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Abstract

This study develops a theoretical and computational mechanics framework for regular
dimples produced by rotary ball burnishing on an external cylindrical surface. The model
combines the local quadratic ball–cylinder gap, an effective mean indentation pressure
Heff, an unloading factor λ, residual dimple geometry, a Greenwood–Williamson pressure–
approach law for the load-bearing lands, and an elastic spectral reference calculation. The
dimple area fraction Fn is obtained from the periodic union of loaded-imprint footprints
for the nominal stiffness maps, whereas the residual profile determines the specific oil ca-
pacity, defined as retained cavity volume per unit nominal area. Numerical checks include
algebraic consistency, mesh-converged periodic FFT-BEM calculations, and a separate sinu-
soidal benchmark. For a representative 3 mm ball and 25 mm cylinder with Heff = 2 GPa,
the model maps burnishing force and texture pitch to idle- and working-pressure secant
stiffness. Within the stated range Fn ≤ 0.20, the low-fidelity index preserves the ordering of
all evaluated non-tied design points; the mean and maximum differences from the spectral
reference are 6.6% and 15.2%. A discrete force–pitch grid yields three feasible points under
illustrative stiffness windows and two candidates after non-dominated sorting and sec-
ondary selection by specific oil capacity. The selected textures reduce idle-pressure stiffness
slightly more than working-pressure stiffness, increasing the nonlinearity ratio from 5.70 to
5.91. The framework provides a reproducible model-based tool for preliminary force–pitch
selection; application to a specific material–process pair requires identification of Heff, λ,
and the load-bearing-land response and validation against process-specific measurements.

Keywords: ball burnishing; external cylindrical surface; force–depth–stiffness model;
regular microrelief; specific oil capacity; contact stiffness; contact compliance; dimples;
adaptive stiffness; guideway

1. Introduction
Normal contact stiffness and contact compliance determine load transfer, local ap-

proach, vibration response, and positioning stability in assembled machine systems. In
precision slideways and soft-guideway interfaces, the desired response combines high
compliance at the idle pressure with a pronounced increase in contact stiffness toward
the working pressure. Regular microrelief (RMR) is a periodic surface texture in which
repeated depressions or grooves are separated by load-bearing lands. By redistributing the
real contact area and local compliance, such a texture provides a passive means of tailoring
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pressure-dependent response. The design objective is therefore a high ratio of working-
pressure stiffness to idle-pressure stiffness while maintaining a prescribed working-stiffness
floor. A manufacturing model for such surfaces must link process variables to the pressure–
approach response rather than to a single roughness-height parameter alone [1–3].

In precision machine tools, load-dependent support has traditionally been achieved
through hydrostatic or partially floated guideways, which require pumps, precision restric-
tors, and elaborate assembly [4,5]. Semi-active interfaces employing magnetorheological
fluids can also tune contact stiffness, yet they depend on external magnetic fields and
a continuous power supply [6]. Experimental investigations on sliding guideways with
laser-textured micro-dimples have shown that passive textures can broaden the hydrody-
namic lubrication region, reduce friction instability, and suppress stick–slip [7,8]. Rotary
ball burnishing provides a chipless route for creating regular dimples by controlled plastic
deformation. Because laser texturing and ball burnishing differ in dimple geometry, mate-
rial modification, and process mechanics, the relationship between burnishing force and
the resulting pressure-dependent normal contact stiffness remains insufficiently quantified
for rotary ball-burnished external cylindrical surfaces.

Classical RMR studies and later rotary-body models establish the geometric basis
by identifying relative area, pitch, overlap, and oil capacity as functional descriptors for
hydraulic cylinders, slideways, and friction pairs [9–11]. Burnishing, vibroburnishing,
ultrasonic-assisted burnishing, and thermomechanical treatments can create controlled
textures by plastic deformation. Reviews and application studies relate force, feed, tool
radius, groove dimensions, roughness, microhardness, and surface integrity to processing
conditions [12–16].

Recent finite-element ball burnishing studies supported by experiments account for
tool–surface friction, initial topography, strain hardening, residual-stress development,
thermal history, and microstructural strengthening [17–22]. These studies demonstrate
that residual geometry and surface integrity are material- and process-specific, but they
generally target the forming stage rather than the subsequent pressure-dependent normal
stiffness of a regular dimple array. The present framework complements these detailed
forming simulations by providing a computationally efficient process-to-performance
model for preliminary screening of the design space.

Beyond the forming stage, the functional performance of surface textures depends on
dimple size, depth, density, debris storage, lubrication regime, and the real contact area of
the lands between depressions [23–25]. Deterministic surface-shaping and vibromechanical
texturing systems further show that prescribed tool motion can create micro-dimples and
micro-grooves on cylindrical and flat surfaces [26,27]. On guideway specimens, micro-
dimples have shifted the critical hydrodynamic point on the Stribeck curve, reduced
stick–slip amplitude, and lowered friction relative to untextured guideways [7,8]. Regular
textures have also been associated with changes in bearing dynamics and lubricant/debris
retention [28,29]. Because burnished dimples are arranged regularly, their mesoscopic
geometry is represented deterministically; the smaller-scale roughness of the intervening
lands is represented statistically unless measured profilometry is available.

To translate the prescribed geometry into pressure-dependent stiffness, contact-
mechanics models for rough and textured surfaces are required. The Greenwood–
Williamson model, elastic–plastic asperity models, multiscale truncation, curved-surface
stiffness formulations, and homogenized scale-coupled models provide pressure–approach
relations [30–35]. Periodic contact analyses describe the interactions introduced by regular
microgeometry [36,37], whereas FFT-based boundary-element studies provide numerical
reference solutions from partial to near-complete contact [38,39].
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The established forming and contact submodels do not by themselves provide a direct
mapping from controllable burnishing force to residual depth, dimple area fraction, specific
oil capacity, and pressure-dependent stiffness. Existing studies generally address either
dimple formation without a service-stiffness map or regular-relief stiffness without a direct
link to burnishing force. For an external cylindrical workpiece, a useful design procedure
must therefore establish a force → depth → dimple geometry → stiffness/compliance
chain and apply an explicit and reproducible selection rule to the force–pitch domain.

This work develops a direct force–depth–geometry–stiffness mapping for rotary ball
burnishing of dimples on an external cylindrical surface. It first derives an explicit force-to-
residual-depth relation from relative curvatures, an effective mean indentation pressure,
and an unloading factor requiring process-specific identification. The resulting geometry
is converted into periodic dimple area fraction, specific oil capacity, and a land pressure–
approach response. Force–pitch stiffness maps are then evaluated under specified feasibility
constraints, followed by non-dominated sorting and secondary selection based on specific
oil capacity. An established land-fraction and pressure scaling is used as a low-fidelity
screening index and is assessed against a spectral reference calculation through pointwise
differences and rank preservation. The model is intended for shallow dimples in metallic
substrates under quasi-static forming and room-temperature service conditions, and it
provides preliminary process selection before material-specific identification, profilometry,
or a full contact calculation. Accordingly, the contribution is a theoretical and computational
mechanics framework for the force–depth–geometry–stiffness mapping.

2. Materials and Methods
2.1. Physical Basis of the Force–Depth Model

For a ball of radius Rb acting on a cylindrical workpiece of radius Rc, the principal
relative curvatures in the axial and circumferential directions are

κax =
1

Rb
, κcirc =

1
Rb

+
1

Rc
. (1)

In the tangent plane at the initial contact point, the undeformed local separation follows
from the second-order expansion

g(x, y) =
1
2

(
κaxx2 + κcircy2

)
+ O(r4), r2 = x2 + y2.

The elliptic paraboloid is therefore the local quadratic representation of the ball–cylinder
gap, not a global replacement of either surface [40]. At the maximum force considered, the
largest loaded semi-axis is 0.260 mm, giving amax/Rb = 0.087 and amax/Rc = 0.010; the
contact region consequently remains small relative to both radii.

Denoting the quadratic term above by g2(x, y), the exact external ball–cylinder separa-
tion in the same tangent coordinates is

gexact(x, y) = Rb −
√

R2
b − x2 − y2 + Rc −

√
R2

c − y2.

For the largest loaded footprint (FN = 400 N), aax = 0.260 mm and acirc = 0.245 mm. The
remainder eg = gexact − g2 reaches its maximum at the axial edge, where eg = 0.021 µm,
or 0.19% of the quadratic boundary gap; at the circumferential edge it is 0.017 µm. This
supports the adequacy of the second-order local-gap representation over the investigated
geometric domain.

For the reference calculation, Rb = 3 mm, Rc = 25 mm, E = 210 GPa, and ν = 0.30.
The baseline Heff = 2 GPa corresponds numerically to approximately 204 HV. It is used
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here as an effective mean indentation pressure rather than as a measured hardness of
a specific steel; material-specific application requires identification from force–depth or
residual-profile data. Assuming that the mean pressure over the projected plastic imprint is
Heff, force balance gives FN = Heff Aproj, where Aproj = πaaxacirc and ai =

√
2hind/κi. Con-

sistent with the classical interpretation of hardness as a mean indentation pressure [40,41],

hind =
FN

√
κaxκcirc

2πHeff
. (2)

The elastic unloading displacement is represented by

hrec = λ
FN

2E∗aeq
, E∗ =

E
1 − ν2 , aeq =

√
aaxacirc, (3)

where λ is an effective unloading factor. The reference value λ = 1 corresponds to the
displacement of an area-equivalent circular flat punch in Equation (3), following standard
indentation-unloading concepts. Both Heff and λ must be identified for the target material–
process pair. The residual dimple depth after unloading is

hres = max(0, hind − hrec). (4)

The variables hind, hres, and δ(q) describe different physical quantities: indentation depth
under the forming force, residual dimple depth after unloading, and normal approach of
the textured interface under nominal pressure.

The calculation sequence combines established submodels for mean indentation pres-
sure [41], nonconforming contact and equivalent-punch unloading [40,42], Greenwood–
Williamson land contact [30], and the elastic half-space Green function [38,39]. Their inte-
gration into the force → depth → geometry → stiffness sequence requires material–process-
specific identification of Heff and λ. Figure 1 summarizes the structure.

Figure 1. Architecture of the proposed decision-support framework for burnished guideway sur-
faces. Process inputs are transformed through the force–depth, elastic-recovery, residual-geometry,
screening-index, and pressure–approach modules into adaptive stiffness maps, non-dominated can-
didates, and illustrative candidate process windows. The framework applies to metallic substrates
under quasi-static forming and room-temperature service conditions.
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2.2. Dimple Geometry and Functional Metrics

The spherical-unloading approximation defines the residual geometry in the force
sweep, whereas the curvature-based residual-profile approximation provides the alterna-
tive geometry used in the sensitivity analysis. Let

rind =
√

2Rbhind, rres,0 =
√

2Rbhres

be the shallow spherical-cap radii associated with the loaded indentation depth and the
residual depth if the tool curvature is retained. The force-sweep footprint radius is approxi-
mated as their geometric mean, rsph =

√rindrres,0, giving

Asph = πr2
sph = 2πRb

√
hindhres, Vsph =

1
2

Asphhres.

For shallow indentations, the geometric-mean radius ensures that the reconstructed residual
footprint vanishes continuously as hres → 0. The spherical-unloading approximation is
used for the force sweep because shallow rigid-sphere indentation tends to inherit the tool
curvature when pile-up and sink-in are limited; the assumptions and calibration limits
follow the classical indentation discussion of Tabor and Johnson [40,41].

The curvature-based residual-profile approximation is evaluated separately to quantify
sensitivity to the assumed post-unloading geometry. It reconstructs an elliptic paraboloid
solely from the residual depth and the relative curvatures of the cylindrical workpiece,
with semi-axes

ai =

√
2hres

κi
, i ∈ {ax, circ}. (5)

The curvature-based reconstruction is used only for sensitivity analysis. For this approxi-
mation and for the periodic design-map depth fields, the local cavity volume associated
with one elliptic-parabolic footprint is

V =
1
2

πaaxacirchres. (6)

For a periodic cell of area Acell, the dimple area fraction and the overlap-corrected specific
oil capacity are

Fn =
Aunion

Acell
, qoil =

Vunion

Acell
. (7)

Both quantities are evaluated from the same periodic union. If ρ2
j = [(x − xj)/aax]2 + [(y −

yj)/acirc]
2 for replica j, then the periodic-union cavity volume is

Vunion =
∫

Acell

max
j

[
hres max(0, 1 − ρ2

j )
]

dA,

whereas Aunion is the area on which the maximum depth is positive. The periodic union
was evaluated numerically; the replica extent, integration grid, and grid-refinement checks
are reported in Supplementary Section S1. The isolated-dimple sum V/Acell is reported
only as an upper bound and is excluded from design selection. In the reference parameter
sweep, Acell = 1.113 mm2, corresponding to rounded cell sides of 1.055 mm × 1.055 mm.

For the nominal stiffness maps, the land fraction is computed from the periodic
union of the loaded-imprint footprints, whose semi-axes are aload

i =
√

2hind/κi. Within the
adopted monotonic land-stiffness closure, the loaded-imprint union is used as a conserva-
tive nominal geometry because it leaves less load-bearing land and therefore gives lower
stiffness than the residual-depth reconstruction.
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Across 200–400 N, the spherical-unloading residual footprint is 12–20% smaller than
the loaded imprint, showing how elastic recovery changes the land fraction inferred from
the post-unloading geometry.

The post-unloading profile determines residual depth and specific oil capacity and is
examined separately in Section 3.6. Figure 2 defines the cylindrical-workpiece geometry
and projected semi-axes.

FN

Rb

Oc

Rc

ω

contact detail

hres

x

y

circumferential direction

ax
ia

l d
ir

ec
ti

on

O'

acirc

aax

dimple footprint

Figure 2. Cylindrical-workpiece burnishing geometry. The ball radius is Rb, the workpiece radius is
Rc, hres is the residual depth, and aax and acirc are the projected semi-axes on the unwrapped surface.

2.3. Pressure–Approach Model and Stiffness Definitions

The deterministic dimple array removes a fraction Fn of the nominal area from the
initial load-bearing land. The land fraction is

ϕ = 1 − Fn, (8)

and the mean pressure acting on the land is qland = qnom/ϕ. The general pressure–approach
relation separates the land roughness contribution from the deterministic dimple contribution,

δ(q) = δland

(
q
ϕ

)
+ δreg(q). (9)

The land term can be supplied by a measured pressure–approach curve or by a roughness
model. In the present study it is evaluated using a Greenwood–Williamson contact model,

qland = ηs
4
3

E∗R1/2
s

∫ ∞

d
(z − d)3/2 fz(z)dz, (10)

with the generalized-Gaussian summit distribution

fz(z) =
β

2αβσΓ(1/β)
exp

−( |z|
αβσ

)β
, αβ =

√
Γ(1/β)

Γ(3/β)
, β = 2.30.

The profile descriptors are converted by σ =
√

π/2 Ra, Rs = R2
sm/(4π2σ), and

ηs = Cη/R2
sm. The numerical quadrature, profile-to-summit coefficients, pressure grid,

and reproduction points are reported in Supplementary Section S1. The land approach is
δland = 103(d0 − d) in micrometers and the integral is inverted for d at each land pressure.
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The plasticity indicator is χGW = (E∗/Hs)
√

σ/Rs. The local summit hardness Hs is
used only to screen the applicability of the elastic summit formulation and does not enter
Equation (10). The adopted value Hs = 6 GPa is an illustrative value for a hardened steel
land and lies below the reported nanohardness range of 8.61–17.03 GPa for microindented
100Cr6 steel [43]. It differs from Heff: Heff is the tool-scale effective mean pressure used in
the burnishing force–area relation, whereas Hs characterizes microscopic land summits.
Parameter sets with χGW ≤ 0.30 are evaluated with the elastic formulation; larger values
fall outside its screening range and should be treated with an elastic–plastic land model.

The roughness and material sensitivity analysis uses a fixed reference cell with
Fn = 0.20 and ϕ = 0.80. For this sweep and for the nominal design maps, each nomi-
nal pressure is supplied to Equation (10) as qland = qnom/ϕ. The reported map stiffness
is therefore

Ksec(qnom) =
qnom

δland(qnom/ϕ)
.

For the nominal maps, δreg = 0 defines the land-only screening closure; its candidate-
specific magnitude is quantified in Section 3.4 and Supplementary Section S1.6. The
deterministic spectral term in Equations (14)–(17) is calculated separately to assess the
screening index and is not included in Klow or Kwork. A measured land curve may replace
Equation (10) without changing the geometric or selection modules.

The secant and tangent stiffnesses are defined as

Ksec(q) =
q

δ(q)
, Ktan(q) =

(
dδ

dq

)−1
. (11)

Compliance is reported as δ(q)/q or 1/K. The residual depth hres defines the cavity height
field and is distinct from the interfacial approach δ(q).

2.4. Screening Index and Spectral Reference Method

For preliminary screening, the low-fidelity index is used to rank the design points
through a dimensionless land-area and pressure scaling,

IK = ΦA(ϕ)Φq(q), ΦA = ϕmK , Φq =

(
1 +

q
q0

)−1
. (12)

For shallow dimples with a positive load-bearing land, the first-order area factor is
ΦA = Aland/A0 = ϕ and mK = 1. The [0/1] Padé pressure factor gives a monotonic
ranking relation. With q0 = 1 MPa,

IK =
ϕ

1 + q/(1 MPa)
. (13)

The index is applied over 0 ≤ q ≤ 1 MPa, Fn ≤ 0.20, shallow residual depths, and positive
land fraction. Quantitative stiffness is obtained from the pressure–approach calculation.
Design points whose index separation is comparable to the quantified index–spectral
discrepancy, or that lie near a decision boundary, are re-evaluated with the full spectral
calculation.

The spectral reference calculation is based on Green’s function for normal displace-
ment of an elastic half-space, as used in FFT-based contact calculations and wavy-surface
analyses [37–39]. For a periodic pressure field in a rectangular cell with periods px and py,
the nonzero Fourier components satisfy

û(kmn) =
2

E∗|kmn|
p̂(kmn), kmn =

(
2πm

px
,

2πn
py

)
, (m, n) ̸= (0, 0). (14)
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The dimensionless field g(x, y) represents the zero-mean residual cavity depth normalized
by the fixed height hg = 1 µm rather than binary cavity occupancy. The continuous Fourier
coefficients are defined as

ĝmn =
1

px py

∫ px

0

∫ py

0
g(x, y) exp(−ikmn · x)dy dx. (15)

Numerically, g is sampled at cell-centered points on an N × N grid and the coefficients are
normalized as ĝmn = FFT(g)mn/N2. The deterministic contribution is summarized by the
energy-equivalent compliance length

Λspec = 2 ∑
(m,n) ̸=(0,0)

|ĝmn|2
|kmn|

W(|kmn|L), W(ξ) =
tanh ξ

ξ
, (16)

Here, Λspec represents the additional compliance length that would produce the same
elastic strain energy as the actual dimple field under a unit pressure. The gauge length is
L = min(px, py)/2. The factor W is a finite-gauge regularization: it approaches unity as
ξ → 0 and decays as 1/ξ at high wavenumber, attenuating contributions with wavelengths
shorter than the chosen gauge length. The (0, 0) mode is excluded because the mean land
approach is already represented by Equation (10). The corresponding linear compliance
increment is

δreg(q) = 103 q
E∗ Λspec, (17)

with q and E∗ in MPa, Λspec in mm, and δreg in micrometers. The spectral reference was
evaluated on a converged periodic grid; the resolution and grid-refinement results are
reported in Supplementary Section S1. Because this linear spectral sum does not impose
unilateral contact/non-contact constraints, it is used only to normalize and assess the
screening index. Those constraints are imposed separately in the FFT-BEM check.

For the FFT-BEM calculation, the residual height map is placed in a periodic square
cell of area 1.113 mm2 (rounded side length 1.055 mm) and loaded to a prescribed mean
pressure of 1 MPa. The non-adhesive periodic contact problem was solved with a projected-
gradient FFT-BEM method. Mesh-refinement data, the sinusoidal benchmark, and residual
tolerances are reported in Supplementary Section S1.

2.5. Adaptive Stiffness-Map Design Case

Here, a “soft guideway” denotes an interface with low secant stiffness at the idle
pressure and a pronounced stiffness increase toward the working pressure. In this work,
“adaptive” refers to the passive pressure-dependent increase in secant stiffness, not to active
control or absolute stiffening relative to an untextured reference. The comparison with the
nearly untextured reference is therefore based on the nonlinearity ratio together with the
absolute working-stiffness floor. The analysis uses qidle = 0.10 MPa, qwork = 1.00 MPa, and
qhigh = 5.00 MPa. The idle- and working-pressure metrics are

Klow = Ksec(qidle), Kwork = Ksec(qwork), NL =
Kwork
Klow

. (18)

The illustrative windows are Klow < 0.22 and Kwork > 1.20 MPa/µm. The first promotes
low-pressure compliance, whereas the second is a minimum working-stiffness floor. These
thresholds define an illustrative design case for the selection procedure; application-specific
limits must be derived from allowable carriage deflection, frictional restraint, guideway
load distribution, and positioning error.
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2.6. Assumptions and Validity Range

The model applies to shallow residual dimples in metallic substrates under quasi-
static forming and room-temperature service conditions. The dimple bottoms remain out
of contact over the considered pressure range, the tool is treated as rigid relative to the
affected near-surface layer, and the local contact semi-axes remain much smaller than the
tool and workpiece radii. The spherical-unloading approximation requires hres/Rb ≪ 1
and no dominant pile-up or sink-in; measured profilometry replaces the analytical profile
when these conditions are not met. If the footprint becomes comparable with the texture
pitch, the periodic union remains geometrically defined, but a unilateral periodic contact
calculation is required for quantitative stiffness.

3. Results
3.1. Force Sweep and Residual Dimple Geometry

Across 20–400 N, indentation depth, residual depth, dimple area fraction, and specific
oil capacity all increase with forming force (Figure 3). Residual dimples appear when
elastic recovery no longer closes the loaded indentation. At FN = 100 N, the model gives
hind = 2.81µm, hrec = 1.72µm, and hres = 1.09µm (Table 1).
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Figure 3. Force-to-depth, dimple-area-fraction, and specific-oil-capacity response for the spherical-
unloading approximation: (a) indentation and residual depths versus normal force; (b) dimple area
fraction; (c) specific oil capacity.

Table 1. Selected outputs for the spherical-unloading approximation.

FN (N) hind (µm) hres (µm) Fn (%) qoil (µm)

50 1.40 0.19 0.9 0.0008
100 2.81 1.09 3.0 0.016
150 4.21 2.11 5.0 0.053
200 5.61 3.19 7.2 0.114
300 8.42 5.45 11.5 0.313
400 11.23 7.79 15.8 0.618

Elastic recovery accounts for a substantial fraction of the loaded indentation, especially
at low forming force (Figure 4). At higher force, the residual depth increases more rapidly
in relative terms than the dimple area fraction, and the retained volume increases rapidly.
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Figure 4. Loaded depth, elastic recovery and residual depth as functions of normal force.

3.2. Comparison of Residual-Profile Approximations

The curvature-based residual-profile approximation and the spherical-unloading
approximation use the same force and recovered depth but reconstruct the residual footprint
differently. At 100 N, the curvature-based residual area is approximately 41% below the
spherical-unloading value. This area difference indicates substantial sensitivity to the
assumed residual-profile reconstruction (Figure 5).
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Figure 5. Projected dimple area and volume from the spherical-unloading approximation and the
curvature-based residual-profile approximation: (a) projected dimple area and (b) dimple volume
versus normal force.

Table 2 compares the two residual-profile approximations at 200 and 400 N. At 200 N,
the curvature-based approximation lowers both residual area and isolated-cavity volume
by 28.8%; at 400 N, the difference is 21.3%.

Table 2. Residual geometry calculated with the spherical-unloading and curvature-based residual-
profile approximations. Areas and volumes are isolated-dimple values before periodic clipping.

FN hres Asph Acurv ∆A Vsph Vcurv ∆V
(N) (µm) (103 µm2) (103 µm2) (%) (103 µm3) (103 µm3) (%)

200 3.19 79.7 56.7 −28.8 127.0 90.4 −28.8
400 7.79 176.3 138.8 −21.3 687.2 541.0 −21.3
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The decreasing relative discrepancy is specific to the adopted unloading approxima-
tion. At low force, elastic recovery removes most of the loaded indentation, so reconstruct-
ing the footprint solely from hres produces a substantially smaller curvature-based footprint.
As force increases, the retained-to-loaded depth ratio rises and the curvature-based re-
construction approaches the tool-inherited spherical footprint. The difference therefore
arises from the assumed retention of tool curvature during unloading, not from a change in
material properties.

3.3. Parameter Sensitivity

The first-order sensitivity of the loaded indentation depth follows from Equation (2):

dhind
hind

=
dFN

FN
− dHeff

Heff
+

1
2

(
dκax

κax
+

dκcirc

κcirc

)
. (19)

A 5% change in Heff therefore produces a 5% change in hind, whereas the same relative
change in either curvature contributes half as much to the relative change in hind when
the other curvature is fixed. Residual depth is more sensitive because it is the difference
between loaded indentation and elastic recovery. Table 3 quantifies the effect of λ at three
representative forces.

Table 3. Residual depth hres for the unloading-factor sensitivity calculation. Candidate A and
Candidate B correspond to 200 and 400 N, respectively.

Case FN (N) λ = 0.8 λ = 1.0 λ = 1.2
hres (µm)

Reference force 100 1.43 1.09 0.75
Candidate A 200 3.67 3.19 2.70
Candidate B 400 8.48 7.79 7.11

At the candidate forces, hres remains positive throughout λ = 0.8–1.2. The stiffness-
based selection is unchanged because the nominal maps use the loaded-imprint land
fraction, so Klow, Kwork, and feasibility do not depend on λ in those maps. Changing λ

affects residual geometry and specific oil capacity; direct periodic volume calculations with
the same clipping rule preserve the Candidate B–Candidate A oil-capacity ordering over
this range. At 50 N, λ = 1.2 closes the residual dimple, showing that λ must be identified
from measured residual profiles in the shallow-dimple regime.

3.4. Numerical Verification

The projected plastic area was checked against FN/Heff and found to match within
numerical precision, confirming the algebraic consistency of Equation (2). Periodic FFT-
BEM calculations were then used to assess how contact-area fraction changes with residual
cavity depth at a fixed mean pressure. The resulting contact-area fractions and force-derived
depths are reported in Table 4 and Figure 6.

Table 4. FFT-BEM contact-area verification points for the cylindrical-workpiece dimple cell at
pref = 1 MPa.

FN (N) hind (µm) hres (µm) Contact Area Fraction

50 1.40 0.19 0.991
100 2.81 1.09 0.970
150 4.21 2.11 0.950
200 5.61 3.19 0.928
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Figure 6. Periodic FFT-BEM contact-area fractions for the fixed cylindrical-workpiece cell at
q = 1 MPa.

Mesh refinement changes the 200 N contact-area fraction by less than 0.1% between
the 642 and 1282 meshes. The separate sinusoidal benchmark differs from the Westergaard
contact fraction by 3.0% on the final mesh, and the load and complementarity residuals
satisfy the prescribed tolerances (Supplementary Section S1).

The screening index in Equation (13) was compared with the spectral reference cal-
culation for the force–pitch grid at q = 1 MPa. Both quantities were normalized by the
lightly textured baseline FN = 20 N, p = 1000µm. Over the stated applicability range
(Fn ≤ 0.20, 14 grid points), the index preserves the spectral ranking exactly: Spearman
ρ = 1.00, Kendall τ = 1.00, and zero pairwise inversions occur among the 89 non-tied pairs.
The two tied pairs arise from grid points with identical land fraction and are differentiated
by specific oil capacity. The mean relative difference is 6.6% and the maximum is 15.2%
(Figure 7; Table 5).

The pointwise relative differences remain below 10% for Fn ≤ 0.10 and reach approxi-
mately 15% at Fn ≈ 0.20 (Figure 8). Candidates whose index values differ by no more than
the local discrepancy level are treated as tied and differentiated by specific oil capacity;
points near a decision boundary are re-evaluated with the full spectral calculation.

Table 5. Screening index versus the spectral reference calculation at q = 1 MPa for all 14 grid points
with Fn ≤ 0.20. Values are normalized by the 20 N, 1000µm baseline.

FN (N) p (µm) Fn IK/IK,0 Kspec/Kspec,0 Difference (%)

20 250 0.160 0.849 0.963 11.9
20 350 0.082 0.928 0.983 5.7
20 500 0.040 0.970 0.993 2.4
20 750 0.018 0.992 0.998 0.6
20 1000 0.010 1.000 1.000 0.0
50 500 0.100 0.909 0.979 7.1
50 750 0.044 0.965 0.992 2.7
50 1000 0.025 0.985 0.997 1.2

100 500 0.200 0.808 0.953 15.2
100 750 0.089 0.920 0.981 6.2
100 1000 0.050 0.960 0.991 3.2
200 750 0.178 0.831 0.959 13.4
200 1000 0.100 0.909 0.979 7.1
400 1000 0.200 0.808 0.953 15.2
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Figure 7. Comparison of the normalized screening index with the normalized spectral-reference
stiffness at q = 1 MPa for the applicability range Fn ≤ 0.20.
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Figure 8. Pointwise relative difference between the normalized screening index and the normalized
spectral-reference stiffness over the force–pitch grid. The contours show 10% and 20% difference
levels; points near a screening boundary or separated by a comparable index difference are re-
evaluated with the full spectral calculation. Crosses denote full-overlap points with Fn = 1; because
no load-bearing land remains, the screening index is not applicable at these points.

Approximation, Residual, and Error Analysis

Table 6 separates numerical and analytical error measures from model-form and
parameter sensitivities.
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Table 6. Consolidated numerical-error and model-uncertainty budget. Values in the main text are
rounded to physically meaningful precision; the entries represent distinct sources of numerical error,
approximation error, and model uncertainty.

Category Check Maximum Magnitude Interpretation

Geometric truncation Exact gap versus
quadratic gap 0.021 µm (0.19%) Local second-order gap error over

the largest investigated footprint.

GW reproduction Direct quadrature check 0.6% Numerical reproduction of the
implemented land law.

Discretization Periodic volume, spectral, and
FFT-BEM meshes

Relative change in qoil < 0.001%;
relative change in Λspec < 0.001%;
contact-fraction change < 0.1%

Grid sensitivity of the
corresponding calculations.

Solver and benchmark Load/gap/complementarity
residuals; sinusoidal reference

Load error < 1.2 × 10−16;
maximum negative
gap < 3 × 10−11 mm;
complementarity
residual < 1.5 × 10−8;
sinusoidal-benchmark
difference 3.0%

Algorithmic convergence and an
elastic implementation check.

Omitted spectral term Restore δreg for Candidates A
and B <0.2% change in Ksec

Magnitude diagnostic for the
term omitted from the nominal
land-only maps.

Screening
approximation

Low-fidelity index versus
spectral reference Mean 6.6%; maximum 15.2% Model discrepancy for ranking,

not a solver error.

Residual-profile model
form

Loaded-imprint versus
curvature-based
reconstruction

21–29% in residual area; 19–28%
in candidate stiffness

Largest examined model-form
sensitivity; the feasible set
changes.

Material and surface
parameters Heff, λ, E, and land roughness Ranges reported in

Sections 3.3 and 3.7
Parameter uncertainty requiring
material–process identification.

The geometric, quadrature, grid, solver, and omitted-term effects are small relative
to the post-unloading profile sensitivity. Restoring δreg changes the candidate secant stiff-
nesses by at most about 0.17%; the corresponding rounded bound is less than 0.2%. By
contrast, residual-profile reconstruction changes candidate stiffness and feasibility. The
Heff, λ, elastic-modulus, and land-roughness variations are therefore treated as separate
uncertainty sources.

These checks bound the numerical and analytical error of the implemented model;
quantitative transfer remains governed by residual-profile, material-response, and load-
bearing-land identification.

3.5. Effect of Dimple Overlap

Union area, overlap-corrected specific oil capacity, and working-pressure stiffness
change systematically as texture pitch decreases at fixed forming force (Figure 9). For 400 N
and p = 250µm, the periodic footprint union reaches full saturation, i.e., it covers the entire
unit cell; the overlap-corrected specific oil capacity is 6.52µm, whereas isolated-dimple
summation gives the upper bound 12.47µm. The 47.7% reduction quantifies the importance
of overlap at this design point. By contrast, the corrections for the (200 N, 350 µm) and
(400 N, 500 µm) high-coverage design points are below 0.1% in both cases because the
periodic cavities overlap only in shallow rim regions. Their relative oil-capacity ordering is
unchanged by the periodic-union calculation. As the texture pitch decreases, the periodic
footprint union expands, the remaining load-bearing land decreases, and the working-
pressure stiffness consequently falls. The extrapolated trend toward Kwork → 0 indicates
the loss of load-bearing land at full overlap and lies outside the computed range. At
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p ≤ 200µm, the remaining land fraction falls outside the screening index’s validity range,
so a full contact calculation is required.
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Figure 9. Effect of texture-pitch reduction at fixed burnishing forces of 200 and 400 N: union area
fraction, overlap-corrected specific oil capacity, and interpolated working-pressure stiffness. The
shaded band highlights the strongly overlapped p ≤ 200µm region; screening-index applicability is
determined pointwise by Fn ≤ 0.20, not by pitch alone.

3.6. Adaptive Stiffness Maps for a Soft Guideway

The soft-guideway design task is formulated as a multi-objective selection problem:
choose a burnishing force FN and a texture pitch p to (i) minimize the idle stiffness Klow at
q = 0.10 MPa, (ii) maximize the working stiffness Kwork at q = 1.00 MPa, and (iii) maintain
the dimple area fraction Fn < 1 and a positive land fraction. Specific oil capacity qoil is
used as a secondary criterion for candidates with identical stiffness metrics. The prescribed
stiffness windows define the feasible region, and the trade-off between the two objectives
is evaluated by non-dominated sorting of the discrete force–pitch design points. Figure 10
shows the selection workflow.
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Figure 10. Flowchart for evaluating force–pitch design points using the area constraint, pressure–
approach curves, stiffness thresholds, non-dominated sorting, and specific oil capacity.

The soft-guideway design case uses the force–pitch grid FN = {20, 50, 100, 200, 400} N
and p = {250, 350, 500, 750, 1000}µm. The substrate and load-bearing-land inputs were
set to E = 210 GPa, ν = 0.30, Heff = 2 GPa (the illustrative baseline; see Section 3.7),
Ra = 0.20 µm, and Rsm = 0.50 mm. The resulting idle- and working-pressure stiffness
maps are given in Figure 11.
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Figure 11. Force–pitch maps of secant stiffness: (a) idle pressure q = 0.10 MPa and (b) working
pressure q = 1.00 MPa.

The nonlinearity ratio and the feasible region inherit the same land-fraction depen-
dence (Figure 12).
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Figure 12. Force–pitch design maps: (a) nonlinearity ratio NL = Kwork/Klow and (b) feasible region
of the prescribed stiffness-window case.

The design problem has two stiffness objectives: low Klow and high Kwork, with NL
used as a derived measure. Because only 25 discrete force–pitch combinations are evaluated,
the analysis identifies non-dominated points. Of the 25 design points, three satisfy the
stiffness windows and positive-land constraint, and all three are non-dominated. Two
of the three feasible points—(100 N, 250 µm) and (400 N, 500 µm)—share the same idle-
and working-pressure stiffnesses. Of these two stiffness-tied points, (100 N, 250 µm) is
removed because it has the lower specific oil capacity (0.436 µm), leaving (400 N, 500 µm)

as Candidate B. The third feasible point, which has a distinct stiffness pair, is Candidate A
(Figure 13).

The non-dominated set occupies a narrow, steep region of the Klow–Kwork plane
because both stiffness metrics are governed primarily by land fraction. Increasing texture
coverage lowers Klow but also lowers absolute Kwork; useful design points therefore lie close
to the imposed Kwork floor. Forming force provides a second design variable because it
increases residual depth and specific oil capacity without uniquely determining Fn: design
points with the same stiffness pair can store very different volumes. Table 7 reports the two
candidates selected after comparison of specific oil capacity. Candidate A gives the lowest
idle stiffness, whereas Candidate B provides greater specific oil capacity at comparable idle-
and working-pressure stiffnesses. The same area–stiffness trade-off is shown in Figure 14.
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Figure 13. Discrete selection in the Klow–Kwork objective plane. All 25 force–pitch design points are
shown; the three feasible points are non-dominated in stiffness, and stars identify the two candidates
selected after comparison of specific oil capacity.
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Figure 14. Design candidates in the (Fn, Kwork) plane. The two selected candidates are annotated.

Table 7. Soft-guideway candidates selected after non-dominated sorting and comparison of specific oil
capacity. Stiffness values are rounded for presentation; feasibility and selection use unrounded values.

Design FN (N) p (µm) Klow Kwork NL qoil (µm) Selection Basis

A 200 350 0.217 1.28 5.91 1.30 lowest idle stiffness

B 400 500 0.220 1.30 5.90 3.12 higher oil capacity
among tied candidates
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The feasible set is conditional on the illustrative stiffness windows. A threshold sweep
(Supplementary Section S4, Table S3) shows that the set is unchanged for the tested re-
laxations of either threshold and for the tested 5% increase in the working-stiffness floor,
whereas tighter idle-stiffness limits remove all feasible points. The reported candidates
therefore demonstrate the selection procedure rather than universal design optima.

Both selected candidates produce greater approach and lower secant stiffness than the
nearly untextured reference over the full pressure range (Figure 15).
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Figure 15. Pressure response of selected guideway candidates and the nearly untextured refer-
ence (FN = 20 N, p = 1000µm): (a) pressure–approach curves and (b) secant stiffness curves
Ksec(q) = q/δ(q).

For reference, Figure 15 also shows the response of a nearly untextured plateau with
the same load-bearing-land roughness (the FN = 20 N, p = 1000µm design point, Fn ≈ 0.01,
hres = 0). Relative to this baseline, the regular microrelief lowers the secant stiffness at all
pressures: for Candidate A the idle stiffness decreases by approximately 33% (from 0.325
to 0.217 MPa/µm) and the working stiffness by about 31% (from 1.85 to 1.28 MPa/µm);
Candidate B differs from these values by less than 2%. The idle stiffness decreases more
strongly than the working stiffness, producing a modest increase in the nonlinearity ratio
from NL = 5.70 to 5.91 (approximately 3.7%).

Applying the curvature-based residual-profile approximation to the same 25 design
points yields no point that satisfies both stiffness windows. The nominal maps use the
periodic union of loaded-imprint footprints, whereas the sensitivity calculation rebuilds
each footprint from hres while retaining the same load-bearing-land pressure–approach law
and selection windows. Table 8 and Figure 16 quantify the change: the smaller parabolic
footprints leave more land, increasing both Klow and Kwork but reducing NL slightly.
The selected candidates are therefore sensitive to the curvature-based residual-profile
approximation, and the loaded-imprint assumption should be checked against measured
profiles before the manufacturing parameters are finalized.

Table 8. Selected-design metrics for the nominal loaded-imprint maps and the curvature-based
residual-profile sensitivity calculation.

Design Geometry Fn qoil Klow Kwork NL

A loaded imprint 0.807 1.30 0.217 1.28 5.91
A curvature-based approximation 0.463 0.74 0.278 1.61 5.81
B loaded imprint 0.793 3.12 0.220 1.30 5.90
B curvature-based approximation 0.555 2.16 0.265 1.55 5.84
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Figure 16. Candidate A/B stiffness metrics for the nominal loaded-imprint maps and the curvature-
based residual-profile sensitivity calculation.

The area and volume of the curvature-based residual-profile approximation decrease in
the same proportion for an isolated elliptic paraboloid because V = Ahres/2. After periodic
clipping, however, footprint area controls the land fraction and hence both stiffnesses,
whereas depth additionally controls the retained volume. This separates specific oil capacity
from stiffness and explains why changing the residual-profile reconstruction has a larger
effect on candidate feasibility than on NL.

3.7. Sensitivity to Material and Surface Parameters

The pressure–approach model was evaluated over a roughness and material grid to
quantify sensitivity to load-bearing-land properties. The sweep uses the fixed reference
texture Fn = 0.20 (ϕ = 0.80), δreg = 0, and qland = qnom/0.80. It comprised 50 parameter
sets evaluated at six pressures (Figure 17). Thirty-nine sets satisfy χGW ≤ 0.30 and use the
elastic formulation; the remaining 11 fall outside the elastic screening range and require an
elastic–plastic extension for quantitative use.

The sensitivity of the stiffness response to load-bearing-land variations was quantified
with the reference-texture sweep of Figure 17. Within this sweep, increasing roughness
from Ra = 0.20 to 0.28µm lowers the secant stiffness by 21% at the idle pressure and by 23%
at the working pressure, while reducing the elastic modulus from 210 to 110 GPa lowers
them by 16% and 14%, respectively (approximately 3–4% for each 10% change in elastic
modulus). Both stiffness metrics of the selected candidates scale with these land-property
factors to first order, whereas the ratio NL = Kwork/Klow changes by less than 3% over
the examined range. The same trend applies to the selected design region in Figure 18:
the deterministic dimple geometry is fixed by burnishing force and texture pitch, whereas
the load-bearing land remains sensitive to elastic modulus and roughness descriptors.
Absolute stiffness maps should therefore be paired with the measured roughness and
elastic modulus of the finished land.

The effective mean indentation pressure shifts the feasible region of the design maps
(Figure 19). The 1, 2, and 3 GPa values define illustrative sensitivity cases for the effective
mean indentation pressure. From Aproj = FN/Heff, preserving the same loaded-imprint
area and land fraction requires, to first order, FN ∝ Heff. The map therefore shifts toward
lower force when Heff decreases and toward higher force when it increases. Residual depth
and specific oil capacity do not follow this linear scaling because hres = hind − hrec and the
unloading term depends on the contact radius; this nonlinear recovery is most influential
for shallow dimples. In the present 20–400 N grid, the 3 GPa feasible region lies above the
computed force range.
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Figure 17. Sensitivity of the pressure–approach response at q = 1 MPa to load-bearing-land roughness
and material inputs. The circles mark the evaluated Ra values at Rsm = 0.50 mm.
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Figure 18. Land-roughness and material-modulus sensitivity at q = 1 MPa.
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Figure 19. Numerical sensitivity of the force–pitch feasible region to the effective mean indentation
pressure. Squares mark design points satisfying the illustrative stiffness-window criteria; crosses
mark full-overlap points with insufficient land fraction.

4. Discussion
4.1. Physical Interpretation and Engineering Implications

Within the evaluated force–pitch range, the calculations show a trade-off between
specific oil capacity and contact stiffness. Increasing FN increases residual depth and oil
capacity while the loaded-imprint union reduces the load-bearing land. Because isolated
parabolic volume scales as Ahres/2, design points with the same land fraction can have the
same stiffness pair and markedly different qoil. Periodic clipping is negligible for Candidates
A and B but becomes decisive near full overlap.

The selected textures do not increase absolute stiffness relative to the nearly untex-
tured reference. Instead, they redistribute pressure-dependent compliance by preferentially
reducing idle-pressure stiffness, which produces a modest increase in NL from 5.70 to
5.91. The result supports the adopted definition of adaptive response as passive pressure
dependence, without implying active control or absolute stiffness gain.

Residual-profile reconstruction is the largest geometric sensitivity examined in the
present maps. Within the land-only stiffness closure, the loaded-imprint union gives lower
stiffness because it leaves less land, whereas the curvature-based residual-profile approx-
imation gives higher stiffness. These are alternative analytical geometries rather than
universal physical bounds. Their different candidate sets quantify the consequence of
profile uncertainty and identify residual profilometry as the relevant identification input
before transferring the force–pitch map to a particular material and burnishing regime.

The framework combines established contact-mechanics elements: hardness as a mean
indentation pressure, local nonconforming geometry and equivalent-punch unloading,
Greenwood–Williamson rough-land contact, and the elastic half-space Green function
used in spectral and FFT-BEM calculations [30,38,40–42]. The contribution is the com-
mon force → depth → geometry → stiffness chain, the separation of nominal map and
spectral-reference roles, and the conditional selection procedure. The FFT-BEM benchmark
and spectral comparison provide numerical verification and model-consistency evidence
for their respective calculations; process-specific measurements are required to assess
predictions for a particular workpiece and interface.

From a process-planning perspective, the framework reduces the number of force–
pitch combinations that require higher-fidelity calculation or testing. Material-specific
use requires force–depth or residual-profile data to identify Heff and λ, together with a
measured or independently calibrated pressure–approach relation for the load-bearing
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land. The resulting maps can then prioritize candidate settings for application-specific
verification.

4.2. Limitations and Scope

The present model is limited to metallic substrates, particularly steel, under quasi-static
forming and room-temperature service conditions. Viscoelastic memory effects are relevant
to polymers, viscoelastic coatings, and elevated-temperature processes; those cases require
hereditary, fractional, or viscoplastic constitutive relations and are outside the present
elastic–plastic closure. More detailed deterministic–microlevel (multiscale) formulations
can be used when texture compliance, micro-roughness plasticity, and topology coupling
must be resolved explicitly [44].

At the forming stage, friction, strain hardening, pile-up, residual-stress gradients, and
initial topography can materially change the force–depth relation and the post-unloading
profile [17–20]. They are not resolved as separate fields here. Measured force–depth and
residual-profile data would be required to identify Heff and λ for a specific material–
process pair. After such identification, these parameters may represent part of the net effect
of material-specific recovery and forming history on the global force–area and unloading
relations; they do not reproduce local frictional flow, pile-up morphology, residual-stress
fields, or the detailed residual geometry, and they do not replace a friction-resolving forming
model. At the service stage, lubrication, wear evolution, and thermal history require
separate tribological or time-dependent models and are not represented by these two
identification parameters. Measured force–depth or residual-profile data are required for
the forming module, while pressure–approach or dynamic-compliance measurements are
required for the land-stiffness module. These checks establish the numerical and analytical
accuracy of the stated formulation; transfer to a specific material–process pair remains
controlled by residual-profile, material-response, and load-bearing-land identification.

The framework remains modular: measured profilometry can replace the analytical
cavity, a measured pressure–approach curve can replace the Greenwood–Williamson land
law, and the full spectral or unilateral periodic calculation can replace the screening index
without changing the overall candidate-selection procedure.

5. Conclusions
A coupled force–depth–stiffness framework was developed for regular dimples pro-

duced by rotary ball burnishing on an external cylindrical surface. It links forming force
and texture pitch to loaded-imprint geometry, residual oil-retention geometry, and pressure-
dependent land stiffness, providing a reproducible route from process variables to prelimi-
nary stiffness-map selection.

The calculations show that elastic recovery separates the post-unloading profile from the
loaded imprint used in the nominal land-stiffness maps. The curvature-based recalculation
changes the feasible set, identifying measured residual geometry as the most informative
input for material-specific map transfer. Periodic-union clipping is negligible for the two
selected candidates but becomes essential as the footprints approach full overlap.

Within Fn ≤ 0.20, the low-fidelity index preserves the spectral ordering of the eval-
uated design points. The observed pointwise differences support its use for preliminary
ranking, with tied and boundary-sensitive cases passed to the spectral calculation. Un-
der the illustrative stiffness windows, the discrete map yields two selected force–pitch
candidates after non-dominated sorting and secondary selection by specific oil capacity.

The selected textures reduce idle-pressure stiffness slightly more than working-
pressure stiffness, producing a modest increase in NL from 5.70 to 5.91. Across the examined
land-roughness and elastic-modulus ranges, NL changes by less than 3%, whereas abso-
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lute stiffness remains more sensitive to land properties. Once Heff, λ, residual geometry,
and the land pressure–approach response are identified for a material–process pair, the
same mapping and selection procedure can be reused for application-specific design. The
framework therefore supports reproducible preliminary screening; quantitative application
to a specific material–process pair requires identification and validation of the forming and
land-contact parameters.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/technologies14080514/s1, Supplementary Materials report the
numerical settings, convergence checks, complete force–pitch grids, and stiffness-threshold sensitivity
analysis. Figure S1: Dimple area fraction and specific oil capacity from the spherical-unloading
approximation; Figure S2: Material and load-bearing-land roughness sensitivity of secant stiffness
at q = 1 MPa; Table S1: Nominal loaded-imprint force–pitch grid with feasibility, non-dominance,
and final-selection indicators; Table S2: Curvature-based residual-profile force–pitch grid; Table S3:
Threshold sensitivity of the feasible and selected sets.
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