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Abstract: We prove new results on Ulam stability of the nonhomogeneous Cauchy functional equation
flx+y) = f(x)+ f(y) +d(x,y) in the class of mappings f from a square symmetric groupoid (H, +)
into the set of reals R. The mapping d : H> — R is assumed to be given and satisfy some weak
natural assumption. The equation arises naturally, e.g., in the theory of information in a description
of generating functions of branching measures of information. Moreover, we provide a suitable
example of application of our results in this area at the very end of this paper. The main tool used in
the proofs is the Banach limit.
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1. Introduction

The problem of Ulam stability for equations (also known as Hyers—Ulam or Ulam-—
Hyers stability) can be roughly expressed as follows: how much a mapping satisfying an
equation approximately (in a given sense) differs from a solution to the equation. This issue
has become a very popular subject of research, and we refer to [1-5] for information on the
historical background and the methods applied. The next theorem includes one of the most
classical results concerning the Ulam stability of the additive Cauchy functional equation

p(s+1t) =¢(s)+ ¢(1), s,t € E,s+t€E.

Theorem 1. Let Xy and X be real normed spaces, Xo := X1\ {0}, c >0, p € R, p # 1, and
h: X1 — X5 be such that
|h(s+t) —h(s) —h(t)[| < c(lIs|P +[[t]IP), st € Xo. 1

Then the following two statements are valid.
(i) If Xy is complete, then there is a unique mapping g: X1 — Xp such that

gls+t)=g(s)+g(t), steX, )
and
I(s) =) < g Il s € Xo ©

(i) If p <O, then h is additive, i.e., it is a solution to Equation (78).
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This result for p = 0 was first proved by D.H. Hyers [6] as an answer to a question
asked by S.M. Ulam in 1940. Next, an extension of it, for p € [0,1), was obtained by
T. Aoki [7]. A somewhat similar result (as that of Aoki), but for linear mappings was
obtained (independently) nearly thirty years later by Th.M. Rassias [8], who also noticed
that a similar reasoning works for p < 0. Z. Gajda [9] proved an analogous result for p > 1
and provided an example that for p = 1 a similar outcome is not possible. The statement (ii)
has been proved first in [10] and next on restricted domain in [11].

In 1994, P. Gavruta [12] replaced (1) by a more general inequality

Ih(s +1) = h(s) —h()[| < ¢(s,8), s te Xy, )
and obtained the following theorem.

Theorem 2. Assume that (Xy,+) is an abelian group, X is a Banach space and  : X3 — [0, 00)
fulfills
P(s, t) = %22*”1/](2”5,2”1‘) < 0o, s,t € Xy.
n=0

Ifh : X1 — X satisfies (4), then there is a unique additive g : X1 — Xp with ||h(s) —
()|l < ¢(s,s) for every s € X;.

In ([13], Theorem 1.2) it has been proved that the above mentioned results can also be
extended to the Cauchy nonhomogeneous functional equation.

e(s+1)=g(s)+g(t) +d(s,t), s, t € Xy, (5)

with a given function d : X? — X,. Namely, we have for instance the following generaliza-
tion of Theorem 1.

Theorem 3. Let Xy and X be real normed spaces, Xo := Xq \ {0}, d : X3 — X, be such that
Equation (5) has at least one solution g: X1 — Xp,¢ >0, p e R, p# 1, andh: X1 — Xy bea
mapping with

(s +£) = h(s) = h(t) — A )| < (s + [P, st € Xo. ©)

Then the following two statements are valid.
(i) If X5 is complete, then there is a unique solution g: X1 — X of (5) such that

c

I2(5) k) < gy lllrs s € X0 @)

(ii) If p < O, then h is a solution to Equation (5).

For p = 1 ananalogous result is not possible (in the sense depicted in ([13], Theorem 1.2 (c))).
Moreover, estimation (7) is optimum when X, = R (see ([13], Theorem 1.2 (b))).

Let us mention here that Equation (5) has also been called the Cauchy inhomogeneous
functional equation in [13,14]. It is connected with the notion of cocycles (see, e.g., [15,16])
and arises in a natural way, e.g., in the theory of information (see [17]). For further
information on its solutions we refer to [18-21].

In [22] (Theorem 8 and Remark 7) it has been proved that in the case X, = R, the
following finer results are possible for Equation (78).

Theorem 4. Let Eq be a normed space, Eg := E1 \ {0}, x,p,p € R, p #1, x <pandh: E; - R
be a mapping with

X(xlP+1yllP) < h(x+y) =h(x) = h(y) < p(lxP +yl"),  xyeE. (@)
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Then the following two statements are valid.

(i) Ifp >0, then there is a unique additive mapping T: E; — R such that, in the case p < 1,

X p _ P P
Al < T() —h(x) < Tk, xe B, ©
and, in the case p > 1,
A x[P < h(x) — T(x) < = |x|)? x € Eg (10)
2r-1_1 - 211 ’ '

(i) If p <O, then h is additive (in view of (8) it is possible only when x < 0 < p).

In this paper we show that an analog of Theorem 4 is also possible for Equation (5).
First, we prove extensions (to Equation (5)) of two general results from ([22], Theorems 6
and 7), somewhat corresponding to Theorem 2.

For the convenience of readers, we recall below ([22], Theorem 6) (([22], Theorem 7) is
analogous and complementary to it). To this end we need to remind the notion of a square
symmetric groupoid.

So, let X be a nonempty set and x : X> — X be a binary operation. We say that the
operation is square symmetric if

Sxt?=(sxt)?, steX, (11)

where s? := s x 5. If x is square symmetric, then we say that the groupoid (X, *) is square
symmetric.

In what follows, for the simplicity of notation, it is convenient to denote a square
symmetric operation in a groupoid by the symbol + (without assuming its commutativity)
and then (11) can be written as

25+ 2t =2(s+1t), s,te X, (12)

where 25 := s +s. Next, we write 2’s := s and 2"*1s := 2(2"s + 2"s) for s € X and
n € N (N stands for the set of positive integers). Further information on square symmetric
operations is given in the next section.

Let us mention that the notion of Banach limit LIM (used in the next theorem) is
defined in Section 3. Now, we are in a position to present in ([22], Theorem 6).

Theorem 5. Let (H, +) be a square symmetric groupoid, E C H be nonempty, 2E := {2s : s €
E} CET,A: E? — R be such that

A(2"s, 2" T(2"s, 2"
fiminf 2252 o gimeup L2 o e, (13)

n—roo 2" n—soco 2"
and the sequences (T (s))nen and (8n(s))nen be bounded for every s € E, where

n—1 i i n—1 i i
T'(2s,2/s A(2s,2]s
rn(5> - Z (ZTl), An(S) - Z (2].7+1), ne N,S € E (14)
j=0 j=0

Let i : E — R satisfy
A(s,t) <p(s+1t)—p(s) —p(t) <T(s,t), s,tcE,s+tceE, (15)

and

an(s) := 1p(2”s), neN,seE. (16)
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Then the sequence (ax(s)),, cn 18 bounded for every s € E and the function ¥ : E — R,
given by

Y (s) := LIM((an(8))en)- s€E, (17)

is a solution of the conditional Cauchy functional equation

Y(s+1t)="(s)+¥(t), s,t€E,s+tecE, (18)
and
B(s) := li;ninf Ax(s) < ¥(s) —(s) <limsup I'i(s) =: a(s), s € E. (19)
e k—o0
Moreover, if
na\ _ n

inf #(2"s) — p(2"s) =0, scE, (20)

neN 2"

then ¥ : E — R is the unique solution to (18) that satisfies (19).

Finally, let us add that a result, more general than Theorem 2, was obtained much
earlier in [23]. Various further related outcomes can be found in [2,4,5,24-26]. For some
useful information on solutions to functional equations we refer to monographs [27,28].

2. Square Symmetric Operations

Let (X, x) be a square symmetric groupoid. By induction it is very easy to show that
2Mg 42"t =2"(s + t), s,t € X,n € Ng:=NuU{0}. (21)

Remark 1. Obuviously, every commutative semigroup is a square symmetric groupoid. Next, let W
be a linear space over a field K and fix c,d € K, e € W. Writex @y = cx +dy + e for x,y € W.
Then it is easy to verify that (W, &) is a simple example of square symmetric groupoid, which in
general (depending on ¢ and d) is neither commutative nor associative.

Finally, let us mention that a groupoid (G, +) is uniquely divisible by 2 if for each
y € G thereis a unique x € G such that x + x = y; we denote such x by 27!y and recurrently
we define 27"~ 1y := 271(27"y) for every n € N. Clearly, the square symmetric groupoid
depicted in Remark 1 is uniquely divisible by 2 if and only if c 4 d # 0.

If a square symmetric groupoid (X, +) is uniquely divisible by 2, then it is easy to
show by induction that

275+ 27 =2""(s+ 1), s,teX,neN (22)
For some further information on square symmetric operations we refer to [29].

3. Banach Limit

The Banach limit is a very important tool in the proofs of our main results. This notion
was motivated by the efforts of mathematicians to extend the notion of the limit to a family
larger than that of convergent sequences. Early information on it can be found in [30]
(p- 103) with the proof published in Banach’s monograph [31]. For more recent results
concerning it we refer to [32,33] (see also [34-36]).

So, let /*° denote the space of all bounded real sequences (with the supremum norm)
and ¢ mean the space of all convergent real sequences. There exists a real linear func-
tional on ¢, called the Banach limit and usually denoted by LIM, which satisfies the
following conditions:

inf {b, : n € N} <LIM((bp)pen) < sup {b, : n € N} (23)

LIM((bysk)nen) = LIM((bn)nen), (24)
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for all (by),en € ¢ and k € N. Clearly, from (23) and (24) we get
liminf by < LIM((bu)pen) < liin_f::p by, (bn)nen € £7, (25)
whence
LIM((bu)uen) = lim by, (bu)en € (26)

This functional is not unique (because in the proof of its existence the Hahn-Banach
theorem is applied), which means that the Banach limit of a sequence is not defined
unequivocally for all bounded real sequences; however, (26) holds and there exist other
(non-convergent) sequences for which the Banach limit is uniquely determined. Such
sequences are called almost convergent and an example is b, = (—1)" forn € N.

4. Auxiliary Results

In this section X stands for a nonempty set. Next, given f : X — X, by f" (for n € Ny)
we denote the nth iterate of f, i.e., f0 = id (the identity mapping) and f"*! = fo f"
(mapping composition).

The following result from ([22], Theorem 3) will be very useful in the sequel.

Theorem 6. Let T : X — X, B, x, &, 4 : X — R be such that B(X) C (0, 00) and the sequences
(8 (5)) pepy a1 (7in(s)) ,cpy are bounded for every s € X, where

e @) e () N
Kn(s) := _— n(8) := — 5 N . (27)
= L ey MOT B ey S

Assume that ¢ : X — R satisfies the inequalities

k(s) < ¢(7(s)) — B(s)p(s) —x(s) < pu(s), s€X, (28)
and . ;
P(t"(s)) v x(t(s)
b}’l S) = . - ) 7
= T peE) & T )

Then the sequence (by(s)) e is bounded for each s € X, the mapping ® : X — R, given by
the formula

se X,neN.

®(s) = LIM((by),cyy), S € X, (29)
satisfies the equation
D(t(s)) = B(s)P(s) +x(s),  s€X (30)
and
K(s) == li;n inf K (s) < ®(s) — ¢(s) < limsup jix(s) =: ji(s), seX. (31)
e k—o0
Further, if

L A(T() —R(T'())
nel TG BT ()

then such mapping ® is unique.

=0, se X, (32)

For information on various similar results on Ulam stability of related functional
equations in single variable we refer to [26,37-39].
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5. The Main Results

In this section (H, +) denotes a square symmetric groupoid. Moreover, we always
assume that d : H> — R is a solution of the functional equation:

d(s+t,s+t)—d(s,s) —d(tt) (33)
=d(2s,2t) — 2d(s, t), s,t € H.

The beginning of the next remark shows that this is not a very demanding assumption
ond.

Remark 2. It seems that it only makes sense to study Ulam stability of equations that have solutions.
So, assume that the equation

p(s+1t) =p(s)+p(t)+d(s,t), s,t € H, (34)
has at least one solution p : H — R. Then
d(s,t) =p(s+1t)—p(s) —p(t), steH. (35)

Next, it is easy to verify that every mapping d : H> — R that has form (35), with some
p: H— R, is a solution to Equation (33).

In particular, note that if d is symmetric and biadditive (i.e., d(s,t) = d(t,s) and d(s, t +u) =
d(s,t) +d(s,u) for s,t,u € H), then (35) holds with p(s) = %d(s,s) for s € H, which means
that (33) is fulfilled for every symmetric and biadditive mapping d : H> — R.

There also exist other solutions of (35). For, if g1,82 : H — R are additive, then it is easy to
check that the function d : H> — R, given by

d(s,t) = g1(s) + g2(t), s teH, (36)

satisfies (33). We show that if g1(s) # 0 or g2(s) # O for some s € H, then the function d given
by (36) is not the of form (35).

So, suppose that (35) and (36) hold with some p : H — Y and some additive g1,82 : H — R.
Then

pls+1) —p(s)—p(t) = g1(s) +&2(t),  steH,

and consequently (with s = 0) we obtain —p(0) = go(t) for every t € H and (with t = 0)
—p(0) = g1(s) for every s € H. As —p(0) = g1(2s) = 2¢1(s) = —2p(0) for every s € H, we
have p(0) = 0 and consequently g1(s) = g2(s) = 0 for every s € H (which means that d(s,t) = 0
for every s, t € H).

At the end of this paper (Corollary 1) we also show that in the case where d is not of form (35)
we can obtain some interesting results on the existence of approximate solutions to Equation (5).

The next theorem shows that Theorem 5 (i.e., ([22], Theorem 6)) can be extended to
the case of Equation (5).

Theorem 7. Let E C H be nonempty, 2E :={2s:s € E} C E, T, A: E2 — R be such that

n n n n
liminf 2252 _ o pimeup LZS2 o e, (37)

n—oo 2" n—00 2"
and the sequences (T (s))nen and (Ay(s))nen be bounded for every s € E, where

e
I'(2/s,2)s)
Tu(s) =} By

j=0

R
A(2s, 2]
. Dals) = Z% neNscE (38
=0
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Let ¢ : E — R satisfy
A(s, t) < Pp(s+t) —¢(s) — p(t) —d(s,t) <T(s,t), s,t €E,s+t€E, (39)

and

on n—1 d 2k ,2k
by(s) = 4’(2n5> -y (zksﬂ ) neNseE (40)
k=0

Then the sequence (bn(s))n e 18 bounded for every s € E, the mapping ® : E — R, given by
®@(s) := LIM((bu(s)),en), s €k, (41)

is a solution of the conditional nonhomogeneous Cauchy functional equation

D(s+t) = D(s) + D(t) +d(s, t), s,t€E,s+t€E, (42)
and
4(s) == hlznmf Ax(s) < ®(s) — ¢(s) < limsup Ty(s) =: y(s), s e E. (43)
oo k—o0
Moreover, if
na) _ n
g 7219 —02%) g (44)

neN 2"
then ®@ : E — R is the unique solution to (42) such that (43) is valid.

Proof. From (33) we obtain

d(s +t,s+ f) —2d( ) d(t t) ;d(zs Zf) d(S, t), s,t € H, (45)

whence replacing s and t by 2€s and 2t (with k € N), by (21) we obtain

d(25(s +t),2K(s + 1)) — d(2ks, 2ks) — d(2Ft, 2kt)

2k+1 (46)
= Zklﬁd(zkﬂs/zkﬂf) - %d(zkslkt), s,t € H k € Ny.
Consequently
"i d(2 (s + £),2%(s + £)) — d(2¥s, 2ks) — d(2kt, 2%¢) W)

k+1
k=0 2

— k+lg okt1y k. ok
; (Wd (215,241 - d(2 5,2 t))
1

= (2"s,2"t) —d(s,t), s,te€e HneNlN

Next, replacing in (39) s and t by 2ks and 2t (with k € N) we obtain the inequality

I(2ks, 2kt)

A(2Fs, 2kt) - P2 (s +1))  ¢(2%s) +p(2Ft)  d(2ks,2kt)
2k = 2k B 2k ook
s,t€eE,s+teEkecN,

< (48)
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which can be rewritten as

A(2ks, 2kt d(2ks, 2kt) T (2ks, 2kt

BEEZD < s+ 0) —apls) — () - EZD LTESZD
s,t€ E,s+te€EkecN,
where gy, is defined by
_ 9(2%)
ax(s) := S k € No,s € E. (50)
Note that (39) (with s = t) yields

A(s,s) < p(2s) —2¢(s) —d(s,s) <T(s,s), s € E. (51)

So, from Theorem 6 with X = E, «(s) = A(s,s), u(s) = I'(s,s), T(s) = 2s, B(s) = 2
and x(s) = d(s,s), we obtain that the sequence (by(s)), c defined by (40) is bounded for
every s € E and the mapping ® : E — R, given by (41), fulfills inequalities (43).

Further, for every s,t € Ewiths+t € E,

D(s+1) —D(t) — P(s) —d(s,t) = LIM((bu(s +t) = bu(t) — bu(s))en) — d(s, )
= LIM((bu(s +t) — bu(t) — bu(s) —d(s,t))en) (52)

and according to (21), (40) and (47) we have

bn(s + t) — bn(t) — bn (S) — d(S, t)
@G H0) _o@n) _p@'s) o

il 2" 21
L d(2k(s +t),2(s + 1)) — d(2ks, 2ks) — d(2Kt, 2kt)
- Z 2k+1
k=0
d(2"s,2"t
=a,(s+1t) —an(s) —an(t) — %, n €N, (53)
whence, by (49),
A(2"s, 2" Ir(2"s,2"t
AR 21 25 ) <bu(s+1t) = bu(t) —bu(s) —d(s,t) < [@'s2) 25 >, neN.  (54)
So, in view of (25),
r(2"s,2™t)

n n
lim inf W < D(s+1) — D) — D(s) —d(s, ¢) < limsup

n—oo n—oo 2”

s,teEs+teE,  (55)

7

and consequently from (37) we derive that
D(s+1t) — () —P(s) —d(s,t) =0, s,t€ E,;s+teLE. (56)
Finally we show the uniqueness of ®. So, suppose that ®;, P, : E — R are such that
Di(s+t) = Pi(s) + D;(t) —d(s,t), s,tcEs+teEi=12, (57)
and
6(s) < Di(s) —¢(s) <v(s), se€Ei=12 (58)

Clearly
5(s) =v(s) < @i(s) = Pafs) < v(s) =d(s),  s€E, (59)
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whence
|D1(s) — Pa(s)] < y(s) —6(s), s € E. (60)

Further, (57) yields
P1(2"s) — Dp(2"s) = 2" (P1(s) — Dafs)), se€E,neN. (61)
Hence, replacing s by 2"s in (60), we obtain

7(2"s) — 6(2"s)

1(s) ~ @a(s) < TEEES,

scEneN, (62)

which (on account of (44)) implies that ®; = ®,. This ends the proof. [

Arguing analogously as above we obtain the following complementary version of
Theorem 7, i.e., an extension of ([22], Theorem 7) to the case of Equation (5).

Theorem 8. Let (H,+) be uniquely divisible by 2, E C H be nonempty, 27'E := {2715 : s €
E} CE, T,A: E? — R be such that

liminf 2"A(27"s,27") =0, limsup 2"T'(27"s,27"t) =0,
n—co n—co

s,t € E, (63)

and the sequences (I (s))nen and (An(s))nen be bounded for every s € E, where

Tu(s) = Y 2T(27 15,2777 s),  Au(s) = Y 2A(2 715,277 s),
j=0 j=0
neN,s €E. (64)
Let ¢ : E — R satisfy (39) and
n—1
bu(s) :=2"p(27"s) + Y 2kd(27F"15,27%15),  neNseE. (65)

k=0

Then the sequence (by(s)),,. is bounded for every s € E and the function @ : E — R, given
by (41), is a solution of Equation (42) and satisfies the inequalities

o(s) :== li;ninf Ax(s) < ¢p(s) — D(s) < limsup Ty(s) =: y(s), s€cE. (66)

k—o0

Moreover, if (44) holds or

inf 2"(y(27"s) —46(27"s)) =0, s€E, (67)
neN

then ®@ : E — R is the unique solution to (42) such that (66) is valid.

Proof. The reasoning is analogous as in the proof of Theorem 7, but for the convenience of
readers we provide it.

Replacing s and t by 2-k=1s and 2-%1t (with k € Np) in (33), on account of (22) we
easily obtain

2 d2 s+ 1), 275 Ys + 1)) —d(27F s, 27K s) —d(27 k1, 27k ) (68)
=2kd(27ks,27kp) — 2k H1g(2=k15 27 k=1) s te H,s+te HkeN,
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whence

sz( 275 s 1), 27 Ys 1)) —d(27F s, 27K 1) — d(27 k1t 27K 1))

Y i) - 22
k=0
:d< ) ( 5,27711,)), S,tEH,S+tEH,Tl€N0.

Next, replacing in (39) s and t by 27%s and 27t (with k € N) we obtain the inequality
A2 Fs, 275 ) < 2Fp(2 7K (s + 1)) — 2% (27Fs) — 2 (2 t) — 2Rd(27Fs, 27Fr)
<2T(27%s,27%1),  s,teE,s+teEkeN, (69)
which can be rewritten as
2XA(27%s,27F) < ap (s + 1) — ap(s) — a(t) — 25d(27Fs,27F¢t) (70)
<2fr(27ks,27ky), st e E,s+teEkeN,,
where a; is defined by
a(s) == 25p(27*%s),  keNyseE. (71)
Note yet that from (39), with s and t replaced by 2~ 's, for every s € E we obtain
27 1A (271,27 ) <27g(s) —(271s) —27Md (27 s, 27 1s) < 27T (271,27 Ys),
which can be rewritten as
2R <9l <29l 127 de e
< -2- A(Z 5,271s).
Hence, according to Theorem 6 with X = E,

x(s) = —%F(Zfls,Zfls), u(s) = —%A(Zfls,Zfls), s€E,

T(s) = 271, B(s) = 271 and x(s) = —27'd(27'5,271s), the sequence (bu(s)), oy
defined by (65) is bounded for every s € D and the function ® : D — R, given by (41),
fulfills the inequalities

liminf (—Tk(s)) < P(s) — ¢(s) < limsup (—Ax(s)), s € E, (72)

k=00 k—o0

which implies (66). Moreover, for every s,t € E withs+t € E,

D(s+1t) —D(t) — P(s) —d(s,t)
= LIM((bu(s+ 1) — bu(t) — bu(s) —d(s, 1)) en)- (73)
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Next, according to (65), for everyn € Nand s,t € Ewiths+t € E

bu(s+1t) —bu(s) — by(t) —d(s,t)
=2"p(27"(s+t)) —2"p(27"s) — 2"p(27""t) —d(s, t)

+ niz" @2 (s+1),27 (s +1))
k=0

—d(27F s, 27K gy —d(27 k1, 27k 1))
=a,(s+1t) —ay(s) —ay(t) —2"d(27"s,27")

whence and by (70)
A28, 27M) < by(s+t) — b (t) — bu(s) —d(s, t) < 2"T(27"s,27"t).
Hence, according to (25) and (73), we have
Hminf2"A(27"s,27") < ®(s+t) — O(t) — P(s)

n—o00

<limsup2"I'(27"s,27"t), s,teD,s+teD,

n—oo

and (63) now shows that (42) is valid.
We need yet to prove the uniqueness of ®. So, suppose that &1, P, : D — R satisfy

Di(s+t) = DPi(s) + D;(t) —d(s, 1), s,teEs+teEi=12, (74)
and
5(s) < ¢p(s) — Di(s) < (s), se€Ei=1,2.
Then (59) holds, whence we have
|®1(s) = P2(s)| < v(s) —4(s), s€E (75)
Note also that (74) yields
Di(s+1t) —DPa(s+1t) = D(s) — Dos) + P1(t) — Da(2), s€EE,
which implies

D1(2"s) — Dp(2"s) = 2" (P1(s) — Da(s)), s€EneN,

D1(27"s) — Dp(27"s) = 27" (P (s) — Pa(s)), scEneNlN
Hence, replacing s by 2"s and next by 27"s in (75), we obtain

7(2"s) — 6(2"s)

1(s) ~ @a(s) < LA,

seEneN,
and
|D1(s) — Pa(s)| < 2" (y(27"s) —6(27"s)), se€EneN.

Consequently, it is easily seen that, if (44) or (67) is valid, we must have ®; = &,.
This ends the proof. O

Theorems 7 and 8 yield the following generalization of Theorem 1.
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Theorem 9. Let Ey be a real normed space, E C Ey \ {0} be nonempty, E = 2E, x,v,p € R,
p#1, x <vand ¢: E — R be a mapping with

A(lIslIP+NE1P) < ¢(s +1) = p(s) — ¢p(t) —d(s, )
<v(||s||” + |It]IF), s,t€E,s+tekE.

Then there is a unique solution ®: E — R of Equation (42) such that, in the case p < 1,

X v
W”SHP S B(s) —p(s) < WIISH’% s € E, (76)

and, in the case p > 1,

X

SISl < (s) = @(s) < o —

S ST lIs||?, s€E. (77)

Proof. If p < 1, then by Theorem 7 (with H = Eq, A(s,t) = x(||s||” + ||t||P) and T'(s, t) =
v(|s]|P + ||t]|F) for s,t € Ep), there exists a unique solution ¥: E — R of Equation (42)
satisfying inequalities (43). It is very easy to check that in this case (43) is exactly (77).

If p > 1, then we use Theorem 8 in a similar way. [

Remark 3. Let Eq be a real normed space, E C E1 \ {0} be nonempty, x,v,p e R, p #1, x <v,
and d : E> — R be such that d(s,t) € [—v(||s||? + It]7), —=x(lIs||P + [|t||P)] for s,t € E. Let
¢ : E — R be such that

p(s+1t)=¢(s)+¢(1), s,t€E,s+teeE. (78)
Then

X(sP+NEP) < (s +) = o(t) = p(s) —d(s +1)
= —d(s+1t) <v(|s]|F + |t]|?), s,teD,s+t€E.

This example shows that the families of mappings ¢ considered in Theorems 7-9 are very large.

Corollary 1. Let Eq be a real normed space, E C Eq \ {0} and E = 2E. Assume that there exist
so, to, ug € E such that sy + tg, to + ug, So + to + ug € E and

d(SO + to, Ll()) + d(SO, to) # d(So, to + Mo) + d(to, uo). (79)

Then for every x,v,p € R, p # 1, there does not exist any mapping ¢: E — R with

X(IslIP 4 N[E17) < ¢(s+t) — Pp(s) — ¢p(t) —d(s, t)
<v(|ls|? + £]P), s teEs+teE. (80)

Proof. For the proof by contradiction suppose that there is ¢: E; — R such that (80) holds.
Then by Theorem 9 there exists a solution ®: E — R of Equation (42), which means that

d(s,t) = ®(s+ 1) — D(s) — ®(f), s,t€ E,s+teckE,
and consequently

d(so + to, uo) + d(so, to)
= ®@(s0 + to + 1) — P(so + to) — P(uo) + P(s0 + to) — P(so) — P(to)
= (s + to +ug) — P(so) — P(to + uo) + P(to + uo) — P(to) — P(uo)
= d(so, to + o) + d(to, tg).

Thus we obtain a contradiction to the assumption that (85) holds. O
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Remark 4. Equation (42) arises naturally in ([17], Theorem 2.2.4) in a description of generating
functions of information measures (having certain branching property).
Namely, let k € N and

I=0,1) :={(t,....t)) eRE:0< t; <1fori=1,...,k}.

According to ([17], Lemma 2.2.1 and Remark 2.2.3), every such generating function G : I> —
R is symmetric (i.e., G(s,t) = G(t,s) for s, t € I with s+t € I) and satisfies the cocycle equation

G(s+t,u)+G(s,t) = G(s, t+u) + G(t,u), s,tb,bu€ E,;s+t+u€ekE, (81)
whence (see ([17], Theorem 2.2.4)) has the form
G(s, t) =g(s+1t)—g(s) —g(t), s,tel,s+tel, (82)

with some function g : I — R. Clearly, this function g : I — R is a solution of Equation (42) (with
d=GandE=1),1i.e.,

g(s+1t) =g(s)+g(t)+G(s, 1), s,t€E,s+te€E. (83)

The next corollary shows that if two generating functions Gy, Gy : 1> — R are “close’, then
they can be represented in the form

Gi(s,t) = gi(s+t) — gi(s) — gi(t), sstel,s+teli=1,2, (84)
with functions g1,g2 : I — R that are “close’.
Corollary 2. Let I be as in Remark 4 and Gy, Gy : 12 — R be such that

Gi(s+t,u)+ Gi(s, t) = Gi(s,t + u) + Gi(t, u),
s,tbtue E,;s+t+uckEi=12, (85)

and
Gi(s,t) = G;(t,s), s,tecls+tecli=1,2. (86)
Assume that g1 : I — R fulfills the condition
Gi(s, t) =g1(s+1t) —g1(s) — g1(t), s,tels+tel, (87)
and there are x,v,p € R, x <v, p > 1, with

X(IslP + 1[£17) < Ga(s,t) = Ga(s, )
<v(lsIP+tF), stels+tel (88)

Then there exists a unique g, : I — R such that

Ga(s, t) = g(s+1t) — g2(s) — g2(t), s,tels+tel, (89)

A lsl” <816) — @26) < e Isl",  selL ©00)

Proof. Note that, in view of (87), inequality (88) can be written as

(s+1t) —g1(s) —g1(t) — Ga(s, t)

x(IslP + M%) < g1
v(|Isll” + It1P),  stels+tel (91)

<8
<
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Hence, (arguing analogously as in the proof of Theorem 9) from Theorem 8 with E = I,
we obtain that there exists a unique g» : I — R such that (89) and (90) are valid. O

The result contained in Corollary 3 also can be expressed in the following somewhat
different way.

Corollary 3. Let I be as in Remark 4 and Gy, G, : I> — R be such that (85) and (86) are valid.
Assume that 1,82 : I — R fulfill (84) and there are x,v,p € R, x < v, p > 1, such that
(88) holds.

Then there exists a : I — R such that

a(s+t) = a(s) +a(t), s,tel,s+tel, (92)

X
ﬁllsﬂ" < g1(s) — g2(s) —a(s) < T || 7, sel (93)
Proof. As in the previous proof, in view of (87), inequality (88) implies (91). Hence, by
Theorem 8 with E = I, (analogously as in the proof of Theorem 9) we obtain that there
exists a unique gp : I — R such that

Ga(s,t) = go(s+1t) — go(s) — go(t), s,tel,s+tel, (94)

A lsl” <816) — go(s) < e Isl",  selL 95)

Note that (84) and (94) imply that the function & = gy — g» satisfies (92). Now, it is
enough to notice that (95) yields (93). O

6. Conclusions

We presented new Ulam stability results for the nonhomogeneous Cauchy functional
equation f(x +y) = f(x) + f(y) + d(x,y) in the class of mappings f from a subset of a
square symmetric groupoid (H, +) into the set of reals R. We employed the Banach limit
as the main tool in our analysis. Moreover, we provided some interesting applications
of our results. Potential future work could be to obtain analogous results for some other
functional equations.
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