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1. Introduction

Martingales are a main topic in probability theory. They have many applications in
our real lives. Fractional martingales have ties and relationships with fractional Brownian
motion [1,2]. The main definition of martingales can be written by using the real line as:
E C R*, where the Lebesgue measurable set is R.

Assume A to be the -algebra of Lebesgue measurable sets in E, and y is the Lebesgue
measure on E, where (E, A, 1) is a measure space, L!(E, 1) is the space of Lebesgue inte-
grable functions on E, and B;, is a sequence of - algebras of the Lebesgue measurable set
in AsuchthatB, C B, 1 C A Vn>1

Definition 1. For each n, let f, € LY(E,By, ). Then, fy is called a martingale if
Jpfudun = [pfudp, ¥ m > n, and D € By. The standard notation for f, is:
E(fu|Bn) = fu, ¥ m > n,and is called the conditional expectation of fy, relative to B,,. For more
on martingales, we refer to [2—4].

2. Method and Results

Fractional martingales, as introduced in [1], have a strong relation to fractional Brown-
ian motion. Furthermore, the Riemann-Liouvill fractional integral was used for fractional
martingales. Hu, Y. et al pointed out in [1], that fractional martingales are not martingales.
Consequently, in this section, we introduce the following: (i) fractional Lebesgue measure,
and (ii) fractional martingales. We use conformable fractional integral for the definition of
fractional martingales. Furthermore, our definition of fractional martingales ensures that
fractional martingales are martingales.

Definition 2. Let u be the Lebesgue measure on E C R and A be the o—algebra of Lebesgue
measurable sets in E. We define the conformable fractional Lebesque measure for « € (0,1) as:
p*(B) = [ % , for any B € A. One can easily show that u* is a measure on E, noting
that B C [0,0), so, x > 0.
Hence,

1d]/£

xl-a

p(o1) = |

and,
p([4,9]) = 9 -4
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so,
1
if o = 2, then 1%5([4,9]) = 1.

One can build a whole theory here using the Lebesgue fractional measure, such
as LP(E, A,u*) , 1 < p < oo. Further, it would be nice to study the relation between
LP(E, A, p)and LP(E, A, u*).

Definition 3. Let f € L'(E, u*), and B be a o-algebra of Lebesgque measurable sets. Then, a
function ¢ € LY(E, B, u*) is called the fractional conditional expectation of f relative to B if

Jagdu* = [, fdu*, vV A€ B.

We remark that [, fdu® is just the fractional integral introduced in [5]. We denote g
by E(f|B) . Conditional expectation is an important concept in probability theory.
A nice example of fractional conditional expectation is:

Example 1. Let A, = (n,n + 1). Consider the c—algebra A generated by (A,). Now it is easy to

A
check that Eq(f|A) = Yoo q J ;&1({4"}; 14, where 1, is the characteristic function of the set A, [6].

Conditional expectation is the cornerstone of the definition of martingales.

Note that a fractional martingale is associated with the fractional Lebesgue measure.
However, martingales are associated with the usual Lebesgue measure. Therefore, a
function could be integrable with respect to Lebesgue measure but not integrable with
respect to fractional Lebesgue measure.

Theorem 1. Let feL'(E, u*). Then E,(f|B) exists for every c-algebra B of Lebesgue measurable
sets of E. Further,

I Ea(f1B) < | f [l

Proof of Theorem 1. For AeB, define y(A) = [, fdu*
Clearly,

Li A) =0
W(}{r)gov( )

Hence, 7 is u*-continuous. Then, by the Radon-Nikodym theorem [3], there exists
geLY(E,B,u) > v(A) = [, gdu®, for every AeB.
Thus,

8 = Eu(f]B)-

The use of Jensen’s inequality completes the proof, noting that x!~* > 0,on E C (0, 0).
Theorem 2. Remains true for feLP (E, u*), for1 < p < oo.

Now, we present the main definition.
Definition 4. Let (By) be a sequence of o—algebras of Lebesque measurable sets, such that
By CByi1 CA Vn A sequence of functions (f,) whereby f,eL'(E, A, u*) and
Eo(fe|Bn) = fu Y k > n, is called a fractional martingale. We will write (fy, Bn) for such
a martingale.

A nice example of a martingale is:

Example 2. Let feL'(E, u*) and (B,) be a sequence of o—algebras of Lebesgue measurable sets in
E. Let f, = Eo(f|By). Then, clearly ( fy) is a fractional martingale.
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Let A be the o— algebra of all Lebesgue measurable sets in E. So,
LY(E, u*) = LY(E, A, Ey)

Nouw, let (fy, By) be a martingale in L'(E, u). So (fu, Bn) is a fractional martingale if u is
replaced by u*.

Now, we prove:

Theorem 3. A martingale (fu, By) in L' (E, u*) converges in L'(E, u®) if, and only if, there exists
feLY(E, %), such that for each Ae \JS_, By, we have

s [/ S— 14
,}g{}o/Afndu —/Afdﬂ

Proof of Theorem 3. With no loss of generality, we assume that the o-algebra generated by
U;o:l Bi’l - .A.
Now,
assume that f, "= fin L'(E, u*),

S0,

1= flap "= 0 0

However, for any AeJ;_; By, we have

’/A'fn dp*— Afdu“

noting that #* is a measure.

< [ 1fam flan®
By (1) we get

: [ S 14
ﬂlgrt}o/Afnd'u B /14de
For the converse:

Assume there exists feL!(E, u%) such that

lim /A Fadp® = /A fau® forall Ae | S~ By.

n—oo

Since we assume that A = the o-algebra generated by UJ;;_; By, then we get
Ex(f|By) = fuVn>1

Now, we claim that lgm | fu—f ll1=0.
n (o)

By assumption, on A and |J;_; By, it follows that simple functions of the form
Y aila, , Aje Uy By are dense in LY(E, u®).

Hence, for every & > 0 there exists ge = /" b;1g, ,such that || f —ge [|1< 5.

Since B, C B, 11, then there exists mj, such that

El-eBmU, Vlglgm
Hence, g; is B,-measurable V m > my, and

sz(gs|Bm) = 8¢ Vm > my )
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Now, for m > mg, we have:

I fn = F A< M = ge a4 1l 8e = f [

Using (2), we get

fm — 8e = Ea((f — &&|Bm)), Vm = my.
Hence,

I fn = F U< M = e a4 1l 8e = f [

= E«(f — 8e[Bm) ll1 +8e — f1
<Hf—8 i+ 11g—flh
:2g£—f1§2§:e Vm>my

Thus,

fu "= fin LY(E, p*).
This completes the proof. [

A nice consequence of Theorem 4 which is easy to prove is:

Theorem 4. A fractional martingale (fu, By) in L'(E, u*) is convergent in L' (E, u*) if, and only
if, there exists f € L' (E, u®), such that Ex(f|Bn) = fu ¥V n > 1.

3. Discussion

Conformable fractional martingales have similar properties to the usual martingales.

4. Conclusions

We proved convergence theorems for the conformable fractional martingales similar
to the usual martingales.
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