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Abstract: This article discusses the importance of visual models in problem solving, in the scope
of rational numbers. We seek to highlight the potential of this approach, as a structuring theme in
the mathematical development of students in elementary education and the connections it allows
to establish. In order for students to be mathematically competent and creative, they must be able
not only to solve traditional computational problems but also to use models/visual representations
when solving all types of mathematical problems, including those in which the visual component is
not evident. We developed a qualitative study based on a didactical experience involving 14 future
teachers who were attending a Didactics of Mathematics unit course that included a module about
problem solving with emphasizes in visual approaches. The main purpose of the study was to
identify the strategies used by the future teachers when solving problems with multiple solutions,
before and after that module. Data was collected through observation and the written productions
of the participants. It was possible to conclude that they tended to privilege analytical approaches
before the intervention and, after the teaching experience, they started to value visual approaches,
which generated an increase of the productions involving this type of solutions.
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103390/ educscil1110727 Rational numbers are considered a structural issue in mathematics elementary edu-
cation, but it is also true that the underlying concepts are considered as highly complex,
Academic Editor: Lieven Verschaffel - partly due to the different interpretations and representations associated to those numbers.
Although many students reveal procedural knowledge (knowledge of symbols, rules,
algorithms, and sequences of actions that are useful for solving a situation), usually the
conceptual knowledge (knowledge of concepts and principles and their relationships)
remains deficient, an aspect that becomes noticeable when they solve problems involving
rational numbers. A possible explanation for this situation could be the teaching practices,
in the cases that teachers focus more on teaching procedures and not so much on their
meaning [1]. To overcome this situation, students should be able to solve problems using a
diversity of strategies, including visual ones, as an important support in solving all types
of mathematical problems. According to some authors [2,3], visual representations are
often part of strategies that originate powerful and creative solutions. However, despite
several recommendations that underline the power of visual approaches, the fact is that
= they are still not common in students’ mathematical experiences and obviously in teachers’
practices. Therefore, our vision of problem solving includes, among other aspects, the
practice with a wide range of problems in which different ways of thinking, including
various representations, and different strategies for solving them can be applied. Solving
a problem in different ways requires and develops the knowledge and the flexibility of
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creativecommons.org/ licenses/by/ Among this set of strategies, we highlight a particular problem solving strategy, which
10)). we call seeing [4], that leads to visual solutions, using different visual representations, in
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contrast to non-visual solutions, which resort mainly to algebraic, numerical, and ver-
bal representations.

Taking these assumptions into account, in this article, we discuss the main ideas
related to rational numbers, problem solving, and visual solutions that support our study,
carried out with elementary education pre-service teachers (6-12 years old). The main
purpose of the study was to analyze how pre-service teachers solve problems with multiple
solutions in the scope of rational numbers before and after a module about problem solving
that emphasizes visual approaches. Based on this problem, we formulated two research
questions: (1) Which strategies do the pre-service teachers use before and after the module?
(2) Is there a change in the strategy preference after the module?

2. Visual Approaches to Problem Solving

Mathematical concepts are, in essence, abstract, and it is necessary to use higher-order
cognitive skills to internalize them. However, the use of representations may facilitate the
understanding of these concepts, making them more concrete and clearer. Mathematical
representations are considered useful tools that support reasoning, allow mathematical
communication, and convey mathematical thinking. They can be defined as mental or
physical constructs that describe aspects of the structure inherent in a concept and the inter-
relationship between this and other ideas [5]. Overall, students” understanding of a given
concept increases when they have the opportunity to contact multiple representations of
the same idea. An approach based on the use of representations of different natures is quite
powerful and enhances the development of flexibility of thought, a fundamental character-
istic of a good problem solver [6,7]. This flexibility is also important for (future) teachers,
as it allows them to sustain more in-depth learning, to conduct classroom discussions
with a wider perspective to a diversity of paths, and is a way to facilitate abstraction and
generalization, as students develop their ability to mathematize the situations explored.

Bruner [8] identified three different forms of representing the world around us: (a)
active (presupposes a set of actions to achieve a certain result using manipulatives or
other types of objects); (b) iconic (involves visual images that symbolize a concept), and (c)
symbolic (involves a set of logical or symbolic propositions taken from a symbolic system
governed by rules or laws that form and transform propositions). These three forms of
representation are not only different ways of reasoning, or different work contexts, but they
also stress the importance of encouraging students to interrelate the physical component
with the creation of images and, in turn, this form with the symbolic. There are proposals for
other categorizations in the literature that emerge from an extension of the model presented
by Bruner. For example, some authors [5,9,10] defend a model consisting of five forms
of representation associated with the learning of mathematics and problem solving: (a)
contextual (highlights real-life situations); (b) concrete (uses manipulatives/objects); (c) semi-
concrete (pictorial); (d) verbal (use of language), and (e) symbolic (mathematical notation).
This classification helps differentiate the various forms that a mathematical concept can
assume, but it also gives indications about the abilities needed for its understanding.

Following these ideas, the importance of figurative or visual contexts arises, associated
with concrete and semi-concrete representations, with an indisputable relevance in all
mathematical activity. A visual image translates much of the information related to a
given situation, which allows us to understand and/or explain a concept more quickly
than with a sequence of words [11]. The visual characteristics of a task can help students
to overcome some difficulties they may have with specific mathematical concepts and
procedures, successfully solving a certain problem. To reinforce this idea, it can also be
said that the 21st-century school must prepare students for a global society, governed
by forms of communication with great visual impact. It is, therefore, fundamental that
students develop the ability to read and interpret information visually, aspects that have
great potential in the learning of mathematics and, in particular, in problem solving. In
the perspective of some authors [3], for students to be mathematically competent and
creative, they must be able to use visual and intuitive representations at all stages of the
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problem solving process. Visual representations can help reduce the cognitive burden in
problem solving and also support numerical reasoning [12,13]. That is, they help students
understand the concepts and procedures, make sense of the problems they solve, as well as
facilitate the discussion with their peers [6]. In addition, this type of representation can
help highlight relevant information that might otherwise be more difficult to identify and
even create a scaffold for algebraic reasoning, facilitating the establishment of connections
between concrete and symbolic representations. It has been verified that this type of
representation allows students to establish the bridge between concrete objects, which they
can use to model concepts, and the symbolic or verbal forms, which they later use to refer
to these concepts [7].

Not all students have the same preferences when it comes to learning mathemat-
ics. This is reflected, for example, in the preference for the different themes they are
studying, from numbers to geometry, in the way they understand these themes and solve
the respective problems, privileging words, formulas, or figures. Thus, teachers have to
consider that students may have different learning styles and that they may also have
different preferences in relation to mathematical communication, which has an effect on the
representations used. Emphasizing this perspective, psychologists and mathematical edu-
cators [3,14] were concerned with categorizing the typology of problem solving strategies
used by students, according to their learning styles: (1) visual or geometric—those who prefer
to use pictorial-visual schemes even when problems are more easily solved with analytical
tools; (2) non-visual, analytical, or verbal—those who prefer more verbal approaches, even
in problems that are relatively simpler to solve through a visual approach, and (3) mixed,
integrating, or harmonics—those who have no specific preference for either logical-verbal
or visual-pictorial thinking, and tend to combine analytical and visual approaches. These
styles are of great importance in the way that each student processes the information that
is provided.

If the teacher chooses a single form of communication, privileging a particular type
of representation, they may be creating difficulties in the understanding of mathematical
ideas for some students [11]. There are a number of problems that have great potential
for visual solutions, so, for these cases, we propose the use of a complementary and
specific strategy that we call seeing. This thinking strategy involves the visual perception of
mathematical objects combined with knowledge and past experiences. In addition, seeing
includes imagining, which is related to having creative insights or aha! moments, which
can be expressed in terms of drawing, which means translating someone’s ideas visually. In
problem solving, this strategy, which uses visual representations, is usually complemented
with numerical and verbal explanations [4]. Thus, visual solutions are understood as
the way in which mathematical information is presented and/or processed in the initial
approach or during problem solving. They include the use of different representations
of visual nature (e.g., figures, drawings, diagrams, graphs) as an essential part of the
process of reaching the solution. On the contrary, non-visual solutions do not depend
on visual representations as an essential part to achieve a solution, using other types of
representations, such as numerical, algebraic, and verbal [3,4].

3. Problem Solving and Rational Numbers
3.1. Discussing the Concept of Rational Number

There is a great consensus in accepting the idea that learning rational numbers is
difficult for students. Many studies state that, globally, poor performance is shown in cal-
culating and solving problems with rational numbers, which can translate into difficulties
in using fractions also in other content areas, particularly in algebra [15,16]. This scenario
may be surprising if we think that, in terms of rational numbers, curricula cover procedural
and computational skills. However, it may also indicate that there is a greater emphasis on
acquiring procedural than conceptual knowledge [17]. It is noteworthy that the concepts
associated with this domain are extremely important in different aspects: from a practical
point of view, the ability to deal effectively with these concepts also improves the ability to
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solve everyday problems; from the point of view of psychology, rational numbers are a
fertile area in which students can develop and expand the mental structures necessary for
their intellectual development, and from a mathematical perspective, knowledge of rational
numbers provides the basis for the construction of elementary algebraic operations, with
relational reasoning with fractions being a vehicle for improving algebraic reasoning [17].
For all these reasons, it is important not only to understand the difficulties experienced by
the students but also to find out what kind of experiences will be more favorable to the
learning of these concepts.

Rational numbers can be presented in different ways (e.g., fractions, decimals, percent-
ages), have different interpretations, and different forms of representation can be chosen
(e.g., figures, diagrams, number lines, symbols). Although these forms and modes of
representation are apparently well defined, their use is still a dubious aspect for teachers
and students. Considering the different forms assumed by rational numbers, there is some
inconsistency in the understanding of its most common representation: fractions. The
rational number as a fraction is the most used, but it is a multifaceted concept, a fact that
underlies many of the difficulties experienced by students. Fractions represent both a
symbolic and a conceptual challenge. Symbolically they exhibit a split structure with a
separate numerator and denominator, instead of a unit symbol, and are the only type of
numbers that represent, at the same time, the ideas of quantity and division. In addition, it
is possible to find in the literature several categorizations of different situations in which
fractions can be found. Kieren [18] was one of the first researchers to present a proposal
with four interrelated categories: ratio, operator, quotient, and measure. Fraction as a ratio
expresses the notion of comparison between two quantities. In the case of the fraction from
the operator’s perspective, it is understood as a function applied to an object, a number, or a
set. The quotient refers to the result of an operation. In the measurement category, fractions
are associated with two interrelated notions. First, they are considered as numbers, which
indicate the magnitude of the fractions. Second, they are associated with the measurement
of an interval. According to this author, the idea of part-whole is implicit in these four
categories. For this reason, they did not consider it as a fifth category.

In this context, we emphasize that, for students to understand the concept of rational
number as a fraction in a meaningful and comprehensive way, they must contact with
tasks that involve the various meanings it can assume [16,18]. The proposal of problematic
situations that highlight only one or some of the possible meanings, as often happens with
the understanding of fraction as a synonym for part-whole, may leave students with an
impoverished notion of rational number [16]. Therefore, the goal in teaching fractions
is to help students recognize distinctions in meanings, to associate each meaning with
appropriate situations and operations, and, in general, to develop insight and flexibility in
the use of rational numbers [19].

3.2. Visual Strategies for Solving Problems with Fractions

As already mentioned, rational numbers can be represented in several ways, which
include visual (e.g., drawings, diagrams, figures, graphs), verbal (natural language), and
symbolic (numbers, letters) representations. In the case of fractions, it means that students
must explore a variety of contexts, representations, and tasks, such as drawing figures,
paper cutting/folding, manipulating sets of objects, identifying fractions, locating fractions
on a number line. The use of manipulative materials (active representations) in the teaching
of fractions can help the development of strategies to apply in processes, such as compar-
ing, finding equivalences, and performing operations, but it is important to emphasize
that a connection must be established with symbolic representations. In the perspective
of Van den Heuvel-Panhuizen [20], as well as in our understanding, models are seen as
representations of problematic situations; that is, visual representations model the way
students conceptualize fractions. In this sense, the models commonly used to represent
fractions at the most elementary levels of education vary between discrete and continuous,
taking the form of geometric regions, sets of objects (discrete context), or even the number
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line. For example, discrete models (e.g., chips) may be more suitable to illustrate part-whole
situations, whereas area representations (e.g., circles, rectangles) can help to perceive the
denominator’s role in the magnitude of the fraction [21]. In the latter case, we must say
that the interpretation of situations involving geometric regions presupposes a knowledge
of the notion of area, and some studies have identified the existence of a positive relation-
ship between students” success in tasks with areas and success in tasks about fractions
represented by geometric regions [22]. Still within the scope of area models, according to
some authors, circular models, as well as rectangular ones, are one of the most powerful
representations since the circle/rectangle naturally symbolizes the unit, in continuous
contexts, simultaneously illustrating the concept of part-whole and the meaning of the
relative magnitude of the fractions [21]. Siegler, Thompson, and Schneider [23] argued that
the number line is a representation with enormous potential because it helps to support
an integrated model that associates fractions to real numbers. However, it is necessary to
keep in mind that this model helps students in the construction of a richer fraction design,
without being dependent on the perspective typically associated with the area model,
identifying the number of painted areas in the total number of parts, being able, in addition
to the number line, to use, for example, the folding of paper strips or the rectangle model.
As can be seen, there is plenty of evidence that points to the effectiveness of using visual
representations in tasks with fractions [21], but none by itself reflects the multiplicity of
ideas that constitute the concept of fraction, being fundamental to establishing connections
among them.

The so-called bar (rectangular) model has been gaining visibility since its introduction
in the Singapore mathematics curriculum in the 1980s. This model is used to facilitate
the solution of numerical or algebraic problems involving fractions, integers, ratios, and
percentages [24]. In practical terms, rectangles are used to represent quantities or to
relate quantities extracted from a “word problem”, which will help students decide which
operations to use and understand why they are applied [25]. It constitutes a model that
gives meaning to the situation proposed in the statement of a given problem and facilitates
mathematical reasoning, becoming a way of thinking for students [26].

Despite the recognized importance of visual representations in this context, it is
necessary that the teacher has some concerns in its use and knows some of the potentialities
of visual approaches or solutions.

For example, much of the work done with students in the first approaches to rational
numbers leads them to think that when speaking in equal parts, it means geometrically
equal. They are rarely asked to reflect on whether a figure, such as the one presented in
Figure 1, could represent a whole divided into quarters [27], giving preference to divisions
into geometrically equal parts.

Figure 1. Figure divided into quarters.

It is also interesting to note that, both in school textbooks and classroom practices, the
idea of half a figure is almost always represented by shapes that are divided into two parts
or a number of parts, multiple of two, with half of those parts painted. It is uncommon to
ask students to identify, through a fraction, the part of the figure that is painted, using a
representation such as the one in Figure 2. In this image, three parts are visible; however,
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the painted part is, in fact, half of the figure. The mere existence of three parts could be a
distracting element for many students, based on their experiences and mental constructions,
eventually concluding that the fraction would have denominator three and not two.

Figure 2. Figure divided into three parts.

In cases such as the ones analyzed, students have to visually identify the number
of equivalent geometric regions into which the whole can be divided, an aspect that is
not immediately visible. This approach may be used with iconic representations but also
with active representations. For example, in Figure 3, we can see a square inscribed in a
larger square.

Figure 3. Figure divided into five parts.

When asking to analyze which part of the initial square is occupied by the smaller
square, students have to look for strategies to decompose the initial figure into equiva-
lent figures that represent the parts since it is not obvious how many parts it is divided
into. In this case, they can, for instance, use paper folding or drawings, to identify eight
geometrically equal triangles, as shown in Figure 4.

Despite the potential and effectiveness of visual representations in learning rational
numbers, once students come into contact with the symbolic component, teachers rarely

Figure 4. Paper folding to obtain eight equal parts.
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return to visual representations, assuming that they are no longer useful. Instead, in-
creasingly complex concepts and algorithms are taught, developed with the support of a
symbolic system without reference to visualization [28]. Visual models are valued in the
phase of the introduction of concepts related to rational numbers, as well as in operational
rules with fractions, being recognized as more intuitive and with an illustrative role [29],
allowing students to contact with complex ideas since the early years. However, when
advancing the approach to content about rational numbers and especially when working
with “word problems” with rational numbers in different contexts, the exploration done
is rarely visual, privileging the manipulation of the rules already learned. But, some au-
thors [29] argue that visual representations continue to be useful, even when progressing in
curriculum content to more formal levels of representation, such as symbols. In addition to
contributing to more meaningful learning, the establishment of connections between visual
and symbolic representations can assist students in performing reasoning at a conceptual
level, as well as in explaining those same reasonings [6,28].

According to Arcavi [12], visualization can accompany the construction of a symbolic
representation since an image, due to its concrete aspect, can be decisive in self-conviction
and in the sensation of almost immediate validity. In this sense, the association of visual
representations with numerical notations and “word problems” has been considered a
crucial way to demonstrate conceptual knowledge of rational numbers, which is often
lacking in students [10]. It is considered a good practice in the mathematics classroom to
use multiple representations in order to meet students’ preferences, also trying to teach in
order to promote understanding. This approach will help students to understand more
comprehensively rational numbers as well as the different ways of representing them, thus
showing the flexibility of thought.

3.3. Some Potentialities of Visual Solutions

A characteristic of mathematically competent students is that they are able to strive to
find a solution to a problem that is clear, simple, short, and elegant [2,14]. The potential
and limitations of visual reasoning are recognized as part of the classroom mathematical
culture [3,12]. In particular, there are authors [4,30] who point to evidences that visual
representations can be particularly beneficial for all students, especially those with more dif-
ficulties. Visual strategies that use different representations (physical, pictorial, schematic,
geometric) are not always fully used to solve a problem. They are usually overlooked
by the mechanized use of rules and procedures learned without meaning, which reduces
teaching to a routine and monotonous process of numerical, symbolic, and/or algorithmic
manipulation. However, a path that includes visual approaches is fundamental to act
as a starting point to reach the solution, but that must be completed with other forms of
representation, verbal and symbolic, contributing to a more conceptual understanding of
this theme, favoring the establishment of connections between representations [6]. Follow-
ing this discussion, we present two examples of tasks that admit visual and non-visual
solutions and with which we intend to illustrate the possible potential of visual strategies
that can be used from the most elementary levels [3].

The first example (Figure 5) is a typical problem with rational numbers in which the
previously learned concepts and procedures are used and where the whole is known.

Maria made 180 egg tarts. She sold 3/4 and gave 1/3 of those left to her
neighbor. How many egg tarts did she have at the end?

Figure 5. Example 1.

To solve this task numerically, we just have to follow the conditions expressed in the
statement, and one of the processes would be: she sold 3/4 of the 180 egg tarts, that is
3/4 x 180 = (3 x 1 x 80)/4 =135, and gave her neighbor 1/3 of the remaining tarts, that is,
she had 180 and sold 135, leaving her with 180 — 135 = 45. Then she gave 1/3 x 45 =15. If
she gave 15, she was left with 45 — 15 = 30. For many students, this numerical manipulation
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is not always understood, as it involves conceptual and procedural knowledge to solve the
problem. The use of a visual model can be helpful in the first stage of learning with fractions
or to make sense of the procedures that are being used. After this step, this resource is no
longer used in problem solving. Thus, starting by using the bar model to represent the
whole, the 180 egg tarts, and following the conditions expressed in the statement, as was
done in the previous case, we successively obtain the representations of Figure 6, using
this visual model:

180

45 180:4= 45

15 45:3=15
l’-‘L\
? 2x15= 20

Figure 6. Visual solution for example 1.

In this situation, the bar represents the unit that is known, the number of egg tarts.
The model may be sufficient to solve the problem or help clarify some misconceptions in
understanding the situation. The students can use different complementary representations
or make sense of the use of calculations or vice versa.

In the second example [31,32], seen in Figure 7, contrary to the previous situation, the
whole is an unknown quantity, which makes this problem more complex for students.

Students go to school using different means of transporta-
tion. One third of the students go by bus. One quarter of the
remaining students goes by car and the others walk or take a
bike to school. Knowing that 90 students go to school by car,
how many students attend this school?

Figure 7. Example 2.

The most common numerical solution would be: start by seeing what part remains
of the whole when taking the part of the students that use the bus, thatis, 1 —1/3=2/3.
Calculating the part corresponding to those who go to school by car, that is 1/4 of this
amount (2/3), we have 1/4 x 2/3 =2/12=1/6. As the part of students who go to school
by car is 1/4, which corresponds to 90 students (the sixth part of the whole), the whole
will be 6 x 90 = 540. We conclude that the school has 540 students. This solution involves
not only procedural knowledge but also conceptual knowledge that not all students are
able to mobilize simultaneously, according to the conditions of the problem. If we solve
the problem using a visual model, students start by representing the unknown quantity
(number of students) by a bar. Afterward, they will try to see the information obtained in
the successive bars (Figure 8).
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Students of the school
1
3
bus
1
I
car Walking or by bike
90 90 90 90
180 180 180
3 x 180 =~ 540

Figure 8. A visual solution for example 2.

Throughout this section, we intended to emphasize the importance of visualization
in solving certain mathematical problems, in particular, in the scope of rational numbers,
illustrating some of its potentialities with examples. In an early stage of the learning
process, a visual solution makes it easier for students to understand the structure of the
problem than an analytical solution. It is important for the teacher to work simultaneously
with analytic and visual solutions, showing the complementarity between the two in
order to give meaning to mathematical expressions and the words involved. Subsequently,
students will choose the best strategy when they have to attack a problem.

4. Method

This study aimed to analyze how pre-service teachers solve problems with multiple
solutions in the scope of rational numbers before and after a module about problem solving
that emphasizes visual approaches. Thus, we followed a qualitative and interpretative
approach [33]. This choice of paradigm was sustained by the fact that the main goal was to
understand the perspective and reactions of the participants to a particular situation.

We conducted this research with 14 pre-service teachers of elementary education
(future teachers of 6-12 years old students) in the form of a didactical experience. Of this
group, 12 were women and 2 were men, with an average age of 23. At the moment of the
study, they were attending the second semester of the 1st year of a Master’s course, with a
two-year duration, that qualifies them for the teaching of Mathematics and Sciences for
grades 1-6. Prior to this course, all of them concluded a degree in Education, a 6-semester
transversal training that enabled them to be education technicians, but not yet teachers.
As for the Master’s course, we can generally say that it lasts four semesters, the first two
consisting of subjects related to the areas of didactics, general education, and content
knowledge, and the last year (2 semesters) dedicated to an internship with students with
6-12 years old.

During the 2nd semester of this course, the participants were enrolled in a Didactics
of Mathematics subject that served as context for this study, which, among other topics,
included a module about visualization and problem solving. Traditionally, mathematics
teaching favors analytical approaches, often considered as the main or only possible path
to solve a problem. Considering that students may have different learning styles, teachers
must explore different solutions for the same problems, highlighting not only analytical
approaches but also visual or mixed ones in order to meet the students’ needs in terms
of reasoning. With this specific module, we intended to make the participants aware of
these aspects, motivating them to think as future teachers and not only as problem solvers
whose previous experiences were mainly analytical. As an alternative or as a complement
to more traditional approaches, they had the opportunity to analyze aspects such as the
potential and constraints of the use of visual approaches in problem solving regarding



Educ. Sci. 2021, 11,727

10 of 18

different mathematical domains (e.g., numbers and operations, algebra, geometry), for
example applying the seeing strategy, which in some cases generates simpler and more
elegant solutions. During the module, they discussed: the idea of learning styles and its’
impact in the classroom; the advantages of using multiple-solution tasks; the anticipation
and orchestration of different ways of solving the same task, emphasizing the power of
visual representations as a way to produce more meaningful solutions, as a more intuitive
approach, or as a complement to analytical approaches. Specifically, in the scope of rational
numbers (the main topic of this study), where numerical and algebraic manipulations are
very common and almost always presented as the only possibility, the module included
the exploration of the bar model, among other visual representations, that the participants
were not acquainted with. The future teachers solved a series of tasks, some prior to the
module and others after this intervention (see Figures Al and A2 in the Appendix A). The
proposed tasks could be solved by more than one process, thus being multiple-solution
tasks, allowing the use of different approaches (analytical, visual, mixed). In this particular
paper, we focus only on the tasks about rational numbers.

Data was collected during the classes of the abovementioned unit course, of which
the researchers were also teachers, and included: participant observation, taking notes of
the future teachers’ reactions and interactions, and the participants” written productions
regarding the proposed tasks. The participant’s written productions were the predominant
data source, mainly to identify the strategies used and possible difficulties experienced
by these future teachers. However, there were evidences that emerged from the notes
referring to the observations, centered on the collective discussions, that allowed the
reinforcement or complementary conclusions drawn from the participants’ records, such
as their verbal reactions to the potential/constraints of the visual approaches. To analyze
the data, we used an inductive approach, recurring to content analysis [34], relying on
the written productions (solutions of the tasks), the observations made, and the field
notes. After repeatedly reading and consulting the collected information, we proceed to a
categorization of the strategies used to systematize the data and facilitate the interpretation
of the results. In this process, we formed the categories with the support of the research
problem and the theoretical framework, which led to the formation of categories, namely
the categorization of the strategies used (analytical, visual, and mixed).

5. Preliminary Results and Discussion

The pre-service teachers solved five tasks about rational numbers prior and after the
intervention module about problem solving with emphasis on visual approaches. Table 1
sums up the global results related to the nature of the strategies used by the participants in
the two stages, dividing them into visual and non-visual approaches. Problems 4 and 5
(Appendix A) were proposed again after the module due to the results obtained since the
majority of the participants chose non-visual solution methods.

Table 1. Types of strategies used before and after the intervention.

Before After
Visual Non-Visual Visual Non-Visual
Problem/Task  Strategies Strategies Problem/Task  Strategies Strategies
(%) (%) (%) (%)
1 62.5 37.5 1 33 67
2 11.1 88.9 2 100 0
3 50 50 3 75 25
4 10 90 4 36.4 63.6
5 0 100 5 44.4 55.6
Total 26.7 73.3 Total 57.8 422

Looking at the results we perceived that in the five problems used before the module,
there was a predominance of analytical strategies, with only 26.7% of the solutions pre-
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sented being considered visual strategies. In fact, visual approaches were not used at all in
one of the proposed tasks, and in two others, the percentage of preference for analytical
strategies was very high. The most common solutions in this stage involved the use of
equations, systems, numerical manipulation of acquired procedures, and the “simple rule
of three”. The participants were impelled to present the solutions they came up with and
explain their reasoning, stating how they would do the exploration of each task solution
with students of elementary education. We identified several difficulties related to the lack
of some communication and argumentation abilities, which, in some cases, compromised
the understanding of their peers.

After the didactical experience, five more tasks were applied that had the same
characteristics as the previously proposed problems. As said before, two problems of the
first stage were included in this second group of tasks. The results (Table 1) allowed us
to verify a significant shift in these future teachers’ choices, resorting more frequently to
visual strategies (increasing from 26.7% of use before the intervention to 57.8% usage rate
after the intervention), an approach explicitly valued during the teaching module. The
results point out an increase in the productions involving visual solutions, being even the
privileged approach in some of the problems (problems 2 and 3), despite the context in
which they were presented.

After a global analysis of the results, we will now present more detailed evidences of
the participants” work before and after the intervention, focusing on two of the proposed
problems, the last two tasks. As an introduction to each situation, we start by presenting
a possible visual solution as a way to clarify the type of work developed with these pre-
service teachers during the module and then present and discuss the participants’ proposals
to each task.

5.1. Task 4
This task had the following statement (Figure 9):

The ratio of the wei;ght of Abel’s backpack to Berto’s backpack is 5:3.
If the weight of Abel’s backpack is 40 kg, find out the total weight of
the two backpacks.

Figure 9. Task 4.

The problem involves the concept of fraction as ratio and, although being presented
through a non-visual context, it can be considered as a multiple-solution task allowing the
use of a diversity strategies and representations of different nature. The most common
approach to this problem is certainly analytical resorting to mathematical tools related to
the concept of ratio. This aspect can be supported by the fact that this is a routine task in
regard to the work with rational numbers in teachers’ practices. However, another possible
solution could be using the bar model, as shown in Figure 10. Starting with the unit divided
into eight parts, as suggested by the ratio between the weight of the two backpacks (5:3),
we can successively have the following representations arising from what is given and
what is intended to be known:

Total weight of the two backpacks

N N B

A 40kg B
I - | - [ c |

Figure 10. Visual solution for task 4.
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Relying on these visual representations, the solver can use symbolic representations
to continue to pursue the solution. Thus, 8 parts are worth 8 kg each, that is 8 x 8 = 64.
Therefore, the total weight of the backpacks is 64 kg. The bar model generates a revealing
image of the ratio interpretation in the sense that the numbers and its relations assume a
clearer meaning.

The analysis of the work developed by the participants while solving this problem
before the intervention led us to choose two solutions, presented in Figure 11, as being
representative of the emerging written productions.

A b o
573 : :
SoeSalonag A g
o = £ pe&S BT ¢ i B
e o gl & L
e N
T /%9 =3 24 ey LOQ/W oA X8
R: A modnile B B~ /
Pl B (e 61 6l 0 otoi'qk.‘w{'l‘f'félf%

Figure 11. Solutions presented before the intervention.

7

In this particular task, the analytical solutions corresponded to 90% of the participants
options, which could be expected due to their previous experiences as students but also
due to the context of the problem (non-visual). These solutions either involved the use
of the concept of proportion (left image) or a simpler approach involving the concept of
ratio (right image). This task, being a routine problem, did not pose any difficulties to
these future teachers. After the intervention, most of the pre-service teachers continued
to use analytical solutions while solving the same problem; however, 36.4% presented
visual solutions. This shows that the visual strategies were appropriated by some of the
participants and used as alternative solutions to analytical approaches. Figure 12 shows two
of the visual strategies applied, where the bar model was used as the main representation:

e s 2 2T TEE)
(AT T T —>midee P IAIATES

,‘l'q}_(l(
" LoKs :
P omochila A

3% B=4 s TR o g?: 3
V3% X2\ 3\3 | EALA
e ] v Fw\&:b 8- XD+
g 0 e ds ok 7 :)‘; 4G
o+ 24 = €44 20 da Mmoud S k’ s
0 jero Kool day tumectrilar wow\.’uzmﬂ,
Ae® &' guwg. Y GA&(&, ([Qu+%o0=64) gl

Figure 12. Solutions presented after the intervention.

In both cases, a visual representation of the unit (weight of the two backpacks) was
used and divided into eight parts, representing the relation between the weight of the
backpacks. This image, emerging from the bar model, facilitated the participant’s reasoning,
helping them quickly deduce the total weight. This type of solution was pointed out as
having more potential or being more useful than analytical strategies in cases where
students show difficulties related to meaningless numerical manipulation. In this task,
visual representations were highlighted as a way to complement calculations and help
students make informed decisions about the operations to use.
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5.2. Task 5
This task had the following statement (Figure 13):

In a school there are 18 less male teachers than female teachers. If 45% of
the teachers are men, how many teachers are there in school?

Figure 13. Task 5.

This problem involves the concept of percentage and has a higher level of cognitive
demand compared to task 4. Its difficulty relies on not knowing the whole. As with all
the other proposals, it is also a multiple-solution task that can be solved by using different
approaches, but the most expected are the analytical ones due to the type of context (non-
visual) and the representations involved (percentages). It is also important to state that the
higher level of complexity underlying this problem may have a negative impact on the
students’ performance, particularly if the option is the use of non-visual strategies. The
choice for a visual model, such as the one we see in Figure 14, following the conditions
of the statement, may provide a more understandable or even meaningful pathway for
students with greater difficulties. Before using the visual representation, we can transform
the percentages into ratios, as follows: 45% = 45/100 = 9/20 and consequently the women
will be 55% = 55/100 = 11/20, and thus we will have:

Men
Women g 48 o

Figure 14. Visual solution for task 5.

As there are 18 less men, there are 18 more women, each part corresponding to
8 women. As there are 20 parts in total (9 correspond to men and 11 correspond to women),
there are 20 x 9 = 180 teachers. It can still be said that, of this total, 81 are men and 99 are
women. Another visual solution consists of using the bar model, working directly with
percentages, which becomes simpler and allows students to give meaning to the concept of
percentage (Figure 15).

Men 45% 50%
Women
1 55%
—_—

Figure 15. Alternative visual solution for task 5.

The percentage difference (10%) corresponds to 18 teachers, so 100%, which is the
total number of teachers, will be 10 x 18 = 180.

After analyzing the written productions of the participants before the intervention, we
chose two solutions that illustrate the methods presented by the majority of the pre-service
teachers when solving this problem (Figure 16).
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Figure 16. Solutions presented before the intervention.

All the participants chose analytical solutions to solve task 5, an outcome that was
somewhat predictable due to the nature of the problem (unknown whole) and its context
(non-visual). We may add that this problem took them a long time to solve because
they did not know right away where to start, and many also reported that they were not
satisfied with the solution they first came up with. Contrary to the other tasks, most of the
participants submitted only one solution regarding this problem. Many of the pre-service
teachers clearly exhibited mechanized data manipulation without meaning or relation
to the context of the problem. This difficulty or incomprehension was notorious when
the solutions were discussed and they were unable to explain some of the steps or even
make themselves understood by their peers, manifesting insecurity in the way they solved
the problem.

After the intervention, we noticed a significant shift in the strategies used. Although
most of the pre-service teachers preferred to apply analytical methods, 44.4% presented
visual approaches, mostly resorting to the bar model. This option was more evident in this
task than in the previous one because, in this case, visual representations may facilitate
problem solving, due to the unknown whole, reducing its’ level of complexity. Figure 17
shows two of the solutions that emerged during this stage.

Figure 17. Solutions presented after the intervention.

As previously stated, there was a significant increase in the use of an alternative
approach to analytic strategies. The visual representation of the bar gave the participants
more confidence as solvers, but also as future teachers, as they were completely convinced
of the power of a visual model like this to help with mathematical understanding. In
both solutions, we see a clear association between visual representations and the mean-
ing of numbers, which helps deduce, in a clear manner, the whole and the parts. This
approach may help teachers in their practices when they are faced with difficulties posed
by the students.
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After this analysis, we need to state that the module was intended to reinforce the
visual approaches to problem solving as it is traditionally a devalued topic in mathematics
classes, despite its potential, not only in geometry but also in other mathematical topics.
This reinforcement was not intended to present visualization as the most appropriate
method or as being more adequate than analytical approaches, but as an alternative to
problem solving, that is rarely used by teachers and can be an asset to students’ perfor-
mance, depending on their learning style. In the tasks proposed, before and after the
module, the participants were asked to present more than one way of solving each prob-
lem. A certain type of solution was never imposed, either visual or analytical. They were
always free to choose the path with which they best identified. Many have changed their
options after the module, favoring visual approaches, but others, despite recognizing the
potential of those strategies, continued to prefer analytical approaches, either because of
their learning style or because their previous experiences were deeply rooted. Some also
stated that the analytical approach gave them more confidence in its accuracy. We can
say that, throughout the teaching experience, there was an appropriation of visual models
of solution, alternative to more traditional ones these future teachers were used to apply,
which constitutes a learning indicator even in the case of individuals with more analytical
learning styles.

6. Conclusions

Specific facts, formulas, algorithms, and procedures are powerful tools in mathematics.
Although they are tools with which we do not create mathematics, it is important that
they are acquired with understanding. The strategy seeing [4], with or without the use of
visual contexts, contributes to meaningful learning, so it is important for the teacher to
use other strategies, in addition to analytical ones, that help understand a situation for
itself or allow for paving the way for another solution. Models (e.g., bar model) are often
criticized because, if taught, they will not be very different from memorizing algorithms. In
fact, there are a number of procedures that underlie its use. However, what distinguishes
their use from the algorithms is that they are a powerful tool to make sense to students,
assuming themselves as ways of thinking [26] and must be applied when necessary, since,
from a certain stage, numerical processes are faster and more effective.

Rational numbers have a significant presence in the mathematics curricula, but tradi-
tionally students evidence difficulties or even a poor performance in this domain [15,16],
which leads us, as teacher educators, to reflect on ways to overcome this situation. One of
the main difficulties relies on the lack of fluency when it comes to conceptual knowledge
compared to the fluent application of routine procedures that is usually acquired [6,17].
This aspect frequently emerges when students are confronted with non-routine problems
that imply fluent reasoning concerning concepts and representations.

In addition, it is common that pre-service teachers reflect the same problems as their
future students during the training period, reinforcing the need to confront them with the
same approaches we expect them to use in their practices.

Given this scenario, it is important to use visual strategies, in alternative to analytical
ones, and, in particular, the bar model, so that future teachers develop a deeper knowledge
of the approach to this topic with their students. It is expected that they can refine this
competence themselves, identifying the potential and opportunity of visual and analytical
approaches. As Arcavi [12] and Presmeg [3] inferred, the use of visual representations must
accompany the construction and use of symbolic representations. However, we are aware
that the visual approach is not extensible to all types of problems and may not always be
helpful. The possible potentialities and limitations of a visual aid will depend on the type
of information that the student will be able to remove (or add), which depends on their
style of thinking, previous knowledge, and past teaching experiences [3,12]. Thus, teachers
must also be aware of these aspects in order to adjust their practices to develop students’
visual skills, as a further contribution to the understanding of rational numbers [4].
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Results from this study showed that pre-service teachers felt more comfortable in
using analytical strategies to solve multiple-solution problems with rational numbers due
to their previous experiences as students. The teaching module they were exposed to
motivated the use of visual approaches by many of the participants, that recognized these
strategies as useful, either to solve non-routine problems, where conceptual knowledge is
needed or to help give meaning to numeric manipulation. Some of these future teachers,
despite maintaining their preference for analytical strategies, recognized the importance of
contacting with alternative solution methods.

To conclude, the teacher must have a wide repertoire of tasks to propose to students in
order to highlight some of the ideas that were discussed throughout this article. Strategies
should be taught explicitly to students if they do not arise naturally. The work we have
been conducting in terms of pre-service teacher training points out that future teachers
themselves acquire fluency and flexibility in problem solving, while at the same time
they have one more resource to interpret and solve many other situations with which
they are confronted, in addition to increasing the didactical knowledge, essential for their
future work.
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Appendix A

1. The figure represents a rectangle where the points P, Q and R are midpoints of the I_—_—_|
sides. What part of the rectangle is shaded? ’ )

Q

Joana has?

2. Joana lent Pedro 4/9 of the books in her bookcase and still has 35 books. Find out how many books

3. Mr. Augusto gave his wife 2/5 of his salary and spent half the money he had left. Knowing that he

remained 300 euros, what was his salary?

4. The ratio of the weight of Abel's backpack to Berto's backpack is 5:3. If the weight of Abel's backpack
is 40 kg, find out the total weight of the two backpacks.

5. In a school there are 18 less male teachers than female teachers. If 45% of teachers are men, how many

teachers are there in the school?

Figure A1. Problems posed Before the intervention.
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1. What percentage of the triangle area is painted in gray? Justify.
A. 80% B. 85% C. 88% D.90%  E.Itis impossible to answer-

(Canguru-janior, 2016)

2. Sara and Maria distributed 35 euros that they received in a 4:3 ratio. How much money did each one

received?

3. The square has an area of 4 cm? and points P and Q are the midpoints of the two opposite sides. Given
the conditions of the figure, what will be the area of the shaded part of the figure? Present more than

one way of solving.

4. The ratio of the weight of Abel's backpack to Berto's backpack is 5:3. If the weight of Abel's backpack

is 40 kg, find out the total weight of the two backpacks.

5. In a school there are 18 less male teachers than female teachers. If 45% of teachers are men, how many

teachers are there in the school?

Figure A2. Problems posed After the intervention.
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