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1. Introduction

The classification of complete regular minimal surfaces in R" with finite total curvature
is one of the most important problems in the theories of minimal surfaces. If M is a complete
minimal surface in R" with finite total curvature, by using Huber’s theorem [1], Chern-
Osserman [2] proved that M must be conformally equivalent to M \ {py,- - -, pr}, where
Misa compact Riemann surface, and p;(i = 1,- - - ,r) are ends of M. Furthermore, they [2]
also proved that the the Gauss map of M can be extended to a meromorphic function on
M, and the total Gauss curvature of M is —27tm for some positive integer m > 0. The
classical Gauss—Bonnet theorem [3], Equation (12) proved by Chern-Osserman [2] and
the Jorge-Meek formula [4] all give the relation between the total Gauss curvature and
the topological properties of such surfaces. Consequently, it is natural to look for the
classification of such minimal surfaces with prescribed total curvature or genus or number
of ends.

For minimal surfaces with a finite total curvature in R?, Osserman [5] proved that the
total curvature of minimal surfaces in R3 is equal to —47tm for some integer m > 0, and
that catenoid and Enneper surface are the only complete orientable minimal surfaces of
total curvature —47. Meeks [6] gave the classification of nonorientable complete minimal
surfaces with total curvature greater than —87. The orientable case can also be characterized
by Lépez [7] under the work of Chen—-Gackstatter[8] and Jorge-Meeks [4]. For the total
curvature —127, Costa [9] obtained the classification of genus one embedded minimal
surfaces in R? with finite total curvature —127t. On the other hand, Chen and Gackstatter [8]
constructed an example of genus two orientable minimal surface punctured in a point with
total curvature —127r.

For minimal surfaces in R", Chen [10] gave the characterization of surfaces with total
curvature —277. Then, Hoffman and Osserman gave a slightly different version of Chen’s
theorem (see Theorem 6.2 in [11]). They also gave a complete description of the complete
minimal surfaces in R" with total curvature —47 (see Theorem 6.7 in [11]). Chen [12] gave
some properties of complete minimal surfaces in R" with total curvature —87.

In this paper, we give the classification of complete minimal surfaces in R"” with total
curvature —67. Proposition 4 states that if S is a complete regular minimal surface in R"
with total curvature —67t, there are three possibilities: S is simply connected with n < 8, or
S is doubly connected with n < 7, or S is a holomorphic curve in C? of genus 1. The last
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case can be excluded by Chen [12]; thus, we only have to consider the simply connected
case and doubly connected case.

In Section 2, we give some basic results of minimal surfaces with finite total curvature.
Propositions 2 and 3 give the representations of simply connectedness and k-connectedness,
respectively, which are as devoted to the proof of our main theorems as what Hoffman
and Osserman did in [11] for the total curvature —47t. However, distinguished with the
—47t case, where a simple form of representation, especially in a doubly-connected case,
is obtained by solving a system of equations, S may lie in an eight-dimensional affine
subspace of R” (see corollary in [11], p. 82). Thus, there may be more equations to be
solved and more coefficients to be determined, resulting in a highly complicated form of
representation.

In Section 3, we give the transformation

P2p-1 — ig2 P2p-1 +ig2
Prp1 =", ya=t—t, p=1234

Then
P2p1=P2p-1+V¥2p-1, @2p =i(P2p-1—P2p-1), p=1234 1)

With these forms, Y%, ¢; = 0 if and only if Z‘;:l $2p-1¥2p-1 = 0. Thus, we get
a system of Equation (22). By solving (22) and calculating the constraints condition in
Propositions 2 and 3, we get the following theorems.

Theorem 1. Suppose S is a complete regular simply connected minimal surface in R" with a

total curvature —67t; then, S lies in some affine eight-dimensional space, and in terms of suitable
coordinates, up to a constant factor, it may be represented by

X(8) = Re [ @(0)az, @
where ® = (@1, ..., pg) has the following form:

® =(91(2) +JT + L,i91(¢) = iJ + L), ¢5(0) + RE: + TC + K, iga () — i(RE? + TC + K),
¢5(0) + M + N, igs(Z) — i(MZ + N),¢7(0) + P, ig7 (§) — iP,),

®)

where

01(0) = ;P +c1l+d1, ¢3(0) = b38* + 30 +ds, ¢5(0) = 5 +ds,¢7() = d7,a1 # 0, (4)

Jaq Je1 + Kbs + Rd3 + Tc3 Ldy + Kds + Nds
T M = - 7 P = - 7
b3 Cs d7
_RC3+LH1 N — Lcy + Jdi + Kez + Tds + Mds
b3 ! - Cs !

R= (5)

T = (6)

subject to the following constraints:

(i) If any denominator of fractions in (5) is 0, the corresponding numerator and left-hand side of
the equality are both 0;

(i) If any denominator of fractions in (6) is 0, the corresponding numerator is also 0;

(i) {¢x},JC + L, RZ? + TZ + K, MZ + N have no common factors.

Theorem 2. Let M be the plane minus a point 0, and up to a constant factor, let X : M — RS be
defined by

X:k/®@%. @)
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Then, (7) defines a complete regqular doubly connected minimal surface in R® with total
curvature —67 of genus 0, and ® has the following forms:

a(9)

D= ?, (8)
where ® satisfies the same conditions as ® in Theorem 1, in addition to
R = bs. )

Conversely, given a complete reqular doubly connected minimal surface S in R" with total
curvature —67 of genus 0, there exist functions and points satisfying conditions (8) and (9), such
that S is given by (7).

In Section 4, we give a universal method to construct a complete regular non-holomorphic
minimal surface in R” with total curvature —67t. In Equation (1), if all ¢ vanish, the surface S
determined by {¢;} is a complex analytic curve in C*. Thus, we can construct such minimal
surfaces by deforming some specific complex analytic curve in C*.

Finally, in Section 5, a simplified classification of minimal surfaces in R* with total
curvature —67t is given from the viewpoint that the Gauss maps of such minimal surfaces
have a fine representation about CP' x CP"! as follows:

Theorem 3. Suppose S is a complete reqular minimal surface in R* with total curvature —67r.
Then, in terms of suitable coordinates, it can be represented by one of the following forms:

(a) S isa regular complex analytic curve in C* defined on C with the maximal degree 4 at the
pole oo of its components;

(b) S is a regular complex analytic curve in C? defined on C\ {0} with the maximal degree 2,1 at
the poles 0, co respectively of its components;

(c)  Up to a constant factor,

X(8) = Re [ @(0)d, (10)

where ® has the form

®(Z) = (Q(Z) +¢P(2),1(Q(5) — ¢P(2)),4Q(%) — P(Z), —i(2Q(Z) + P(2))),

where P(() is polynomial of degree 2, Q({) is polynomial of degree less than 2, and they have
1o common factor.
(d)  Up to a constant factor,

q’g) az, (11)

X(S) = Re/
where ® has the form
B(0) = (O + (d1 = 1){ +ds, —i(8 + (1 +1)¢ — 43),20% — da{ + dy, —i(d{ + ),

where
d3 =0, di #0,

or
d3 #0, dy = C1ds, d3 # —C1, &1 € R.

Conversely, each form of (a)-(d) defines a complete reqular minimal surface in R* with total
curvature —671.
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2. Preliminaries

Let S be an orientable surface in R” defined by a conformal map
X:M—R",

where M is a Riemann surface. S is a minimal surface if and only if the mean curvature
vector field vanishes everywhere. The generalized Gauss map of M is defined as

M= Gyu, g(p) =TpM,

where G ,, is the Grassmannian manifold consisting of all two-dimensional oriented planes
in R". Let v, w be an oriented pair of orthonormal vectors spanning T, M; then, the complex
vector z = v + iw assigns a point of C". A different choice of basis yields a point of the
form ¢z, and if we pass to the complex projective space CP" 1, the tangent plane T»M
corresponds to a unique point of CP" . The orthogonality of the pair v, w implies that the
set of points obtained satisfies the equation

B4 +22=0,

which defines the quadric Q,_» C CP""!. We may identify the quadric Q,_, with the
Grassmannian manifold G, .. If n = 4, Q, may be holomorpfic to S* x S? [11].
If (u1, up) are locally isothermal parameters in a neighborhood of a point p € M, then

the pair of vectors
0X 09X

du’ dup

are orthogonal and equal in length. Then, we may represent the generalized Gauss map by

g M= Qua g(p)=o(w).

where
@ (w) = (p1(w), -+, pn(w)),
and d d d
_» 9%k _ OXk . OXk - i
pr(w) = 50 = o Y uy + iuy.

¢ is holomorphic if and only if ®(w) is anti-holomorphic. From the lemma 4.3 of
Osserman [5], if M is a minimal surface in R”, then g is an anti-analytic function.

Denote f M KdA = —nC, and x the Euler characteristic of M; then, there are some
properties of the corresponding minimal surface S.

Proposition 1 ([2]). If the total curvature of S is finite, then

(a). M is conformally to a compact Riemann surface M with a finite number, say r, points deleted;
(b). Cis an even integer, and satisfies

C>2(r—x) =4g+4r—4, (12)

where g is the genus of M (=genus of M);

(c). The Gauss map of S extends to a map of M whose image g(M) is an algebraic curve in CP"~1
lying in Qy_o; the total curvature of S is equal in absolute value to the area of g(M), counting
multiplicities;

(d). g(M) intersects a fixed finite number m times (counting multiplicity) every hyperplane in
CP"~! except for those hyperplanes containing one or more of the (finite number of) points of
g(M\ M).

There are representations for complete regular minimal surfaces in R” with finite total
curvature:
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Proposition 2 ([11]). Let X : C — R" be defined by

X = Re [ ®(0)dz,

where ®(7) = (@1(§), -+ , ¢n (L)), and @; have the following properties:
(i) Each ¢; is a polynomial;
(i) The maximal degree of the ; is m;
(iii)  The @; have no common factor;
() Y ¢7=0.
Then, X({) defines a complete reqular simply connected minimal surface S in R" with total
curvature —27tm.

Conversely, every complete reqular simply connected minimal surfaces in R" with total
curvature —2rtm is of the form given above.

Proposition 3 ([11]). Let M denote the plane minus k — 1 points, {y, ..., {x—o. Let X : M — R”
be defined by

X = Re / ®()dg, (13)

where the integral is taken from a fixed point to a variable point along any path in M. Assume that
the complex vector ®({) is of the form

D(2) = F(O)(¢1(2), - §u(2)), (14)

where F({) is a meromorphic function of the form

1

FO) = 27— (15)
H}Lg(é =)
and the §; satisfy
(i) Each §; is a polynomial;
(i) The maximum degree of the ; is m;
(iii)  The ¢; have no common factor;
(i) Y4 gbjz =0.
Furthermore, the vj value satisfies
vi>2, j=0,.,k-2;
k=2 (16)
Z v <m+1.
j=0
Finally, given any closed curve v C M,
Re/ ®(7)dZ = 0. (17)
v

Then, (13) defines a complete regular minimal surface in R" of genus 0, connectivity k and
total curvature —27mtm.

Conversely, given a complete regular surface S in R" of genus 0, connectivity k and total
curvature —27tm, there exist points {, ..., (x_o, and functions F, $1({), ..., §n () satisfying (i)—(iv),
(15)—(17) such that S is given by (13) and (14).
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Remark 1. Actually, the second condition of (16) in [11] can be stated as:

k—2
2 vj < m.

j=0

Here, Z;.‘;g vj = m+ 1 could be excluded for the following reason. If it holds, similar to the
proof of the simply connected case, we set

m—1 . m=1
gr=cg"+) CGf,  gp=icC"+ ), Cl,
j=0 j=0

for some constant ¢ # 0, C;j, C]/-. Choose -y = dDg as the boundary of a sufficiently large disc so that
Cj € D for all j; then, the condition (17) implies

0=Re | F@O)@(0)dl

N 1
— Re /aDl/R F(1/w)g1 (1/w)d-—

dw

R / c+ Z/’.”:_Ol Cjwm’f
= e —

aDl/R H;(;g(l - éfu))vfw
= —Re(27ci).

For @y, by the similar calculation, we have

0= Re / F(¢)>()d = Re(2rc).
3D
Thus, ¢ = 0 holds, which leads to a contradiction.

We say a minimal surface S lies fully in R" if the image X (M) does not lie in any
proper affine subspace of R". If S is a complete regular minimal surface in R" with total
curvature —67t, then S has the following properties:

Proposition 4 ([11]). Let S be a complete oriented minimal surface of total curvature —67 lying
fully in R"™ with genus g and number of boundary components r. Then, there are three possibilities:

1. S issimply-connected withn < 8;
2. Sisdoubly-connected withn <7,
3. g=1,r=1and S is a holomorphic curve in C2.

3. Proof of the Main Theorems

As noted in Proposition 4, if S is a complete regular minimal surface in R" with finite
total curvature —67, there are three possibilities. From Chen [12], the case g = 1 can be
ruled out. Then, we only consider the simply connected case and the doubly connected
case of genus zreo. Thus, S must be conformally equivalent to the extended complex
plane C U {co} punctured finite number of points by Huber’s Theorem [1]. Combining the
Propositions 2 and 4, S is given by

X =Re [ @(0)z,

where ®(7) = (¢1(0), -+, 9s({)), and {g@;,j = 1,---8} are polynomials with maximal
degree 3. Thus, we write

9i(0) =aj> + bl +ci{+d;, j=1,---,8 (18)
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Note that the point A = (ay,--- ,ag) € CP is the image under the Gauss map of
the point { = oo, i.e,, it corresponds to the limit of the tangent plane to S as { — co. By
a rotation in R8, we may assume that the vector A is a non-zero multiple of the vector
(1,7,0,0,0,0,0,0). The condition

means

If we choose
(ﬂl, T /a8) = (1/ i/ 0/ 0/ 0/ 0/ 0/ 0)/

then Z?zl ajbj = 0 yields b, = iby. ¢1, ¢2 have the forms:

b B
=0+l +d=((+ 31)3+51€+d1,

. . ) b .
@2 =i0> +ib1 0% + el +dp = i({ + 31)3 + 620 +da,

for some coefficients ¢;,dy, ¢, d>. Now, we introduce a new variable 5 =7+ %1 ; then, ?;
also has the form (18), but with
by =b,=0.

Next, we may consider the real and imaginary parts of (b3, by, - - - , bg) as defining a
pair of vectors in R®. Choosing an orthonormal pair of vectors in R® orthogonal to both
those vectors, we may make an orthogonal transformation of RS, leaving the first two
coordinates unchanged, but with

bs = bg = by = bg = 0.

For the vector (cs, cg, c7, c3), we repeat the process and obtain ¢; = cg = 0.
Thus, by the trick of resetting the coordinates above, we obtain the representation of
d satisfying
deg @1 = deg ¢ = 3;
deg oy <2,k=3,4;
deg oy <1,k=5,6; (19)
deg oy <0,k=7,8;
deg ¢y > deg ¢, Vk < I,
where deg P (), for polynomial P (), is the degree of the polynomial, and the coefficients

of the square terms for ¢1, ¢ vanish.

Set
$2p-1 — 12 P2p—1+ i
4)2p_1 = 7p 2 p, ll)zp_l = 7;7 2 p, p = 1,2,3,4.

Then

P2p-1=P2p-1+V2p-1, Pop =i(P2p-1—YP2p-1), p=1234 (20)
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We can assume that deg ¢, 1 < deg¢,, 1, otherwise changing the 2p-th coordinate
to the opposite. Then, together with condition (19), write ¢, 1 and 12, 1 as follows:

$1(0) =al +al+d, $1(0) =GP+l +L,

93(0) = b30® + 3l +d3, 3(0) =R+ TC+K, 1)
¢5(0) = cs5¢ +ds, ¥5(¢) = M{+ N,

¢7(0) = dy, $7(¢) = P.

where a1 # 0; then, we have
8 ) 4
Y oi=0& ) d2p 12y 1=0.
k=1 p=1

Since the functions above are all polynomials, and the degree is at most 6, we assume

6 4

P@) =Y _pil" =) pop1¢Pap1.

t=0 p=1
Consider ps = 0, and directly, we get G = 0. Then, the following are left:

0 = py = Ja1 + Rbz,

0 =p3 = La; + Th3 + Rcs,

0 = pp = Je1 + Kbz + Tcs + Rdz + Mcs, (22)
0=p1 =Lcy+ Jdy + Kez + Tds + Ncs + Mds,

0 = po = Ldy + Kd3 + Nds + Pdy.

Given {ay, by, cx, di }, ref. (22) can be considered as a system of linear equations about
{J,L,R, T, K, M, N, P}, which must have solutions, since it is homogeneous. By solving
these equations, we get the identities (5) and (6).

If any denominator in (5) and (6) is zero, it is easy to see the fact that the corresponding
numerator vanishes. If any denominator vanishes in (5), the principle deg ¢, 1 < ¢, 1 of
resetting coordinates implies the fact that the left-hand side of the corresponding equality
vanishes.

Notice that a common factor of { ¢y} is also common factor of {¢y, ¢ : k = 1,3,5,7}. If
such a common factor exists, ¢ must vanish; thus, so does P, which leads to (iii). Actually,
if d7 # 0, then the constraint (iii) holds automatically.

So far, we give a complete proof of Theorem 1.

Now, we are going to consider the doubly connected case. From Proposition 3, it
means k = 2, and F({) has the form

1

F({) = ————, v=2o0r3. (23)
©O=t=or
Then, the condition (17) is non-trivial. We only need to consider the residue of
F(2)®(Z) at Co.
Case1: v = 3.

From some direct calculation, the residue of F({) @k (Q) at o is

(3&1 gO/ 31'0150, b?) +R, lb?) —1iR,0,0,0, 0)
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Thus, (17) is equal to:
Re (27i(3a1p)) =0,
Re (27ri(3ia1C0)) =0,
Re (27i(bs + R)) =0,
Re (27i(ibs — iR)) =0
Then B
Co=0, R=bs. (24)
Case 2: v = 2. Consider 5(0)
D¢
D()dl = —2L=dl.

we can repeat the process similar to the case of v = 3 and then lead to some conditions to
meet. However, there is another viewpoint to show these two cases are actually the same.

Let M be the complex plane minus a point {y, which means indeed that M is a
Riemann surface S> = C U {0} minus two points p; = o0, and pp = (o, and define a

Mobius transformation .
o(w) = S+

w
with 0(c0) = o, and 0(0) = oo. Let { = o(w); then, we have

@(M) 1 w3&>(M)
O(Q)d] = —+—Fd— = ———“—dw,
# w w3

where the components of w? é(%) are polynomials of degree at most 3. Thus, it is the
same as Case 1 if there exists some component of w3®(22tL) of degree exactly 3. If not,

w
we write
Pk(0) = akl® + b l* + ol + dy,
then

. w+1

w3<Pk(€OT) = a(Qow + 1)° + brw(Gow + 1)* + cw? (Gow + 1) + dyw?,

with coefficient ak§8 + bkég + cxCo + dy of degree 3. If all the coefficients of degree 3 vanish,

{0 becomes a common root of all ¢, which is a contradiction! Thus, we get the Theorem 2.
It seems that the description of the doubly connected case just adds one condition (9)

compared to the simply connected case. However, we will see later that the condition (9)

may play an important role in the doubly connected surfaces.

Remark 2. From Proposition 4, we know that such surfaces in Theorem 2 are in some affine
seven-dimensional space. In fact, restriction (9) implies this result. Since R = bz means

{4’3(5) = 2Reb3l* + (c3 + T){ + (d3 + K),
94(0) = —2Imb3Z* +i(c3 — T){ +i(ds — K).

Here, notice that the coefficients of degree 2 are both real, so by the trick of resetting coordinates,
we can set deg ¢4 < 1. Continue the process on ¢y, k = 4,5, ...,8, and then, we can get pg = 0.

4. A Method to Give Some Families of Examples

In (22), there are two series of coefficients {ay, by, ¢k, dy} and {J,L,R, T,K, M, N, P}.
Notice that if the second ones all vanish, the surface corresponding to @ is a complex
analytic curve. So, we can regard the second series of coefficients as the deformation upon
some complex analytic curve. From this viewpoint and Theorem 1, there is a method to
construct a series of complete non-holomorphic simply connected minimal surfaces with
total curvature —67r as follows:
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e Step 1. Fix a series of data {ay, by, ¢, dy} with a; # 0. To simplify the next step, we
could just choose b3csdy # 0 and others arbitrarily.

*  Step 2. Equation (22) consists of homogeneous linear equations for J,L,R, T, K, M, N,
and P. By the theory of linear equations, it is always solvable. In the simplified
case with bscsdy # 0, given ], K, L € C arbitrarily, we can determine R, T, M, N, P by
using (5) and (6) successively.

e  Step 3. Define ¢y, Y as (21), ¢ as (20). If bscsdy # 0, then

M®=%/¢@%

defines a complete regular simply connected minimal surface in R® with total cur-
vature —67t. Moreover, if |, K,andL given in Step 2 are not all zero, the surface is
non-holomorphic. If b3csd7 = 0, the constraint (iii) in Theorem 1 needs to be checked.

In this method, there is a gap that the constraint (iii) holds naturally if choosing
bycsdy # 0. This is for the reasons that ¢7({) = d7 has no factor; therefore, the terms in
constraint (iii) have no common factor.

Example 1. We can give a detailed example by using the method given above. Choose a1 = b3 =
cs = dy = 1, other by, cy, dy vanishing, and | = 2, K = L = 0; then, the Gauss map is

D = (€3 + 2€/ l(€3 - 25)/ _gZI 3i€2/ gl Z(,, 1/ l)/
thus, X(S) is defined by

1 3 1
X1 = ZLX4 - Ele/z + 1]/4 +37 -y, = -y+ay’ 4 2uy,
1
x3 = =32 + 2y, xy =y 3%,
1, 1, _
X7 =X, Xg = —Y.

We can check easily that S lies fully in RS,

Similar to the simply connected case, Theorem 2 also gives a method to construct a se-
ries of complete non-holomorphic doubly connected minimal surfaces with total curvature
—671 as follows:

e Step 1. Fix a series of data {ay, by, cx, di} with a; # 0, bscsdy # 0, others arbitrarily.
* Step 2. Given K, L € C arbitrarily, then R and ] come from (9) and (5), respectively.

T, M, N, and P are determined by (5) and (6) successively.

e Step 3. Define ¢y, P as (21), ¢ as (20), ® as (8). Then, (7) defines a complete dou-
bly connected minimal surface with total curvature —671. Moreover, it cannot be
holomorphic.

Here, in Step 3, we say the surface is non-holomorphic since there is only exactly one
component of ® of degree 2 from Remark 2, which cannot happen if S is holomorphic.

Comparing with the method to construct simply connected minimal surfaces, where
we choose bzcsdy # 0 to simplify the process, here, b3csdy # 0 works. In other words, if the
condition bzcsdy # 0 in Step 1 is removed, the construction might be invalid. For example,
we give {ay, by, c, dy } as follows:

¢(Q)=0+0-1, ¢3(0)=0"—7-1, ¢5(0) =¢7(0) =0. (25)
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Then, combining (9), Equation (22) can be rewritten as:

1 0 0 0)\/J !
1
o 1 0o -1,
1 0 1 -1 | 1],
-1 1 -1 -1 ||K 0
0 -1 -1 0/\T 0

which is overdetermined by some simple calculation. It means that the method given
before cannot continue if such bad {ay, by, ¢k, di } are given.

Example 2. We also give a detailed example. Let a1 = by = c5 = d7 = 1, other by, ¢k, dy vanish
and K = L = O; then, the Gauss map is

1 i 2 1 1 1 i
®: 1_711’—’_71710/7171717/
Cwitprtrpp
thus, X(S) is defined by

X1 = —0—7)( Yo=Y — s
L IRl 2TV T
x3 = In(x* +y?), x4 =0,
Xs = — Po—
57x2+y2' 67x2+y2'

42 2 _
X x“+vy xg = xy

G EERd

where (x,y) # (0,0). In addition, it lies fully in R”.
Remark 3. In our methods, to construct specific minimal surfaces, after giving a vector in
{(a1,¢1,d1,b3,¢c3,d3,¢5,d5,d7) € C, x CXxCXxCi x Cx Cx Cy xCxC,},

where C, = C\{0}, any (J,K, L) € C3 decides such a simply connected minimal surface. In other
words, any vector in C3 x C8 decides such a simply connected minimal surface. In the other case,
replacing (], K, L) € C3 by (K, L) € C?, any vector in C3 x C7 decides such a doubly connected
minimal surface.

There is a natural problem to check out which ones indeed result in the same surfaces up to an
isometry. If solved, the expressions of such surfaces might be further simplified.

5. Complete Minimal Surfaces with Total Curvature —67t in R*

Now, we consider the minimal surfaces with total curvature —677 in lower dimensional
Euclidean space. As seen in Section 1, complete minimal surfaces in R3 have total curvature
—4m7 for some non-negative integer m. Thus, the surfaces discussed must lie in at least
four-dimensional Euclidean space. If it is exactly 4, the minimal surfaces need to be much
more restricted. Therefore, we simplify the result of the classification in R*.

Naturally, we could set some coefficients given before vanishing to force the surface
to lie in R*. However, in R?, there is another viewpoint on the Gauss maps of minimal
surfaces given by Hoffman-Osserman [11]: Q, may be biholomorphic to CP! x CP!. The
inverse F : CP' x CP! — Q, is defined as

F(wy,wy) = (1 4+ wywo, i(1 — wywsy), wy — wo, —i(wy + wy)), (26)
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where regarding CP! as C U {co} and

F(OO,ZUQ) = (ZUQ, —in,l, —i), (27)

F(wlr OO) - (wll _iwli _1/ _l)r (28)

F(o0,00) = (1,—1,0,0). (29)

5.1. Further Structure of Qo

We know that an O(4, R)-action on Q; gives a reselection of coordinates of the related
minimal surfaces; thus, the orbit of the actions determines a unique surface. The following
proposition describes the induced action on CP! x CP!.

Proposition 5. There is a corresponding pair of actions o € O(4,R) on Qo and & on CP! x CP!
so that the following diagram is commutated:

CP! x CP! — 7. CP! x CP!

Fl ig
O(4R
Q> s Qo,

where ¢ has the form

aywy + by arwy + by
ciwy +dp ! Ccowsy + do
aywy + by ajwy + by
cowy +dy” cywy +dy

~—

F(wy,wo) = ( , ifoc€ SO(4,R),

(30)

~—

(w1, wz) = ( . ifo€O(4R)\SO(4R),

- a; b; _
with ( ¢ d; ) esu(2), i=1,2.

Proof. The inverse of F is given by

(w1, w2) = F\([z1, 22, 23,24]) = <23+iZ4 Z3—iZ4> _ <_zl—|—z’zz _z1+i22)

Z1 —iZzlzl —iZz Z3 —iZ4’ Z3+iZ4
Then, it is easy to see that if
op = diag(1,1,1,-1) € O(4,R)\SO(4,R),

the induced action & gives an exchange of w; and w,. Therefore, we only need to consider
the SO(4, R)-actions.

To consider the tangent map of o € SO(4, R), we choose a series of fine vectors in Lie
algebra so(4) of SO(4,R) as follows:

€] = €13 — €3] T €40 — €24, €2 = €14 — €41 + €23 — €32, €3 = €21 — €12 + €34 — €43,
€4 = €13 — €31 — €4 1+ €24, €5 = €14 — €41 — €23 + €32, €6 = €21 — €12 — €34 + €43,

where ¢;; is the 4 X 4 matrix whose element of the i-th row and j-th column is 1 and elements
in other positions are 0. Then, {ei}?zl are linearly independent and Span{ey, ..., s} = s0(4).
By calculating, the corresponding one-parameter transformations on CP! x CP! are given
respectively as:

wy cost —sint wycost+isint
Wy (t) = ;| Walt) = '

Wl<t) = w1, Wl(t) = w1, {Wl(t) = w1,
cost+wysint’ cost+iwysint’

Wz(t) = €2ith,’
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cost+wysint’ cost —iwqsint’
Wz(t) = Wy.

wicost —sint wicost—isint )
{w1<t> =i {wmf) g . i {w1<t> = Py,
Wz(i’) = Wp; WZ(t) = Wy,

Thus, it is obversed that any action ¢ for ¢ € SO(4,R) can be decomposed onto the
two projections CP! independently. Onto each one, the actions have forms

W= Gitbi (
c; w; + di

a; b;

. 4 ) € su(2,C), i=1,2 (31)

Thus, any SO(4, R) action on Q5 induces an SU (2, C) x SU(2,C) action on CP* x CP!
by F with (31).
Conversely, according to the well-known structure of SU(2,C),

cost —sint cost isint et 0

sint cost )’ isint cost )’ 0 et
(t € R) generate SU(2,C). Thus, any SU(2,C) x SU(2,C) acting on CP! x CP! as (31) is
related to an SO(4, R) action on Q; induced by F. [

5.2. Proof of Theorem 3
Since the induced metric on CP' x CP! is

2|dw, |2 2|dw,|*

ds? = 22 AV
(1+[wi?)? (14 [wa]?)

which is just the product metric of the standard metric defined on a sphere of radius
1/+/2. Each projection to CP! defines holomorphic functions from M to CP!, so it will be a
finite-sheeted covering of CP'. Denote n; = degw;, (i =1,2), then

/M KdA = —Area(g(M)) = —27t(ny + np)

The surfaces with total curvature —67 have only two cases ([11], Sec. 2):

(i) One of the projections is constant, and the other is a three-sheeted covering. That is,
g(M) is a three-sheeted covering of CP;

(ii) One of the projections is single sheeted and the other is double sheeted. Thus, g(M)
has genus 0 and is given by (wq, w,) as before with one of wy, w, expressed as a rational
function of degree 2 in the other variable.

Then, write M = M\{po, ..., px_1}. For surfaces considered, we have k = 1 (simply
connected) or 2 (doubly connected) and M ~ S? ~ CP.

Case 1. k = 1. Without loss of generality, assume py = co and denote F~1(g(py)) =
(81, C2). We can choose an SU (2, C) x SU(2,C) action to transform (&1, &») into (oo, 00). Up
to a reselection of coordinates, the following assumption makes sense:

po =00, F1(g(po)) = (c0,00). (32)

Case 1.1. g(M) is a three-sheeted covering of CP'. Then, without loss of generality,
we assume g({) = F(u,w2({)) where u € CP! is a constant and w;({) is a meromorphic
function of degree 3. Write w,({) = P(Z)/Q(Z) where P({) and Q({) are polynomials with
no common factor and max{deg P, deg Q} = 3. The assumption (32) implies s = o0 and
3 = deg P > deg Q. Hence, the Gauss image can be represented as:

@1(8) = m(Q)(w2(Z), —iwz(2), 1, —i)
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where 771 ({) is a polynomial with zero at some point {j if and only if {j is a pole of w, with
the same order. Hence, #1({) = a1 Q({) with a7 # 0. Thus,

®1(¢) = aa(P(g), =iP(£), Q(Z), —iQ(D))-

Then, up to conjugate, the determined surface M is complex analytic and expressed
by polynomials of maximal degree 4, where the condition that P and Q have no common
factor is equal to the regularization. It is form (a) in Theorem 3.

Case 1.2. ¢(M) is given by (w1, w,) and, without loss of generality, w, = G(w;
with meromorphic G of degree 2. Then, the Gauss image can be represented as: g({) =
F(w1(Z),G(w1(Z))), where w;(Z) is a holomorphic bijection on CP! with w;(c0) = co.
So, we can just say w; = { up to a constant factor. Then, ¢({) = F({,G({)). Write
G(¢) = P(£)/Q(¢) with P(¢) and Q({) are polynomials with no common factor and
max{deg P,deg Q} = 2. The assumption (32) implies G(c0) = oo, that is 2 = degP >
deg Q. Then

D(8) = 12(2) (1 +2G(2),i(1 = G(2)), & — G(Z), —i(E + G(2)))-

Similarly, we can assume 15({) = a2Q({) with ap # 0; thus

D2(0) = a2(Q(Z) + ¢P(2),i(Q(Z) — TP(2)),CQ(E) — P(Z), —i(ZQ(Z) + P(2))),

which is form (c) in Theorem 3.
Case 2. k = 2. In addition, without loss of generality, assume py = oo, p; = 0. Similar
with Case 1, assume further

{PO =00, F7'(g(po)) = (o0,00),
p1=0, Flg(pm)) = (C1,&).

When choosing action in SU(2,C) x SU(2,C), we canlet §; € RU {eo},i =1,2. In
addition, {1, ¢, cannot be both oo, so we further assume &, # oo.

Case 2.1. g(M) is a three-sheeted covering of CP!. Then, g({) = F(C,w,(Z)) where
w>({) is a meromorphic function of degree 3, where C is a constant in CP!, which forces
¢1 = C = oo. Write w,({) = P({)/Q({) like Case 1.1. Thus, we have 3 = deg P > deg Q
and w;(0) = ¢,. Then, the Gauss image can be represented as:

P3(8) = 13(0) (w2(0), —iw(0), 1, =), (34)

where 773({) is an analytic function in C \ {0} with zero at some point j if and only if {j
is a pole of wy with the same order. Combining the discussion in the proof of Theorem 2,
¢ = 0/is the pole of 73({) with order three. Hence, we can assume #3(7) = B1 Q() /3 with
B1 # 0. Thus,

~—

(33)

3(0) = =5 (P(2), —iP(2), Q(2), —iQ(2))- (35)

and assume detailedly
PQ) =+ +al+dsl, Q(Q) = b3g” + 3l +ds,
where by, c1, b3, ¢3, and d3 are complex constants with ds # 0. The residue condition

Re/7d>3(§)d§ —0

implies
by =b3 =0.
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3
Then, w, () = M, and combining the condition that P({) and Q({) have

3l +ds
no common factor, we obtain

ds # 0, &+ 13+ & #0. (36)
Then, up to conjugate and a constant factor, the determined surface M is expressed by

6 _d36 3 ds 2
(z . 222>€(C, z € C\{0}.

z 2227
where additional condition (36) guarantees the order at 0 and regularization. It is form (b)
in Theorem 3.
Case 2.2. ¢(M) is given by (w1, w;) and w; = G(wy) (or wp = G(wy) similarly) with
meromorphic G of degree 2. Then, g({) = F(G({), {). Write G() = P({)/Q({) like Case
1.2. Thus, we have 2 = deg P > deg Q and G(0) = ¢;. Then, assume detailedly

P(Q) = +al+di, Q(f) =c3f +ds,

then, the Gauss image can be represented as:
®4(0) = 1a(O)(1+8G(8),i(1 = {G(2)), G() = §,—i(G(E) +0))-

Similarly, we can assume 74({) = %3@, thus

D4(¢) = B2 (CS + 010+ (di +c3)f +da, —i(3P + 10 + (d1 — c3) — d3),

(1= e2)g + (c1 = da)C ey, —i((1+ ) + (c1 + ) + ) )

In addition, considering the residue condition (17) leads to ¢; = 0,c3 = —1. Then,
_Erd
—{+ds

Case 2.2.1. {1 = . G(0) = §; = oo implies d3 = 0. No common factor of P({) and
Q(C) gives dy # 0.

Case 2.2.2. §y # oo. dy = §1d3, d3 # 0,d3 # —¢1 hold similarly.

Combining Case 2.2.1 and Case 2.2.2 results in form (d) in Theorem 3.

So far, we complete the proof of Theorem 3.

G(9)

Remark 4. In accord with Theorems 1 and 2, the surfaces of forms (a) and (c) in Theorem 3 are
related to simply connected cases, while (b) and (d) are doubly connected.
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