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Abstract

Control-barrier-function-based safety filters are promising for autonomous driving, but
most existing formulations treat obstacle perception as deterministic or account only for
bounded ego state-estimation errors. This becomes limiting when obstacle existence,
position, motion, and sensing quality vary online. We present a sensor-health- and belief-
aware risk-adaptive high-order control barrier function (HOCBF) safety filter for dynamic
obstacle avoidance. The method uses obstacle belief from a perception/tracking module,
inflates residual obstacle uncertainty according to an object-wise sensor-health score, and
converts upper-tail risk into adaptive HOCBF tightening through conditional value-at-risk
(CVaR). Sensor health enters the controller through both covariance inflation and online
CVaR confidence scheduling. The resulting quadratic program combines deterministic ego-
error robustness with probabilistic perception uncertainty while minimally modifying the
nominal control input. The zero-slack solution guarantees forward invariance of the risk-
tightened safe set under the stated assumptions, whereas the slack-activated mode provides
a quantified least-violation fallback rather than a strict safety guarantee. Simulations on
a nonlinear 3-DOF bicycle model evaluate critical cut-in, sudden perception degradation,
merge-bottleneck, fixed-CVaR, sensitivity, runtime-scaling, heterogeneous multi-obstacle,
and heavy-tailed uncertainty cases.

Keywords: autonomous driving; high-order control barrier function; safety filter; sensor
health; state estimation; risk-aware control

1. Introduction
Autonomous driving requires safety-critical control laws that remain reliable not only

under nominal traffic evolution but also under moving obstacles, prediction ambiguity,
and sensing degradation. In realistic traffic scenes, obstacle existence, obstacle motion, and
interaction geometry are rarely known exactly, while the downstream controller is still
required to react at the time scale of the vehicle control loop. A safety filter built on purely
deterministic perception outputs is therefore difficult to trust in deployment. Conversely,
overly conservative worst-case margins can degrade maneuverability and may become
unnecessarily restrictive in routine traffic. This tension has made control-barrier-function-
based safety filtering attractive, because it offers a principled way to modify a nominal
controller only when needed while preserving safety constraints.

For vehicle safety problems, one of the first technical difficulties is the relative degree
of the constraint itself. Obstacle-avoidance and lane-boundary requirements are naturally
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described in position coordinates, whereas the control input acts through longitudinal
acceleration and steering dynamics. High-order control barrier functions (HOCBFs) provide
a systematic way to handle such constraints and have become a standard tool in safety-
critical control of nonlinear systems [1]. More recent developments have extended this
framework to discrete-time high-order settings and augmented-dynamics constructions
for constrained robotic systems [2,3]. These advances clarify how high-relative-degree
safety constraints can be enforced once the relevant state and environment information
is available. What they do not resolve, however, is how uncertainty in obstacle existence,
obstacle motion, or sensing quality should enter the barrier condition itself.

Once uncertainty is taken seriously, the robustness of the safety filter becomes the
next issue. Considerable effort has therefore been devoted to CBF-based safety filtering
under imperfect state information and disturbances. Representative examples include
measurement-robust CBFs, high-order measurement-robust CBFs, tunable input-to-state
safe formulations, disturbance-observer-assisted safety filtering, parameterized robustifi-
cation, and observer–controller co-design [4–10]. These studies substantially improve the
applicability of CBFs when the controller has access only to erroneous state estimates or
bounded disturbance descriptions. Even so, the uncertainty treatment in this literature
remains predominantly deterministic: uncertainty is usually represented by an error enve-
lope, a disturbance bound, or a robustness margin. This is well suited to state-estimation
mismatch, but it does not explicitly represent probabilistic obstacle existence, predicted
obstacle covariance, or changes in sensing quality that should alter the confidence placed
in a perception output.

Related questions have also been studied from a stochastic or belief-space perspective.
Stochastic CBFs extend safety guarantees to stochastic systems [11,12], while belief control
barrier functions use the probabilistic output of state estimators to synthesize risk-aware
control laws in belief space [13]. In parallel, CVaR-based and related risk-aware barrier
formulations have shown that tail-risk criteria can be incorporated directly into safety-
critical control design [14,15]. Chance-constrained motion-planning and obstacle-avoidance
methods further demonstrate the value of probabilistic reasoning when vehicles interact
with moving obstacles [16,17]. Despite these advances, most of these formulations are either
developed for general stochastic systems or remain closer to the planning layer. They do not
directly answer the vehicle-level question considered here: how to combine relative-degree-
two obstacle-avoidance constraints, deterministic state-estimation robustness, probabilistic
obstacle belief, and online sensing degradation in a single HOCBF-based safety filter.

Recent sensor-based and incremental CBF formulations reduce dependence on ex-
act model knowledge by using sensor-driven or reduced-order safety models [18]. This
direction is complementary to the present work. The focus here is not only model un-
certainty but also perception-belief uncertainty and online sensor-health degradation in
dynamic-obstacle HOCBF constraints.

This gap becomes even more evident when one looks at autonomous-driving appli-
cations and perception-safety studies together. CBF-based techniques have been used
in adaptive cruise control, autonomous lane change, roundabout crossing, and on-ramp
merging, demonstrating the practical value of barrier-based safety enforcement in vehicle
systems [19–22]. At the same time, studies on learned perception safety, obstacle-detection
faults, and perception fault diagnosis have made it increasingly clear that sensing reliability
cannot be treated as a secondary issue: once the perception layer becomes unreliable, the
downstream safety mechanism must react in a structured and verifiable way [23–25]. Yet
the connection between these two strands is still weak. In most vehicle-oriented CBF
safety filters, obstacle information is still treated as deterministic or absorbed into fixed
uncertainty margins. In many perception-safety studies, by contrast, the discussion stops at
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fault detection, fault accommodation, or supervisory switching, without translating online
sensing health into barrier-tightening terms inside a vehicle-level safety filter.

Taken together, these observations point to a specific missing piece. Existing HOCBF
formulations explain how high-relative-degree safety constraints can be enforced. Robust
CBF variants explain how bounded estimation mismatch can be absorbed. Belief- and risk-
aware barrier formulations explain how probabilistic uncertainty may enter safety analysis.
What remains insufficiently addressed is a unified control-oriented interface that maps
online sensor health to obstacle-belief uncertainty, propagates that uncertainty through
short-horizon obstacle prediction, and then converts the resulting risk into tightening
terms that can be enforced directly in a dynamic-obstacle HOCBF quadratic program for
autonomous driving.

To fill this gap, a sensor-health- and belief-aware risk-adaptive HOCBF safety filter is
developed for dynamic obstacle avoidance. The key idea is to use an online sensor-health
indicator to calibrate obstacle-belief uncertainty, propagate this uncertainty through short-
horizon obstacle prediction, and transform the resulting tail risk into adaptive HOCBF
tightening via a conditional CVaR criterion. In this way, deterministic estimation-error
robustness and probabilistic perception uncertainty are incorporated within a unified
vehicle-level safety-filtering framework. Compared with a fixed-margin robust formula-
tion, the resulting design adjusts conservatism according to the current sensing condition.
Compared with a purely belief-aware formulation, the uncertainty update is explicitly mod-
ulated by sensor health. Compared with a planner-only risk treatment, the final tightening
term enters directly into the HOCBF constraint enforced by the safety filter.

The main contributions of this paper are summarized as follows:

• A perception-belief interface is introduced for dynamic-obstacle safety filtering. Each
obstacle is represented by an existence probability, a posterior mean, a posterior
covariance, and an object-wise sensor-health score.

• A health-aware CVaR-HOCBF formulation is developed. The sensor-health score
inflates the residual obstacle uncertainty and schedules the CVaR confidence level
online, thereby increasing conservativeness under degraded perception.

• A real-time QP-based safety filter is derived for control-affine vehicle dynamics with
state-estimation error bounds. The formulation explicitly separates strict zero-slack
safety guarantees from slack-activated least-violation behavior.

• The method is evaluated against deterministic robust HOCBF, chance-constrained
HOCBF, belief-aware health-unaware HOCBF, and fixed-CVaR HOCBF baselines, with
additional sensitivity, runtime, multi-obstacle, and heavy-tailed uncertainty experiments.

Figure 1 summarizes the overall workflow of the proposed method. Online sensor
health, deterministic state-estimation uncertainty, and probabilistic obstacle belief are
integrated through a unified risk-adaptive pipeline, where health-aware obstacle prediction
and barrier tightening are embedded into the final HOCBF-QP safety filter.

The remainder of this paper is organized as follows. Section 2 formulates the vehicle
model, sensing model, obstacle belief, and safety objective. Section 3 develops the health-
aware probabilistic obstacle prediction, the CVaR-based risk tightening, and the HOCBF-QP
safety filter. Section 4 presents simulation studies and discussion. Section 5 concludes
the paper.
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Figure 1. Overall framework of the proposed sensor-health- and belief-aware risk-adaptive HOCBF
safety filter. Online sensor health and probabilistic obstacle belief are translated into adaptive HOCBF
tightening terms, which are then enforced in the final HOCBF-QP safety filter for robust dynamic
obstacle avoidance.

2. Problem Formulation
Throughout the paper, the true obstacle state is denoted by z⋆i , whereas zi denotes the

random belief variable produced from perception/tracking information. The controller
uses object-wise health qh,i(t) ∈ [0, 1]. When a single diagnostic health value is useful for
plotting, it is only the conservative aggregation qh(t) = mini∈Ia(t) qh,i(t).

2.1. Ego-Vehicle Dynamics and Sensing Model

The ego vehicle is modeled as

ẋe = fe(xe) + ge(xe)u + de(t), (1)

with state and input

xe =
[
vx vy r s w θ

]⊤
, u =

[
a δ f

]⊤
.

The measurement model is
y = Cxe + ϕ(t), (2)

and, in the vehicle setting considered here,

y =
[
vx r s w θ

]⊤
+ ϕ(t),

so that vy is reconstructed by state estimation.
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C =


1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

.

The lateral velocity vy is not assumed to be directly measured. It is reconstructed by
the state estimator using vehicle dynamics, inertial measurements, steering input, and
longitudinal velocity. In implementation, all ego states can be produced by a fusion
estimator; the simplified measurement matrix only highlights that vy is the least directly
observable state. Table 1 summarizes the main notation used throughout the paper.

Table 1. Notation used in the paper.

Symbol Meaning

xe = [vx, vy, r, s, w, θ]⊤ Ego vehicle state
u = [a, δ f ]

⊤ Longitudinal acceleration and front steering input
y Measured ego signal
x̂e Estimated ego state
x̃e = xe − x̂e Ego state-estimation error
ξ(t) Component-wise deterministic bound on x̃e
z⋆i True state of obstacle i
zi Random obstacle belief variable
Bi Binary existence indicator of obstacle i
pexist

i Existence probability of obstacle i
µi Posterior mean of obstacle i
Σi Posterior covariance of obstacle i before health inflation
Σ̄i Health-inflated posterior covariance
qh,i Object-wise sensor-health score
βi CVaR confidence level for obstacle i
Li Safety loss associated with obstacle i
hmean

i Posterior-mean barrier surrogate
h̃i CVaR-tightened safety function
h̄i Ego-error-robust CVaR-tightened safety function
ψi,0, ψi,1 HOCBF auxiliary functions
J (t) Slackened QP constraint-row set
δj Slack variable for constraint row j ∈ J (t)
η Shared slack-envelope variable in the implementation QP
ρi Slack penalty weight
kF,i, kα,i Non-negative component-wise robustness-sensitivity vectors
Ia(t) Active obstacle set

Table 2 lists practical sensing sources for the ego-state quantities in the measure-
ment model.

Table 2. Practical ego-state sensing sources.

Ego Quantity Practical Source

vx wheel speed, GNSS/INS odometry
r yaw-rate gyro in IMU
s, w, θ localization from GNSS/INS, HD map, and lane geometry
vy observer or fusion estimator using vehicle dynamics and inertial signals

Assumption 1. The functions fe(·) and ge(·) are locally Lipschitz on the operating domain, and
there exist constants dmax > 0 and ϕmax > 0 such that

∥de(t)∥ ≤ dmax, ∥ϕ(t)∥ ≤ ϕmax, t ≥ 0.
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Let x̂e denote the estimated state and x̃e := xe − x̂e the estimation error. The ego
estimator is assumed to provide a known component-wise error envelope ξ(t) ⪰ 0 such that

|xe(t)− x̂e(t)| ⪯ ξ(t), ∀t ≥ 0. (3)

The envelope can be generated by residual monitoring, innovation consistency check-
ing, set-membership bounds, or covariance-to-bound calibration. The theoretical safety
guarantee holds for trajectories for which this envelope is valid. This does not require
perfect state estimation; if the envelope is violated by an unmodeled estimator failure, the
formal HOCBF safety guarantee is not claimed.

2.2. Dynamic Obstacles and Risk Objective

For each active obstacle i ∈ Ia(t), define the true road-aligned obstacle state and the
corresponding random belief variable as

z⋆i =
[
s⋆i w⋆

i v⋆s,i v⋆w,i

]⊤
, zi =

[
si wi vs,i vw,i

]⊤
.

The perception/tracking module provides zi through a posterior belief rather than the
controller directly observing z⋆i . Each obstacle is associated with existence probability

pexist
i ∈ [0, 1]. (4)

Let Bi ∈ {0, 1} denote the corresponding existence indicator, and let qh,i(t) ∈ [0, 1] be
the object-wise sensor-health indicator.

The obstacle-avoidance barrier is extended from a fixed ellipse to a speed-dependent
safety region. Define

[r]ϵ+ =
1
2

(
r +

√
r2 + ϵ2

)
, |r|ϵ =

√
r2 + ϵ2.

Let P+
i (t) denote the current or predicted position covariance used by the safety filter,

with diagonal entries P+
i,ss(t) and P+

i,ww(t). The longitudinal and lateral safety scales are

ai(t) = clip[amin,amax]

(
a0 + ca,v[vx(t)− µvs ,i(t)]ϵ+ + ca,Σ

√
P+

i,ss(t)
)

, (5)

bi(t) = clip[bmin,bmax]

(
b0 + cb,v|ẇ(t)− µvw ,i(t)|ϵ + cb,Σ

√
P+

i,ww(t) + cb

)
. (6)

The obstacle-avoidance barrier is

hi(xe, z⋆i , t) :=
(s − s⋆i )

2

a2
i (t)

+
(w − w⋆

i )
2

b2
i (t)

− 1, (7)

For evaluation against the true obstacle geometry, the covariance terms are set to zero,
while the posterior-mean velocity terms are replaced only in offline metric computation
by the corresponding true obstacle velocities. The constant-size ellipse special case is
recovered by setting the speed- and uncertainty-expansion coefficients to zero. The HOCBF
derivation retains the time derivatives of ai(t) and bi(t); for example, with ds = s − s⋆i and
dw = w − w⋆

i ,

ḣi =
2ds(ṡ − ṡ⋆i )

a2
i

− 2d2
s ȧi

a3
i

+
2dw(ẇ − ẇ⋆

i )

b2
i

− 2d2
w ḃi

b3
i

.
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For a random loss L, the conditional value-at-risk is formally defined as

CVaRβ(L) = inf
η∈R

[
η +

1
1 − β

E[(L − η)+]

]
, β ∈ (0, 1). (8)

For obstacle i,

CVaRβi (Li | Bi = 1) = inf
η∈R

[
η +

1
1 − βi

E[(Li − η)+ | Bi = 1]
]

. (9)

Larger βi corresponds to a more conservative upper-tail risk evaluation. Define the
loss variable Li(xe, zi, t) := −hi(xe, zi, t). Following risk-aware barrier formulations based
on CVaR [14,15], the main safety requirement is the conditional CVaR constraint

CVaRβi(t)
(

Li(xe, zi, t) | Bi = 1
)
≤ 0, i ∈ Ia(t). (10)

The associated CVaR-tightened safety function is h̃i(xe, t) = −CVaRβi (Li(xe, zi, t) |
Bi = 1). A chance-constrained counterpart may also be considered [16]. In the controller
design below, safety is enforced with respect to a short-horizon predicted obstacle position
rather than the instantaneous obstacle state. This choice reflects that lane-change safety
depends on the anticipated interaction over the next short time interval as well as the
current geometry. Accordingly, the belief over zi is propagated to the predicted position p+i ,
and the operational CVaR constraint is evaluated on the resulting prediction-based barrier.

2.3. Problem Statement

Given (1)–(3), the belief information, and (10), we seek a sensor-health- and belief-
aware risk-adaptive HOCBF safety filter that minimally modifies the nominal input unom(t)
while enforcing prediction-based dynamic-obstacle safety under bounded disturbances,
estimation error, and sensing degradation. Since the operational barrier depends on position
states while the vehicle input enters through second-order kinematics, the resulting obstacle-
avoidance constraint has relative degree two, and a HOCBF formulation is required [1].

3. Method
The proposed controller combines health-aware obstacle prediction, CVaR-based

barrier tightening, a chance-constrained corollary, and a HOCBF-QP safety filter. The
construction builds on belief-space safety filtering and risk-aware barrier formulations
while specializing them to sensor-health-aware dynamic obstacle avoidance [13–15].

3.1. Health-Aware Probabilistic Obstacle Prediction

The perception/tracking interface for obstacle i is

Bi(t) =
{

pexist
i (t), µi(t), Σi(t), qh,i(t)

}
.

The existence indicator satisfies Bi(t) ∼ Bernoulli(pexist
i (t)), and the obstacle poste-

rior is
zi(t) | Yt, Bi(t) = 1 ∼ N (µi(t), Σ̄i(t)),

where Yt is the perception/tracking history. The belief Bi(t) is not assumed to be produced
by the controller; it is the interface between the perception/tracking module and the
safety filter.

Here ci is the detector confidence, ei and Si are the innovation and innovation covari-
ance, nmiss

i is the missed-detection count, and di is the cross-sensor disagreement vector.
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The proposed controller does not require a specific detector or tracker architecture.
It requires only standard outputs commonly available in perception and tracking sys-
tems: confidence, innovation, covariance, missed-detection count, and cross-sensor con-
sistency. The weights in Algorithm 1 are calibrated on validation logs by minimizing the
mismatch between the health score and normalized tracking-reliability labels, subject to
ωc + ων + ωm + ωa + ωΣ = 1 and non-negative weights. The same calibrated weights and
smoothing coefficient are then fixed for all reported scenarios. The resulting object-wise qh,i(t)
enters both the health-inflated covariance and the adaptive CVaR confidence schedule.

Algorithm 1: Online object-wise sensor-health estimation.

Input: ci, ei, Si, nmiss
i , di, Σi, qh,i(tk−1).

Output: qh,i(tk).
1. Compute νi = e⊤i S−1

i ei.
2. Compute

qconf
i = clip[0,1](ci), qnis

i = exp
(
−max(0, νi − ν0)

γν

)
,

qmiss
i = exp

(
−

nmiss
i
n0

)
, qagree

i = exp

(
−

d⊤i R−1
d di

γd

)
,

qcov
i = exp

(
−

tr(W−1
Σ Σi)

γΣ

)
.

3. Compute

q̂h,i = clip[0,1]

(
ωcqconf

i + ωνqnis
i + ωmqmiss

i + ωaqagree
i + ωΣqcov

i

)
,

where ωc + ων + ωm + ωa + ωΣ = 1 and all weights are non-negative.
4. Apply temporal smoothing:

qh,i(tk) = (1 − αq)qh,i(tk−1) + αq q̂h,i(tk), αq ∈ (0, 1].

5. Return qh,i(tk).

Table 3 reports the sensor-health estimator hyperparameters used in the simula-
tion configuration.

Table 3. Sensor-health estimator hyperparameters used in the simulation configuration. The range
[qmin, qmax] is applied object-wise to each qh,i before it enters covariance inflation and risk scheduling.

Parameter Value Role

ν0 3.0 NIS threshold before health degradation is applied
γν 0.45 NIS decay scale in qnis

i
n0 4 frames missed-detection decay scale
γd 0.65 cross-sensor disagreement decay scale
Rd diag(0.452, 0.222, 0.602, 0.352) disagreement normalization for position and velocity components
WΣ diag(0.352, 0.182, 0.402, 0.222) covariance-score normalization in qcov

i
Wh diag(0.352, 0.182, 0.402, 0.222) covariance-inflation shape in Σ̄i = Σi + λh(1 − qh,i)Wh
γΣ 5.5 covariance health decay scale
ωc , ων , ωm , ωa , ωΣ 0.25, 0.25, 0.20, 0.15, 0.15 weights for confidence, innovation, missed-detection, agreement,

and covariance scores
αq 0.12 temporal smoothing coefficient
qmin, qmax 0.03, 0.99 clipped object-wise health range
Update frequency 20 Hz one health update per 0.05 s control step
Dropout rule nmiss

i ≥ 4 frames sustained missed detections drive the health score toward the
lower range
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For each active obstacle i ∈ Ia(t), let the Gaussian obstacle belief be represented as in
belief-space safety filtering [13]. Before health inflation, the tracker covariance is Σi; the
inflated belief used by the safety filter is

zi | Bi = 1 ∼ N (µi, Σ̄i), Σ̄i(t) = Σi(t) + λh
(
1 − qh,i(t)

)
Wh,

where λh > 0 and Wh = diag(σ2
s , σ2

w, σ2
vs , σ2

vw) prevents dimensionally inconsistent inflation
by scaling position and velocity components according to their own physical units. The
coefficient λh is a dimensionless health-inflation gain because Wh carries the physical
covariance units of the obstacle state. When qh,i = 1, no health-induced covariance is
added. When qh,i = 0, the added covariance is λhWh, representing the maximum residual
perception uncertainty assigned to a completely degraded object track.

A component-wise validation-residual rule can be used to calibrate this gain. Let

rj,k = z⋆j,k − µj,k, σ̄2
j,k = σ2

j,k + λh(1 − qh,k)wj,

where j indexes a state component, k indexes a validation sample, and wj is the corre-
sponding diagonal entry of Wh. To cover degraded-perception residuals at confidence level
1 − ϵ, choose

λh ≥ max
j,k

[
r2

j,k/z2
1−ϵ/2 − σ2

j,k

(1 − qh,k + ϵq)wj

]
+

, z1−ϵ/2 = Φ−1(1 − ϵ/2),

where ϵq > 0 avoids numerical blow-up when qh,k ≈ 1. This selects the smallest health-
inflation gain that covers the selected validation residual envelope; in practice, a safety
factor can be applied to the resulting value.

Remark 1. The health-dependent covariance inflation does not assume that the physical obstacle
mean remains correct under arbitrary sensor faults. The posterior mean µi is the output of the
perception/tracking module after data association and bias compensation. The health score qh,i repre-
sents the residual reliability of this posterior and inflates the uncertainty around it. Persistent sensor
bias must either be absorbed into the tracker mean or represented by an additional bias envelope:

z⋆i = µi + b̂i + bi + ηi, ηi ∼ N (0, Σ̄i), ∥bi∥W−1
b

≤ rb,i, rb,i = b0(1 − qh,i).

When no explicit bias estimator is available, b̂i = 0. For a local linearization Li(zi) ≈ ℓ⊤i zi + ℓ0,i,

CVaRβi (Li) = ℓ⊤i (µi + b̂i) + ℓ0,i + κ(βi)
√
ℓ⊤i Σ̄iℓi + rb,i∥ℓi∥Wb , κ(β) =

φ(Φ−1(β))

1 − β
.

The last term rb,i∥ℓi∥Wb is the worst-case contribution of an undetected bounded bias.

A short-horizon predicted obstacle position is defined by

p+i (t) = Cτi zi(t), Cτi =

[
1 0 τi 0
0 1 0 τi

]
, p+i (t) ∼ N

(
p̄i(t), Pi(t)

)
,

with
p̄i(t) = Cτi µi(t), Pi(t) = Cτi Σ̄i(t)C⊤

τi
.

The obstacle-wise CVaR confidence level is updated by

βi(tk) = clip[βmin,βmax]

(
β0 + cp pexist

i (tk) + cq(1 − qh,i(tk)) + cΣσ̄i(tk) + cτ τ̄i(tk)
)

,
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and is held constant over [tk, tk+1). The symbol p̄i is reserved only for the predicted obstacle-
position mean; the existence channel is denoted by pexist

i . The normalized uncertainty
term is

σ̄i(t) = clip[0,1]

(
tr(W−1

β Σ̄i(t))

σref

)
,

and

TTCi(t) =
p̄i,s(t)− s(t)

max(vx(t)− µvs ,i(t), ϵv)
, τ̄i(t) = exp

(
−TTCi(t)

τ0

)
,

with TTCi(t) = +∞ if the posterior-mean obstacle is not ahead or the ego vehicle is not
closing in. This update law increases βi when the obstacle is more likely to exist, the sensor
health is lower, the posterior uncertainty is larger, or the time-to-collision is shorter. The
affine monotone law is used as a calibrated surrogate rather than an arbitrary heuristic. Its
monotonicity constraints encode the required safety ordering, and the affine form keeps the
mapping interpretable, avoids discontinuous confidence jumps, and preserves the convex
QP structure because βi(t) is evaluated before solving the control QP.

The scheduling gains can be fitted offline by

min
cp ,cq ,cΣ ,cτ

∑
k

(
βi(tk)− βtar

i (tk)
)2

+ λc∥c∥2
2 s.t. cp, cq, cΣ, cτ ≥ 0, βi(tk) ∈ [βmin, βmax],

where c = [cp, cq, cΣ, cτ ]⊤. The target βtar
i can be selected from validation logs by matching

empirical upper-tail loss coverage or by enforcing a desired violation-rate envelope. Online
control only evaluates the closed-form schedule.

3.2. CVaR-Based Risk Tightening of the Dynamic Obstacle Barrier

Define

pe = Sxe, S =

[
0 0 0 1 0 0
0 0 0 0 1 0

]
, Di(t) = diag

(
1

a2
i (t)

,
1

b2
i (t)

)
≻ 0,

where ai = ai(t) and bi = bi(t) are the speed-dependent scales in (5)–(6); the fixed-ellipse
implementation is the special case with constant ai, bi. The true barrier is

hi(xe, p+i , t) =
(

pe − p+i
)⊤Di(t)

(
pe − p+i

)
− 1.

In the CVaR tightening below, the speed-dependent scales are locally frozen at each
sampling instant: ai(tk) and bi(tk) are evaluated from the posterior mean obstacle velocity
and the estimated ego velocity, and are treated as known over [tk, tk+1). Thus Di is deter-
ministic within the one-step Gaussian surrogate used for the closed-form CVaR bound.
Higher-order uncertainty in these scales is not claimed to be covered by the closed-form
proof; it is handled conservatively through covariance inflation in Σ̄i or, for non-Gaussian
samples, through the empirical CVaR extension in Supplementary Section S8. A posterior-
mean barrier surrogate and the associated linearized barrier uncertainty scale are

hmean
i (xe, t) =

(
pe − p̄i

)⊤Di(t)
(

pe − p̄i
)
− 1,

σh,i(xe, t) = 2
√(

pe − p̄i
)⊤Di(t)PiDi(t)

(
pe − p̄i

)
.

Let

κ(βi) =
φ(Φ−1(βi))

1 − βi
, χb,i(t) = rb,i∥ℓi∥Wb ,
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where φ and Φ denote the standard normal probability density function and cumulative
distribution function, respectively. The residual-bias term χb,i is set to zero when no explicit
bias envelope is used. The CVaR-tightened barrier is

h̃i(xe, t) = hmean
i (xe, t)− κ(βi)σh,i(xe, t)− χb,i(t).

Theorem 1 (CVaR-tightened barrier under belief uncertainty and state-estimation error).
Fix an obstacle i ∈ Ia(t) and a sampling interval [tk, tk+1) on which βi ∈ (0, 1) is held constant
and Di(t) is locally frozen from the posterior mean velocities. Assume that h̃i is differentiable on
Ωx and that the component-wise estimation bound satisfies |xe − x̂e| ≤ ξ(t). Define

∆ξ,i(t) := sup
|e|⪯ξ(t)

∣∣∇xe h̃i(x̂e(t) + e, t)
∣∣⊤ξ(t),

h̄i(x̂e, t) := h̃i(x̂e, t)− ∆ξ,i(t)

= hmean
i (x̂e, t)− κ(βi)σh,i(x̂e, t)− χb,i(t)− ∆ξ,i(t).

(11)

If h̄i(x̂e, t) ≥ 0, then

CVaRβi

(
−hi(xe, p+i , t) | Bi = 1

)
≤ 0.

Proof. The proof is given in Appendix A; it combines a conservative Gaussian surrogate,
standard CVaR identities [26,27], and the component-wise estimated-state correction.

Remark 2. One admissible implementation evaluates the supremum by interval or vertex bounds
over the error box |x̃e| ⪯ ξ. A simpler fallback is the Lipschitz bound ∆ξ,i(t) = Lx

h̃,i
∥ξ(t)∥, with

Lx
h̃,i

≤ Lx
hmean,i + κ(βi)Lx

σ,i. If Pi is fixed over a sampling interval, then Lx
σ,i ≤ 2∥(DiPiDi)

1/2S∥.

Equivalently, without an explicit residual-bias envelope, the estimated-state CVaR
barrier can be written as

h̃i(x̂e, t) = −CVaRβi(Li(x̂e, zi, t) | Bi = 1).

The component-wise ego-error bound then produces the final robust barrier

∆ξ,i(t) = sup
|e|⪯ξ(t)

∣∣∇xe h̃i(x̂e(t) + e, t)
∣∣⊤ξ(t), h̄i(x̂e, t) = h̃i(x̂e, t)− ∆ξ,i(t).

Thus the construction follows the chain hmean
i → h̃i → h̄i → ψi,0 → ψi,1 → HOCBF-QP.

3.3. Chance-Constrained Corollary

If the overall violation probability satisfies P(Bi = 1, hi < 0) ≤ αi, then for pexist
i > αi

it is sufficient to impose [16]

h̃cc
i (x̂e, t) := hmean

i (x̂e, t)− Φ−1

(
1 − αi

pexist
i

)
σh,i(x̂e)− ∆cc

ξ,i(t) ≥ 0, (12)

where ∆cc
ξ,i is computed from the same component-wise ego-error box as in Theorem 1,

using the quantile-tightened surrogate instead of the CVaR-tightened surrogate.
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3.4. Risk-Adaptive HOCBF Construction

Because h̄i(x̂e, t) is time-varying and the obstacle-avoidance constraint has relative
degree two, define, following the HOCBF framework in [1],

ψi,0(x̂e, t) := h̄i(x̂e, t), ψi,1(x̂e, t) :=
∂ψi,0

∂t
+ L fe ψi,0 + α1

(
ψi,0
)
,

with class-K functions α1 and α2. The HOCBF constraint is

∂ψi,1

∂t
+ L fe ψi,1 + Lge ψi,1u ≥ −α2

(
ψi,1
)
+ σrob

i,hocbf(t)− δi, (13)

where δi ≥ 0 and a sufficient robustness margin is obtained from the component-
wise bounds ∣∣Fi(xe, u, t)− F̂i(x̂e, u, t)

∣∣ ≤ k⊤F,iξ(t) + Bψ1,idmax,∣∣α2(ψi,1(xe, t))− α2(ψ̂i,1(t))
∣∣ ≤ k⊤α,iξ(t),

where kF,i ⪰ 0 and kα,i ⪰ 0. Hence

σrob
i,hocbf(t) = (kF,i + kα,i)

⊤ξ(t) + Bψ1,idmax. (14)

Within each sampling interval, βi is constant, so the dominant time variation enters
through p̄i(t), Pi(t), x̂e(t), and ξ(t). Related robustness ideas for state uncertainty and
measurement uncertainty can also be found in [4,5].

3.5. Quadratic-Program Safety Filter

The safety filter computes the applied control by

min
u,δ

∥u − unom∥2
R + ∑

i∈Ia

ρiδ
2
i

subject to

∂ψi,1

∂t
+ L fe ψi,1 + Lge ψi,1u ≥ −α2

(
ψi,1
)
+ σrob

i,hocbf(t)− δi, ∀i ∈ Ia(t),

umin ≤ u ≤ umax, δi ≥ 0, ∀i ∈ Ia(t).

The compact notation above emphasizes the predicted-obstacle HOCBF rows. The
implementation used for the reported experiments solves the generalized row-wise QP

J (t) = Jcur(t) ∪ Jpred(t) ∪ Jlane(t),

where Jcur, Jpred, and Jlane denote current-obstacle, predicted-obstacle, and upper/lower
lane HOCBF rows, respectively. The implemented decision vector has u ∈ R2, one slack δj

for each row j ∈ J (t), and a shared slack-envelope variable η:

min
u,{δj},η

∥u − unom∥2
R + ∑

j∈J (t)
ρjδ

2
j + ρηη2

subject to
F̂j(x̂e, u, t) + α2,j

(
ψ̂j,1(t)

)
≥ σrob

j (t)− δj, ∀j ∈ J (t),

0 ≤ δj ≤ η, η ≥ 0, umin ≤ u ≤ umax, |u − uprev| ⪯ u̇max∆t.
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Thus if C = |J (t)|, the implementation QP has

nvar = 2 + C + 1

decision variables. The final +1 is the shared slack-envelope variable η, which explains
the variable counts used in the runtime scaling study. Real-time feasibility with increasing
active-obstacle count is evaluated in Supplementary Section S7. In the obstacle-only scaling
benchmark, each of N active obstacles contributes one slackened row, so C = N and the
reported 95th-percentile and maximum solve times remain below the 50 ms control period
for N ≤ 30. The generalized slack penalty is

ρj = ρ0

(
1 + rp pexist

i + rq(1 − qh,i) + rΣσ̄i + rτ τ̄i

)
.

For lane rows, the obstacle-dependent terms are omitted. For the reported simulations,
rp = rq = rΣ = rτ = 0, so all compared methods use the same fixed slack penalty
while retaining the same generalized QP structure. The main formulation uses conditional
CVaR; obstacle existence influences conservatism through βi. The chance-constrained form
in (12) is included only for comparison. When δj ≡ 0 for all j ∈ J (t), the QP enforces
the risk-adaptive HOCBF exactly; otherwise it should be interpreted as operating in a
least-violation mode.

4. Simulation Experiments and Discussion
This section evaluates whether the proposed safety filter exposes the three quantities

that matter for a safety-critical lane-changing task: the current-obstacle margin hcur, the
predicted-obstacle margin hpred, and the road-boundary margin hlane. We also report the
control intervention magnitude

Ju(t) = ∥u(t)− unom(t)∥2,

which quantifies how strongly the safety filter departs from the nominal controller. All
reported minimum margins are computed from the raw simulation logs, not from visual
readings of the figures.

4.1. Simulation Setup and Compared Methods

The ego vehicle is simulated with the nonlinear road-aligned bicycle surrogate in (1).
The state is xe = [vx, vy, r, s, w, θ]⊤ and the control is u = [a, δ f ]

⊤. The sampling pe-
riod is 0.05 s and each rollout lasts 14 s. The actuator bounds are a ∈ [−2.5, 2.0] m/s2

and δ f ∈ [−0.34, 0.34] rad. The nominal controller tracks vx = 23 m/s and attempts a lane
change from the lower lane center w = 0 m to the upper lane center w = 3.5 m. Road bound-
aries are encoded as lane-barrier HOCBF constraints after subtracting the ego half-width
and a 0.15 m buffer. The speed-dependent obstacle ellipse uses base scales a0 = 11.0 m and
b0 = 2.8 m; the effective scales are updated online from posterior mean relative velocity and
current/predicted position covariance, with the implementation coefficients summarized
in the QP settings table below. The short-horizon prediction time is τi = 0.55 s.

Five filters are compared. The proposed method uses the health-aware CVaR tighten-
ing in (11). The fixed-CVaR baseline uses the same CVaR form but keeps βi = 0.90. The
chance-constrained baseline uses the Gaussian quantile tightening in (12). The belief-aware,
health-unaware baseline uses the belief covariance but suppresses the sensor-health degra-
dation channel by setting qh,i = 1 in the belief update. In the plot legends, this baseline is
abbreviated as “belief no health” for space economy. The deterministic HOCBF baseline
ignores probabilistic obstacle uncertainty and retains only the deterministic estimated-state
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robustness correction. All methods share the same nominal controller, actuator bounds,
road-boundary constraints, and slack penalty.

Table 4 summarizes the simulation scenarios and their placement in the manuscript or
Supplementary Material.

Table 4. Scenario design used in the simulation study. Scenario A is treated as a warm-up case and is
reported in Supplementary Section S1; the main text focuses on Scenarios B–D.

Scenario Purpose Main Stressor Placement

A Baseline cut-in Feasible single-obstacle cut-in under nominal
sensing degradation

Supp. S1

B Critical cut-in More critical single-obstacle encounter that reveals
local geometry and control cost

Main text

C Sudden perception
degradation

Sensor health drops over the interaction window,
increasing belief uncertainty and risk tightening

Main text

D Merge bottleneck Moving obstacle and narrowing road boundary
jointly compress the feasible corridor

Main text

4.2. Scenario B: Critical Single-Obstacle Cut-In

Scenario B tests a critical single-obstacle cut-in under nominal road geometry. Figure 2
shows the global trajectory and the local critical encounter, including vehicle footprints and
speed-dependent current/predicted obstacle contours.

Figure 3 shows that all methods remain safe, but with different margin-effort trade-
offs. The deterministic HOCBF has the smallest current-obstacle margin, hcur,min = 0.420,
whereas the proposed filter keeps hcur,min = 0.931, hpred,min = 3.673, and hlane,min = 0.561
with mean intervention 2.910.

(a)

(b)

0 50 100 150 200 250
s [m]

-2

0
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w
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m
]

ego path
obstacle path
close-up window

(b)

t
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t
c
 +1.5s

d
c
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-2

0

2

4

6

w
 [

m
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ego path obs path ego
obs cur. contour pred. contour

Figure 2. Scenario B: critical cut-in geometry. Panel (a) shows the macro trajectory and the dashed
brown close-up window. Panel (b) shows the vehicle-shape snapshot at the critical encounter. The
blue solid curve denotes the ego path, the red dashed curve denotes the obstacle path, the blue and
red rectangles denote ego and obstacle footprints, respectively, and the solid and dotted red contours
denote the current and predicted obstacle safety contours.
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Figure 3. Scenario B safety and control-effort summaries. In the upper panel, blue, orange, and green
markers denote minimum current-obstacle, predicted-obstacle, and lane margins, respectively; the
vertical dashed black line marks the zero safety boundary. In the lower panel, colored horizontal
segments compare the critical-window mean intervention (circle markers) and maximum intervention
(square markers) for each method.

4.3. Scenario C: Sudden Perception Degradation

Scenario C isolates sudden perception degradation. The obstacle interaction is similar
to Scenario B, but the object-wise health score drops during the critical interval. Figure 4
shows the resulting chain: lower qh,i, larger predicted barrier uncertainty, increased adap-
tive CVaR confidence, and stronger prediction tightening.
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q h
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ed

proposed
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pr
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Figure 4. Scenario C risk-adaptation timeline. The low-health interval causes the predicted bar-
rier uncertainty to grow; the proposed filter increases its risk confidence and effective HOCBF
tightening accordingly.
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All margins remain positive in this rollout. The proposed method obtains hcur,min = 1.460,
hpred,min = 4.517, and hlane,min = 0.375, with mean intervention 3.151, comparable to the
chance-constrained value 3.037. The key result is the interpretable health-dependent
adaptation, which deterministic and fixed-risk formulations do not provide.

4.4. Scenario D: Merge Bottleneck with Joint Lane and Obstacle Constraints

Scenario D adds a merge-like bottleneck, so the ego vehicle cannot avoid the cut-in
obstacle by using a large lateral detour. Figure 5 shows the compressed feasible corridor
where the obstacle barrier and road boundary jointly constrain the maneuver.

As shown in Figure 6, the deterministic HOCBF loses lane-boundary margin, with
hlane,min = −0.021. The proposed filter keeps all three margins positive, hcur,min = 1.114,
hpred,min = 3.825, and hlane,min = 0.340, at the cost of higher mean intervention (3.841 versus
3.212 for the deterministic baseline).

Table 5 reports the main quantitative results for Scenarios B–D.

(a)

(b)

0 50 100 150 200 250
s [m]
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w
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ego path
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w
 [

m
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ego path obs path ego
obs cur. contour pred. contour

Figure 5. Scenario D: merge bottleneck geometry. Panel (a) shows the macro trajectory through
the compressed road segment and the dashed brown close-up window. Panel (b) shows the local
critical geometry with vehicle footprints, speed-dependent obstacle contours, and narrowed road
boundaries. The blue solid curve denotes the ego path, the red dashed curve denotes the obstacle
path, the blue and red rectangles denote ego and obstacle footprints, respectively, and the solid and
dotted red contours denote the current and predicted obstacle safety contours.

Table 5. Main quantitative results for Scenarios B–D from the simulation logs. Positive margin values
indicate that the corresponding safety boundary is respected. The intervention cost is reported over
the critical time window centered at the proposed method’s minimum current-obstacle margin.

Scenario Method hcur,min hpred,min hlane,min Mean Ju Max Ju

B proposed 0.931 3.673 0.561 2.910 4.533
B fixed-CVaR 0.913 3.632 0.549 3.105 4.529
B chance-constrained 0.741 3.378 0.262 3.268 4.535
B belief-aware, health-unaware 1.536 4.501 0.316 3.024 4.508
B deterministic 0.420 2.912 0.465 3.143 4.522
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Table 5. Cont.

Scenario Method hcur,min hpred,min hlane,min Mean Ju Max Ju

C proposed 1.460 4.517 0.375 3.151 4.514
C fixed-CVaR 1.244 4.347 0.384 2.937 4.503
C chance-constrained 1.500 4.555 0.381 3.037 4.514
C belief-aware, health-unaware 1.435 4.482 0.378 2.772 4.512
C deterministic 1.273 4.414 0.416 2.927 4.502
D proposed 1.114 3.825 0.340 3.841 4.541
D fixed-CVaR 1.120 3.831 0.239 3.881 4.541
D chance-constrained 1.142 3.941 0.380 3.623 4.541
D belief-aware, health-unaware 1.630 4.626 0.365 3.730 4.536
D deterministic 0.338 2.519 -0.021 3.212 4.533
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 4.54
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Figure 6. Scenario D safety and control-effort summaries from the same simulation logs as Table 5.
In the upper panel, blue, orange, and green markers denote minimum current-obstacle, predicted-
obstacle, and lane margins, respectively; the vertical dashed black line marks the zero safety boundary.
In the lower panel, colored horizontal segments compare the critical-window mean intervention
(circle markers) and maximum intervention (square markers) for each method. The deterministic
baseline crosses the lane-boundary safety boundary, while the proposed method preserves positive
current, predicted, and lane margins under bottleneck compression.

4.5. Additional Baselines, Solver Settings, and Comparison Protocol

The nominal controller tracks the reference lane-change trajectory and desired longitu-
dinal speed. The desired acceleration and steering command are first computed by the nom-
inal controller and then passed to the HOCBF-QP safety filter. With unom = [anom, δ f ,nom]⊤,

anom = kv(vref − vx), ew = w − wref, eθ = θ − θref, δ f ,nom = −kwew − kθeθ − krr.

All methods use the same nominal controller, sampling period, input bounds, road-
boundary constraints, and random seeds.

Table 6 summarizes the nominal controller, speed-dependent safety-region, and QP
implementation settings used for all compared methods.
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Table 7 positions the proposed method relative to deterministic robust CBF/HOCBF,
stochastic CBF, chance-constrained CBF/MPC, distributionally robust or risk-aware CBF,
and learning-based safety filters. The numerical baselines in Tables 5 and 8 are limited to
CBF-QP variants that share the same vehicle dynamics, obstacle logs, nominal controller,
and input bounds. We therefore do not claim numerical superiority over learning-based
safety filters that were not reproduced in this simulation environment. Scenario E adds a
heterogeneous multi-obstacle stress replay in Supplementary Section S5, Scenario F evalu-
ates heavy-tailed perception uncertainty in Supplementary Section S8, and Supplementary
Sections S10–S12 add component ablations, false-detection replays, and a curved-road
dropout-latency replay.

Table 6. Nominal controller, speed-dependent safety-region, and QP implementation settings used
for all compared methods.

Item Value

Sampling time/horizon ∆t = 0.05 s, rollout length 14 s
Nominal speed and lane reference vref = 23 m/s; lane reference uses cubic smoothstep from w = 0 m to w = 3.5 m over t = 3.0–5.8 s
Nominal gains kv = 0.32, kw = 0.070, kθ = 1.75, kr = 0.25, kvy = 0.08
Nominal command limits |θref| ≤ 0.18 rad, |δ f ,nom| ≤ 0.27 rad
Input bounds a ∈ [−2.5, 2.0] m/s2, δ f ∈ [−0.34, 0.34] rad
Input-rate bounds |∆a| ≤ 4.0∆t m/s2, |∆δ f | ≤ 1.0∆t rad per step
Safety ellipse base scales a0 = 11.0 m, b0 = 2.8 m
Speed/uncertainty scale coefficients ca,v = 0.08, cb,v = 0.10, ca,Σ = 0.40, cb,Σ = 0.25, cb = 0.10
Safety ellipse clipping bounds ai ∈ [10.0, 17.0] m, bi ∈ [2.5, 4.1] m
QP solver MATLAB R2020a quadprog, interior-point-convex with active-set fallback
Solver tolerance/iterations constraint tolerance 10−8, optimality tolerance 10−9, step tolerance 10−12, maximum 200 iterations
Warm start disabled for the explicit quadprog initial point; previous input used in the objective and rate bounds
Slack penalty base ρ0 5.0 × 104

Shared envelope penalty ρη 50ρ0
Hardware AMD Ryzen 7 8845H CPU with Radeon 780M integrated GPU

Table 7. Taxonomy of related safety-filter classes and how they relate to the implemented baselines.
A check mark means the class directly addresses the listed feature in its standard form or in the cited
representative work. Numerical comparisons in this paper are restricted to methods that can be
implemented under the same vehicle model, obstacle logs, and HOCBF-QP architecture.

Class Representative
References

Stochastic
Belief

Heavy-Tail/
Shift

Sensor
Health

CBF/HOCBF
Certificate Role in This Paper

Deterministic
robust

CBF/HOCBF
[4,5] – – – ✓

Implemented deterministic robust baseline
with bounded ego-error correction.

Stochastic CBF [11,12] ✓ partial – ✓
Compared conceptually; motivates
probabilistic safety constraints.

Chance-
constrained
CBF/MPC

[16] ✓ – – partial Implemented Gaussian chance-constrained
HOCBF baseline.

Belief-space
safety filters [13] ✓ – – ✓

Implemented belief-aware,
health-unaware baseline by fixing qh,i = 1.

Risk-aware/
distributionally

robust CBF
[14,15] ✓ ✓ – ✓

Implemented fixed-CVaR and
empirical-CVaR variants.

Learning-based
safety filters [23,24] model

dependent
model

dependent possible possible
Discussed as related perception-control
interfaces; not claimed numerically
dominated.

Proposed
health-aware

CVaR-HOCBF
this work ✓

empirical
extension ✓ ✓

Object-wise health, covariance inflation,
adaptive CVaR, and robust ego tightening.

Table 8 provides additional baseline metrics for Scenarios B–D.
Table 9 lists the risk-scheduling, covariance-inflation, and slack-penalty parameters

used in the reported simulations.
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Table 8. Additional baseline metrics for Scenarios B–D from the simulation logs. ψ0,pred,min is the min-
imum risk-tightened predicted-obstacle HOCBF margin. Effort is Ju(t) = ∥u(t)− unom(t)∥2. Slack
duty is the fraction of samples with positive obstacle or lane slack, integrated slack is

∫
maxj δj(t) dt,

hslack,min is the minimum current-obstacle margin during slack-active samples, and t95 is the 95th-
percentile QP solve time.

Scen. Method ψ0,pred Mean Ju Max Ju Duty Max δ
∫

δdt hδ,min t95

B Proposed 3.200 1.760 4.533 52.3% 9.194 9.609 0.931 6.53
B Fixed-CVaR 3.153 1.710 4.529 49.5% 8.021 8.705 0.913 6.47
B Chance-HOCBF 2.910 1.663 4.535 49.1% 6.204 9.610 0.742 5.96
B Health-unaware 4.090 1.598 4.508 49.1% 8.853 10.803 1.536 6.24
B Robust-HOCBF 2.590 1.618 4.522 50.5% 7.581 9.315 0.422 6.76
C Proposed 3.317 1.667 4.514 46.6% 16.552 10.443 1.463 5.68
C Fixed-CVaR 2.987 1.766 4.503 49.1% 16.651 10.673 1.244 5.78
C Chance-HOCBF 3.372 1.660 4.514 47.3% 16.087 10.681 1.500 5.68
C Health-unaware 4.049 1.781 4.512 50.2% 9.648 10.400 1.435 5.56
C Robust-HOCBF 3.343 1.755 4.502 43.8% 17.233 9.522 1.273 5.94
D Proposed 3.344 2.087 4.541 50.2% 6.590 9.837 1.114 5.58
D Fixed-CVaR 3.347 2.097 4.541 49.8% 6.568 9.996 1.120 5.42
D Chance-HOCBF 3.417 1.980 4.541 49.5% 5.389 8.842 1.142 5.50
D Health-unaware 4.198 2.032 4.536 48.8% 7.032 9.610 1.630 5.57
D Robust-HOCBF 2.174 1.701 4.533 50.9% 6.660 9.712 0.338 5.81

Table 9. Risk-scheduling, covariance-inflation, and slack-penalty parameters used in the reported
simulations. Scenario-specific entries are shown where the closed-loop study intentionally changes
the risk envelope.

Parameter Value Role

λh 5.5 Health-dependent covariance-inflation gain
βmin A/B/C/D: 0.88/0.84/0.84/0.86 Lower bound for adaptive CVaR confidence
βmax A/B/C/D: 0.95/0.92/0.94/0.94 Upper bound for adaptive CVaR confidence
β0 A/B/C/D: 0.90/0.86/0.86/0.88 Baseline CVaR confidence before

scheduling terms
cp 0.008 Existence-probability scheduling gain
cq 0.015; Scenario C: 0.028 Health-loss scheduling gain
cΣ 0.0015; Scenario C: 0.0022 Covariance scheduling gain
cτ 0.008 TTC scheduling gain
σref 20.0 Normalization scale for σ̄i
Wβ diag(0.852, 0.502, 0.852, 0.502) Covariance normalization in the risk schedule
τ0 5.0 s TTC decay scale in τ̄i
ϵv 0.10 m/s Closing-speed floor for posterior-mean TTC
rp, rq, rΣ, rτ 0, 0, 0, 0 Reported experiments use the fixed

slack-penalty special case

4.6. Discussion

Across Scenarios B–D, the proposed method is most valuable when probabilistic ob-
stacle uncertainty and geometric constraint compression are both active. Scenario B shows
that the method preserves positive current, predicted, and lane margins in a critical cut-in
without becoming the most aggressive controller in the critical window. Scenario C makes
the internal risk-adaptation pathway visible: sensing degradation enlarges prediction un-
certainty, raises the scheduled risk level, and strengthens the effective HOCBF tightening.
Scenario D shows why this additional information matters in a compressed feasible corri-
dor: the deterministic HOCBF incurs a small but explicit lane-boundary violation, whereas
the proposed method remains within the joint safe set.

The results also clarify the role of the baselines. The chance-constrained filter can
perform competitively when a fixed confidence level is already conservative enough, but
it does not adapt its tightening level to sudden health degradation. The belief-aware,
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health-unaware variant can preserve large margins in some cases, but it lacks a direct
mechanism that links sensor-health loss to the belief update and the resulting risk schedule.
The deterministic filter is computationally and conceptually simpler, but it is also the first
to lose lane safety in the merge bottleneck. The proposed method is not the best on every
effort metric; instead, it trades additional intervention in Scenario D for positive obstacle
and lane margins. Taken together, these observations support the proposed health-aware
CVaR-HOCBF construction as a practical bridge from perception degradation to safety-
critical control action, particularly in scenarios where online sensing quality materially
changes the required safety margin.

The formal zero-slack safety guarantee depends on three conditions: a valid ego
estimation error envelope, calibrated obstacle belief, and QP feasibility without slack.
When slack is activated, the method provides a least-violation action with an explicit
slack-dependent violation bound, not strict forward invariance. The Gaussian closed-form
CVaR tightening is exact only under the local Gaussian belief surrogate; for heavy-tailed or
multimodal perception errors, empirical CVaR or distributionally robust CVaR should be
used. Finally, the sensor-health score is not a replacement for perception fault diagnosis; it
is a compact reliability interface between perception and control.

4.7. Supplementary Material Overview

Additional validation results are provided in the Supplementary Material, including
the warm-up cut-in scenario, complete numerical summaries, constraint-time diagnostics,
heterogeneous multi-obstacle stress replay, sensitivity analysis, runtime scaling, heavy-
tailed and multimodal uncertainty tests, slack-bound visualization, component ablations,
false-detection stress replays, and a curved-road dropout-latency replay. Table 10 summa-
rizes the organization.

Table 10. Organization of the Supplementary Material.

Supplementary
Section Content Purpose

S1 Warm-up cut-in Basic sanity check
S2 Complete numerical summary Full metric record
S3 Constraint-time diagnostics Barrier and slack timeline
S4 Scenario C/D supplementary plots Additional closed-loop evidence

S5 Multi-obstacle stress replay Scalability and heterogeneous
interaction

S6 Sensitivity analysis Risk-scheduling robustness
S7 Runtime scaling Real-time feasibility
S8 Heavy-tailed uncertainty Non-Gaussian robustness
S9 Slack-bound illustration Least-violation interpretation

S10 Component ablation
Isolated contribution of health
scheduling, covariance inflation,
CVaR, and ego-error compensation

S11 False-detection stress replays False-positive and dropout behavior
under maintained beliefs

S12 Curved-road dropout-latency replay Realistic occlusion, dropout, and
latency stress case

5. Conclusions
This paper presented a sensor-health- and belief-aware risk-adaptive HOCBF safety

filter for dynamic obstacle avoidance. The method maps online sensor health and prob-
abilistic obstacle belief to CVaR-based barrier tightening terms and embeds them in a
relative-degree-two HOCBF-QP. The theoretical analysis establishes sufficient forward-
safety conditions under zero-slack operation and clarifies the interpretation of slack-
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activated least-violation behavior. Simulation results show that the proposed filter preserves
current-obstacle, predicted-obstacle, and lane-boundary margins in critical cut-in, sudden
perception-degradation, and merge-bottleneck scenarios, while keeping the required con-
trol intervention comparable to competing baselines and making the health-dependent risk
adaptation explicit.

The slack-activated mode is also related to unavoidable-collision mitigation, where
the objective changes from strict safety preservation to selecting the least harmful feasible
maneuver. Connecting the proposed least-violation HOCBF-QP with crash-severity-aware
decision making [28] is left as a future extension.

Supplementary Materials: The following supporting information can be downloaded at: https://
www.mdpi.com/article/10.3390/technologies14050310/s1, Supplementary Sections S1–S12: warm-
up cut-in validation, complete numerical summary, constraint-time diagnostics, Scenario C/D sup-
plementary plots, multi-obstacle stress replay, sensitivity analysis, runtime scaling, heavy-tailed
uncertainty evaluation, slack-bound illustration, component ablation, false-detection stress replays,
and curved-road dropout-latency replay.
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Appendix A. Proof Details and Slack-Bound Summary
This appendix contains the proof details needed for the main manuscript. It gives

the proof of Theorem 1, the robust HOCBF argument used by the zero-slack certificate,
the slack-dependent least-violation bound, and a practical estimation procedure for the
robustness constants.

Appendix A.1. Proof of Theorem 1

Proof of Theorem 1. For obstacle i, let p+i = p̄i + ηi with ηi | (Bi = 1) ∼ N (0, Pi). Over
one sampling interval, the speed-dependent matrix Di = diag(1/a2

i , 1/b2
i ) is locally frozen

from posterior mean velocities and is deterministic for the Gaussian surrogate. With
ei = pe − p̄i,

hi(xe, p+i , t) = (ei − ηi)
⊤Di(ei − ηi)− 1 ≥ hmean

i (xe, t)− 2e⊤i Diηi,

because Di ⪰ 0. Thus the true loss Li = −hi is upper bounded almost surely by the
Gaussian linear surrogate

Llin
i = −hmean

i (xe, t) + 2e⊤i Diηi, σh,i = 2
√

e⊤i DiPiDiei.
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The Gaussian CVaR identity gives

CVaRβi (Llin
i | Bi = 1) = −hmean

i (xe, t) + κ(βi)σh,i(xe, t),

where κ(βi) = φ(Φ−1(βi))/(1 − βi). By the monotonicity of CVaR, Li ≤ Llin
i implies that

the CVaR of the true loss is no larger than this surrogate value. Including the optional
residual-bias envelope χb,i yields the tightened barrier h̃i = hmean

i − κ(βi)σh,i − χb,i.
The component-wise ego-state error envelope then gives

h̃i(xe, t) ≥ h̃i(x̂e, t)− sup
|e|⪯ξ(t)

∣∣∇xe h̃i(x̂e + e, t)
∣∣⊤ξ(t) = h̄i(x̂e, t).

Therefore h̄i(x̂e, t) ≥ 0 is sufficient for CVaRβi (−hi(xe, p+i , t) | Bi = 1) ≤ 0.

Appendix A.2. Robust HOCBF Proof

Recall the risk-tightened and ego-error-robust HOCBF variable

ψi,0(xe, t) = h̄i(xe, t), ψ̂i,0(t) = ψi,0(x̂e, t),

and the first-order HOCBF auxiliary function

ψi,1(xe, t) = ∂tψi,0(xe, t) +∇xe ψi,0(xe, t)⊤ fe(xe) + α1(ψi,0(xe, t)).

Let ψ̂i,1(t) be defined by replacing xe with x̂e. Define the true and estimated second-
order HOCBF left-hand sides as

Fi(xe, u, t) := ∂tψi,1 +∇xe ψ⊤
i,1
(

fe(xe) + ge(xe)u + de(t)
)
,

F̂i(x̂e, u, t) := ∂tψi,1 +∇xe ψ⊤
i,1
(

fe(x̂e) + ge(x̂e)u
)
,

where the derivatives in the second expression are evaluated at x̂e.

Assumption A1. The functions fe, ge, ψi,0, and ψi,1 are continuously differentiable with respect
to xe on a compact operating domain Ωx, uniformly over the considered sampling interval.

Assumption A2. There exist non-negative sensitivity vectors kF,i and kα,i, and a finite constant
Bψ1,i, such that for all xe, x̂e ∈ Ωx satisfying |xe − x̂e| ⪯ ξ(t) and all admissible u ∈ U ,

|Fi(xe, u, t)− F̂i(x̂e, u, t)| ≤ k⊤F,iξ(t) + Bψ1,idmax,

|α2(ψi,1(xe, t))− α2(ψ̂i,1(t))| ≤ k⊤α,iξ(t).

Lemma A1. Under Assumptions A1 and A2,

Fi(xe, u, t) + α2(ψi,1(xe, t)) ≥ F̂i(x̂e, u, t) + α2(ψ̂i,1(t))− (kF,i + kα,i)
⊤ξ(t)− Bψ1,idmax.

Proof. Adding the two bounds in Assumption A2 gives the stated inequality. The additive
disturbance term is separated through∣∣∣∇xe ψi,1(xe, t)⊤de(t)

∣∣∣ ≤ Bψ1,idmax.

The remaining state-mismatch terms are bounded on Ωx by the mean-value theorem
and the sampled or analytic sensitivity envelopes summarized in Appendix A.4.
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Theorem A1. Fix obstacle i ∈ Ia(t) and suppose Assumptions A1 and A2 hold. If the QP enforces
the zero-slack estimated-state condition

F̂i(x̂e, u, t) + α2(ψ̂i,1(t)) ≥ (kF,i + kα,i)
⊤ξ(t) + Bψ1,idmax,

then
Fi(xe, u, t) + α2(ψi,1(xe, t)) ≥ 0.

Consequently, if ψi,0(xe, 0) ≥ 0 and ψi,1(xe, 0) ≥ 0, then the risk-tightened set remains
forward invariant.

Proof. The first claim follows immediately from Lemma A1 and the zero-slack QP inequal-
ity. Since Fi(xe, u, t) = ψ̇i,1(xe, t), the inequality is equivalent to

ψ̇i,1(xe, t) ≥ −α2(ψi,1(xe, t)).

The forward-invariance statement follows by the standard HOCBF comparison argu-
ment: applying the comparison principle to ψi,1 preserves ψi,1 ≥ 0, and then applying it to
ψ̇i,0 ≥ −α1(ψi,0) preserves ψi,0 ≥ 0.

Corollary A1. If the QP safety filter enforces the estimated-state HOCBF condition in Theorem A1
with δj(t) ≡ 0 for every active obstacle and lane row, then the corresponding intersection of
risk-tightened obstacle and lane safe sets is forward invariant under the stated assumptions.

Proof. With zero slack, every enforced row satisfies the hypothesis of Theorem A1. Inter-
secting finitely many simultaneously enforced forward-invariant barrier conditions gives
the joint certificate used by the QP.

Remark A1. If any slack variable is active, the strict certificate in Corollary A1 is no longer claimed;
the QP is instead interpreted as a least-violation fallback.

Appendix A.3. Slack-Dependent Violation Bound

For the scalar HOCBF chain with α1(r) = k1r, α2(r) = k2r, and k1, k2 > 0, the relaxed
constraint gives

ψ̇i,1 + k2ψi,1 ≥ −δi(t).

Multiplying by ek2t and integrating yields

ψi,1(t) ≥ e−k2tψi,1(0)−
∫ t

0
e−k2(t−τ)δi(τ) dτ.

Since ψ̇i,0 + k1ψi,0 = ψi,1,

ψi,0(t) ≥ e−k1tψi,0(0) +
∫ t

0
e−k1(t−τ)

[
e−k2τψi,1(0)−

∫ τ

0
e−k2(τ−r)δi(r) dr

]
dτ.

Accumulated slack therefore directly lowers the certified lower bound on the HOCBF
margin. Zero slack recovers the forward-invariance certificate; positive slack gives a
quantified least-violation interpretation rather than a strict safety guarantee:

Aδ,i(t0, t1) =
∫ t1

t0

δi(t) dt, Tδ,i(t0, t1) =
∫ t1

t0

1{δi(t) > 0} dt,

δ̄i =
Aδ,i(t0, t1)

Tδ,i(t0, t1) + ϵ
, AW

δ,i(t) =
∫ t

t−TW

δi(τ) dτ.
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The slack variable is therefore logged as a violation certificate, not as evidence of strict
safety. If the sliding-window metric AW

δ,i(t) > ηδ, the controller should raise a persistent
least-violation flag and hand the situation to a higher-level fallback such as emergency
braking, minimum-risk maneuver planning, or crash-severity-aware mitigation.

Appendix A.4. Practical Estimation of Robustness Constants

The robust HOCBF proof assumes finite constants on a compact operating domain. In
implementation, the ego state and input are restricted to

Ωx = [vmin
x , vmax

x ]× [vmin
y , vmax

y ]× [rmin, rmax]× [smin, smax]× [wmin, wmax]× [θmin, θmax],

U = [amin, amax]× [δmin
f , δmax

f ].

For obstacle row i, define the second-order HOCBF residual:

Fi(xe, u, t) =
∂ψi,1

∂t
+ L fe ψi,1 + Lge ψi,1u.

The constants can then be bounded by

Lx
ρ,i = sup

xe∈Ωx

∥∇xe ρi(xe, t)∥, Lψ1,i = sup
xe∈Ωx

∥∇xe ψi,1(xe, t)∥,

Bψ1,i = sup
xe∈Ωx

∥∇xe ψi,1(xe, t)∥, Ki = sup
xe∈Ωx , u∈U ,

t∈[tk ,tk+1]

∥∇xe Fi(xe, u, t)∥.

The same sampled gradient envelope is used for Lψ1,i and Bψ1,i, with Lψ1,i entering the
α2-composition bound and Bψ1,i bounding the additive disturbance term. If α2(r) = k2r,
then Lα2,i = k2; for a nonlinear class-K function,

Lα2,i = sup
r∈[ψmin

1,i ,ψmax
1,i ]

|α′2(r)|.

In the reported implementation, these constants are computed on the compact simula-
tion domain. The required gradients are evaluated by analytic differentiation or automatic
differentiation on a tensor grid over Ωx, U , and the sampling interval. The maximum
sampled value is multiplied by a safety factor γLip > 1:

L̂x
ρ,i = γLip max

m

∥∥∥∇xe ρi(x(m)
e , t)

∥∥∥,

K̂i = γLip max
m,n,ℓ

∥∥∥∇xe Fi(x(m)
e , u(n), t(ℓ))

∥∥∥, B̂ψ1,i = γLip max
m

∥∥∥∇xe ψi,1(x(m)
e , t)

∥∥∥.

All reported experiments use γLip = 1.2. Table A1 summarizes the practical estimation
of the robustness constants used in the robust HOCBF margin.

Table A1. Practical estimation of robustness constants used in the robust HOCBF margin.

Constant Definition Implementation Estimate

Lx
ρ,i sup ∥∇xe ρi∥ Analytic/AD grid maximum on Ωx times γLip

Lψ1,i sup ∥∇xe ψi,1∥ Sampled gradient envelope times γLip
Bψ1,i sup ∥∇xe ψi,1∥ Same envelope, used for additive disturbance robustness
Ki sup ∥∇xe Fi∥ over Ωx ×U × [tk, tk+1] Analytic/AD grid maximum times γLip
Lα2,i sup |α′2(r)| k2 for the linear α2(r) = k2r used in the simulations
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