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1. Introduction

The problem of geodesic mappings of Riemannian manifolds was first introduced by
T. Levi-Civita in the study of problems in mechanics [1]. There are many monographs and
papers devoted to the theory of geodesic mappings and transformations, their general-
izations, and applications [2-20]. In addition, A. Z. Petrov [11] used geodesic mappings
and their generalizations of pseudo-Riemannian spaces for models of gravitation fields.
The above-mentioned spaces that generalize semi-Riemannian spaces with degenerate
metrics are found in various applications, in particular unified field theories. As it was
shown in [14], in the case when the torsion tensor is semisymmetric, setting the Levi-Civita
pseudo-connection is equivalent to setting the Weyl connection used in a unified field
theory combining gravity and electromagnetism. Linear idempotent operators are used
to define calibration fields that define different types of interactions. The theory of the
multidimensional Universe uses degenerate Kaluza-Klein metrics [21,22].

The basic equations of geodesic mappings for pseudo-Riemannian manifolds were
obtained by Levi-Civita, but they were non-linear [8,14,16,18]. The basic equations of
geodesic mappings for pseudo-Riemannian manifolds in linear form were obtained by
N. S. Sinyukov [16]. These equations greatly advanced the study of geodesic maps and
allowed us to obtain many interesting results. In particular, it reduced the question of
whether a given pseudo-Riemannian manifold admits a non-trivial geodesic mapping to
the analysis of a system of linear algebraic equations.

Analogues of the Sinyukov equations for holomorphic-projective mappings of Kahler
manifolds were obtained by J. Mikes [8]. However, all existing generalizations of geodesic
mappings assume that the metric tensor of a pseudo-Riemannian manifold is nondegen-
erate. However, in physics and mechanics, there are models in which the metric tensor is
degenerate [15].

In this paper, we generalize the results of geodesic mappings of pseudo-Riemannian
manifolds to the case of semi-Riemannian spaces with a degenerate metric. In particular,
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we will obtain analogues of the Levi-Civita equations and the Sinyukov equations. For our
research, we use the theory of idempotent pseudo-connections [15].

2. Preliminaries

Let M, be a smooth n-dimensional manifold. We denote the ring of smooth functions
on M, by C*®(M,), the Lie algebra of smooth vector fields on M, by x(M,,), and arbitrary
smooth vector fields on M, by X,Y,Z, and W.

Definition 1. A linear pseudo-connection on M,, is a pair of operators (h; V), where V: x (M,) x
X(My,) — x(M,) and his a linear operator on x (M), which for X,Y,Z € x(My), f € C®(M,)
satisfies the following conditions [14]:

Vx(fY +Z) = fVxY + X(f) -hY + VxZ;

fo+yz = fVxZ+ VyZ. 1
In the case where h = id, any linear pseudo-connection is a linear connection on M,,.

Definition 2. The torsion and curvature tensors of the linear pseudo-connection (h; V) are defined
as follows [14]:

S(X, Y) = ny - VyX — h[X,Y] and R(X, Y)Z = vayz — Vyvxz — V[le]z.

Definition 3. A linear pseudo-connection (h; V) is said to be idempotent if it satisfies the following
conditions [14]:
W = h;

V =hV. 2
In this case, h is called the horizontal projector, and v = id —h is called the vertical projector.

Here, V.= hV means VxY = hVxY.

The torsion and curvature tensors of an idempotent pseudo-connection satisfy the
following conditions [14]:
vS(X,Y)=0; 3)

vR(X,Y)Z =0. 4)
Definition 4. A linear pseudo-connection (h; V) is said to be completely idempotent if it satisfies

the following conditions [14]:
W>=h and V =hVh, (5)

where V. = h Vh means VxY = hVx(hY).

A manifold on which is given a completely idempotent pseudo-connection (k; V)
with Rank’/ = r is denoted by Aj;. The completely idempotent pseudo-connection is an
idempotent pseudo-connection [14].

The torsion and curvature tensors of a completely idempotent pseudo-connection
satisfy the following conditions [14]:

S(vX,vY) = —h[vX,vY];
VR(X,Y)Z = R(X,Y)vZ = 0.

Definition 5. A pair (h;g), where h is a linear operator and g is a bilinear form, is called an
HR-structure of rank r if they satisfy the following conditions [14]:

W =h;
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g(hX,Y) =g(X,Y) = g(Y,X); (6)
Rankh = Rankg =7 < n. (7)
A manifold M,, with an HR-structure is called a semi-Riemannian manifold and is denoted

by V.

For any HR-structure (/; g), there is a unique linear pseudo-connection (/; V), called
the Levi-Civita pseudo-connection, that satisfies the conditions [14]

Vg=0;
§(S(X,hY),Z) = g(S(X,hZ),Y). ®)
It is defined by the formula [14]

23(VxY,Z) = Xg(Y, Z) + (hY)3(X, Z) — (hZ)g(X,Y)

+9(hY,X,2)+g([hZ,X],Y) — g(X, [hZ, hY]). )

3. Geodesic Mappings of Manifolds with an Idempotent Pseudo-Connection

Let M, be an n-dimensional manifold with an idempotent pseudo-connection (h; V).

Definition 6. A curve T(t) on My, is called a geodesic if it satisfies the following condition:
VxX=7hX, (10)
where X is a tangent vector of T, and 7y is a function of parameter t.

Let h;, F;k be components of the pseudo-connection (; V), and X’ be components of
the tangent vector X in some coordinate system on M,,. Then, Equation (10) can be written
in the equivalent form

i dXE ik ik
ST I XIXE = g X5 (11)

We remark that a curve 7(t) on M, with an affine connection V is called an F-planar
curve if it satisfies [8]

VxX =aX+ BFX,

where F is a linear operator, and « and f are some functions of .
If F is an almost product structure (F? = id), then

:F—|—1d and 1/:F—ld

h 2 2

are horizontal and vertical projectors, respectively. Then,
hVxX = (a+pB)hX and vVxX = (a—p)vX.

It follows from (9) that the curve 7 is the geodesic curve with respect to the pseudo-
connection (h;hV) and from (10) that the curve 7 is the geodesic with respect to the
pseudo-connection (v;vV).

Definition 7. A diffeomorphism f: My, — M, is called a geodesic mapping of My, onto My, if f
maps any geodesic on M, onto a geodesic on M,,.

Theorem 1. A manifold M, with an idempotent pseudo-connection (h, V) admits a geodesic
mapping onto a manifold M, with the idempotent pseudo-connection (h,V) if and only if the
equation

VxY =VxY+¢p(X)hY +9(Y)hX + N(X,Y) (12)
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holds for any vector fields X, Y, where  is a differential form on My, (= M,,), and the N(X,Y)
tensor satisfies the following conditions:

N(X,Y) = N(Y, X); (13)
hN(X,Y) = N(X,Y). (14)

Proof. Let f: My, — M, be a geodesic mapping. Therefore, a geodesic T on M,, maps onto
a geodesic T on M. Then, in a common coordinate system (x') with respect the mapping
f, the curve 7 satisfies (11), and 7 satisfies the following conditions:

- dXxk

. ok ik

Subtracting Equation (11) from this equation, we obtain
(_;'k - ;:k)Xij = (7 —7) X~
Multiplying the above formula by /!, X™, and alternating by i and I, we obtain
(Pihy — Pighy,) XIXEX™ =0, (15)
where ‘ ‘ { ‘ '
ik = (D + T — T — Ty)-
The relations (15) are fulfilled identically with respect to X, so it follows from (15) that
Piyhiy + Poyihi + Phy i — Py, — Py il — P, = 0. (16)
Due to (2) ‘ ‘
;k = P]TI? Zm
Thus, contracting (16) in j and m, we obtain

% (r = 1) + By b + P, b — Pk — Pl i = 0. (17)

It follows from (17) that ' ' '
ik = Wil + i =0,

where . 1
Thus, we have found the symmetric part of the deformation tensor
;k =T ;’k - F;’k'
t= il + g+ N, (18)
where 4 ' ‘
Thus, ' ‘
and due to (3), ' ‘
i = Nl (20)

The conditions (18)—(20) are equivalent to (12)—(14). Conversely, it is easy to check that
if the conditions (12)—(14) hold, then any geodesic on M,, will be a geodesic on M,,. O
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Theorem 2. Let
S(hX,hY) = S(hX,hY). (21)

Then, a manifold A}, with a completely idempotent pseudo-connection (h, V') admits a geodesic
mapping onto a manifold Al, with a completely idempotent pseudo-connection (h, V) if and only if
the equation

VxY = VxY +9phX)hY + ¢(hY) hX 4+ 2¢(vX) hY (22)

holds for any vector fields X,Y, where  is a differential form on Al, (= Al).
Proof. We have from (12)
Vx(Y) = Vx(vY) +¢(vY) hX + N(X,vY). (23)
Taking into account (5), we obtain
Vx(vY) = Vx(vY)=0. (24)

Thus, we have from (23) and (24)

N(X,vY) = —yp(vY) hX. (25)

It follows from (25) that
N(vX,vY)=0; (26)
N(hX,vY) = —¢(vY)hX. (27)

In addition, according to (21), we obtain
N(hX,hY) = 0. (28)
We have
N(X,Y)=NwX,vY)+ NwX,hY) + N(hX,vY)+ N(hX,hY). (29)
We obtain from (29), due to (26)—(28),
N(X,Y) =y¢pY)hX + ¢p(vX)hY. (30)
Substituting (30) into (12), we find
VxY =VxY+¢(X)hY +(Y)hX — p(vY) hX + ¢p(vX) hY, (31)

or
VxY = VxY + p(hX) hY + p(hY) hX + 2p(vX) hY.

The theorem is proved. O
Definition 8. If ¢ = 0, then geodesic mapping is called trivial, and nontrivial if ¢ # 0.
Definition 9. A geodesic mapping of a manifold Aj, with a completely idempotent pseudo-

connection (h, V) onto a manifold Al, with a completely idempotent pseudo-connection (h, V) is
called canonical if

h=h;
S(X,Y) =5(X,Y). (32)
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Corollary 1. A manifold A}, with a completely idempotent pseudo-connection (h, V) admits a
canonical geodesic mapping onto a manifold Al, with a completely idempotent pseudo-connection
(h, V) if and only if in the Equation (22),

Pp(vX) = 0. (33)

Proof. The condition (32) is equivalent to N(X,Y) = 0.Thus, if N(X,Y) = 0, then we
have from (25) that ¥(vX) = 0. Conversely, if ¢(vX) = 0, then we obtain from (30) that
N(X,Y) = 0. The corollary is proved. O

It follows from (22) that the equation of a canonical geodesic mapping of manifolds
with a completely idempotent pseudo-connection due to (33) is equivalent to the equation

VxY = VxY +¢(X)hY +(Y) hX; (34)
p(hX) = p(X). (35)
The Equations (34) and (35) can be rewritten in the coordinate form as
A A R (36)
il = e, (37)

and these equations are the generalization of the equations of geodesic mappings of
manifolds with an affine connection [8,16].

4. Completely Canonical Geodesic Mappings of Semi-Riemannian Manifolds

Let V}, = (My, g h) be a semi-Riemannian manifold with an HR-structure (h,r) and
V be a Levi-Civita pseudo-connection.

Theorem 3. A semi-Riemannian manifold V), = (My, g, h) admits a canonical geodesic mapping
onto a semi-Riemannian manifold V', = (My, g, h) if and only if there exists a differential form
Y(X) on V}; such that equations

(Vz8)(X,Y) = 29(2)3(X,Y) + 9p(X)3(Y, Z) + p(Y)&(X, Z); (38)
p(hX) = p(X);
3(S(X,hY),Z) =g(S(X,hZ),Y) (39)

hold for any vector fields X,Y, Z.

The validity of this statement follows from (8), (32), (34), and (35).

The coordinate form of Equations (38) and (39) can be given by the following formulas:
Vi8ij = 2¥xZij + $i8jk + ¥k (40)

SuSimhl" = &Sty (41)

Equations (35), (38), and (39) are the generalization of the equations of geodesic
mappings of pseudo-Riemannian manifolds [8,16].

Definition 10. A canonical geodesic mapping of a semi-Riemannian manifold V;, onto a semi-
Riemannian manifold V', is called completely canonical if there exists a function ¥ such that in
Equation (38) satisfies = d¥, and in the coordinate form

¥ = 9; Y. (42)

This shows that 1 is a gradient covector.
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Theorem 4. If the affinor h of the HR-structure (h, g) is integrable then any canonical geodesic
mapping of a semi-Riemannian manifold V}, is completely canonical.

Proof. If the affinor / of the HR-structure (k, g) is integrable, then there exists the adapted
coordinate system x' = (x!, x*) on V! that the components of / reduce to the form

; st o
=90 )

where I, | follow from 1 to r, and «, B follow from r + 1 to n. It follows from (6), (7), and
(43) that in this coordinate system,

G 0 y GU o
gij—( 0” 0) and glj—( 0 0), (44)

where gij is the semi-inverse matrix to Sijs thus,

g8 = I, (45)
and G/ is the inverse matrix to G; ]

det(Gyy) =r. (46)

Contracting (36) in i and j, we obtain ¢ (r + 1) = T, — T',. It follows from (9) and
(44)(46) that
1. - = 1
Py (1’ + 1) = E akGUGU - E akGUGU,

or

Q

The theorem is proved. [

Theorem 5. A semi-Riemannian manifold V;, admits a completely canonical geodesic mapping
if and only if there exist a differential form A(X) and a bilinear form a(X,Y) on Vy, such that the
equations

(Vza)(X,Y) = MX)g(Y, Z) + M(Y)g(X, Z); (47)
a(X,Y)=a(Y,X) =a(hX,Y); (48)
Ranka =7, (49)

a(S(X,hY),Z) = a(S(X,hZ),Y); (50)
AhX) = A(X) (51)

hold for any vector fields X, Y, Z.
Proof. Let g be the components of a semi-inverse tensor to ij; thus,
g'g = h; (52)
Then, it follows from (40) and (41) by virtue of (52) that
Vg = 28"+ g/l + yhi; 53)
ksl nl = g"isl nk, (54)
where ¢ = gy
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Let us denote
a;j = exp(2Y¥) gStgsigtj .
It easy to find from (54), due to (53), the following equations:

Viaij = Aigjk + A8iks (55)
(11‘]‘ = {1]‘,' = ailh§' (56)
Rank (a;;) =7; (57)
aﬂsfnkh;" = a; S, " (58)
Mi = A, (59)
where
A= —exp(2¥) &gy (60)

Equations (55)-(59) are equivalent to (47)—(51).

Conversely, if there exist a differential form A(X) and a bilinear form a(X,Y) on V,
such that Equations (55)—(59) hold, then there exist an HR-structure (4, g) and a differential
form ¢(X) such that Equations (37)—(39) and (42) hold, where

i = —Asa gyi; (61)

gij = exp(2¥)a" gsigyj.
The theorem is proved. O
Contracting (55) by ¢ in i and j, we obtain 2A; = 9;(astg").Thus, A; is a gradient
covector.
It follows from (60) and (61) that i # 0 if and only if A # 0.

Equations (47)—(51) generalize N. S. Sinyukov’s equations for geodesic mappings of
pseudo-Riemannian manifolds [8,16].

Equation (55) can be rewritten in the equivalent form
WV iaij = Aigjk + Aigiks (62)

V,I{Vlai]- =0. (63)

The integrability conditions of Equation (55) on the basis of (62), (63), and the Ricci
identities take the following form [14]:

ag(i RS " = giuhyy Vidj + gjuhy Vi (64)
a5 RS ViVl = Vi) 1851 ) (65)
a5 RS vt = WV S1,,85(6A ) + Vi VEA (8 yks (66)

where R;kl are components of the curvature tensor R:

R(9,0,)0; = R},0,.
Contracting (64) by ¢/ in j and k, and (66) by ¢"/ in i and j, we find
rhiViA; = 1gij + W (ast Ry + ase R ); (67)

VIV = hivS3, As. (68)
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Thus, we obtain from (67) and (68)

ViAi =

N | =

(,ugij + h;n(astRiStm + ﬂstRSttm)) + hﬁvlm ?mASr (69)

where y is a certain scalar field.
Similarly, analysing the integrability conditions of Equation (69) on the basis of (67)
and (68), it is not difficult to obtain equations that yu satisfies:

2
Vi = 2 QW VR - VIR, = VIROK) + RyuA: — 2L o
70)
A 2a tl/l (
# o 2+ DR+ 7 HY, 8™ + 0 (RIH S — Ry 1 S™),

where R, = Rfkt is the Ricci tensor, and H;k is the nonholonomy tensor of the horizontal
distribution H(X,Y) = v[hX, hY].
Thus, the following theorem is proved.

Theorem 6. In order that a semi-Riemannian manifold V;; admit a completely canonical geodesic
mapping, it is necessary and sufficient that the system (55)—(59), (69), and (70) has a solution

(aij, Ais ).

Theorem 6 is a generalization of the main theorem of geodesic mappings of pseudo-
Riemannian manifolds. The system of Equations (55), (69), and (70) forms a closed system
of first-order linear partial differential equations of the Cauchy type. The integrability
conditions of these equations, as well as their differential prolongations, will also be linear.
Thus, the question of whether a given semi-Riemannian manifold V}; admits a completely
canonical geodesic mapping is reduced to the analysis of the consistency of a certain system
of linear algebraic equations.

5. Completely Canonical Geodesic Mappings and Concircular Fields
Definition 11. A vector field ¢ on a semi-Riemannian manifold V,; satisfying the conditions [13]

(Vzo)X =08(X,Z); (71)

¢(hX) = ¢(X), (72)

where ¢ is a scalar field on V), is called a concircular field on V. Here, we mean the covariant
derivative of the covector field. A covariant derivative with respect to the pseudo-connection can be
defined for a tensor field of any type. You can read about this in [14].

The Equations (71) and (72) can be rewritten in the equivalent coordinate form
Vig; = 03ij; (73)

Pihi = ;-
If 0 # 0, a concircular field belongs to the main type, and it belongs to the exceptional
type otherwise.

Theorem 7. Let ¢ be a concircular field on a semi-Riemannian manifold V. If Vi = (My, g, h)
admits a nontrivial completely canonical geodesic mapping onto a semi-Riemannian manifold
Vi = (My, §,h), then there exists a concircular field ¢ on V7.

Proof. Let ¢ be the components of the concircular field ¢ on V},. Then,

¢;i = exp(—Y) ¢s3” g
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References

is the components of the concircular field ¢ on V’, due to (36) and
g = exp(=Y¥) (¢ + ¢s¢°).
The theorem is proved. [

Theorem 8. Let ¢ be a concircular field of the main type on a semi-Riemannian manifold V}; then,
Vi, admits a nontrivial completely canonical geodesic mapping.

Proof. Let ¢; be the components of the concircular field ¢ on V). Then, the tensor
aij = ¢ipj + Cgij

satisfies (55)—(57) and (59), where the constant C is chosen in a way that Rank (al-]-) = rand
where

Ai = Q@i
It follows from the integrability conditions of Equation (73) that
PtSiy )" = v]"m(In |o]) ;. (74)
We have, due to (74),
PjptStuvit = vi'om(In [o]) @j @i = @i S i (75)

Whereas, for the Levi-Civita pseudo-connection
Sp'ht =0 (76)

it follows from (75) and (76) that tensor a;; satisfies (58). Thus, a;; satisfies (55)—(59), and
according to Theorem 5, the space V;, admits a nontrivial completely canonical geodesic
mapping. The theorem is proved. O

6. Conclusions

In this paper, we study geodesic mappings of manifolds with idempotent pseudo-
connections. We obtained the basic equations of canonical geodesic mappings of manifolds
with completely idempotent pseudo-connectivity and semi-Riemannian manifolds with
a degenerate metric. We proved that semi-Riemannian manifolds admitting concircular
fields admit completely canonical geodesic mappings and form a closed class with respect
to these mappings.
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