. mathematics

Article

A Simplified Radial Basis Function Method with Exterior
Fictitious Sources for Elliptic Boundary Value Problems

Chih-Yu Liu * and Cheng-Yu Ku >*

Citation: Liu, C.-Y.; Ku, C.-Y. A
Simplified Radial Basis Function
Method with Exterior Fictitious
Sources for Elliptic Boundary Value
Problems. Mathematics 2022, 10,
1622. https://doi.org/10.3390/
math10101622

Academic Editors: Fajie Wang and
Ji Lin

Received: 13 April 2022
Accepted: 7 May 2022
Published: 10 May 2022

Publisher’s Note: MDPI stays
neutral with regard to jurisdictional
claims in published maps and

institutional affiliations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution  (CC  BY)
(https://creativecommons.org/license

s/by/4.0/).

license

1 Graduate Institute of Applied Geology, National Central University, Taoyuan 320317, Taiwan;
1iu20452003@ncu.edu.tw

2 School of Engineering, National Taiwan Ocean University, Keelung 20224, Taiwan

* Correspondence: chkst26@mail ntou.edu.tw

Abstract: In this article, we propose a simplified radial basis function (RBF) method with exterior
fictitious sources for solving elliptic boundary value problems (BVPs). Three simplified RBFs,
including Gaussian, multiquadric (MQ), and inverse multiquadric (IMQ) without the shape
parameter, are adopted in this study. With the consideration of many exterior fictitious sources
outside the domain, the radial distance of the RBF is always greater than zero, such that we can
remove the shape parameter from RBFs. Additionally, simplified Gaussian, MQ, and IMQ RBFs and
their derivatives in the governing equation are always smooth and nonsingular. Comparative
analysis is conducted for three different collocation types, including conventional uniform centers,
randomly fictitious centers, and exterior fictitious sources. Numerical examples of elliptic BVPs in
two and three dimensions are carried out. The results demonstrate that the proposed simplified
RBFs with exterior fictitious sources can significantly improve the accuracy, especially for the
Laplace equation. Furthermore, the proposed simplified RBFs exhibit the simplicity of solving
elliptic BVPs without finding the optimum shape parameter.

Keywords: radial basis function; the shape parameter; multiquadric; inverse multiquadric; Gaussian
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1. Introduction

Meshfree methods have been applied to solve problems with complicated and
irregular geometry because of the advantages of their meshfree characteristics [1-4]. With
the capability to deal with different kinds of partial differential equations (PDEs), the
radial basis function collocation method (RBFCM) is one of the prominent methods for
solving PDEs, where the variables are expressed by the function approximation [5-8].
Proposed by Hardy in 1971 [9], the multiquadric (MQ) radial basis function (RBF) was
used for scattered data interpolation. The first attempt to extend the MQ RBF to the
solution of PDEs was presented by Kansa in the early 1990s [10]. In addition to the MQ
RBF, several RBFs have been presented, such as the inverse multiquadric (IMQ),
Gaussian, and polyharmonic spline (PS) functions [11-14]. Among them, PS and MQ RBFs
have received more attention for interpolation due to their high accuracy [15-17]. These
RBFs are usually categorized into piecewise and infinite smooth functions. For example,
the PS is piecewise smooth. On the other hand, the MQ is infinite smooth. In order to
remain smooth, the shape parameter is introduced in the MQ [18]. Many RBF methods
often contain the shape parameter, which has been proven to have a significant influence
on the accuracy of RBF interpolation [19-21].

In the Kansa method, the centers are uniformly scattered within the domain, where
the positions of the interior and center points are exactly the same [22]. The centers are
often regarded as fictitious sources, which are randomly scattered within the domain [23].
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On the other hand, the fictitious sources can also be simultaneously scattered within and
outside the closure of the domain [24]. Recently, Ku et al. proposed the MQ RBF without
the shape parameter using fictitious sources collocated outside the domain [25]. Because
the fictitious sources are situated on the exterior domain, the radial distance always has a
non-zero value, such that the RBFs and their derivatives are always smooth and globally
infinitely differentiable [26]. The fictitious sources used for the collocation method have
received significant attention due to their superior properties and wide utilization for
solving PDEs. Accordingly, the accuracy of different RBFs when using fictitious sources
in the collocation method to solve PDEs is of significant interest and needs to be
investigated.

Identification of the shape parameter is often very challenging and tedious in the
original RBFs when solving partial differential equations. In this study, we attempt to
remove the shape parameter in conventional RBFs to solve partial differential equations.
We propose three simplified Gaussian, MQ, and IMQ RBFs without using the shape
parameter. The simplified RBFs have the advantages of a simple mathematical expression,
high precision, and easy implementation. Furthermore, we demonstrate that the
simplified RBFs, with the consideration of many exterior fictitious sources outside the
domain, can achieve highly accurate results to solve elliptic boundary value problems.

In this article, the accuracy of three RBFs in the collocation method for solving
stationary convention diffusion equations is investigated. Three RBFs, including the
Gaussian, MQ, and IMQ, are adopted. Additionally, three different collocation types are
considered in the collocation method. Accuracy analysis of the collocation types of each RBF
is carried out. Numerical solutions are approximated by utilizing the RBFs to solve the
elliptic boundary value equations. Comparisons of the accuracy of three RBFs are made. The
remainder of this article is organized as follows: in Section 2, the mathematical formulations,
including the governing equation, the RBFs, the discretization of the governing equation,
and the location of fictitious sources, are introduced. Section 3 describes the convergence
analysis conducted to evaluate the robustness and effectiveness of the three RBFs in the
collocation method. Three different collocation types are considered in the collocation
method. Accuracy analysis of the three collocation types of each RBF is also carried out. In
Section 4, several investigations of the elliptic boundary value problems are conducted to
examine the robustness of the RBFs. Finally, the conclusions of this study are presented in
Section 5.

2. Methodology
2.1. Elliptic Boundary Value Problems
The equation of the elliptic boundary value problem is expressed as follows:
V2u(x) + A - Vu(x) + B(x)u(x) = f(x), )

u(x)=g(x) on &€, )

where V defines the gradient operator; u(x) denotes the variable of interest, which is
usually the concentration; x is the Cartesian coordinate, defined as x=(x,y,z); A is the
velocity, defined as A=(A,,A,,A,); B(x) is the given function; f(x) is the given
function value; g(x) defines the given boundary conditions; and Q is the domain with
the boundary 8Q.

2.2. Simplified Radial Basis Functions

Three simplified Gaussian, MQ, and IMQ RBFs without the shape parameter are
proposed for solving elliptic boundary value problems, as listed in Table 1. The simplified
RBF simply removes the shape parameter from its original one. For example, the
simplified Gaussian RBF can be expressed as:
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_(L)Z
¢GaussiaiL5(r) =€ R 7 (3)
where @i, s(r) denotes the simplified Gaussian RBF; r denotes the radial distance,

S

r=|x—xS

; x denotes the interior point; x° denotes the source point, defined as

x*=(x°,y°,z"); and R denotes the characteristic length, which is the maximum radial
distance. We can easily obtain the simplified MQ RBF as follows:

Pugs(r) =71, (4)

where ¢,,, () denotes the simplified MQ RBF. Similarly, the simplified IMQ RBF is
expressed as:

1
¢MQS (r= ; ’ (5)

where ¢, s(r) denotes the simplified IMQ RBF. In this study, three simplified MQ,

IMQ, and Gaussian RBFs are developed without assigning any shape parameter. Table 1
lists a comparison of the original RBFs and the simplified RBFs. From Table 1, the original
Gaussian, MQ, and IMQ RBFs in the RBFCM are defined by the shape parameter. The
accuracy of these RBFs is strongly affected by the shape parameter. Accordingly,
optimization techniques are required to determine the optimal shape parameter for these
RBFs [19-21]. As for the proposed simplified RBFs, it is clear that the shape parameter has
been completely eliminated in the RBFs.

Table 1. RBFs adopted in this study.

Type of RBFs Original RBFs Simplified RBFs
. ,(1)2 7(L)2
Gau551an ¢Gaussiﬂn(r) =e ¢ ¢Gaussiun_5 (7’) =€ R
Multiquadric (MQ) Puo(r) =1+ Pugs(r) =7
: . __ 1 1
Inverse multiquadric (IMQ) Pao(r) = W P s(r) = -

Notation: ¢ denotes the shape parameter.

2.3. Discretization

Utilizing the RBFCM, the unknown can be approximated as:
M
wx)= Y Ag(r), ©)
j=1

where M denotes the total number of source points; A; denotes the coefficient to be
solved; ¢(r;)) denotes the RBF; 7; denotes the radial distance at the jth source point,

defined as 1= |x—xj.

;and x; denotes the jth source point, defined as x} =(x},y;,z;).

2.3.1. Discretization in Two Dimensions
The two-dimensional elliptic boundary value equation is expressed as:

2 2
0 u(xzfy) +8 u(JcZ,y) VA ou(x, y) P A, ou(x, y)
ox oy ox Y

+B(x, y)u(x,y) = f(x,y). (7)

Utilizing the simplified Gaussian RBF, the derivative of Equation (7) with respect to
x is as follows:
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o) 2A(-x) iy

8
ox R’ ®
Taking the derivative of Equation (7) with respect to y also gives:
op(r; 2A,(y—-vy5) Uy
¢(/):_ y(yz y])e(R) ) (9)
oy R
Again, the derivative of Equation (8) with respect to x is as follows:
o (r))  Ax—x3)* iy “y
¢(2r]): (x 4x]) S _%€<R> . (10)
Ox R R
Similarly, we take the derivative of Equation (9) with respect to y:
o9’ (r) 4y-y))’ -y iy
o) _Ay-y) g2 Q) )

o> R* R?
Substituting the aforementioned Equations (8)-(11) into Equation (7), the
approximation of the two-dimensional governing equation is as follows:

M i

4 7

DA ® I 11 ZA,Rze 1AL+ Ay B e Y = fey). (12)
j=1 j=1

Equation (12) describes the discretization of the governing equation in two

dimensions using the simplified Gaussian RBF. In the same way, we substitute the

simplified MQ RBF into Equation (7):
MoA(x— x)+A
Z /\ 1 Z 1. L D+A Y-y ;)
i J
Substituting the 51mp11f1ed IMQ RBF into Equation (7) also obtains:
& A(x - X)+A(y y,)

ZA—, ZA

Equations (13) and (14) describe the discretization of the governing equation in two
dimensions using the simplified MQ and IMQ RBFs, respectively.

+B)Y Ar; = f(x,y) - (13)
j=1

M 1 ~
+BOOY A= flxy). (14)

] j=1 j

2.3.2. Discretization in Three Dimensions
The three-dimensional elliptic boundary value equation is:
o*u(x,y,z) N o*u(x,y,z) . *u(x,y,z)
ox’ oy’ oz*
A ou(x,y,z) LA ou(x,y,z) A ou(x,y,z) ‘ (15)
oo ooy Fooz
+B(x,y,2)u(x, y,2) = f(x,y,2)

Considering the three-dimensional problem depicted in Equation (15), the derivative
of the simplified Gaussian RBF interpolation is as follows:

ZA 6R)—()

+B(x)ZA/.e’(? = f(x,1,2).
j=1

—Z)\]RZ A(x )+ A, (y-y)+ A (z-2))]
(16)

Using the same perspective, we obtain the derivative of Equation (15) by the
simplified MQ RBF as:
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2 N, A+ A G-y AGE-Z) L
DA+, —— S4B A = flxnyz). (7)
j=1 o=l j=1

Identifying the derivative of Equation (15) with the simplified IMQ interpolation
results in the following equation:

T

Mo A (x—x)4+A (V=1 )+ A (z—2° M
_ZAJ LSx=x)+ y(is y)+A(z Z])+B(X)Z)\j%=f(x,y,z). (18)
j=1 j=1

] ]

From the above equations, the shape parameter has been eliminated from the original
Gaussian, MQ, and IMQ RBFs. Considering the boundary conditions, the following
system of linear equations is finally acquired:

Aol o)< | [ (19)
[AB]Nbe [g]Nbu ’
where A, is an N,xM matrix for the interior points; A, is an N,xM matrix for

the boundary points; a isan Mx1 vector of undetermined coefficients containing the
unknown coefficients; f is an N, x1 vector of the function values for the interior points,

written as f=[f,, f,,... fy]; g is an N,x1 vector of boundary data, written as
8=[81,82,-+8y,1; N, is the number of interior points; and N, is the number of

boundary points. Once the unknown coefficients are determined, we can collocate the
validation points uniformly placed inside the domain to obtain the computed results.

To investigate the effectiveness and accuracy of the simplified RBFs in the collocation
method, this study adopts the root mean square error (RMSE) as follows:

N1

RMSE = \/Z|uA(xi)—uN(xi)|2/NT , (20)

i=1
where N, denotes the number of validation points, x; denotes the ith validation point,
and u,(x;) and uy(x;) are the analytical and numerical solutions evaluated at the ith
validation point, respectively.

2.4. Location of Fictitious Sources

In the conventional RBF method, the interior, center, and boundary points must be
placed where the positions of the interior and center points usually coincide at the same
place. In this study, the center points in the conventional RBFs are regarded as the
fictitious sources, where three different collocation types for locating the fictitious sources
are considered in the collocation method as depicted in Figure 1. The implementation of
the three different collocation types for solving the elliptic boundary value problems are
described as follows.

2.4.1. Type A: Uniform Centers

In type A, the source points are uniformly scattered within the domain. Figure 1a,d
illustrate the location of the fictitious sources for the two-dimensional and three-
dimensional domains, respectively. In Figure 1a, the two-dimensional amoeba-like object

is adopted. The boundary shape is defined as follows:
0Q = {x,y)|x = p(6) cosh, y = p(6)sin 6}, "
2(0) =0.5[e"@ sin?(20) + ¢<*® cos(20)],0< 0 <27 @

The fictitious sources are uniformly scattered within the two-dimensional amoeba-
like domain, as depicted in Figure la. The interior, sources, and boundary points are
placed such that the positions of the interior and fictitious sources are identical.
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Considering the three-dimensional object, the boundary shape is given by the
spherical parametric equation as follows:

Q= {(x,y,z)|x = p(0)cosbcosp, y = p(f)cosdsing, z = p(@)sin@},

(22)
22 1
£(0)=0.25x[2+cos@)][cosBp) ++/8—sin*(3p)]"°.
1.5
=—Boundary line
* Interior point
0 Source point 25
1F 4
0.5} J
o]
= Lo}
’ [}
]
ot S 1
@
—0.5¢ 1
- Boundary point
-1 ' : ; : _ .
= ~0.5 0 0.5 1 15 B Interior point
x y - X O Source point
(a) (d)
1.5
==Boundary line|
+ Interior point 2.
O Source point
g J
0.5f 4
(¢ 4
05 .
* Boundary point
-1 - : : . . 0
-l 05 0 0.5 1 15 ey Interior point
x v - " O Source point
(b) (e)
8 T r T
&7 O [==Boundary line
p @890 = O - Interior point 3 o
I O Source point
°0 % 03 8°
4} Cofe °oood:b o B ]
o% @% %0690%)@%00 90
L% 0 0% f§ ®02¢
2F Qgg o= 0Oy g
8 %0 &,
080 ® R qé)@%oooﬁ 2
o 8o 0 %, %00
~0F B0 00 o ) o o9
i OQOO o§° o&”é’,eo &, oo ®°
, B TR T e
Py 8 o -
<;OCB%8 g % 00® gégéo%oogo
ISR & i XS
&2 00 % ocgo % g
P> %o
-6r 0935 o 1
;I 4 S * Boundary poinf
-8 -6 -4 =2 0 2 4 6 8 Interior po_mt
x O Source point

() ()

Figure 1. Location of the fictitious sources for the two-dimensional and three-dimensional domain.
(a) A two-dimensional domain: Type A. (b) A two-dimensional domain: Type B. (c) A two-
dimensional domain: Type C. (d) A three-dimensional domain: Type A. (e) A three-dimensional
domain: Type B. (f) A three-dimensional domain: Type C.
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oy :{(xj,y;,zj.)

Figure 1d illustrates the location of the fictitious sources for three-dimensional
domains. Similarly, the positions of the interior and source points are collocated exactly
at the same place [23] in Figure 1d.

2.4.2. Type B: Randomly Fictitious Centers

In type B, the boundary shapes in two and three dimensions are exactly the same as
those in type A. However, the source points are regarded as the fictitious centers, which
are randomly scattered within the domain [24], as depicted in Figure 1b,e.

2.4.3. Type C: Exterior Fictitious Sources

In type C, the fictitious sources are randomly collocated in the exterior domain, as
shown in Figure 1c,f. In Figure 1c, the two-dimensional amoeba-like object is adopted. The
fictitious sources are randomly scattered within the range between the domain boundary
and the fictitious boundary, as depicted in Figure 1c. The boundary shape of the problem
domain is defined as Equation (21). The fictitious boundary is defined by the following
parametric equation:

o =)

where 0Q° denotes the fictitious boundary; x; denotes the x-coordinate of the jth source

% =P} 08, ) =np] (0)sing | @)

point; y; denotes the y-coordinate of the jth source point; 7 denotes the dilation factor,
which is used to adjust the size of the fictitious boundary; 6; denotes the angle of the

fictitious sources; and p; denotes the radius of the fictitious sources, defined as

pi(6) = 2><[1/f/cos(109]-5)+1/2—sinz(1019;) 10<6 <27,

Considering a three-dimensional object, the boundary shape is given by the spherical
parametric equation as shown in Equation (22). The fictitious sources are randomly
scattered within the three-dimensional space between the domain boundary and the
fictitious boundary, as depicted in Figure 1f. The boundary shape of the problem domain
is defined as Equation (22). The three-dimensional fictitious boundary is defined by the
following parametric equations:

x; = p;(67)cost; cosp;, y; = p; (6;)cost; sing;, z; = p; (6; )sin@f} (24)

where z; denotes the z-coordinate of the jth source point; p; represents the radius of
the fictitious sources, defined as p;(6;) = nx{0.51+[%sin(10(pf )sin(96; )]},0 <0 <2r;

0; is the polar angle used to describe the location of the fictitious sources in cylindrical
coordinates; and ¢; is the azimuth angle of the fictitious sources.

The fictitious sources are randomly collocated in the exterior domain, as shown in
Figure 1cf. Since the radial distance for RBFs remains greater than zero, the shape
parameter for the original Gaussian, MQ, and IMQ RBFs can be completely eliminated.
The three simplified Gaussian, MQ, and IMQ RBFs with exterior fictitious sources (type
C) are utilized to solve elliptic boundary value problems.

3. Validation of the Methodology
3.1. Example 1
To investigate the accuracy, a comparison of the three collocation types is performed.

The Laplace equation in two dimensions is described as Equation (1), where A=0, B=0
,and f(x)=0.The domain boundary is defined as Equation (21). Boundary data for the

boundary conditions are assigned to the boundaries by adopting the following exact
solution:
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u(x,y) =sin(x)e’ + cos(y)e” . (25)

Three simplified RBFs, including Gaussian, MQ, and IMQ), are adopted to solve this
problem. Three collocation types for locating the sources are considered. In type A, the
fictitious sources are uniformly scattered within the domain, as depicted in Figure 1a. The
interior, sources, and boundary points are placed such that the positions of the interior
and fictitious sources are identical. In type B, the fictitious sources are randomly scattered
within the domain, as depicted in Figure 1b. In type C, the fictitious sources are
simultaneously scattered outside the closure of the domain, as depicted in Figure 1c. The
location of the exterior fictitious sources is defined as Equation (23). A total of 164 interior
points, 315 source points, and 200 boundary points are used. The dilation factor is 3.

For comparison purposes, the original Gaussian, MQ, and IMQ RBFs with various
shape parameters for type A and type B are also considered in the analysis. Particularly,
for type C, the above RBFs without a shape parameter are utilized. The RMSE is used to
examine the accuracy of the computed results. Comparisons of the accuracy for the three
RBFs are then conducted.

3.1.1. The Gaussian RBF

The Gaussian RBF with three different collocation types with various shape
parameters is first investigated, as shown in Figure 2a. From Figure 2a, it appears that the
simplified Gaussian RBF without the shape parameter utilizing the exterior fictitious
sources of type C provides the most accurate solution. The results obtained demonstrate
that the RMSE of the simplified Gaussian RBF without a shape parameter for type C is in
the order of 10-12. It seems that the simplified Gaussian RBFs utilizing the exterior fictitious
sources of type C have the best accuracy among those Gaussian RBFs for type A and type
B even when different values of the shape parameter are considered.

3.1.2. The MQ RBF

The MQ RBF with various shape parameters for type A and type B is considered. For
type C, the simplified MQ RBF is utilized. Figure 2b illustrates the accuracy of the MQ
RBFs for the three collocation types. According to Figure 2b, the RMSE of the MQ RBF in
type A and type B are in the order of 102 to 107 as the shape parameter ranges from 0.2
to 5. However, the RMSE of the simplified MQ RBF in type C is 10-3. It was found that the
RMSE of the simplified MQ RBF without a shape parameter in type C has the best
accuracy among the MQ RBFs for type A and type B for different values of the shape
parameter.

3.1.3. The IMQ RBF

The IMQ RBEF is analyzed by adopting the same perspective. Figure 2c illustrates the
accuracy of the IMQ RBF for the three collocation types. Similar to the results obtained in
Figure 2b, we also found that the simplified IMQ RBF for type C acquires more accurate
results than the other IMQ RBFs for type A and type B with the best shape parameter, as
illustrated in Figure 2c. It is obvious that the simplified IMQ RBFs without a shape
parameter that utilize the exterior fictitious sources of type C provide the most accurate
solution.
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—— Type C
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107

RMSE
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107"
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Shape parameter
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10° 4 Type B
* TypeC

10°
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Shape parameter
(b)



Mathematics 2022, 10, 1622

10 of 23

10° j

10' Type A
10" Type B
* TypeC

RMSE
S

0 05 1 15 2 25 3 35 4 45 5
Shape parameter
(0)

Figure 2. The RMSE of the three RBFs with three different collocation types: (a) Gaussian RBF, (b)
MQ RBF, and (c) IMQ RBF.

Table 2 lists the results of the RMSE using the three RBFs with the three different
collocation types. The processor used was an AMD Ryzen 7 5800X 8-Core @ 3.80 GHz. As
depicted in Table 2, all the simplified Gaussian, MQ, and IMQ RBFs utilizing the exterior
fictitious sources of type C provided more accurate results than the other two fictitious
source collocation types, even when the best shape parameter was adopted. The
simplified Gaussian, MQ, and IMQ RBFs utilizing the exterior fictitious sources of type C
provided the most accurate results, with an RMSE of the order of 10-12, 103, and 10712,
respectively. From the results, we also demonstrated that the above simplified RBFs with
exterior fictitious sources can be used to solve this two-dimensional Laplace problem with
very high accuracy. From Table 2, the comparison of the computing time also illustrates
the efficiency of the proposed method.

Table 2. Comparison of the results for example 1.

RMSE
RBE Type A Type B Type C(7=3)
1.24 x 107 9.73 x 108 7.87 x 1012
Gaussian (c=1.75) (c=2.0) (c=1)
(t=5.845s) (t=4.62s) (t=8.115s)
1.42 x 107 1.46 x 107 4.35 x 10-13
MQ (c=15) (c=1.75) (c=0)
(t=5.78 s) (t=5.755s) (t=7.965s)
1.47 x 107 8.46 x 108 6.37 x 1012
MQ (c=1.5) (c=1.5) (c=0)
(t=6.125) (t=6.28 5) (t=8515)

Notation: ¢ denotes the shape parameter; t denotes the computing time.
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RMSE

10™"

To further clarify the possible influences of the positions of the exterior fictitious
sources for type C on the accuracy, a sensitivity analysis was further conducted. Three
RBFs considering the MQ, IMQ, and Gaussian RBFs were adopted to solve the two-
dimensional Laplace problem. The MQ, IMQ, and Gaussian RBFs without the shape
parameter were used.

In this example, the values of the dilation factor ranged from 0.5 to 5. A plot of the
RMSE versus the dilation factor is depicted in Figure 3. From Figure 3, the RMSE of the
MQ, IMQ, and Gaussian RBFs utilizing the exterior fictitious sources for type C fluctuates
between 10" and 10-'® while the dilation factor ranges from 2.5 to 5. The results obtained
show that the dilation factor has low sensitivity regarding the numerical accuracy while
the dilation factor is greater than 2.5. Accordingly, the following numerical
implementations of type C were solved using 7=3.

7=05 »
. * i)
"j+ L A : -
@ 1 bl -
’ ==DBoundary line|
P * Interior point
° + " © Source point
.. PN ‘ T
® -
L + -
L]
L] <> 0
L]
L]
L]
.. =+ B
° -1 0 1
° @, g
*
*
L]
L < 1Y
L) . . + .l_. e0 ®® g
. ®e ° o ® ®eo00e °
e ¢ o Gaussian (Type C) ¢e?® - ° S
o= MQ (Type ) T A
Lo + T +
=+ = IMQ (Type C)
| ! | ! I ! ! I !

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Dilation factor

Figure 3. RMSE versus the dilation factor.

3.2. Example 2

A three-dimensional problem is enclosed by a sophisticated irregular domain
boundary, as shown in Figure 4a. The governing equation in three dimensions is
expressed as Equation (1), where A, B, and f(x) are 0. The object boundary is given

by the spherical parametric equation as follows:

Q= {(x,y,z)|x = p(0)cosbcosp, y = p(fd)cosfdsing, z = p(@)sin@},

2(6) =[cosRO) +4/1.5—sin?(260)]"*.

(26)
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The Dirichlet data are imposed using the following exact solution for this three-
dimensional problem as:

1

u(x,y,z)= W . 7)

The Gaussian, MQ, and IMQ RBFs were utilized in the analysis. Additionally, three
collocation types were considered. As depicted in Figure 4b-d, there were 2461 source
points, 1600 interior points, and 861 boundary points.

22§ 22 N
21\ 21\
w204 w 204
194 ¢ 194
185
22
21
20 o1 22
19 20
19
18 18
y »
(b)
22§
28 §
214
24
w20 S w204
194 164
12
18 5 28
22 24 28
2 22 24
20 21 20 20
19 20 16
18 18 19 16
y x y 1212 X
(0) (d)

Figure 4. Problem domain and location of the fictitious sources for example 2. (a) Problem domain.

(b) Type A. (c) Type B. (d) Type C (blue and red circles denote the source and interior points,
respectively).

Figure 5 illustrates the RMSE of the Gaussian, MQ, and IMQ RBFs with three
different collocation types. The RMSE of the simplified Gaussian, MQ, and IMQ RBFs
(type C) was 104, 10-%5, and 10713, respectively. It is significant that excellent agreement
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was achieved, and highly accurate results were acquired using the simplified RBFs. From
these results, it is demonstrated that the simplified RBFs with exterior fictitious sources
can be used to solve the three-dimensional stationary Laplace equation with very high
accuracy.
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Figure 5. RMSEs of three RBFs using three different collocation types: (a) Gaussian RBF, (b) MQ
RBF, and (c) IMQ RBF.

4. Application Examples
4.1. Application Example 1

The governing equation for the first application example is depicted in Equation (1),
where A=0, B=0, and f(x) :—[xcos(y)+ysin(x)] . The boundary is defined as
follows:

Q= {(x, ylx = p(6)cost, y = p(e)sine}, p(8)=0.5x[0.5+[1+0.5sin(120)], 0< 6 <27 . (28)

The Dirichlet data are assigned from the analytical solution:
u(x,y) =ysin(x)+xcos(y) . (29)

Three RBFs, including the Gaussian, MQ, and IMQ, were used in the collocation
method. Three collocation types for locating the sources as illustrated in Figure 6 were
considered in the above RBFs to solve this problem. There were 342 source points, 151
interior points, and 200 boundary points. In type A, the fictitious sources are uniformly
scattered within the domain, as depicted in Figure 6a. The interior, sources, and boundary
points are placed such that the positions of the interior and fictitious sources are identical.
In type B, the fictitious sources are randomly scattered within the domain, as depicted in
Figure 6b. In type C, the fictitious sources are randomly scattered outside the closure of
the domain, as depicted in Figure 6c. The collocation of the exterior fictitious sources is
defined by the following parametric equations:

o0 =\, )| =10} (6 cost, 7 =np(6)sin 8 |, (30)

where  p;(0)=2x [1/\3/Cos(106’;) +./2- sinZ(lOHf) 106 <27 . In this example, the
dilation factor for type Cis 3.
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Figure 6. Collocation points for application example 1. (a) Type A. (b) Type B. (c) Type C.

The Gaussian, MQ, and IMQ RBFs with various shape parameters for type A and
type B were considered. For type C, the above RBFs without a shape parameter were
utilized. The accuracy of the Gaussian, MQ, and IMQ RBFs for the three collocation types
are illustrated in Figure 7. According to Figure 7a, the Gaussian RBF utilizing the exterior
fictitious sources for type C obtained more accurate results, where the RMSE of the
Gaussian RBF without a shape parameter in type C reached the order of 10-3. Figure 7b
demonstrates the RMSE of the MQ RBF for the three collocation types. According to
Figure 7b, the RMSE of the MQ RBF in type A and type B was in the order of 102 to 107
as the shape parameter ranged from 0 to 5. The RMSE of the MQ RBF without a shape
parameter in type C was in the order of 10-1°. The IMQ RBFs was analyzed by adopting
the same perspective. The RMSE values of the IMQ for the three collocation types are
illustrated in Figure 7c. Similar to the results obtained in Figure 7b, we also found the IMQ
without the shape parameter for type C reached the order of 10-8. From the results, it is
significant that the Gaussian RBF without the shape parameter for type C showed a high-
accuracy performance.

Table 3 presents a comparison of the results for the application example 1. For type A
and type B, the Gaussian, MQ, and IMQ RBFs with the optimal shape parameter were
utilized. For type C, the above RBFs without a shape parameter were adopted. As depicted
in Table 3, all the RBFs, including the Gaussian, MQ, and IMQ RBFs, utilizing the fictitious
sources of type C provided more accurate results than the other two source collocation
types even with the optimum shape parameter. From the results, it is clear that numerical
solutions with a very high accuracy can be obtained by utilizing the proposed simplified
Gaussian, MQ, and IMQ RBFs with exterior fictitious sources.

Table 3. Comparison of the results for the application example 1.

RMSE
RBE Type A Type B Type C(17=3)
245 %108 1.33 x 108 9.50 x 10-13
Gaussian (c=1.75) (c=1.25) (c=1)
(t=3.825) (t=7.025) (t=8815)
4.61 x10-¢ 4.41 %10 1.39 x 10-10
MQ (c=2.25) (c=1.75) (c=0)
(t=3.80) (t=6.90s) (t=8.775)
3.38 x 10-8 2.85x 108 1.37 x 10~
IMQ (c=2.5) (c=2.0) (c=0)
(t=3.805) (t=6.995) (t=8835)
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Figure 7. RMSEs of three RBFs with three different collocation types: (a) Gaussian RBF, (b) MQ RBF,
and (c) IMQ RBF.
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4.2. Application Example 2

The governing equation for the second application example is expressed as
Equation (1) [25], where A=0, B=-2*, f(x)=0, and A* =3. The object boundary is
defined as:

60 = {(x,x = p(6)cosh, y = p(B)sin B}, p(6) = 0.5[|cosBB) + /3 +sin' (36) |0 < H <27 . (31)

The Dirichlet data are assigned to the boundaries utilizing the exact solution as
follows:

V22(x-y)

uxy)=e (32)

Three RBFs, including the Gaussian, MQ, and IMQ, are were in the collocation
method. Three collocation types for locating the sources, as illustrated in Figure 8, were
considered in the above RBFs to solve this problem. There were 355 source points, 210
interior points, and 200 boundary points. In type A, the fictitious sources are uniformly
scattered within the domain, as depicted in Figure 8a. The interior, sources, and boundary
points are placed such that the positions of the interior and fictitious sources are identical.
In type B, the fictitious sources are randomly scattered within the domain, as depicted in
Figure 8b. In type C, the fictitious sources are randomly scattered outside the closure of
the domain, as depicted in Figure 8c. The collocation of the exterior fictitious sources is
defined by the following parametric equations:

o0 ={x, Y| =npi(6)cost: s =i (0)sin . (33)
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where  p;(0;) = 2><[”€/C05(10¢9]-5) +,/2 —sinZ(lOGjS) 1,06 <2z . In this example, the
dilation factor for type Cis 3.
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Figure 8. Collocation points of the three types in the application example 2.

Figure 9a demonstrates the RMSE of the Gaussian RBF for the three collocation types.
From Figure 9a, the RMSE of the Gaussian RBF in type A and type B was in the order of
10! to 10 as the shape parameter ranged from 0.5 to 5. However, the RMSE of the
Gaussian RBF without a shape parameter in type C reached the order of 10-1. The MQ
and IMQ RBFs were analyzed by adopting the same perspective. The RMSE of the MQ
and IMQ RBFs for the three collocation types are illustrated in Figure 9b,c, respectively.
Similar to the results shown in Figure 9a, we also found that the MQ and IMQ RBFs
without the shape parameter for type C reached the order of 10 and 10-8, respectively.
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Figure 9. RMSEs of RBFs with three different collocation types: (a) Gaussian RBF, (b) MQ RBF, and
(c) IMQ RBF.
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Table 4 presents a comparison of the results for the application example 2. For type
A and type B, the Gaussian, MQ, and IMQ RBFs with the optimal shape parameter were
utilized. For type C, the above RBFs without a shape parameter were adopted. As depicted
in Table 4, all the RBFs, including the Gaussian, MQ, and IMQ RBFs utilizing the fictitious
sources of type C, provided more accurate results than the other two source collocation
types, even when the best shape parameter was adopted. The obtained results
demonstrate that numerical solutions with a very high accuracy can be obtained by
utilizing the proposed simplified Gaussian, MQ, and IMQ RBFs with exterior fictitious
sources.

Table 4. Comparison of the results for the application example 2.

RMSE
RBE Type A Type B Type C (17=3)
1.18 x 10-¢ 1.61 x 10-¢ 2.76 x 1011
Gaussian (c=250) (c=225) (c=1)
(t=7.24's) (t=9.47 s) (t=12.57 s)
6.28 x 10-¢ 3.70 x 10-¢ 5.04 x 10-°
MQ (c=1) (c=1) (c=0)
(t=7.285) (t=10.34 ) (t=13.01s)
4.54 x 106 4.32 x 106 4.59 x 108
IMQ (c=1.25) (c=1.25) (c=0)
(t=7.245) (t=11.67 ) (t=12.675)

4.3. Application Example 3

The three-dimensional problem is enclosed by a sophisticated irregular domain
boundary, as shown in Figure 10a. The three-dimensional elliptic boundary value
problems is expressed as Equation (1), where A ,=A =1, A =B=0, and
f(x,y,z) =2zcos(x)sinh(y) . The object boundary is given by the spherical parametric

equation as Equation (22). The Dirichlet data are imposed using the following exact
solution for this three-dimensional problem as:

u(x,y,z) = zcos(x)cosh(y) + zsin(x)sinh(y) . (34)

Three RBFs, including the Gaussian, MQ, and IMQ, were used in the collocation
method. Three collocation types for locating the sources were considered in the above
RBFs to solve this three-dimensional problem. There were 2500 source points, 1600
interior points, and 861 boundary points. The three collocation types of this three-
dimensional problem are illustrated in Figure 1. In type A, the fictitious sources are
uniformly scattered within the domain, as depicted in Figure 1d. The interior, sources,
and boundary points are placed such that the positions of the interior and fictitious
sources are identical. In type B, the fictitious sources are randomly scattered within the
domain, as depicted in Figure le. In type C, the fictitious sources are randomly scattered
outside the closure of the domain, as depicted in Figure 1f.

Figure 10 illustrates the RMSE of the Gaussian, MQ, and IMQ RBFs with the three
different collocation types. From Figure 10, it appears that the RMSE of the above RBFs
for type A and type B fluctuated between 102 to 10 as the shape parameter ranged from
0.5 to 5. However, the RMSE of the simplified Gaussian, MQ, and IMQ RBFs (type C)
without a shape parameter reached the order of 10-8, 10-$, and 10, respectively.
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Figure 10. Problem domain and RMSEs of RBFs using three different collocation types: (a)
problem domain, (b) Gaussian RBF, (¢) MQ RBF, and (d) IMQ RBF.

5. Conclusions

In this study, a novel concept of using exterior fictitious sources to solve elliptic
boundary value problems with the simplified radial basis function method was proposed.
The concept of the proposed approach was addressed in detail. The significant findings

are concluded as follows.

(1) In this study, we demonstrated that the simplified RBFs, which consider many
exterior fictitious sources outside the domain, can achieve accurate results to solve
elliptic boundary value problems. The obtained results demonstrate that the
simplified RBFs obtain a better accuracy than the original RBFs with the optimum
shape parameter when solving elliptic boundary value problems.
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(2) Identification of the shape parameter is often very challenging and tedious in the
original RBFs when solving partial differential equations. In this study, we proposed
three simplified Gaussian, MQ, and IMQ RBFs without the shape parameter. The
simplified RBFs have the advantages of a simple mathematical expression, high
precision, and easy implementation.

(3) With the consideration of many exterior fictitious sources outside the domain, we
found that the radial distance is always greater than zero. The simplified Gaussian,
MQ, and IMQ RBFs and their derivatives in the governing equation are always
smooth and nonsingular.

(4) Comparative analysis was conducted on the three different collocation types
considering conventional uniform centers, randomly fictitious centers, and exterior
fictitious sources. It was found that the exterior fictitious sources proposed in this
study significantly improved the accuracy when solving problems.

(5) Numerical examples, including elliptic BVPs in two and three dimensions, were
carried out. The simplified radial basis function method with exterior fictitious
sources can be applied to three-dimensional problems with ease and high accuracy.

(6) In this study, we attempted to remove the shape parameter in conventional RBFs to
solve partial differential equations. We achieved a promising result for three
simplified Gaussian, MQ, and IMQ RBFs, especially for solving Laplace-type
equations in two and three dimensions. Further studies to investigate the
characteristics of the proposed method to solve different kinds of PDEs are
suggested.
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