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Abstract: In this paper, the Jackson g-derivative is used to investigate two classes of analytic functions
in the open unit disc. The coefficient conditions and inclusion properties of the functions in these
classes are established by convolution methods.
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1. Introduction

Let B be the class of functions that are analytic and of the form:

o0
z) =z+ Y a2,
k=2

(zeE:={zeC:|z|] <1}). 1)

The Hadamard product (or convolution ) of two functions f, g € B, denoted by f * g,
is defined by

0
=z+ 2 akbkzk,

(f*8)(z) = f(2) xg(2)

where f is given by (1) and g(z) = z + Z bizk. In 1978, Silverman et al. [1] obtained

characterizations of convex, starlike and splral -like functions in terms of convolutions.
For each of these classes ), they determined a function g that depends on yx, such that
%( f *g) # 0. both fundamental and adequate for f to be in x. As a result of the work by
Silverman et al. [1], many important properties of certain subclasses of analytic functions
were studied by various authors (for related works, one may refer to [2-8]). For g € (0,1),
the Jackson g-derivative of a function f € B is given by (see [9,10])

flaz)—f(z)
Dyf(z) = { A1)z (= #0), @)
f(0) (z=0).
Thus, from (2), we have
Dyf(z) =1+ 2 AT, ()
where
1—4g"
[n}q = 1 _ q 4
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and, as g — 17, [n], — n. Here we used

Dy = L= lont _ g e N = (1,2,3,..})
q - - L serye . 7

q—1 1
and
lim D, (z") = nz"" ! = iz”.
g—1- 1 dz

Moreover , we have the following g-derivative rules

Dylf(2)8(2)] = 8(2)Dyf(2) + f(42) Dgg(2)

and

p. f(2) _ 8(z)Dgf(z) — f(z)Deg(z)
"8(2) 8(2)8(q2)
We recall a known differential operator () (z), which was introduced by Govindaraj
and Sivasubramanian (see [11]), and is also known as the Salagean g-differential operator,
defined recursively on n € Ny := NU {0} as follows: For f € Band g € (0,1),

O0f (2) = f(z), QL(2) := 2Dgf(2), ..., A f(2) := 2Dy (ngl f(z)). @)
Then, we find that

Oy f(z) = (fxGy)(z) (n€Ny, f € B), (5)

where .
Glz):==z+ Y_[klZF (n € Ny, z € E).
Definition 1. A function f € B is said to be in the class Sj/q(A, B) if and only if

1+ Az
1+ Bz

(1- A)@ +ADf(2) <

(z € E), (6)

where q € (0,1),0 <A <1,-1 < B < A <1,Dy is the Jackson g-derivative and < denotes the
usual subordination (see [12—14] ).

Definition 2. A function f € B is said to be in the class C) 4(A, B) if and only if

1+ Az

Dyf(z) + AqzDg(Dyf (2)) < 1+ Bz

(zeE), 7
where q € (0,1),0 <A <1,-1< B < A <1and Dy is the Jackson q-derivative.

With the help of the Salagean g-differential operator (3 given by (5), we have the
following definition.

Definition 3. A function f € B is said to be in the class S} ,(n, A, B) if and only if

A q
* z 1+ Bz

Opf(z)  OF'f(z) 14 Az
z

(1-1) (z€E),

whereq € (0,1), -1<B<A<1,0<A<1landne Ny=1{0,1,2,...}.
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In this paper, we use a technique similar to that given by Silverman et al. [1] in
order to obtain certain convolution properties of the two classes S} (A, B) and C) 4(A, B).
Furthermore, the coefficient conditions and inclusion properties of the functions in these
classes are established.

2. Convolution Conditions
Theorem 1. Let f(z) be a function of the form (1). Then f(z) € S} (A, B) if and only if

1 z — Cz? z—(gC+ (1 —gz)C)z2
[f(z’*{“‘“(l—@“ -2 q)

z

bz cery @

where C = Cp = S—+A and 0< 0 < 27.

Proof. Let function f be in the class S} q(A, B) if and only if

which is equivalent to

1+ Ae'?

T Be’ (zeE, 0€][0,2m))

1 -0 apyse) £

which simplifies to

(1= M)f(z) +A2Daf (2)] (1+ Be) —z(1+ A4e®) #o. )
Since .
F@) = F&) % oy
and .
qu( ) (1 — Z)(l — qz) (10)
This implies that
B z—(1—M)gz?
(1=A)f(z) +AzDyf(z) = f(z) * A=2)(—g) (11)
Using (9) and (11), we get
1 (z— (1= A)gz2) (1 + Be®®) —z(1 — z)(1 — gz) (1 + Ae?)
z[f(z)*{ A—2) a7 H #0 (12)
that is, that

[—(1—A)(1—gz){(A— B)ze® —z2(1+ Ae'?) }
—M(A—=B)ze® — (q(14 Ae®) + (1 —qz) (1 + Ae'?))2?}]

(1-2)(1—-4q2)

f(z) * £0  (13)

1
z

or, equivalently,

(A—-B) (A—B)

L) [ (oo,
-4 A-201-q2)

£0.
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Then, (12) can be rewritten as the following

1 z—Cz2 z—(qC+ (1-gqz)C)z?
R O e R (=

z
Hence, the first part of Theorem 1 was proven.
Conversely, since assumption (8) holds for C = 0, it follows that

H #0(z€E).

(1=A)f(z) +AzDyf(z) #0forallz € E,

hence the function ¢(z) = (1 —A)f(z) + AzD,f(z) is analytic in E (i.e., it is regular in
zo = 0, with ¢(0) = 1).
We obtain from the first part that

f(z) 1+ Ae'?

(1—A)7+Aqu(z)7éW, (zeE,0<0<2m). (14)

If we denote
1+ Az

@) =155
relation (14) shows that ¢(E) N'¥(dE) = ¢. Thus, the simply connected domain ¢(E) is
included in a connected component of C\ ¥ (0E).From here, using the fact that ¢(0) =
¥ (0) together with the univalent of the function V¥, it follows that ¢(z) < ¥(z); that is
f(z) e Sjlq(A, B). Thus, the second part of Theorem 1 was proven. [

€ E),

Taking A = 1 in Theorem 1, we get the following corollary.

Corollary 1. Let the function f be of the form (1). Then

D,f(z) < ﬁr‘;j 0<qg<1,-1<B<A<1),
if and only if
_ _ 2
2| OO s ey

where C = Cy = E_I:;%B‘q,and 0<6<2m.
Letting ¢ — 17 in Theorem 1, we acquire the following corollary

Corollary 2. Let the function f be of the form (1). Then,

(1*/\)@+Afl(2)-<iigj (-1<B<A<1),
if and only if
z— Z2 z— —Z Z2
l[f(z)*<(1—)t)(1cz)+)\ (C(ﬁ(_lz)z)c) >>]7&0(zeE)

where C = Cy = eZB_J%A and 0 <0 < 27

Theorem 2. A function f(z) of the form (1) is in the class Sy, (n, A, B) if and only if

1- koiz[k]g (‘ﬁ) [(1 —A)+ /\[k]q}akzk’l #0 (15)
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forall 0 <0 <2mandz € E.

Proof. Note that
fe Sj‘,q(n,A,B) & Q”f( ) € S}f,q(A,B).

From Theorem 1, we have f € S, (n, A, B) if and only if

z— Zz z — — gz Zz
i[ng £(2) + {(1 -0 _CZ) A ((ZC_J;)((ll _qqz))c) }] L0 (zeE)  (16)

where C = Gy = A and 0 < 6 < 271. Now we can easily deduce that
1 z — CzZ? z— (qC+ (1 —4qz)C))2?
z[”qf(z)*{“‘”u—z)“ e ]
= i[QZf(z)*(l—A){Cz%—Z((ll__zc))}—l-)\{Cz+(1_2(21)(_1C_)qz)}]. (17)
Using N N
GE =z 2
1—z +k§2 "(1-2)(1—gz2) +k§2[k]q ’
and

O f(z)=z+), [k]gakzk,

(17) may be written as

1+ 2 [ (1—A)+ A[k]q} a2k (18)
since C = 4, then (18) gives
© (e B _

therefore, (16) becomes
oo <ei9 +B

1—k;2[k];1 y.;

> {(1 A+ A[k]q} )

This finishes the proof of Theorem 2. [

Theorem 3. If f(z) € B satisfies the inequality

Y (14 [B) (1~ A) + ALK, | K 2ae| < (4 - B) (19)

k=2

then f(z) € S5,(n, A, B).

Proof. Since

e ®+B|_ || +[B| _1+]B]
A-B |~ |A-B] A-B
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then,
1- é[k]g (elf_*BB) [(1 —A)+ A[k]q] a2k
> 1= L] G a0 Al
> 1- ]:iz[k]g (T_'i') (=2 + AW, |l > 0. (z € E)

Thus, from Theorem 2, we have f(z) € Sy, (n, A, B), which ends the proof. [

Theorem 4. S5, (n+1,A,B) C S5, (n, A, B).

Proof. Since f(z) € Si,(n+1, A, B), we see from Theorem 2 that

1- f k]! (eZG_JrBB ) [(1 —A)+ Al q} a1 £ 0. (20)

k=2

we can write (20) as

- k-1 o e ®+B B k-1
1+k§2[k]qz ] x [1 k:zz[k]"< " [(1 ) +A[k]q}akz £0. (1)
Since,
e} o0 1
k-1 k-1
1+k122[k]qz ] x 1+k§mz ]
ad 1
= 1+ 1= . (22)
= 1—-z
By utilizing the property, if f # 0and gxh # 0, then f % (¢*h) # 0, (21) can be
written as 0
vy (et B — k—1
1 k_zz[k]q( 3 )[(1 A) +A[k]q}akz £0 (23)

which means that f(z) € S5, (1, A, B). This finishes the proof of Theorem 4. [J

Theorem 5. Let the function f be of the form (1). Then f € Ca,4(A, B) if and only if

1 z(1-0C) z(1-C)(1+4z)
e e o im g ) F0 @

wherez € E,C = Cy = e;;g%;and 0<0<2m.
Proof. Note that
f €Cw(A,B) < zDyf(z) € Sy, (A, B).
Theorem 1 gives
1 z(1-C) z(1-C)

wherez € E,C = Cy = e;ff)_ﬁgA and 0 < @ < 27. Since
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zDq(f * 8) = f(2) % zDyg(2),

then, (25) can be written as

e {o -0 (g + ) A an s e )] 20

This finishes the proof of Theorem 5. [

Taking A = 1 in Theorem 5, we get the following corollary.

Corollary 3. Let the function f be of the form (1). Then

1+ Az
1+ Bz

Dyf(2) + 42Dy (Dyf(2)) <

if and only if

(0<g<1,-1<B<A<1),

1 z(1-C)(1+gz)
z{ﬂz)*((1—z><1—qz><1—q2z> “:Zﬂ #0(zcE)

where C = Cy = e:f%éqand 0<6<2m.
Letting g — 17 in Corollary( 3), we acquire the following corollary.

Corollary 4. Let the function f be of the form in (1). Then

f’(z)+zf”(z)<i‘§§ (-1<B<A<1),
if and only if

gy (21290 +2) .

Z[f() < e +c> #0(z€E)

whereC:Cf):ef%BAand 0<0<2m.

3. Conclusions

In this paper, we introduced and studied two new subclasses of analytic functions
in the open unit disc using the Jackson g-derivative. A similar technique to that given
by Silverman et al. [1] was used to obtain certain convolution properties for these two
classes. In addition, the coefficient conditions and inclusion properties of these classes are
established. Several special cases have been examined as applications of our main results.
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