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Abstract: In this paper, we introduce three new subclasses of m-fold symmetric holomorphic func-
tions in the open unit disk U, where the functions f and f~! are m-fold symmetric holomorphic
functions in the open unit disk. We denote these classes of functions by F Sg’,if(d), F Sg ?{f(e) and
F Sg’z,’ls’h’r. As the Fekete-Szego problem for different classes of functions is a topic of great interest, we
study the Fekete-Szeg6 functional and we obtain estimates on coefficients for the new function classes.

Keywords: Fekete-Szego problem; coeffcient bounds and coeffcient estimates; bi-univalent functions;
bi-pseudo-starlike functions; m-fold symmetric; analytic functions

1. Introduction and Preliminary Results

Let A denote the family of functions of the form
f@)=z+ ) M
k=2

which are analytic in the open unit disk U = {z € C : |z| < 1} and normalized by the
conditions f(0) =0, f/(0) =1

Let S C A denote the subclass of all functions in .A which are univalent in U (see [1]).

In [1], the Koebe one-quarter theorem ensures that the image of the unit disk under
every f € S function contains a disk of radius 1/4.

It is well known that every function f € S has an inverse f 1, which is defined by

ff@)=zzeU

and
FUFHw)) = w, [w| < ro(f), ro(f) > 1/4,

where
g(w) = fHw) = w— aqw? + (243 — az)w® — (5a3 — 5azaz + ag)w* + ... (2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U.
Let X denote the class of all bi-univalent functions in U given by (1).

The class of bi-univalent functions was first introduced and studied by Lewin [2] and
it was shown that |a,| < 1.51.

The domain D is m-fold symmetric if a rotation of D about the origin through an angle
27t/ m carries D on itself.

We said that the holomorphic function f in the domain D is m-fold symmetric if the

following condition is true: f (e% z) = e f(z).
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A function is said to be m-fold symmetric if it has the following normalized form:

fz)=z+) A1z, z € U,m € NU{0}. (3)
k=1

The normalized form of f is given as in (3) and the series expansion for f~1(z) is given
below (see [3]):

g(w) = fﬁl (w) = 1w — am+1wm+l
+[(m +1)a5,_y — agypa | (4)
—[3(0m+1)Bm + 2)a5, 1 — (3 +2) @y 118211 + A3 1] 4L

We can give examples of m-fold symmetric bi-univalent functions: {1 }";
[~log(1 —2")]w; Jlog (34 w.

The important results about the m-fold symmetric analytic bi-univalent functions are
given in [3-7].

The Fekete-Szego problem is the problem of maximizing the absolute value of the
functional |a3 — pa3).

Fekete-Szegd inequalities for different classes of functions are studied in the
papers [8-14].

Many authors obtained coefficient estimates of bi-univalent functions in the
articles [2,14-25].

Definition 1. Let f € A be given by (1) and 0 < q < p < 1. Then, the (p, q)-derivative operator
for the function f of the form (1) is defined by

f(pz) — f(g2) "
D z)=———>—>zcU =U~-10 5
and
(Dpaf)(0) = £'(0) (6)
and it follows that the function f is differentiable at 0.
We deduce from (2) that
Dpqf(z) =1+ [k]p,qakzk_1 )
k=2
where the (p, q)-bracket number is given by
A k=1, k-2 k-3 2 1
Kpg="—- =P 4P 24P 0P+ 1 pd 2 g p £

P—4a
which is a natural generalization of the g-number.

. 1-
Too lim,, ;- [k]pq = [klg = 7 ‘75’ see [26,27].

Definition 2 ([28]). Let the function f € A,where 0 < d < 1,5 > 1is real. The function
f € Ls(d) of s-pseudo-starlike function of order d in the unit disk U if and only if

Re(Z[;/((ZZ))]S) > d.
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Lemma 1 ([1], p. 41). Let the function w € P be given by the following series: w(z) =
1+ wiz +wpz? + ...,z € U, where we denote by P the class of Carathéodory functions analytic
in the open disk U,

P ={w e Alw(0) =1,Re(w(z)) >0,z € U}.

The sharp estimate given by |wy| < 2,n € N* holds true.

2. Main Results

Definition 3. The function f given by (3) is in the function class PS;’,Z;S(d)(m € N,
0<g<p<ls>10<d<1,(z,w)el)if

fex ®)
larg(Dyef(2))F] < 42,z € U

and ;
7T
|a8(Dpqg(w))’| < - w e, )

where g is the function given by (4).
Remark 1. In the case when m = 1 (one-fold case) and s = 1, we obtain the class defined in [29].

Remark 2. In the case when p = 1, we obtain limqﬁlfFS)ld,l(d) = FSy.(d), the class which was
introduced by Srivastava et al. in [24].

We obtain coefficient bounds for the functions class F S;’i’f (d) in the next theorem.

Theorem 1. Let f given by (3) be in the class FS;’/Z;(d)(m eNO<g<p<Ls2>1,
0<d<1,(z,w)eU).Then,

2d

|ami1] < = (10)
\/sd(m +1)[2m +1]pq —s(d —s)[m+1]5,
and ( 2
2d 2(m+1)d
< .
@21l € St L, T 2R, (1
Proof. If we use the relations (8) and (9), we obtain
(Dpaf(2))° = [a(z)])? (12)
and
(Dpag(w))* = [B(w)]", (z,w € U) (13)
where the functions «(z) and B(w) are in P and are given by
w(z) =1+ apz™ 4 agz?™ + a3, 22" + ... (14)
and
B(w) = 1+ Bt + Bomw™™ + Bayw™™ + ... . (15)

It is obvious that

[(2))? =1+ dayz™ + (dagy, + Gl 1>¢x2m)zzm +...,
B@)]* = 1+ dBua™ + (o + 20D g2 yom

2 m
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and

(Dpgf(2))" =1+s[m+1]pqa,12"

s(s—1)
2

+(s[2m +1]pg00m+1 + [m + 1]%,qafn+1)zzm +...

(Dp,qg(w)>s =1-s[m+ 1]p,qam(+1%)m

—s[2m + 1 pgagm 190" + (s(m + 1) [2m + U pgas, y + 7= [m + 17 gan Jw™™ + ..

and

If we compare the coefficients in the relations (12) and (13), we have
S[m + 1]p,qﬂm+1 = daw,

s(s—1
s[2m + 1]p,qa2m+1 + %[
dld—1

@1,

2 2
m+ 1]p,qam+l

= day, +

—s[m + l]p,q”mH = dBm,

s(s—1)

—s[2m +1]pga0m+1 + (s(m +1)2m + 1] 5 + [m + 1}%){1

=dBom + d(dzi_l)ﬁ%n.

We obtain from the relations (16) and (18)

Ky = _,Bm

282 [m +1)3 a2 1 = d* (a2, + BZ)

Now, from the relations (17), (19) and (21), we obtain that
s(s —1)d[m+ 1]§,qa$n+1 + (m +1)sd[2m + 1] 002, 1

—(d = 1) [m +1]3 a2, 1 = d*(am + Bom)-

We have
2 d? (agm + Bom)
" sl 4113 4(s — d) + (m+ 1)sd[2m + 1]

If we apply Lemma 1 for the coefficients ay,,, and By, we have

2d
\/(m + D)sd[2m +1]p,q — (d —s)s[m +1]2 ,

lami1| <

If we use the relations (17) and (19), we obtain the next relation

2s[2m + 1]p,qa2m+1 —s(m+1)2m+ 1]1),11“%1“
d(d—1
= d(“Zm - ,BZm) + ( 5 )(‘X%n - ﬁ%n)

It follows from (20), (21) and (23) that

(m + 1)d2(“%n + 18%1) d(“Zm - :BZm)
4s2[m +1]3 252m+41]p4°

Qm+1 =

2
m+1

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)
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If we apply Lemma 1 for the coefficients a,, 2214, B, Bam, We obtain

2d 2d%(m +1)
2m+1)pqs  s2[m+ 1}%,‘7'

lagm41] < [

O
Remark 3. For one-fold case m = 1 and s = 1 in Theorem 1, we obtain the results obtained in [29].
Remark 4. For a one-fold case and p = 1, we have
lim, - FS¥' (d) = FSg(d),
the results of Srivastava et al. [24].

Definition 4. The function f given by (3) is in the class FS;’?;(e)(O <e<1l,0<g<p<ls>1,
(z,w) € U, m € N) if the following conditions are satisfied:

{f €y, 5
R{(Dp,yf(2))°} >e,zc U

R{(Dpgg(w))’} > e,w e U, (26)
where the function g is defined by Relation (4).

Remark 5. For m = 1 (one-fold case) and s = 1, we obtain the class of functions obtained in [29].

Remark 6. When p = 1, we obtain liqurPSil (e) = FSx(d), the class which was introduced
by Srivastava et al. in [24].

In the next theorem, we obtain coefficient bounds for the function class F S;";’f (e).

Theorem 2. Let the function f given by (3) be in the function class FS;’,Z;S(e),(m e N,
0<g<p<ls>10<e<1,(z,w) € U). Then,

] < min{ 2L ,2\/ 1o b @)

[m+1]pq" \ s(s =) [m+1]2 , + (m+1)s[2m + 1], 4
a2n i1l < STy +2 g}lg,_qi) (<T:1111))s[zm 1, s[er(nl = f])p,q' @8
Proof. If we use Relations (25) and (26), we obtain
(Dpqf(2))" = e+ (1—e)a(z) (29)
and
(Dpqgg(w))* =e+(1—e)B(w), zwel, (30)

respectively, where
w(z) = 1+ apz™ 4 anz?™ + a3, 27" + ...

and
B(w) =1+ Buw™ + Bomw™™ + Bamw® + ...,

«(z) and B(w) are in P.
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It is obvious that
e+(1—e)a(z) =1+ (1—e)anz™+ (1 —e)ap,z" + ...,

and
e+ (1 - E)IB(ZU) =1+ (1 - e)ﬁmwm + (1 — E)ﬁzmwzm + ...
Already,

—1
(Dp,af(2))° =1+ s[m+1]pqam112" + (s[2m + 1] ga2m+1 + s(sz ) [m+ 1]%;,:7‘&1.4.1)22”1 t...

and
(Dpg8(w))® =1 —s[m+1]pamp1w™ — s[2m + 1]p,qa2m+1w2”‘

s(s—1)

[m+ 1) a2, ) w?™ + ...

+(s(m+1)2m+ 1}p,qa3n+l + 4

From the relations (29) and (30), if we compare the coefficients, we obtain the follow-
ing relations:

sim+1]pgams1 = (1 —e)am, (31)

s(s—1
s[2m + 1], ga2m41 + ( 5 ) [m + 1]%,,{1113,1+1 = (1—e)agy, (32)
—s[m+1]pgamp1 = (1 —€)Bm, (33)

—s[1+2m]pga0m41 + (s[2m 4 1] 4 (m + 1)
s(s—1

+ Ve = (- ) 69

We obtain from Relations (31) and (33)
& = —PBm (35)

and

25%[m + 115 gam 11 = (1 — €)% (a, + Br,)- (36)

We obtain now from Relations (32) and (34) the following relation:

s(s = 1)[m+ 13 4a5 1 + (m+1)s[2m + 1] g, 1 =

(37)
(1 —e)(awam + Bam)-

From Lemma 1 for the coefficients ay;, &2, B, B2m, We obtain that

1—e
a <2 .
|amia] < \/(m + D)s2m + 10 +5(s — 1) [m +1]3,

If we use Relations (32) and (34) to find the bound on |ay,, 1|, we obtain the follow-
ing relation:

= s(L+m)[1+2m]pgaz .y +25[1+2m]pgaom1 = (1—e)(a2m — Pom),  (38)

or equivalently

_ (A —e)(aom —Pom) , (m+1) 5
o = o om + 1], T 2 m (39)
From Relation (36), if we substitute the value of afn 41, we obtain
(1 =€) (02— Paw) , (m+1)(1 =P (6l + ) 0

T T s om 1] 4s2[m + 113,
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Now, if we apply Lemma 1 for the coefficients &, &2, B, B2m, We obtain

2(1—e) 2(m+1)(1—e)?
2m+1]p, s2[m + 1}%/,7

<
|azm41] < s

From Relations (37) and (39) applying Lemma 1, we obtain

2m+1)(1—e) n 2(1—e)
s(s=D[m+1]5,+ (m+1)s2m+1],,  s2m+1]pe

|a2m+1| <
O
Remark 7. For one fold case (m = 1) and s = 1 in Theorem 2, we obtain the results given in [29].

Remark 8. Foraone-fold case, in Theorem 2, choosing p = 1,q — 17, we obtain the following corollary.

Corollary 1. [24] Let the function f € FSy(e), (s = 1,0 < e < 1,(z,w) € U) be given by

(1). Then,
2(1—e)
lag| <
3

o (1-e)(5 - 3¢)

—e — oe
< )

las| < 3

In the following theorems, we provide the Fekete-Szego type inequalities for the
functions of the families F S; 7 (d) and F S; % (e).

Theorem 3. Let f be a function of the form (3) in the class F S;’j,f(d). Then,

2d 1
s2m+1]p47 |t(0)| < s2m+1],4

4sd|t(o)|, [t(o)| >

1 (41)
= s[2m+1]p,4’

|a2mi1 — 0, | < {

where
dim+1—20)

m+1]3 (s —d) +2s(m +1)d[2m + 1]

to) = 2

Proof. We want to calculate a1 — cmi 1
For this, from Relations (22) and (24), where we know the values of the coefficients

2 .
ay, 1 and agy 41

2 d? (am + Bom)

T S 1 12 ,(s — d) + (m+ Lsd[2m £ 1]

(m + 1)d2(0‘%1 + 1331) d(“Zm — ;BZm)
4s2[m +1]3 252m +1],4 "

Wm+1 =

it follows that
om+1 — anﬂ =
1 dim+1-20)

d[WM(ZS[Zm +1]pgq + 2s[m +1]2 (s — d) +2s(m +1)d[2m + 1] pq

)

dim+1-20) 1

+ﬁ2’”(2s[m + 13, (s —d) +2sd(m+ D) 2m +1]pg  252m + 1] 4 »
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According to Lemma 1 and after some computations, we obtain

S L >|Sm

|agmi1 — 0, | <
4sd|t(o)|, |t(o)| =

2m+1]

O

Theorem 4. Let f be a function of the form (3) in the class F Sg’,‘i’f(e). Then,

2(1—e) 1
s[2m+1e]pq’ [H()] < 2m+1],,

|21 — Ua$n+1| = / ' 4
45(1 = &) |H(@)], [t(0)] = sy

where
(1-20+m)

"0) = 3 D T 1B, T 2s(m T DEm + g

Proof. We will compute a1 — (m%n 1, using the values of the coefficients ai 1 and a1
given in Relations (37) and (39).
It follows that
Aom+1 — 01 a3n+1
1 1—-20+m
= 1 —
(1= e)lean(55m Tpa 250 — )d[m + 11, +2(m + D)s[2m + 1],

i

)

+Bon( (1+m—20) B 1
am 25(s = 1)d[m +1]3 , +2s(m +1)2m +1]p,  2s2m+1]pq

According to Lemma 1 and after some computations, we obtain

2(1—e
s[2;§1+1])p,q' [H(o)] < 2s[2m1+1}

|agm 1 — 0 | <
4s(1—e)[t(o)], [t(o)] > m

O

Definition 5. Let h,r : U — C be analytic functions and min{Re(h(z)), Re(r(z))} > 0, where
z € U,h(0) =r(0) =1.

A function f given by (3) is said to be in the class F Sp s
m € N if the conditions are satisfied:

,wheres >1,0<g<p<1,

(Dyof(2))” € h(U),z e U (43)

and
(Dpgg(w))” € r(U),w e U, (44)

where the function g is given by (4).

s,h,r

We obtain coefficient bounds for the functions class FS/ q’ "~ in the following theorem.

s,h,r

Theorem 5. Let the function f given by (3) be in the class F Sp A=A Then,

o [+ | ()2 |15 (0)] + |7 (0)] ,
1] Smm{\/ 252[m+1]%/q ’ S(S_1)[m+1]%7,q+S(m+1)[2m+1]p,q}, (45)
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([K'(0) +['(0)[*) (m + 1) n |h" (0)[ + [¢"(0)|
42[m +1]3 4 252m +1]p,4
[H"(0)[ + | (0)] (m+1)([H"(0)[ +|"(0)])
2s[2m +1]p,4 2s{(m+1)2m+1]pq+ (s —1)[m + 1}%#}

a2 1| < min{

7

2 (46)

Proof. In Relations (43) and (44), the equivalent forms of the argument inequalities are

(Dp,qf(z))s = h(z), (47)
and
(Dp,qeg(w))” = r(w), (48)

where h(z) and r(w) satisfy the conditions from Definition 5, and have the following
Taylor-Maclaurin series expansions:

h(z) =14 hiz+hyz? + ... (49)
r(w) =1+ rw+rnw*+ ... (50)
If we substitute (49) and (50) into (47) and (48), respectively, and equate the coefficients,
we obtain
sim +1]pqam11 = h1; (51)
s(s—1
S[Zm + 1]p,qﬂ2m+1 + ( 5 ) [m =+ 1]%,qa%1+1 = th (52)
—s[m+ 1]y 4041 = 11; (53)
s(s—1) 2\ 2
—s[2m +1]p ga2m41 + (s(m +1)[2m + 1] 5 + ?[m +1]5,4) 8541 = 12- (54)
We obtain that
hl = —n (55)
and
W+ =257 [m+ 1] a5, (56)
from Relations (51) and (53).
Adding Relations (52) and (54), we obtain that
aan{s(s —1)[m+ 1]%,{07 +s(m+1)2m+1]p4} = hy +12. (57)
Now, from (56) and (57), we obtain
W2 472
2 1T
Uil = 52T T 11 (58)
" 252 [m +1] %4

az . hz + 1
ML (s — 1) [m + 12 +s(m+1)[2m+1]pq

We obtain from Relations (58) and (59) that

(59)

o HOPHOF
mrtl = 252 [m +1]2 ,

and 1 /!
|1y (0)] + |5 (0)]

2
a < ’
a1 < S<S_1)[7;1_._1]%#+s(m+1)[2m—0—1]p,q

So, we obtain the estimate on the coefficient |a,, 1| as in (45).
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References

Next, substracting (54) from (52), we obtain the following relation:
25[2m + 1] p gaomy1 — s(m + 1)[2m + 1] ga5, 1 = hp — 12 (60)

Substituting the value of afn 41 from (58) into (60), it follows that

a . hz—?’g (m—l—l)(h%%—r%)
LT 2sem 4 1, | 42 [m+ 12,
Therefore,
(K ()2 + [ (0)[*) (m +1)  [H"(0)] + [¢"(0)]
|a2m+1| < .

4s2[m +1]3 , 252m +1]p,4

Upon substituting the value of a2, 41 from (59) into (60), it follows that

a _ h2 — T + (Wl + 1)(”12 + 1’2)
2T asem 1], | {5 = D)[m+ 113, + (m+ 1) [2m + 1] 4}25°

So, it follows that

[1"(0)] + [ (0)] (m +1)(|h"(0)] + [r"(0)])
252m +1]p4 2s{(m+1)2m+1]pg+ (s = 1)[m+1]3 .}

lazm 1| <

O

3. Conclusions

As future research directions, the symmetry properties of this operator, the (p, q)-
derivative operator, can be studied.
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