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Abstract: This study aims to understand the functional thinking of 10th-grade students while
studying functions. Specifically, we intend to answer the following research questions: what are
the functional thinking processes used by 10th-grade students when studying functions? What
difficulties do students present while learning functions? In view of the nature of this research
objective, we adopted a qualitative and interpretative approach. In order to answer these questions,
data were collected from the written records produced by the students while solving the proposed
tasks, from records of the oral interactions during discussions and from a questionnaire. The results
show that functional thinking processes were implicit in the resolution of the tasks proposed to the
students. The students expressed an understanding of how the variables were related, presenting
evidence of their functional thinking while working on the new concepts represented by the functions
addressed in the proposed tasks. Some students expressed difficulties in interpreting the different
types of representations associated with the functions, in retaining the necessary information from a
graphical representation that would help them to draw conclusions and establish correspondences,
in explaining functional relationships, and in interpreting the information provided by algebraic
expressions. These difficulties can reduce the recognition of the relationships between variables and
their behavior in the different representations, becoming an obstacle to learning for some students.

Keywords: functional thinking; functions; learning; 10th-grade students

1. Introduction

One of the main objectives of teaching mathematics is to foster the development of the
students’ reasoning skills [1]. It is through these skills that students acquire and articulate
knowledge based on an evolutionary process that involves conjecturing, generalizing,
investigating why, and developing and evaluating arguments about mathematical facts
and procedures [2,3]. Throughout schooling, the reasoning that students are expected to
develop evolves and advances from the reasoning associated with the concrete, at the most
elementary levels, to the abstract reasoning in the more advanced years [4]. In the transition
between these types of reasoning, which accompanies students’ cognitive development, the
study of functions is prominent. Functions represent one of the most important concepts in
mathematics [5,6] and one of the most complex concepts in school mathematics, not only
in basic and secondary education, but also in higher education [7]. In Portugal, the notion
of functions is introduced for the first time in the seventh grade as a relationship that is
established between two non-empty sets, A and B, where each element x of A is associated
with a unique element B. In this study, terms emerge such as ‘object’, ‘image’, ‘domain’,
‘arrival set’, and ‘variables’. The notion of function, the specificity of its language, and the
study of linear and quadratic functions provide students with the requisite knowledge for
a broader study of functions in high school. At this level, the study of polynomial, rational,
trigonometric, exponential, and logarithmic functions is addressed. As proposed by Lichti
and Roth [3], students are confronted with functional relationships from an early age,
namely, when identifying the differences between linear and quadratic functions or when
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recognizing and working with numerical and geometric patterns. Along this route, solving
problems, noticing the relationships between variables, and realizing how one depends
upon the other (in the same way as the distance traveled by a car is a function of the speed
at which it was driven) is highlighted. The study of the relationships between the values of
the variables appears in the literature, in the context of mathematics education, as the focal
point in the effort to describe, understand [8], and promote functional thinking [3,9-11].

Functional thinking is a reasoning process that is used, in the early years of school-
ing, for the construction and generalization of patterns and relationships [2,12]. Various
linguistic and representational tools are used to promote this thinking. Functional thinking
is one of the main components of algebraic reasoning [13]. The development of this type
of thinking involves the exploration of the relationships, correspondences, and variations
between two variables, taking a particular case as a starting point and a generalization as
a conclusion [3]. Smith [13] advocates the idea that functional thinking implies the use
of relational thinking, focusing on the relationship between two variables, starting from
particular relationships and concluding with generalization.

Several researchers, such as Blanton [2,10], have highlighted the fact that students
can use a variety of tools to develop their reasoning about functions. From the earliest
elementary school levels, students can use tables, drawings, graphs, words, or symbols
of recursive relationships, covariation, and correspondence. During schooling, students
develop an understanding of the relationships between the elements of any two non-
empty sets. The notion of a function is extended by exploring different representations
during middle school, situations that contemplate linear or quadratic relationships. In high
school, students’” knowledge of functions becomes more comprehensive, and they learn
the different characteristics of different types of functions. As they work with different
representations, i.e., numerical, graphical, and algebraic, students develop their knowledge
and understanding of functions. However, some students find it difficult to establish
connections between different representations of functions, to interpret graphs, manipulate
symbols [6,14,15], establish relationships between tables of discrete values and continuous
Cartesian graphs, describe the behavior of functions, think of functions as objects [16], and
decipher the terminology intrinsic to functions, such as, for example, the terms ‘image’,
‘inverse image’, ‘ordered pair’, ‘domain’, ‘range’, and ‘arrival set’ [17].

The literature suggests that the development of functional thinking is not easy to
achieve. In order to promote functional thinking, it is important to provide experiences that
challenge students to recognize and articulate structures and relationships. Studying these
experiences is particularly relevant in order to better understand the problems associated
with the development of functional thinking. Taking these assumptions into account, this
study aims to understand the functional thinking of 10th-grade students while studying
functions. Specifically, it intends to answer the following research questions: (1) What
are the functional thinking processes used by 10th-grade students during the study of
functions? (2) What difficulties do students exhibit when learning functions?

2. Functional Thinking

Functional thinking is one component of algebraic reasoning and is part of students’
mathematical reasoning. In this section, we will start by discussing the meaning of the
construct within mathematical reasoning and, more specifically, algebraic reasoning, before
moving on to a discussion of its meaning in the context of students learning about functions.

2.1. Functional Thinking as Part of Algebraic Reasoning

Mathematical reasoning is associated with different ways of thinking, such as: pre-
dicting essential results for formulating conjectures; questioning the solutions, even the
correct ones; looking for patterns; resorting to different representations in problem solving;
and analyzing and synthesizing [18]. Solving problems or demonstrating the veracity of a
conjecture is impossible to accomplish without the use of mathematical reasoning. In both,
solving problems and demonstrating conjectures are ways of developing mathematical
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reasoning [18-21]. The connections between different contents, the communication and
representations used by the students are the basis of the developed mathematical reason-
ing, leading to decision-making in the learning process of each student. Mathematical
reasoning is a particular ‘intellectual activity’, and there are different types of reasoning.
Algebraic reasoning is associated with the domain of Algebra, which includes the ability to
manipulate symbols. According to NCTM [1], algebraic reasoning deals with the study of
structures, symbols, modeling, and the study of variation. Kaput [22] associates algebraic
reasoning with two central aspects: (i) formulating and expressing generalizations, and
(ii) reason by manipulating the symbolism of generalizations. These aspects are part of
three domains: (i) algebra as the study of structures and generalizations of calculations
and numerical relationships (generalized arithmetic); (ii) algebra as the study of functions,
relationships, and variations (functional relationships); and (iii) algebra as the application
in mathematical modeling situations in order to express and formalize generalizations.

Blanton and Kaput [23] consider algebraic reasoning as “a process in which students
generalize mathematical ideas from a set of particular instances, establish those general-
izations through the discourse of argumentation, and express them in increasingly formal
and age-appropriate ways” (p. 413). Functional thinking is one of the main components
of algebraic reasoning [22], directed towards two essential aspects: (i) learning focused
on generalized arithmetic, and (ii) functional thinking. In the early years of schooling,
functional thinking can be defined as a reasoning process used in the construction and gen-
eralization of patterns and relationships, based on the use of different linguistic tools and
different representations, exploring the generalizations of relationships or functions [2]. For
Blanton [2], functional thinking is the relationship between two quantities, using the law of
correspondence between two particular quantities. According to Blanton and Kaput [24],
the ability to recognize patterns, relate data, and represent their correspondences through
well-defined functional rules is crucial for the development of functional thinking. The
generalization of patterns is a central activity in mathematics [24]. Kieran et al. [25] and
Radford [26] argue that experience with patterns can naturally lead students to develop
the ability to generalize. This activity can facilitate a better understanding of relationships
between the quantities implicit in mathematical functions and contribute to establishing
functional-type relationships [23,24,27]. Smith [13] advocated that functional thinking
focuses especially on the relationship between two variables, starting from particular re-
lationships to generalization. Blanton and Kaput [24] considered three different ways to
analyze the kinds of functional thinking found in the classroom, which they described
as follows:

(1) recursive patterning involves finding variation within a sequence of values;
(2) covariational thinking is based on analyzing how two quantities vary simul-
taneously and keeping that change as an explicit, dynamic part of a function’s
description (e.g., “as x increases by one, y increases by three”); and (3) a corre-
spondence relationship is based on identifying a correlation between variables
(e.g., “y is 3 times x plus 2”). (p. 8)

2.2. Functional Thinking and Students Learning about Functions

In the transition from middle to high school, students” knowledge about functions is a
prerequisite to continue their study. At this stage, the variables advance from discrete to
continuous, requiring an increase in the abstraction capacity, which for some authors has
implications in determining the characteristics that integrate functional thinking. Functional
thinking is central when relating two or more variable quantities, as, for example, the
dependence between speed, distance, and time, or when modeling the spread of a virus.
It is also relevant for studying other subjects and for understanding everyday situations.
Pittalis et al. [11] described functional thinking as a process of construction, description,
and reasoning with and about functions. For Lichti and Roth [3], functional thinking
incorporates three fundamental characteristics: mapping, covariation, and function as
an object:
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Mapping: for each element x of the domain, there is a single element y of the range. This is a
level of functional thinking that translates functions as a requirement to perform calculations.
Covariation: the variation in the independent variable x and the resulting covariation of
the dependent variable y. This describes the change in y if x changes uniformly.

Function as object: this includes the recognition that functions offer the possibility of
understanding the described process as a whole.

Another way of describing functional thinking refers to the different ways of represent-
ing functions (by formulas, verbal descriptions, graphs, and tables) [10]. According to the
aforesaid authors, students’ ability to think functionally is present in the way they deal with
these different forms of representation, namely, in the interpretation they make, the change
between representations, and, especially, the conversion from one representation to another.
By using different forms of representation, students develop their functional thinking and
learn about functional relationships as they are challenged to consider functions from dif-
ferent points of view, which can lead to a greater understanding of functional relationships.

Ursini and Trigueros [28] (pp. 328-329) understand that the functional relationships of
variables involve a set of skills that students must work on, such as being able to:

- Recognize the correspondence between related variables independently of the repre-
sentation used;

- Determine the values of the dependent variable given the value of the independent
one and vice versa;

- Recognize the joint variation in the variables involved in a relation independently of
the representation used;

- Determine the interval of variation in one variable given the interval of variation in
the other one;

- Symbolize a functional relationship based on the analysis of the data of a problem.

In general, functional thinking is defined as thinking used to study the relationships
and correspondences between two or more quantities that vary and lead to generalization.
In the study of functions, it is essential that students understand how the variables are
related so that they can explain the functional relationship between them [29,30].

Different authors claim that a good way to develop and analyze students’ functional
thinking is through the application of tasks, in which it is possible to use the different
representations of functions (e.g., [31,32]). By analyzing how each representation is made,
the progress between the different representations, and the relationships between vari-
ables, it is possible to infer the reasoning that the student has developed [1,4,32,33]. For
Kieran [32], functional relationships can be represented in three different ways: (i) ge-
ometrically (using schemes, diagrams, graphs, among others); (ii) arithmetically (using
numbers, tables, or ordered pairs); and (iii) algebraically (using literal symbols, formulas,
and correspondences).

Smith [34] presented two distinct ways of analyzing a function and functional rela-
tionships. One way of analyzing refers to understanding the correspondence relationship
between the existing values of each variable and the relationship that is associated with each
value it takes. This analysis sometimes leads to students being able to represent functions
through an algebraic expression or another type of representation possible for functions. On
the other hand, the author says that the analysis can focus on how the variation in the value
of a variable implies the variation in the other variable, being identified as covariation [34].
Regarding covariation in the study of a function, the author considers that students perform
it more intuitively as a first approach to solving problems presented to them. The study of
covariation allows students to understand the ‘behavior” of a function through the patterns
associated with each of the variables. An initial approach based on understanding the
existing regularities can lead to the development of the correspondence relation, and thus
be represented algebraically. According to Smith [34], the study of the covariation of a
function is important because the change that is observed and what is retained about the
presented problem is, consequently, what is most important to consider in the presented
situation. These modes of the analysis of a function presented by Smith [35] lead us to the
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three different ways of analyzing functional thinking, previously presented by Blanton and
Kaput [24].

Students’ understanding of the function concept begins to develop before the formal
introduction of functions, and the teacher can help students develop functional thinking [1]
by facilitating the construction and understanding of the function concept from the early
years of schooling. Blanton and Kaput [23] share the same opinion and stress the importance
of working on functional thinking from the earliest school years, based on the development
of algebraic reasoning in students, since functional thinking leads to algebraic reasoning,
being one of the main drivers for its development [22-24].

3. Method

This study aims to understand the functional thinking of 10th-grade students while
studying functions. Specifically, it intends to answer the following research questions:
(1) What are the functional thinking processes developed by 10th-grade students during
the study of functions? (2) What difficulties do students reveal in learning functions?
Difficulties show the cognitive actions that students did not perform adequately in solving
the tasks proposed to them, or that give rise to erroneous resolutions [35].

The teaching experience that is the focus of this study took place during ten lessons,
promoted by one of the authors of this paper as part of her pedagogical internship in the
final year of her master’s degree in teacher training. This teaching experience outlined
strategies that valued student activity through an exploratory teaching format [36]. In the
first part of each lesson, the task was presented to the class, and the teacher checked if the
students understood the task and its objective. In the second part, the students worked
individually and autonomously on the task with the support of a graphing calculator.
At this stage of the lesson, the teacher supported the students, but without interfering
with their resolution strategies. After the completion of the students” autonomous work,
their resolutions were collected. In the third part, the teacher orchestrated the discussion,
taking care to manage the students’ interventions and compare different resolutions. In
the last part, based on what the students did or said, new concepts or procedures were
institutionalized as a result of exploring and discussing the task.

The characteristics of the tasks proposed to the students are very important to make the
students’ learning experience more dynamic. In addition to creating opportunities to make
students more active in class, there was an intention to create opportunities for students to
reason mathematically. This involvement of the students in the tasks is important for the
discovery and construction of their knowledge. The diversity and the mathematics potential
for learning or the mathematical richness of the tasks are very important [37]. A particular
task can be more challenging or more accessible and can be structured in a more open or
more closed way. Ponte [38] classified tasks according to their degree of challenge and their
degree of structure. The degree of mathematical challenge is related to the difficulty of the
questions, which varies from a low to high challenge, while the degree of structure varies
from open to closed. A closed task (exercise or problem) is one where it is clearly stated
what is given and what is asked, and an open task (exploration or investigation) is one
where there is a certain degree of indetermination of what is given and /or what is asked.
In the construction of the tasks that were part of this teaching experience, the degree of
mathematical challenge and the degree of structure were benchmarked to the mathematical
contents of the 10th grade syllabus (Table 1). This resulted in the development of a set of
tasks which were applied over 10 lessons. Due to space constrains, only three of the tasks
are analyzed here. The decision as to which tasks should be presented here is related to
the relevance of the information provided about the process of functional thinking used by
the students. This decision also considered the moment of implementation, intending to
include tasks implemented at the beginning and at the end of the study.
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Table 1. Tasks proposed to the students.
Lesson Mathematical Focus of the Tasks Tasks Addressed
1 Review of concepts about functions
2 Generalities related to the concept of function
Classification of functions—injectivity,
subjectivity, and bijectivity

4 Composite function v
5 Inverse function
6 Even and odd functions

7-9 Transformations of function graphs v
10 Monotony and extremes of a function

The experiment was carried out in a 10th grade class of 27 students (20 boys and 7 girls
aged between 15 and 16 years). Most of the students considered mathematics their favorite
subject (52%), and functions the least appreciated topic (61%).

Given the nature and the focus of the study, we adopted a qualitative and interpretative
methodology to understand the students’ activity [39]. The data were collected through
the written records produced by the students while solving the tasks and by records of
the oral interactions during discussions. At the beginning of this study, a questionnaire
was used to collect information about the students, such as their preferred disciplines and
mathematical themes.

Data analysis was based on the content of the students’ resolutions, focusing on the
functional thinking processes: (i) mapping; (ii) correspondence; (iii) covariation; and (iv)
function as object. The analysis of the students’ resolutions offers opportunities to identify
the activities they carried out and also the difficulties they faced in their resolutions.

Requested abilities

Mapping Calculate variable values.
Correspondence Establish relationships between domain and range values.
. Relate the variation in the dependent variable as a function of
Covariation . . .
the variation in the independent variable.
Function as object Elaborate definitions.Operate with functions.

These different processes of functional thinking derive from the literature, offering
a more specific analysis of the characteristics of functional thinking evidenced by the
students. Taking the research questions of this study as a reference, the focus on each
of the processes (mapping, correspondence, covariation, and function as object) allows
an understanding about which processes are carried out by the students and how are
they carried, simultaneously offering information regarding the characteristics of their
functional thinking and the difficulties manifested.

4. Results

In this section, we analyze the data collected in relation to: (i) the classification of injec-
tive, surjective, and bijective functions; (ii) the composite function; and (iii) transformations
of the graph of a function.

4.1. Task 1: Classification of Functions—Injectivity, Subjectivity, and Bijectivity

In the study on the classification of functions, the students were challenged to solve
Task 1, which asked them to analyze examples and non-examples of different types of
functions (e.g., injective), to define the concept, as exemplified in the first question (Figure 1).



Educ. Sci. 2023,13, 335 7 of 22

Taskl
Classification of functions according to injectivity
1. The following function representations are injective functions:

6000

The following function representations are non-injective functions:

60

1.1. From the analysis of the relations established between the objects and the respective images of each of
the defined functions, what characteristics distinguish those that are injective from those that are not

A

injective?
1.2. Define injective function.

Figure 1. Question 1—Task 1.

To solve this question, the students mainly used thinking by correspondence and
function as object. Sometimes, they developed a functional relationship in geometric form
(arrow diagram), as highlighted by Kieran [32], from which they emphasized the relevant
points to define the type of function being worked on. The resolution proposed by student
S10 (Figure 2) is an example of the use of functional thinking in question 1 of Task 1.

Funcoss impehivas J
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aushn\‘usw
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r = ingehlv
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Translation: Injective function
One function is injective if two different objects have two different images
two different objects two images different
Non injective function
One function is non-injective if two different objects have the same image
Two different objects same image

Figure 2. Resolution of student S10 to question 1—Task 1.
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Although student S10 identified the essential characteristic of an injective function
using common language, he uses an arrow diagram to express his thoughts, restricting his
reason to just a few values of the function domain. During the discussion of the tasks, it was
possible to conclude that he was not attentive to what was happening with the remaining
elements of the domain, which suggests difficulty in the use of symbolic language to
generalize the identified characteristic to a domain.

Another student, S5, focused his work exclusively on the discrete examples (Figure 3).
He separately analyzed the representation of each of the functions presented in the examples
and in the non-examples of the injective functions, showing the ability to interpret and
compare the information provided by arrow diagrams.
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Translation: The followmg functions are injective. The following functions are non-injective.

How it is possible to observe in the arrow diagram of the function f and h, to each object
corresponds a different image (unique), being this an injective function.
The function g is not injective since two objects correspond to the same image

Figure 3. Resolution of student S5 to question 1—Task 1.

When considering that in injective functions, each object corresponds to a single
and unique image, the student correlates the variables, objects, and images of a function.
However, in general, the students approach the question considering the isolated points
of the function, which happens in the representations of functions by arrow diagrams.
Regarding the graphical representations, where the identification of the injective functions
could be conducted based on an overall analysis—function as object—the analysis is not
completed by the students. This form of functional thinking is present in the definition
elaborated by the students, and it assumes the form of a classification of any function, in an
overall way.

After studying injectivity, the students focused on the concept of a surjective function
by solving the second question of Task 1 (Figure 4).

To solve this question, student S5 developed a similar thought to the one he completed
in the study of injective functions, considering that the surjective functions have the arrival
set equal to the range, a characteristic identified from the analysis of the examples expressed
by arrow diagrams (Figure 5).

The absence of a reference to the examples presented as Cartesian graphs and the
comments made by the student during the class suggest that he found it difficult to compare
the information from the analysis of the arrow diagrams with that from the graphical
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representations [16]. Despite this restriction, the student identified the characteristics of
a surjective function. He did not present a generalization using symbolic language. On
the contrary, the student presented his definition using common language, saying that
all elements of the arrival set of a given function are images of at least one object in the
function’s domain. This lack of generalization in the definition of a surjective function
was common to the remaining students who answered the question. Student S5 presents a
thinking by correspondence, and by function as object. These types of thinking are present
in the students’ resolutions when they reveal the ability to recognize correspondences
between variables [28] and establish the definition of a surjective function.

Classification of functions according to surjectivity

2. The followi.ng function representations are surjective functions:

“ / )

The following function representations are non—suxjective functions:

\ . L\ )
\‘\J’/ \\/

. .

2.2,

From the analysis of the relations estabhshed between the objects and the respective images of each of
the defined functions, what characteristics distinguish those that are surjective from those that are not
surjective?

Define surjective function.

Figure 4. Question 2—Task 1.
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>

f\s
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Translation: The surjective functions have the arrival set equal to the range
The non-surjective functions have the arrival set different from the range

Figure 5. Resolution of student S5 to question 2—Task 1.

In the study of the bijective function, the students were asked to solve the third
question of Task 1 (Figure 6).

Student S2 considered it to be “a function in which each image corresponds to only one
object and D’ is equal to the arrival set”, which ensures that the function is both injective
and surjective (Figure 7).
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Classification of functions according to bijectivity

3. The following function representations are bijective functions:

The following function representations are non-bijective functions:

2880

3.1. From the analysis of the relations established between the objects and the respective images of each of
the defined functions, what characteristics distinguish those that are bijective from those that are not
bijective?

3.2. Define bijective function.

Figure 6. Question 3—Task 1.
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Translation: Bijective function. Non-bijective function
A. to each object corresponds one image. E. D’ # arrival set.

D’ = arrival set. F. to each image object corresponds the same image.

B. to each object corresponds one image. G. one image corresponds to more than one object.

D’ = arrival set. H. D’ # arrival set

C. to each object corresponds one image to each image corresponds more than one object.

D’ = arrival set.

D. to each object corresponds one image.

D’ = arrival set.

So a bijective function is a function in which each image corresponds to only one object and D' is
equal to the arrival set

Figure 7. Resolution of student S2 to question 3—Task 1.

The student started by analyzing the characteristics of each representation to present
the definition of a bijective function, although it is not presented in a generalized way using
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symbolic language. This resolution indicates that the student can connect the information
he takes from different representations of functions and identify the existing relationships
between the variables of the functions.

To solve Task 1, the students successfully analyzed arrow diagrams. However, that
was not the case in relation to Cartesian graphs. While solving this task, they mobilized
two of the three kinds of functional thinking, those related to correspondence and function
as object (Table 2).

Table 2. Summary of functional thinking processes used in Task 1.

1 2 3
Question
1.1 1.2 21 2.2 3.1 3.2
(i) Mapping - - - - - -
(ii) Correspondence Vv Vv Vv Vv v Vv
(iii) Covariation - - - — - _
(iv) Function as object v v vV vV v/ Vv

The students distinguished the relationships that exist between the objects and images
and the difference between the arrival set and range. In identifying the characteristics of
the studied functions, most students (74%) revealed an understanding of the difference
between injectivity and subjectivity. While in the first relation there is a correspondence that
makes different objects correspond to different images, in the second type of relation, the
correspondence between the variables requires that all elements of the arrival set are images
of at least one object in the domain. Most students (59%) also identified the characteristics
of a bijective function. The study of these three features of functions illustrates the use of
correspondence and function as object as a form of functional thinking by the students.

4.2. Task 2: Composite Function

Task 2 was proposed to the students to introduce the composite function (Figure 8).

f19(5)].

Consider the functions f and g defined by: f(x) = Vx —4 and g(x) = x2.

1. Determine the domains of the functions f and g.

2. Calculate g(5) and f(25). From the given functions, which function can you de-
fine that allows you to determine the image of 57

3. Determine the expression that defines f[g(x)] and then calculates the value of

Figure 8. Task 2.

Regarding the domains of functions f and g, most students appropriately determined
the domain of the polynomial function g (95%), which was not the case with the irrational
function f (30%). However, this was not the case for all students, as exemplified by student
520’s resolution (Figure 9).

From the analysis of student S20’s resolution, it can be seen that the student took
a mechanical approach guided by the approach used in the last functions studied, the
irrational functions. When attempting to answer the question, the student relies on some
kind of function as object reasoning by mixing aspects of the function’s domain and range.
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Figure 9. Resolution of student S20 to question 1—Task 2.

In question 2 of Task 2, the students had to determine g(5) and f(25) and then infer
another function that would allow them to determine the image of 5. This new function
offers the opportunity to discover characteristics of composite functions, mobilizing aspects
of functional thinking. The students 516 and S8 used mapping to discover the intended
values, or to discover relevant values to reach the final conclusion:

516: We first find g(5); that is 25.
S8: And f(25) is v/21.

These were the only two students who, during the task discussion, managed to find
the function that enables determining the image of five from the given functions, which
he considered to be f[g(5)]. The clarification of the answer by these students helped their
colleagues to understand the possible relationship between the two functions to define
a new function and determine the image of five, which translates the way in which the
variables are related. The students also reveal the ability to determine the images of a given
object from the analytical expression that represents the function, whether a polynomial or
irrational one, associating the correspondence between an object and an image to each of
the functions.

In question 3 of Task 2, student 525 (Figure 10) used function as object to relate the
two functions, first considering the g function and then transforming this function using
the f function.

3) L[ ‘a(m; Jaroil

Figure 10. Resolution of student S25 when calculating f[g(x)] in question 3—Task 2.

The student understands the relationship between the variables, developing corre-
spondence thinking. Based on this student’s answer, the definition and respective charac-
terization of the composite function of two real functions of a real variable was instituted
in the class group.

To solve the four questions of Task 2, the students presented the different processes of
functional thinking (Table 3).
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Table 3. Summary of functional thinking processes used in Task 2.

Question 1

(i) Mapping -
(ii) Correspondence

(iii) Covariation -
(iv) Function as object v

< 1<l |m
<1< |w

The students had some difficulty in recognizing the values that the variable x (indepen-
dent variable) could take and, consequently, in defining the domain of the two functions.
However, it was easier in the case of the second functions. In the process, it is possible to
identify the emergence of functional thinking—function as object—related to the discovery
of the value of the dependent variable. Mapping and correspondence thinking are reflected
in the relationship that the students make between the coordination (link) of the variables
(dependent and independent variable) to a specific function. Subsequently, this thinking
was supposed to be involved in the presentation of the composite function that the students
were expected to present. Determining the expression of that function also comprises the
function as object thinking, which allows the students to check which variable (x—objects
or y—images) differs from those previously found.

4.3. Task 3: Transformations of Functions’” Graphs

In the study of transformations of the graph of a function (translations and reflections),
the students solved Task 3, which focuses on the vertical transformation (Question 1.1), the
horizontal transformation (Question 1.2), and the transformation of the graph of a function
according to the two directions (Question 1.3).

To complete the table in Question 1.1—task 3 (Figure 11), the students sketched the
graph of each of the transformations of the graph of the function i and determined the
domain, range, and zeros of each function obtained. Then, they established relationships
between the obtained graphs and the starting one to generalize the study of the function
defined by g(x) = f(x) + k.

1. Let i beareal function of a real variable whose graphical representation is shown in the table.

1.1.
Function defined by: Sketch of the graph Domain Range Zeros
i) N j?\ D=[-46] D=[-13] {206}

k

alx) =i(x)+3

h(x) =i(x) -2
1.1.1. Complete the table.

1.1.2. From the analysis of the information taken from the table, what can you conclude about the
relationships between the graphs of the a and / functions and the graph of i function?
1.1.3. Assuming f a real function of real variable, how do you get the graph of a function g defined

by g(x) = f(x) + k?

Figure 11. Question 1.1—Task 3.
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In general, the students observed and analyzed how the variables change and, con-
sequently, how two functions vary simultaneously. Student 515 developed the expected
answer to question 1.1. of Task 3 (Figure 12).
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Translation: Dominio is domain. Contradominio is range

Figure 12. Resolution of student S15 to question 1.1—Task 3.

The student’s resolution offers evidence about his recognition of the symbology nor-
mally used, denoting the ability to transform graphs of functions based on his interpretation
of the invariance of objects and the alteration of the ordinate of each of the points that
belong to the function domain. Such an interpretation suggests that the student relates the
values of the variables and analyzes the behavior of a function in an explicit and dynamic
way, recognizing the functional relationships.

Some of the students did not answer questions 1.1.2 and 1.1.3 (approximately, on aver-
age, 24%). Additionally, in the case of question 1.1.2, only eight students (30%) presented
an acceptable answer, one being student S15 (Figure 13).

14,20 1 Gn | ot e a9 B dercoom_ehluidea. aatetrde da  -neeo acco
OOl del qud)iesl i,

AAD; %n cecpacd ehorel & onines  do Humeee PcnAac®
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Translation: 1.1.2. The graphs a and h were obtained by a vertical translation of graph i.
1.1.3. 1 can get the graph of g function by translation of the f graph by the vector (0, k).

Figure 13. Resolution of student S15 to questions 1.1.2 and 1.1.3—Task 3.

After studying the transformation of the graphs of a real function of a real variable
through translations associated with a vector with a vertical direction, the study of the
transformation of the graphs associated with horizontal translations followed, guided by
question 1.2 of Task 3 (Figure 14).
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1.2. Consider the following table:

Function

i(x)

Graph sketch Domain Range Zeros

N/

------ 2 | D=[-46] | D’=[-13] | {-2,0,6}

tx) =i(x+2)

r(x) =i(x—3)

1.2.1.  Fill the table.

1.2.2, From the analysis of the information taken from the table, what can you con-
clude about the relationships between the graphs of the t and r functions
and the graph of the i function?

1.2.3.  Considering fa real function of real variable, how do you obtain the graph of
a function g defined by g(x) = f(x — k)?

Figure 14. Question 1.2—Task 3.

Only eleven students (41%) responded to item 1.2.1, with student S15 being one of

them (Figure 15).

A ()= itocs2) D=f< 43 D’C1 33 2’4;»@7 ¥, :’/vt( E)\
ci(-4172 - “4ex12e3-6=2 (-6, 2) ™N A? \
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*a (3):3 --Braxlded Azac (4,°3) € Y 4 M
i (6)r6 - GCrocidedlzoc (4,0) »o
Al)=i(x-3) D=[1,33 D’ [1,23Zmnf4,3,51 1, A
ci(-4)=2 Y= 2.aed-1=2¢c (1,a2)
‘A (4)r4  + =4z D-Ar> QaDC (2, 1)
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Translation: 1.2.2.In t and r graphs there is a horizontal translation for the initial graph.

1.2.3. Doing a translation of the f graph by the vector u(k,0).

Figure 15. Resolution of student 515 to questions 1.2.1, 1.2.2, and 1.2.3—Task 3.

The student reveals covariational thinking when realizing that translating the graph

of the function 7 according to a horizontal direction changes the values of the independent
variable, while the values of the dependent variable are invariant. The student shows a
recognition of the behavior of the variation in the variables and, consequently, analyzes
the relationship between the graph of function i and the graphs of functions ¢t and r.
Additionally, in question 1.2.3, the student generalizes the conclusion and is able to explain
the impact of the change in the expression on the graph of the function.

This is not the case for all the students. Some students (44%) recognized the rela-

tionship between the variable and the parameter k, but they faced difficulties in finding
the suitable expressions to express their reason, failing to distinguish between the graph

transformation and the function. For example, student S21 (Figure 16) analyzed how two
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quantities vary simultaneously, considering functions as having two parts, one explicit part
(function 7) that does not change, and a dynamic one (related to parameter k). The student
found it difficult to explain the relationship generically in question 1.2.3. He mentioned
that the parameter k represents the variation, but he was unable to clarify the conclusion.

{2.2. Aa %goﬂé A an Alwia ;\“:Lmﬁagu;é Ao Fnagad 4
Jg_d,o 2K O3t .

L 3. K rafusete @ vaniages deo
Lo .

Translation: 1.2.2. The functions are a translation of the i function by the x-axis.

1.2.3. k represents the variation of x.

Figure 16. Resolution of student 521 to questions 1.2.2 and 1.2.3—Task 3.

After studying the horizontal and vertical transformations of the graph of a function
(i.e., according to a vector with one of its coordinates null), the transformation of the
graphs associated with vectors with non-zero coordinates followed (question 1.3—Task 3)
(Figure 17).

1.3. Consider the following table:

Function Graph sketch Domain Range Zeros
1
i(x)= e D=[-46] | D'=[-13] {—2,0,6}

gx)=i(x+1)-3

s(x)=i(x—-2)+1

1.3.1.  Fill the table.

1.3.2. From the analysis of the information taken from the table, what can you conclude about
the relationships between the graphs of the q and s functions and the graph of the i
function?

1.3.3.  Considering fa real function of real variable, how do you obtain the graph of a function
g defined by g(x) = f(x —a)+b?

Figure 17. Question 1.3—Task 3.

Student 513 (Figure 18) found that the domains, ranges, and zeros differ, but did not
mention whether there was any change in the graph. Student S9 mentioned that there
was a translation associated with the x-axis and the y-axis. This interpretation indicates
that student S9 understood the information provided by the graphic representations and
recognized the relationships between the variables and how the quantities of the two
variables change.



Educ. Sci. 2023,13, 335 17 of 22

139 ST
As pdogsl, que Inao Tt from Gua 0 -Ww,a @&Wﬁ_i
£ e /Bmm J.A@M.E’fm |

. TR S | T I - Pt
En VIR RS R 4

K J“W—f“éﬁ‘taﬁ_' S-S “}éze',;ap- - .:,éa {' "D'L* i
‘—--é-.h.Lﬁ;.;_.;._;ﬂ;s,;_;_L_ﬁ,... P |?‘-§ “
N A ' < ¥ - T -"Hr-u.- T -

Translation: 1.3.2. The relationships I found was that the domain, the range and the zeros differ.
1.3.2. There is a translation along the x-axis and y-axis.

Figure 18. Resolution of students S13 and S9 to question 1.3.2—Task 3.

Question 1.4 of Task 3 (Figure 19) addresses the transformation of graphs through a
reflection along the Cartesian axes.

1.4. Consider the following table:
Function Graph sketch Domain Range Zeros

i)y |7 AT T | D=[-46] | D'=[-13] | {-2,06)
p(x) = —i(x)
z(x) = i(—x)

1.4.1.  Fill the table.

1.4.2.  From the analysis of the information taken from the table, what can you con-
clude about the relationships between the graphs of the p and z functions and
the graph of the i function?

1.4.3. Considering f a real function of real variable, how do you obtain the graph of
a function g defined by g(x) = —f(x)?

1.4.4. Considering f a real function of real variable, how do you obtain the graph of
a function g defined by g(x) = f(—x)?

Figure 19. Question 1.4—Task 3.

Student S3 recognized the relationship between the graph of function i and the graphs
of functions p and z, identifying the transformation of the graph (Figure 20).

The student expresses an abductive thinking ability in the transition from the par-
ticular example to the generalization. From the resolution presented, it is clear that the
student has the ability to translate and understand the existing relationships between
the variables, extracting the information provided by the graphs and crosschecking it to
elaborate the conclusions.
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Translation: 1.4.2. The p graph results from a reflexion by the x-axis of the function i.
The z graph results from a reflexion by the y-axis of the function i.

1.4.3. Doing a reflection of p in relation to the x-axis.

1.4.4. Doing a reflection of p in relation to the y-axis.

Figure 20. Resolution of students S3 to questions 1.4.2,1.4.3, and 1.4.4—Task 3.

In Task 3, the students draft the requested graphic representation, revealing that they
recognize the methods and conventions used to construct graphic representations. They
also determine domains, ranges, and zeros, mobilizing knowledge about the associated
concepts, terminologies, and symbology. The ability to understand the correspondence
between the variables emerges along the way, which explains this process of the students’
functional thinking. Covariational thinking arises in the recognition and description of the
relationship between the graph of the function i and the graphs of the functions that result
from the transformations of this function. This process is also evident in the comparison
between the graphs, which makes the students describe this variation through the analysis
of how the functions vary simultaneously.

The students experienced difficulty in generalizing the transformations under study.
Despite this difficulty, they gradually developed skills that enabled them to engage and
apply functional thinking processes.

In general, ‘covariational thinking’ (reflected in the description of the behavior of
the graph of the functions), ‘correspondence thinking’, and ‘function as object thinking’
(Table 4) are the main functional thinking processes present in the students’ resolutions to
the questions in Task 3.

The students developed a set of skills that lead them to understand the functional
relationship of variables, such as how to: (i) recognize correspondences between quantities,
regardless of the representation used; (ii) determine the value of the independent variable
and the respective dependent variable, and vice versa; (iii) recognize the joint variation in
the variables in the relationship, regardless of the representation used; (iv) determine the
domain of variation in one of the variables when the values assumed by the other variable
are already known; and (v) express the functional relationship presented, based on the data
of the proposed problem, through different forms of representation. This set of skills was
worked on and developed by the students during the teaching experience presented here,
providing evidence about how 10th-grade students developed functional thinking.
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Table 4. Summary of functional thinking processes used in Task 3.
1.1 1.2 1.3 1.4

Question

1 2 3 1 2 3 1 2 3 1 2 3 4
(i) Mapping Vo= - V- -V - V- - -
(i1) Correspondence v - - Vv - - Vv - - Vv - v Vv
(i) Covariation N N N A A L N A N Y VA
(iv) Function as object Vv Vv Vv vV v Vv Vv Vv Vv Vv Vv Vv Vv

5. Conclusions

With the objective of understanding the functional thinking of 10th-grade students
while studying functions, we aimed to identify the processes mobilized and unveil any
difficulties. This goal was addressed based on the analysis of the students’ resolutions to a
set of tasks.

5.1. Characteristics of the Students Functional Thinking

During this study, the students relied on their functional thinking in different situations.
Following the work developed by Smith [13] and Lichti and Roth [3], we can conclude that
the students managed to understand the relationship between the independent variable
and the dependent variable, i.e., they developed correspondence thinking; that they were
also able to deal with the variation in variable values (object and image) and calculate new
values for the variables, i.e., they developed mapping thinking; and that they understood
the effect on a variable of varying the other, i.e., they developed covariational thinking.
The combination of these three processes with the process of function as object helped
the students to grasp the relationship between two variables, advancing from particular
relationships to generalizations. This last process (function as object) is related to working
with the function as a whole.

The correspondence process is evident in the students’ resolutions in the task on
‘injective, surjective, and bijective functions’, as well as in the resolutions of the remaining
tasks. Sometimes, students present this form of functional thinking highlighted by Lichti
and Roth [3], namely, in the geometric form [32], when the arrow diagrams are mentioned
in the justifications and/or examples presented by the students. This result was also
demonstrated in the study carried out by Rodrigues [40] with 10th-grade students. Despite
the difficulties they had in solving the tasks, it was found that the students were able to
recognize the correspondences between the variables, a process of functional thinking also
presented by Ursini and Triguenos [28].

Mapping is present in the students’ resolutions of Tasks 2 and 3 through the deter-
mination of object images based on a graphic or an analytical expression of the function.
This process was mobilized by the students when they discovered the requested values, or
when they discovered important values that guide the achievement of the final conclusion.

Allusive to covariational thinking, according to Lichti and Roth [3], are the cognitive
activities involved in the coordination of two quantities that vary when paying attention to
the ways in which each of them changes with reference to the other. The uninterruptedness
of this process of functional thinking during the resolutions presented by the students was
extremely evident when they worked on tasks related to the transformation of functions’
graphs (Task 3). This process was mobilized by some students when they created a
representation of the functions and when they identified that the variation in one variable’s
values implies the variation in the other variable’s values [3,34].

Function as object appears in the resolutions of Tasks 1, 2, and 3. It appears in Task 1
in the elaboration of the requested definitions. These definitions gather the characteristics
of the presented functions, characteristics that are then transposed to any function.

This functional thinking process is also contemplated in the students’ resolutions of
Task 2, when determining the composite function of two real functions of a real variable.
It is an operation between functions, which results in a new function with characteristics
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that translate it as a whole. This feature is also implicit in the transformation of graphs of
functions (Task 3), which gives rise to a new function that transcends the entities observed
in the graphs of the given functions.

As a whole, this study points to the relevance of the four processes of functional
thinking considered, emphasizing the need to offer students the opportunity to experience
them in the classroom, in order to develop their functional thinking in an overall way. This
conclusion draws attention to the teacher’s role and to the tasks proposed to the students.

Sometimes, students revealed difficulties in developing functional thinking in their
resolutions, but, gradually, they evolved as they deepened their study of functions.

5.2. Difficulties Revealed by the Students

The students experienced different difficulties in the study of functions. When work-
ing on the task about ‘injective, surjective, and bijective functions’, difficulties soon began
to emerge when learning new concepts. The students easily established correspondences
between independent and dependent variables in the arrow diagrams, but they experienced
more difficulties in extracting the necessary information from a graphical representation,
which would have helped them draw conclusions to establish correspondences and re-
lationships between objects and images. Ponte [41] argued that the work with graphs
associated with abstract thinking is not easy for students. Additionally, this was one of the
difficulties identified in the present study.

The students experienced difficulty in interpreting the information provided by al-
gebraic expressions [42]. This difficulty was evident in the incorrect domains given to
functions when presented using this type of representation. When the function was repre-
sented through a graph, some students were able to overcome this difficulty. However, in
the tasks related to the transformations of a graph of a function, the students also struggled.
They had difficulty collecting and manipulating the correct and necessary information to
use in order to obtain solutions for the proposed task [43]. Another difficulty revealed by
the students refers to the description of the variation in the behavior of the variables, as
well as the change in and interpretation of the graphical representation of a function.

In general, although the difficulties faced by the students differ depending on the
processes of functional thinking involved, a very relevant point identified by this study is
the way in which they differ depending on the representations used. Additionally, this is
an aspect which requires the teacher’s attention when designing the tasks. The difficulties
associated with the use of algebraic representations are well known, as is, likewise, the
students’ preference for the use of graphical representations. This study revealed that the
use of a graph is more difficult than the use of an arrow diagram, putting a strong emphasis
on the different processes of functional thinking, but also on the representations used.

5.3. Final Remarks

This study presented evidence of how different processes of functional thinking are
mobilized and worked by students during the study of functions. It also pointed to
some difficulties, namely, those related to functions without discrete domains. It would
be interesting to deepen this study, addressing the characteristics of the tasks that can
contribute to strengthen the functional thinking of the students and the role of the four
dimensions considered here: mapping, correspondence, covariational, and function as
object thinking.
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