ4
A(T) = + N(T)= =+ —=, A3(1) == , Ag(T —
1(7) 2 2(7) 2 3(7) % ” 4(7) A .
15 T”_lﬁs e T B Ty T By s T Bs
As(t)= B 5 PS5 Ajry=00 _ 8 PO Apry =17 T P7 Ny =TI T P8
5( A 5 6(7) A 5 7(7) A . 8(7) i 5

6. Discussion

For Caputo form FIDEs, we examined the consequences of existence and unique-
ness supplemented by non-local multi-point and integral boundary conditions by Leray—
Schauder’s alternative and Banach’s fixed-point theorem. By fixing the parameters (€1, €,
A1, A, 11, p2) involved in the problem (1) and (2), our results correspond to certain specific
problems. Suppose that taking A = Ay = yu; = yp = 0 in the results provided, we are
given the problems (1) with the form

1(0) = ¢1(v), u'(0) = €1 [y 0'(8)d6, u’ (0) =0,---,u""2(0) =0, u(T) =0,
v(0) = a(u), ' (0) = €2 [y* 1'(6)d6, ’(0) —0,---,0"2(0) = 0, o(T) =0,
while the results are
1(0) = y1(v), u' (0) =0, - - -, u"2(0) = / d9+y12a) ),
v(0) = o (u), U,(O) =0,---,0"2(0) =00(T) = Az/()(Z(G)dG—i—yszju(goj),
=1

followed by €1 = €3 = 0. Using the methods used in the previous section, we can solve the
above-related problems (1) and (2).
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