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Abstract

Dual-layer bit-patterned magnetic recording (DL-BPMR) is a promising approach to extend
areal-density scaling by exploiting the vertical dimension; however, reliable retrieval is
challenged by the inherently weaker lower-layer readback and additional interference
mechanisms, inter-symbol interference, inter-track interference, and inter-layer interference,
that distort the mixed readback signal. This study presents a co-designed dual-layer BPMR
scheme with an areal density of 2.0 to 6.0 Terabits per square inch (Tbits/in?), based on
two complementary approaches. First, we vary the head—media spacing (HMS) to reduce
the distance between the read head and the recording layers, especially the lower layer,
strengthening the lower-layer contribution and making the mixed readback clearer and more
reliable. Second, conditioned-HMS readback is processed using a combined-processing
receiver tailored to a staggered (down-track-offset) dual-layer layout, where oversampling
enables a unified one-dimensional sequence representation for dual-layer detection without
enforcing early layer separation. To further improve detection efficiency, we also introduce a
two-step minimum mean square error design that first determines a short monic generalized
partial response target and then computes a minimum mean square error equalizer matched
to the resulting readback, producing an equalized sequence suitable for soft-output sequence
detection and low-density parity-check coded decoding. The simulation results indicated
that reducing the head-media spacing improves readback separability (i.e., reliability) and
that the proposed two-step combined-processing partial-response maximum-likelihood
method achieves a consistently lower mean-squared error than conventional dual-layer

) Gheck for undat processing across signal-to-noise ratios (SNRs). More importantly, in end-to-end bit-error-
€CK Tor updates

rate (BER) evaluation under electronic noise, e.g., the proposed dual-layer BPMR system
delivers a clear reliability advantage over a single-layer BPMR baseline, achieving SNR
gains of 4.2 dB at BER = 107* and 3.7 dB at BER = 107 in the favorable head-media
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1. Introduction

Driven by the exponential growth in demand for large-capacity data storage, hard disk
drives (HDDs) remain a primary technology in data centers and storage infrastructure.
Perpendicular magnetic recording (PMR) has been the dominant standard for the past two
decades, achieving areal densities (AD) of up to approximately Terabits per square inch
(Tbits/in?). However, to overcome the superparamagnetic limit of conventional PMR and
support data-intensive applications, HDD technology must transition toward significantly
higher AD capabilities. Heat-assisted magnetic recording (HAMR) [1-3] and microwave-
assisted magnetic recording (MAMR) [4-6] have emerged as two key energy-assisted
technologies to meet these demands. Nevertheless, both approaches present critical practical
challenges when writing to high-anisotropy granular media. HAMR requires precise
thermal management to prevent laser-induced heat from degrading drive reliability, while
MAMR faces substantial design and power constraints in implementing a functional spin-
torque oscillator within the compact write head.

An alternative and highly promising recording technology is bit-patterned magnetic
recording (BPMR) [7-10], which replaces granular media with a well-ordered array of
lithographically patterned, isolated magnetic islands. Because each island can be larger
than a single grain in conventional media, BPMR can provide improved thermal stability
while maintaining compatibility with writer structures similar to those used in current
HDDs. Beyond the conceptual advantages of patterned islands, continued progress in
bit-patterned media (BPM) fabrication has strengthened BPMR feasibility. For example,
ref. [11] proposes a method for fabricating BPM using a CoCrPt alloy. This approach
combines multiple techniques, including rotary-stage electron-beam lithography, directed
self-assembly of block copolymers, self-aligned double patterning, nanoimprint lithography,
and ion milling, and has demonstrated ADs up to 1.6 Tbits/in?. Importantly, BPMR is a
crucial technology not only for single-layer systems but also for future multi-layer architec-
tures, where interlaced or staggered bit-patterned layouts can be implemented to exploit
both lateral and vertical dimensions for data storage, as reflected in recent roadmap and
comparative media analyses [12].

To further surpass the superparamagnetic limit while continuing AD scaling, multi-
layer extensions of BPMR have been considered. A combination of BPMR and multi-
layer magnetic recording (MLMR) concepts, often referred to as multi-layer BPMR (ML-
BPMR) [13,14], has been introduced as a pathway toward extremely high AD by stacking
multiple recording layers, thereby leveraging both horizontal and vertical dimensions. In
this paper, we focus specifically on the dual-layer case, i.e., dual-layer BPMR (DL-BPMR),
which represents a practically relevant step toward general ML-BPMR and already encapsu-
lates the key challenges of multi-layer readback. While DL-BPMR can significantly enhance
AD, reliable data retrieval becomes substantially more difficult because the readback wave-
form is a superposition of contributions from two physically separated layers. One of the
main issues is the inherent difficulty of retrieving data from the lower recording layer due
to its increased distance from the read /write head, as conceptually illustrated in Figure 1. In
addition, wide reader sensitivity can lead to severe inter-symbol interference (ISI) and inter-
track interference (ITI), degrading signal integrity. Furthermore, inter-layer interference
(ILI), arising from magnetic interactions and coupled readback contributions during the
reading process, further complicates detection by distorting the observed waveform. Con-
sequently, effective media-structure and receiver designs (signal-processing methods) that
can robustly recover data from both the upper and lower layers, under practical interference
and noise conditions, are essential to enabling DL-BPMR systems at high AD.
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Figure 1. Cartoon representation of the dual-layer BPMR structure and reader sensitivity for the
upper and lower recording layers.

Several studies have addressed DL-BPMR challenges through two complementary
directions: media-structure design and receiver design. On the media side, dual-layer
BPMR configurations in which the centers of lower-layer islands are positioned in the gaps
of the upper layer are presented in [15], deliberately introducing layer misalignment to
create more structured dual-layer readback contributions and enabling receiver designs
that explicitly incorporate both layers. In addition, ref. [16] optimized the thicknesses
of the dual recording layers and demonstrated that layer thickness can strengthen the
weaker lower-layer contribution and improve the balance between upper- and lower-layer
readback responses, which is critical for reliable DL operation. Beyond layout and thickness,
prior studies have identified head—media spacing (HMS) as a primary factor in multi-layer
recording, since increasing HMS reduces the lower-layer readback amplitude and makes
the mixed readback more ambiguous. Prior DL and multi-layer studies have consistently
shown that the head-to-layer separation is a major readback bottleneck. For example,
ref. [17] emphasized that the head-to-layer distance directly limits lower-layer visibility in
DL readback and can dominate retrieval difficulty when the mixed signal is strongly coupled.
Building on this observation, ref. [ 18] examined layer-thickness and geometry tuning under
controlled spacing and showed that media-structure optimization can rebalance upper- and
lower-layer readback strengths, improving lower-layer contribution without destabilizing
the composite response.

Related investigations in [ 19] further demonstrated that geometric design choices in DL
media (e.g., staggered/overlapping layouts or other structured arrangements) can reshape
the mixed readback into a more tractable form for downstream detection by reducing
severe simultaneous overlap between layer contributions. From a practical head/spacing
sensitivity standpoint, ref. [20] experimentally confirmed that reducing HMS improves
readability (and writability) under tight signal-margin conditions, directly validating HMS
as a key lever for strengthening readback. These findings are consistent with roadmap
guidance in [21], which highlights increasingly stringent HMS control as a requirement
for continued HDD scaling toward aggressive density targets. Collectively, these results
motivate treating HMS as an explicit design variable in DL-BPMR evaluation and receiver
design, rather than a fixed nuisance parameter, particularly when robust detection must
operate on a strongly coupled dual-layer readback mixture.

On the receiver side, ref. [22] proposed a multi-dimensional signal-processing
framework for dual-layered bit-patterned media, where coupled readback sequences
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are detected in a structured manner (e.g., sequential/multi-track detection) to mitigate
multi-dimensional interference and improve retrieval reliability in high-density operation.
Ref. [23] investigated iterative signal-processing schemes for dual-layered BPMR in which
partial response maximum likelihood (PRML)-based processing is applied to recover layer
information in an iterative fashion, using intermediate decisions to reproduce layer-wise
contributions and refine detection with targets/equalizers matched to each reproduced
readback component, thereby improving bit-error-rate (BER) relative to a single-layer base-
line at the same total user density (UD). Advanced DL-BPMR detection was achieved by
introducing a maximum a posteriori (MAP)-based detector built on a validated DL-BPMR
channel model [24], demonstrating that MAP/extrinsic information processing can im-
prove BER over conventional Viterbi-based detection by more effectively exploiting the
coupled nature of the dual-layer readback during soft-information generation. Ref. [25]
focused explicitly on ILI and proposed an ILI-suppression approach combined with sum-
soft-information (SSI) processing that strengthens bottom-layer reliability via log-likelihood
ratio (LLR) aggregation and then feeds back the refined information to reduce interference
in the top-layer readback, demonstrating significant BER gains over both single-layer-BPMR
(SL-BPMR) and standard DL-BPMR in high-density conditions.

Motivated by these observations, and by increasing evidence that DL-BPMR performs
best when the media structure and the receiver are jointly designed, this study presents a
unified DL-BPMR framework built on two approaches that work as a single system. First,
we vary the HMS under the proposed dual-layer media structure to strengthen the lower-
layer (RL1) readback by reducing the head-to-layer distance. To study the spacing effect
in a controlled way, HMS is swept while the inter-layer spacing is adjusted to maintain a
constant overall head-to-soft underlayer (SUL) distance. This controlled spacing strategy
improves the balance between upper- and lower-layer contributions, producing a clearer,
more reliable mixed readback signal. Second, we turn this HMS-conditioned readback into
reliable bit decisions using a combined signal-processing framework designed specifically
for a staggered (down-track-offset) dual-layer island layout. The staggered geometry,
together with oversampling, allows the mixed readback to be mapped into a single one-
dimensional interleaved sequence, so PRML-based sequence detection can operate directly
on the coupled dual-layer response without forcing early layer-by-layer separation. Within
this combined-processing framework, we apply a two-step MMSE target/equalizer design
to obtain a pair of target and equalizer that better match the resulting readback condition,
thereby improving receiver robustness compared with conventional one-shot designs. The
proposed framework is evaluated at an areal density (AD) of 4.0 Tbits/in? under practical
interference and noise using a low-density parity-check (LDPC)-assisted iterative detection-
and-decoding setup, with controlled decoding settings to highlight the effectiveness of the
proposed combined-processing PRML receiver.

The key advantage of the proposed system lies in the joint design of the dual-layer
media structure and the signal-processing receiver. Reducing the HMS strengthens and
sharpens the readback responses, particularly the weaker lower-layer contribution. At the
same time, the staggered half-bit-offset arrangement produces a more structured overlap
between the upper- and lower-layer signals. With an appropriate HMS, the amplitudes of
the two-layer contributions become more balanced, resulting in a clearer and more reliable
mixed readback waveform. Because this waveform directly reflects both the recorded data
and the effective physical channel, it is used to derive the GPR target in the first step of
MMSE design. The resulting channel-aware target provides a realistic desired response for
sequence detection and is subsequently used to design the FIR equalizer in the second step
of MMSE design. This media-receiver co-design reduces target—equalizer mismatch and
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enables the receiver to exploit the improved readback condition, leading to lower MSE and
BER than conventional dual-layer processing.
Below, we summarize the main contributions of this paper:

- HMS-based readback strengthening for clearer DL signals: We sweep the HMS to bring
the reader closer to the recording layers, especially the lower layer, while adjusting the
interlayer spacing to keep the overall head-to-SUL distance constant. This controlled
adjustment isolates the HMS effect, strengthens the lower-layer contribution, and
improves the balance between upper- and lower-layer responses, yielding a clearer,
more reliable mixed readback signal for DL detection.

- Combined-processing formulation matched to staggered DL media: We exploit a
staggered (down-track offset) dual-layer island layout, together with oversampling, to
construct a unified one-dimensional interleaved sequence representation, which en-
ables DL readback to be processed within a single PRML framework without imposing
early-layer separation.

- Two-step MMSE target/equalizer design for better receiver matching: Within the
combined-processing PRML receiver, we introduce a two-step MMSE design that
(i) selects a short monic generalized partial response (GPR) target and then (ii) designs
an MMSE equalizer that best realizes the target-shaped desired sequence, which
produces a better-matched target-equalizer pair than conventional one-shot designs.

- Improved soft information and stronger LDPC-assisted performance: The improved
target/equalizer matching yields more reliable soft outputs for the decoder, thereby en-
hancing LDPC-assisted iterative detection-and-decoding performance under practical
interference and noise conditions.

This paper is organized as follows: Section 2 introduces the dual-layer BPMR model.
Section 3 details the design of the proposed systems. Section 4 presents the numerical
results, while Section 5 offers the paper’s conclusion.

2. Recording Channel Model

The proposed DL-BPMR medium, illustrated in Figure 2, consists of an upper pat-
terned recording layer (RL2) and a lower patterned recording layer (RL1) separated by a
non-magnetic interlayer. Table 1 summarizes the geometric and system parameters used
to generate the patterned medium. The soft underlayer (SUL) thickness is 300 nm, the
lower-layer thickness is 8 nm (RL1), the upper-layer thickness is 3 nm (RL2), and the
interlayer-2 thickness is 1 nm (IL2). The patterned islands have a diameter D = 10 nm, a bit
period T, = 18 nm, and a track pitch T, = 18 nm, corresponding to an AD of 4.0 Tbits/in’.
Additionally, the UD reported in this study refers to the total UD of each recording system.
In the SL system, the entire UD is assigned to a single recording layer. In contrast, in the DL
system, the same total UD is distributed equally between the upper and lower recording
layers, UD = UD,, + UD,,,, where UD,,, and UD,,, represent the UD of the upper and lower
layers, respectively. For instance, a total UD of 4.0 Tbits/in? corresponds to 4.0 Tbits/in? in
the SL system, whereas it is 2.0 Tbits/in? per recording layer in the DL system.

A key design variable in this work is the HMS, defined as the distance between the
read head’s air-bearing surface (ABS) and the medium surface, as depicted in Figure 2. We
sweep HMS (p =5, 4, 3 nm) and adjust IL1 accordingly to keep the reader-to-SUL distance
constant, thereby strengthening RL1 readback and producing a clearer, better-balanced
mixed waveform for the combined-processing receiver. The read head is modeled using a
reader sensitivity function with a size of 60 x 60 nm, and the simulated medium contains
N = 2040 bits per track across 5 tracks. The DL-BPMR channel is illustrated in Figure 3.
Two independent user bit sequences, denoted by u,” and u}* € {1, 0}, representing the k-th
user bit, are generated for the upper and lower recording layers, respectively. Each sequence
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is encoded by an LDPC encoder [26,27] to produce bipolar coded sequences, 4,} and al¥
of the k’-th coded bit, belonging to the set {+1}, which are recorded onto two separated
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Figure 2. Schematic diagram of the DL-BPMR media consisting of cross-section and top-section views.

Table 1. Parameters used to generate bit-patterned media for dual-layer recording.

Parameters Value
Areal density (AD) 4.0 Tbits/in?
Bit length (T,) 18 nm
Track pitch (T,) 18 nm
Bit diameter (D) 10 nm
Media thickness (RL)
Upper layer: RL2 3 nm
Lower layer: RL1 8 nm

Interlayer thickness (IL)
Interlayer 1: IL1

Interlayer 2: IL2

Head media spacing (HMS)
Soft under-layer thickness (SUL)
Number of bits per track (N)
Number of tracks

Reader sensitivity function size

~dnm (d =2,3,and 4 nm)
1nm
~pnm (p =5,4,and 3 nm)
300 nm
2040
5
60 nm x 60 nm
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Figure 3. Block diagram of the DL-BPMR channel model, displaying the transmitter and the receiver,
which represents the two-step target/equalizer design for the interleaved DL response.

It is important to note that the proposed system utilizes a regular (3,27) LDPC code
with a code rate (R) of 0.889. The LDPC encoder is implemented using a parity-check
matrix with 3 ones per column and 27 ones per row. This matrix is constructed based on
the modified array code (MAC) [27]. It is assumed that the input sequences are randomly
generated with equal probabilities of “41” and “—1.” This regular (3,27) LDPC code is
used as a representative high-rate coding configuration. Its variable-node and check-node
degrees are 3 and 27, respectively, giving a design code rate of R = 8/9 =~ 0.889. The same
code and decoding settings are used for all receiver configurations so that the performance
comparison focuses on the effects of the readback channel and receiver design. Here, the
superscripts ‘up’ and ‘Iw’ indicate the upper and lower layers, respectively. In this work,
we assume flawless writing, thereby disregarding any effects that may arise from imperfect
writing. The proposed DL-BPMR medium adopts a staggered island arrangement, where
the island centers of the two layers are intentionally down-track offset (approximately
half a bit period) rather than perfectly aligned, as illustrated in Figure 2. This staggered
geometry regularizes the temporal overlap between the layer contributions: instead of
producing a strongly simultaneous superposition, it induces a structured alternation in the
readback dominance across sampling positions. As a result, the staggered layout naturally
supports the combined processing formulation used in this study, enabling a unified one-
dimensional sequence representation (e.g., via interleaving) that is more amenable to
PRML-based detection and subsequent decoding.

During data retrieval, a single read head is positioned above the track center aligned to
RL2, as shown in Figure 2. The read head’s sensitivity is assumed to be known and modeled
by a two-dimensional (2-D) response function; the spacing to each layer is implicitly cap-
tured through the corresponding layer-dependent sensitivity response. The readback signal
from the j-th layer can be modeled as a 2-D convolution of the layer magnetization pattern
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with the read-head sensitivity function [28]. Let x and y denote the down- and cross-track
coordinates of the read head center, respectively. The continuous readback signal from the
layer j € {up, Iw} is written as

A y) = [f ml @l — &y —mdidn, (1)
S

where S is the integration region centered at (x,y), m (¢,m) € {+1,—1} represents the
magnetization of the j-th layer over the down- and cross-track coordinates (¢, %), and
W (x — &y — 1) is the layer-dependent read head sensitivity response. In the DL-BPMR
system, 1'P (x — &,y — 1) and i (x — & y — 1) generally differ because the effective spacing
between the two layers varies; therefore, varying HMS not only alters the overall amplitude
but also affects the effective pulse shape of each layer. The noise-free mixed readback signal
in the time domain, here represented with parameter ¢, is first obtained by combining the
readback responses from the upper and lower recording layers as

rgi(t) = 1P () + (D), (2)

where r'P(t) and 7' (t) represent readback signals obtained from the upper and lower
recording layers, respectively. For the BER-versus-SNR evaluation, the noise-free mixed
readback signal is normalized to unit peak amplitude as

GO

—mit — ,
CR )

(3)
where max(:) is an operator denoting the maximum element and || is the absolute value
operator. The noisy mixed readback signal can then be expressed as

M) = TR0 + w(t), (4)

where w(t) is zero-mean AWGN with variance ¢. In this work, the signal-to-noise ratio
(SNR) is expressed by
SNR = 10log, (A/c?), (5)

in decibels (dB), where A = 1 is the normalized peak amplitude of the readback signal. Be-
cause each noise-free mixed readback waveform is normalized before AWGN is added, the
BER-versus-SNR comparison primarily reflects differences in waveform shape, upper—lower
recording layer balance, interference characteristics, symbol separability, and receiver match-
ing. The absolute readback-amplitude variation caused by HMS is evaluated separately
using the unnormalized readback-amplitude distributions.

The noisy readback signal was oversampled at a rate of 0.5k'T, according to the bit-
island arrangement, as shown in Figure 2. To exploit the staggered layout, the mixed
readback signal is oversampled at half the bit period. Let T, denote the bit period or bit
length in the down-track direction. The discrete-time mixed readback sequence is obtained
by oversampling the mixed readback signal as follows:

ot =N s (6)

where k" represents the k”-th bit of the discrete-time mixed readback sequence, which is two
times longer than the coded sequence in each layer. With the staggered island placement
as shown in Figure 2, oversampling at 0.5k'T, yields alternating sampling positions that
align more strongly with one layer’s island centers at a time, which motivates a combined
processing representation in which the coded bits from the two layers are arranged into a
single interleaved sequence. Specifically, we define an interleaved coded sequence 4}’ such
that the upper- and lower-layer coded symbols occupy alternating indices,

mi _ ,YP mi — lw
ay, = a, and ayy, = ap. (7)
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Using the same sampling structure, the oversampled mixed readback in (4) is rep-
resented by a discrete-time sequence r}, which corresponds to the superposition of the
two-layer readback contributions plus AWGN. Under this interleaving, the DL-BPMR
retrieval task can be treated as a unified one-dimensional sequence detection problem oper-
ating directly on the coupled dual-layer response, rather than enforcing early layer-by-layer
separation. The mixed oversampled discrete-time readback sequence, r}, was processed by
the proposed one-dimensional partial response maximum likelihood (1-D PRML) to pro-
duce an equalized sequence, z}(“}, which was then sent to a maximum-likelihood sequence
detector; here, we employed a soft-output Viterbi algorithm (SOVA) [29] to generate relia-
bility information in the form of log-likelihood ratios (LLRs) for the interleaved coded bits,
together with the corresponding estimated interleaved coded sequence, 47'. The soft-output
sequence was subsequently deinterleaved into two sequences, @, and @}, which correspond
to the upper and lower layers, respectively. Each sequence was decoded using an LDPC
decoder [26,27] to enhance reliability and to produce the estimated user-bit sequences, i,
and i}¥. Finally, BER is evaluated by comparing the decoded user bits with the transmitted
user bits for each layer, and the overall performance is reported across the HMS settings

and the media/noise conditions considered.

3. Proposed Methods

This paper proposes two complementary techniques to improve data-retrieval relia-
bility in DL-BPMR systems: (i) readback strengthening through HMS variation and (ii) a
combined-processing PRML receiver with a two-step MMSE target/equalizer design tai-
lored to the proposed staggered dual-layer geometry. Together, these techniques co-design
the media-induced effective channel and the receiver structure, making the mixed dual-
layer readback more distinguishable and, therefore, more robust for sequence detection and
LDPC-assisted decoding. Here, the proposed media structure and receiver are designed
as complementary components. HMS reduction and staggered bit-island placement en-
hance the reliability of mixed readback, after which the two-step MMSE receiver derives a
channel-aware target and designs an equalizer tailored to it.

To isolate the impact of HMS on DL readback while maintaining a consistent overall
head-to-SUL distance, we jointly vary the HMS and the interlayer-1 thickness (IL1, de-
noted as d) such that the distance between the reader’s lower surface and the SUL's upper
surface remains fixed at 19 nm, as shown in Figure 2. Under this controlled geometry,
Section 3.1 evaluates how HMS variation improves readback clarity and interference charac-
teristics. In contrast, Section 3.2 presents the proposed combined-processing PRML receiver
and its two-step target/equalizer design, explicitly matched to the resulting effective DL
readback condition.

3.1. Impact of Head-Media Spacing on Readback Reliability

This study evaluates the readback characteristics of the proposed DL-BPMR media at
HMS values of 5 nm, 4 nm, and 3 nm, referred to as Case I, Case II, and Case III, respectively.
To maintain a consistent overall head-to-SUL distance while sweeping HMS, as described
in Section 2, the interlayer spacing IL1 is adjusted accordingly: Case I (p =5nm, d = 2 nm),
Case Il (p = 4nm, d = 3 nm), and Case III (p = 3 nm, d = 4 nm), where the objective
is to identify an HMS region that yields more reliable dual-layer readback by improving
symbol separability and alleviating effective interference mechanisms (ILI/ISI/ITI) that
degrade detection. To directly assess front-end symbol reliability, we analyze the amplitude
distributions of the readback samples obtained from Cases I-III, as illustrated in Figure 4. In
addition, electronic noise is injected at SNR = 12 dB to reflect practical readback conditions
and to test whether the resulting distributions remain distinguishable under noise. In

https://doi.org/10.3390/technologies14110727


https://doi.org/10.3390/technologies14110727

Technologies 2026, 14, 727

10 of 26

general, a strong overlap between the {+1, —1} symbol distributions indicates ambiguity

and a higher likelihood of decision errors, whereas two distinct peaks indicate improved

reliability. Figure 4 compares the distributions of readback-signal amplitudes for the three

HMS cases and reveals a clear progression as HMS decreases. In Case I (p = 5 nm), the

two symbol clusters are not well defined, and the distribution shows substantial spread

with noticeable overlap between the {+1, —1} regions, as shown in Figure 4a. This behavior

consists of increased spacing, which reduces effective readback strength and broadens

the effective response, weakening the contrast between symbol polarities and increasing

vulnerability to interference.
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Figure 4. Signal amplitude distributions obtained from (a) Case-I (HMS = 5 nm), (b) Case-II

(HMS =4 nm), and (c) Case-III (HMS = 3 nm).
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When HMS was reduced to 4 nm (Case II), two peak amplitudes began to emerge, and
the overlap was visibly reduced, indicating that the readback amplitude became more con-
sistent with the underlying symbol polarity, as depicted in Figure 4b. The most pronounced
separation occurred for Case III (HMS = 3 nm), where two well-separated peak amplitudes
were observed, providing the clearest discrimination between {+1, —1} symbols among the
tested cases, as shown in Figure 4c.

From a sequence-detection perspective, this improved separation reduces ambiguity
in calculating SOVA branch metrics and typically yields more reliable soft information,
particularly when the detector output is subsequently refined by LDPC decoding. While the
histogram alone does not directly establish areal-density limits, it provides strong evidence
that smaller HMS improves symbol reliability and readback conditioning, an essential
prerequisite for robust high-AD dual-layer retrieval.

To further characterize media-induced interference, we compute waveform-based
signal-to-interference ratios (SIRs) using the power definition as follows:

SIR = 10log,,(P,/P,), (8)

where P; is the power of the desired noise-free signal component, and P,, is the power
associated with the interference term under consideration. Table 2 summarizes the resulting
ratios for ITT and ILI across HMS values. For the single-layer (SL) baseline, the signal-to-ITI
ratio increased from 9.7 dB (HMS = 5 nm) to 12.6 dB (HMS = 3 nm), indicating that
smaller HMS improves the intended-track dominance relative to adjacent-track leakage.
A similar improvement was observed for the DL case, e.g., from 1.1 dB to 6.8 dB as HMS
decreased from 5 nm to 3 nm, consistent with stronger, more localized effective readback in
the presence of dual-layer coupling. For DL inter-layer interference, the signal-to-ILI ratio
also improved as HMS decreased, e.g., from 2.7 dB to 4.3 dB between 5 nm and 3 nm. Still,
the absolute values confirm that residual coupling remains non-negligible.

Table 2. The SIRs are associated with the characteristics of the recording media.

Recording Media Characteristic (dB)
Inter-Track Interference (ITI) Inter-Layer Interference (ILI)

SL?

HMS =3 nm 12.6 -

HMS = 4 nm 11.0 -

HMS = 5nm 9.7 -

DLP

HMS =3 nm 6.8 4.3

HMS = 4 nm 23 3.5

HMS = 5nm 1.1 2.7

2 Single-layered media. b Dual-layered media.

3.2. Signal Processing Technology

The results in Section 3.1 indicate that HMS variation improves the conditioning
of the mixed DL readback; however, residual DL coupling and interference remain non-
negligible. To reliably recover both layer sequences under such conditions, this study adopts
a combined-processing receiver that explicitly matches the effective DL channel induced by
the proposed staggered media geometry and the chosen HMS. Rather than separating the
two layers and processing them independently, the proposed receiver treats the readback
as a single structured sequence detection problem and applies a PRML-based chain with a
two-step target/equalizer design to improve target-equalizer compatibility as illustrated in
Figure 5.
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Figure 5. Block diagram of the two-step 1-D MMSE target and equalizer design for combined dual-
layer processing.

Let the interleaved coded sequence, 4}, and the corresponding discrete-time mixed
readback sequence, 17, be as described in Section 2. The proposed PRML front end consists
of two steps: Step 1 (MMSE-I): the constrained target is designed from the mixed readback,
and Step 2 (MMSE-II): the equalizer is designed by using the target-shaped sequence,
which can be described as follows:

Asillustrated in Figure 5, we have employed a 5-tap (L = 5) generalized partial-response

(GPR) target according to the following equation,

g=1[9,8 188 %] ER’, 9)

where [-]" is the transpose operator. To avoid the trivial scaling solution and to fix the
target gain, a monic constraint is imposed by setting the center tap to unity, go = 1. In
compact form, it can be defined as the column vector I = [00100] - I'g =1 = g,. For
each time index k”, we can define the 5-dimensional interleaved column vector of the input
sequence as,
a = [ o api i oyl ]" € RO, (10)
So that the ideal target output or target sequence is defined as the convolution of the
interleaved input a7} with the target response as follows,

dni = Z g (11)

i=—2
Given d}!, we can design a length-11 finite-impulse response (FIR) equalizer response
as follows,
f=[fs..fo..fs]" € RIL (12)
The corresponding 11-dimensional column vector of the readback sequence can be
defined as,

) o aT
I = [rzr:'z'l+5 er’l - ”1’?’1—5] ’ (13)
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and the equalizer output, or equalized sequence, can be generated from the following equation,

5
Zl = Z firih .. (14)
i=-5
The goal of the front end is to make the equalized sequence, z}/, closely match the target
sequence, d, so that the subsequent sequence detector operates on a well-shaped effective
response. A central element of the proposed receiver is a two-step MMSE design that
produces a better-matched target/equalizer pair for the effective interleaved DL response
than conventional one-shot designs.
Step-1 (MMSE-I): Constrained target design from the mixed readback sequence.
We first determine g by minimizing the mean-square error (MSE) between the mixed
readback sequence with an appropriate center delay and the target-filtered symbol. For a
symmetric 5-tap target, we use the natural center delay as follows,
L-1

B=—5—=2. (15)

Define the MMSE-I error as,
e =1y —glap =1, —glap, (16)

and the MMSE-] target is obtained by minimizing the MSE under the monic constraint,
which can be described as follows,

mginE[|e

Ll ]st1g=1, (17)

where E[-] is an expectation operator. We then define an auto-correlation matrix of the
interleaved input sequence and a cross-correlation matrix of the readback sequence and the
interleaved input sequence as follows,

U = E[apa], | € R¥,p = E[ap 1l ] € R, (18)

Expanding the MSE yields a quadratic form in g, and solving the corresponding
Lagrangian yields the closed-form monic MMSE target as follows,

g =(p+ AI>T(U‘1)T, (19)

where the Lagrange multiplier A can be calculated from

1-1"U™'p
A= ———. 20
' (20)
The resulting desired sequence used in the second step is then computed as,
A = glag. (21)

This first step is critical because the effective DL channel varies with HMS and media
geometry; designing the target directly from the mixed readback sequence yields a target
response that more closely reflects the actual channel conditions under which the detector
will operate. The correlation matrices required for MMSE target and equalizer design are
estimated offline using the specified channel model, the known transmitted interleaved
sequence, and the corresponding simulated readback samples. The resulting coefficients
are precomputed for the characterized channel and stored at the receiver. This implies that
if the considered channel changes, the correlation matrices and coefficients can be updated
using a known training sequence.
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Step-2 (MMSE-II): Matching the equalizer design to the target-shaped sequence.

In the second step (MMSE-II), given the target g obtained from Step-1 and the desired
sequence d}', we then design the FIR equalizer coefficients, f, to minimize the MSE between
the equalizer output, z}%' and the desired sequence, /. For the 11-tap equalizer, L;, we
align with the center of the observation window by selecting a center delay that can be
defined as,

Ly—1
A, = ——=5. (22)
2
We can define the MMSE-II error as follows,

2 _ gmi
e =d

o — e =dp £ (23)

K —
The MMSE-II equalizer is then obtained from,

2]. (24)

mfinE [ lez,

Then, we can define

R = E[rprl ] € R, q = E[redt ] € R (25)

Finally, the FIR equalizer can then be calculated from the following,
= qT(R)". (26)

By explicitly matching the equalizer to the Step-1 target, the proposed two-step pro-
cedure improves target—equalizer compatibility and yields a more stable PRML front end
across HMS conditions than one-shot designs, which may be sensitive to channel variations.

Finally, the equalized sequence 2}/ = 1 is processed by a soft-output sequence de-
tector. In this work, a SOVA detector is employed to generate LLRs for detecting interleaved
coded bits, which are then deinterleaved into upper- and lower-layer sequences and decoded
using LDPC decoders. This soft-information flow is particularly important in the DL setting
because residual ILI and ISI can still cause ambiguity even after equalization; reliable LLRs
allow the LDPC decoder to exploit code constraints and correct errors that would otherwise
dominate the BER floor. The step-by-step derivation of the MMSE formulations, including

the target and equalizer coefficients, is provided in the Appendix A.

4. Simulation Results

This section reports the end-to-end performance of the proposed DL-BPMR framework
under the controlled HMS geometry setting as described earlier. The results are organized
to reflect the receiver pipeline: (i) HMS-based readback conditioning, (ii) interference
characterization, and (iii) receiver effectiveness measured by target/equalizer parameters,
MSE, and BER performance. Across all experiments, the key comparisons are between
single-layer (SL), conventional DL processing (DL-Conv.), and the proposed DL process-
ing (DL-Prop.). At the same time, HMS ranged from 3 nm to 5 nm across all three cases.
Table 3 summarizes the representative 1-D PRML coefficients used by SL, DL-Conv, and
DL-Prop at each HMS, including the 1-D equalizer coefficients and the 1-D monic GPR
target coefficients.

In this study, the dimensions of the 1-D GPR target and the 1-D equalizer coefficients
were set to 1 x 5 and 1 x 11, respectively. Several consistent observations can be drawn;
these coefficients are influenced by HMS variation.
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Table 3. Equalizer and GPR target coefficients for SL-conv., DL-conv., and Prop. DL-1-D PRML

systems without media noise.

Recording Media

1-D PRML Systems

1-D Equalizer Coefficients

1-D GPR Target Coefficients

Single Layer: SL—Conv.
HMS =3 nm

HMS =4 nm

HMS =5 nm

[0.00327 —0.00058 —0.00358 0.00177 —0.00228 —0.00910
0.22717 —0.00411 —0.00958 0.00263 —0.00207]

[0.01169 0.00167 1.00000
0.00158 —0.02299]

[0.00521 0.00217 —0.00102 —0.00106 —0.01016 —0.01404
0.26685 —0.00131 0.00423 0.00248 —0.00042]

[0.00416 0.02409 1.00000
0.02420 0.00403]

[0.00572 0.00461 —0.00108 —0.00089 —0.01538 —0.00193
0.28442 0.00633 —0.00603 0.00144 0.00271]

[0.01225 0.06543 1.00000
0.06342 —0.01255]

Double Layer: DL—Conv.
HMS =3 nm

HMS =4 nm

HMS =5 nm

[—0.00008 0.00919 —0.01966 —0.01772 —0.02532 —0.02798

[0.04858 0.32177 1.00000

0.32081 1.58820 0.41075 —0.01429 —0.03889] 0.32098 0.04708]
[—0.00486 0.01163 —0.01775 —0.00779 —0.03894 —0.07814 [0.03401 0.32464 1.00000

0.27816 1.69988 0.39324 —0.06958 —0.05401] 0.32314 0.03162]
[—0.00526 0.01480 —0.01869 —0.01799 —0.05385 —0.10647 [0.03867 0.34879 1.00000

0.26787 1.81733 0.40319 —0.11518 —0.08296 | 0.34623 0.03499]

Dual Layer: DL—Prop.
HMS =3 nm

HMS =4 nm

HMS =5 nm

[0.00870 —0.01251 —0.03454 —0.00785 0.11184 1.72543

[0.05237 0.47132 1.00000

0.10714 —0.01235 —0.0312 —0.00798 —0.01322] 0.53367 0.17955]
[0.00396 —0.01998 —0.03248 —0.03107 0.06691 1.77738 [0.03646 0.19883 1.00000
0.05049 —0.03144 —0.03626 —0.00113 —0.01704] 0.14324 0.03485]
[0.00124 —0.01885 —0.03677 —0.06246 —0.02598 2.04855 [0.01104 0.24283 1.00000
—0.06023 —0.05231 —0.04792 0.00365 0.01895] 0.30922 0.08996]

The above structural differences among SL, DL-Conv., and DL-Prop were reflected in
the MSE performance, as illustrated in Figure 6. Here, the MSE can be computed as follows,
MSE = ii(zk —d,)? (27)
N'i= ’

where d; denotes the noise-free target sequence obtained by convolving the recorded se-
quence with the designed GPR target, z; is the equalized sequence, and N’ is the length
of the considered sequence. As the SNR increased, the SL case exhibited the smallest
MSE, approaching zero in the high-SNR regime, consistent with the simpler SL readback
response. In contrast, DL-Conv. showed a pronounced MSE floor even at high SNR, indi-
cating that residual interlayer coupling/interference in the mixed DL readback prevents
the conventional design from producing an equalized sequence that closely matches the
intended target output d,. Importantly, for the proposed DL-Prop., the receiver reduced
this gap by yielding consistently lower MSE than DL-Conv. across all SNR and HMS values
studied, with the clearest improvement appearing in the medium-to-high SNR range, where
target/equalizer mismatch becomes the dominant limitation. Overall, these results confirm
that the proposed receiver, via its improved target/equalizer matching, enhances equaliza-
tion fidelity under the coupled DL response and produces a target-shaped sequence better

suited for reliable PRML sequence detection.
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Figure 6. MSE versus SNR for the SL, conventional DL (DL-Conv.), and proposed DL (DL-Prop.)
PRML systems at HMS values of 3, 4, and 5 nm.

Figure 7 provides a compact operating-point comparison by reporting the BER at a
fixed SNR of 8 dB for each HMS value, thereby isolating how spacing and receiver design
translate into end-to-end reliability under the same level of electronic noise. The dominant
trend is spacing-driven: as HMS decreased (from 5 nm to 3 nm), the BER dropped across all
schemes because smaller spacing increases the effective readback strength and sharpens the
composite response, thereby improving the separability of symbol-dependent waveform
patterns and reducing ambiguity in the sequence metrics used by PRML/SOVA.

8 dB
S

BER at aceive SNR

T

I SL

I DL - Conv.
DL - Prop.

h
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|
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Figure 7. BER bar performances of various recording systems by fixing an SNR at 8 dB.
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Under the same conditions, DL-Prop. consistently delivered the lowest BER, indicating
that the proposed combined-processing PRML receiver was better matched to the coupled
dual-layer signals and could convert the “HMS-conditioned” waveforms into more reliable
soft information or LLRs than conventional DL processing. This advantage is most valuable
when DL coupling and ILI/ISI are non-negligible, i.e., when performance is limited not
only by noise but also by target/equalizer mismatch and residual interference. DL-Conv.
improved over the SL baseline but remained clearly behind DL-Prop., implying that a
conventional one-shot design is less effective at handling the structured superposition
created by the staggered geometry. Finally, the widening BER gaps as HMS approaches 5 nm
indicate that spacing-induced attenuation weakens deeper-layer readback more severely,
worsening the balance between layer contributions. As a result, the mixed readback becomes
more ambiguous, leaving the receiver with a smaller margin for reliably recovering the
sequences at this SNR.

In Figure 8a, the BER curves without media noise reflect end-to-end reliability under
electronic noise only and show three consistent behaviors across the tested conditions.
First, reducing HMS improved BER for all schemes, i.e., SL, DL-Conv., and DL-Prop.,
confirming that smaller spacings strengthen the effective readback signal and increase the
detection margin. Second, DL-Prop. consistently outperformed DL-Conv. over the SNR
range, indicating that the improved equalization fidelity, as reflected by lower MSE, carried
through the full PRML/SOVA/LDPC chain and produced meaningful end-to-end gains.
Third, in favorable HMS regimes, the proposed DL approach provides a clear reliability
advantage over the SL baseline at the same areal density, showing that once the deeper-layer
visibility is strengthened by HMS conditioning and the receiver is explicitly matched to
the effective coupled DL response, DL retrieval becomes not only feasible, but also can
surpass SL reliability. As HMS increased, the performance gaps tended to narrow because
the deeper-layer contribution became intrinsically weaker and the mixed readback signal
became more ambiguous, reinforcing the main co-design message: DL gains are maximized
when the physical readback condition (HMS) and the receiver design are aligned. For
example, at a BER of around 10~#, DL-Prop. showed improvements of 0.8 dB and 4.2 dB
over DL-Conv. and SL, respectively. In this study, for each SNR point, we evaluated the
BER using 49,020 independent blocks of 2040 bits, corresponding to 100,000,800 bits. The
simulations terminated after reaching this predetermined number of blocks. In addition,
when no errors were observed, the BER is reported as below 1.0 x 10-8.

In Figure 8b, when media noise, such as position fluctuations, was introduced, BER
degraded across all systems, reflecting the additional uncertainty caused by island-position
fluctuations. However, the main ordering remained consistent, with the proposed DL-Prop
remaining the best performer. The receiver maintained a clear advantage over conventional
DL processing, indicating that the proposed combined-processing PRML chain is more
robust to realistic distortions that appear as structured interference in the readback sequence.
Moreover, the sensitivity to HMS remained evident in the presence of media noise: even
with smaller spacing, BER improved, indicating that HMS-based conditioning continued
to provide margin even when the readback was corrupted by both electronic noise and
media-induced fluctuations. This behavior is consistent with the interpretation that HMS
reduction strengthens the underlying signal structure and increases the effectiveness of
subsequent sequence-based processing. However, since our proposed analysis varies HMS
and the IL1 interlayer thickness simultaneously while keeping the head-to-SUL distance
constant, the investigated configurations differ in more than one geometric parameter. To
clarify the physical implications of this coupled variation, we have an additional study
and found that reducing HMS can significantly improve BER when IL1 is fixed at 3 nm,
indicating that HMS independently affects readback performance under this condition.
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However, when HMS is fixed at 4 nm, the varying IL1 also affects BER. Therefore, the
improvement observed in the original configurations, where HMS and IL1 were varied
simultaneously, should be attributed to the combined spacing configuration rather than
HMS reduction alone.

BER
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Figure 8. BER performance of the DL-Prop. technique compared with DL-Conv. and SL systems at
an AD of 4.0 Tbits/in?, (a) without and (b) with 5% media noise, respectively.

Furthermore, to provide a steadfast comparison with an interference-aware receiver,
Figure 9 presents BER as a function of UD for the conventional 1-D DL-PRML, 2-D DL-PRML,
and proposed receivers. The 2-D DL-PRML represents the PRML system that employed a
2-D equalizer and 2-D detector [30] to mitigate the effect of 2-D interference, i.e., ISI and ITI.
The conventional 2-D PRML system can efficiently handle 2-D interference when compared
with the 1-D PRML system. However, in this work, the 2-D DL-PRML is used for comparison
purposes. It may not be suitable when the recording must encounter the ILI effect, as occurs
in a dual-layer recording system. Here, the comparison was conducted at HMS = 3 nm,
which provides the best BER performance among the HMS conditions. Using the same
HMS for all receivers enables the effect of increasing UD to be evaluated independently of
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HMS variation. At relatively low UDs of 2.0-3.0 Tbits/ in2, the proposed and 2-D DL-PRML
receivers exhibit comparable performance, with the 2-D DL-PRML detector providing
a slightly lower BER. However, from UD = 4.0 Tbits/ in? onward, the proposed receiver
achieves the lowest BER among the DL methods considered, and this advantage becomes
more pronounced as UD increases. For example, at UD = 6.0 Tbits/in?, the proposed
receiver achieves a BER of approximately 6 x 1073, compared with approximately 1.3 x 1072
for the 2-D DL-PRML receiver and 2.5 x 1072 for the conventional 1-D DL-PRML receiver.
These results indicate that the proposed channel-matched two-step MMSE target/equalizer
design is particularly effective under high-density conditions, where IS, ITI, and interlayer
coupling become more severe. Consequently, the proposed receiver provides improved
robustness for high-density dual-layer recording without requiring a multidimensional
detection structure.

10-1 T T T
Including electronics noise
6 =0.0827

SL (1D-PRML)

=— DL-Conv. (1D-PRML)
10°F DL-Conv. (2D-PRML)
—&— DL-Prop.

-6 I L 1
2 3 4 5 6
UD (Tb/in%)

Figure 9. BER performance as a function of UD for the 1-D SL-PRML, conventional 1-D DL-PRML,
conventional 2-D DL-PRML, and proposed receivers under electronic noise with ¢ = 0.0827 and
HMS = 3 nm.

To further evaluate robustness under nonideal media conditions, Figure 10 presents
BER performance for media-noise levels ranging from 2% to 10%. The BER increases with
media-noise level for all considered receivers because media-induced variations distort the
effective readback response and increase the uncertainty of the sequence metrics. Never-
theless, in the lower-BER operating regime, the proposed receiver maintains the lowest
BER over the investigated media-noise range. At 10% media noise, the proposed receiver
achieves a BER of approximately 8 x 1072, compared with approximately 3 x 10~2 for the
referenced receivers. This result indicates that the channel-matched two-step MMSE design
retains a clear reliability advantage under moderate media variations. However, under
the more severe operating conditions, the BER curves converge and remain within the
10711072 range, indicating that sufficiently strong media-induced distortions cannot be
fully compensated by receiver processing alone. It is important to emphasize that, despite
the improvements, the current evaluation still relies on simulations and several idealized
assumptions. The channel model assumes known reader sensitivity, flawless writing, a
fixed media geometry, and additive Gaussian noise. However, it does not fully account
for practical issues such as variations in island size and position caused by fabrication,
correlated position jitter, writing errors, track misregistration, reader offset, head skew,
sampling timing errors, magnetic property distributions, thermal fluctuations, nonlinear
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readback effects, inaccurate channel characterization, and imperfect recording operations.
Therefore, the media noise analysis presented in Figure 10 should be viewed as an initial
robustness evaluation rather than a complete experimental validation.

Finally, to assess the implementation complexity of the considered receivers, the num-
ber of arithmetic operations required to detect one interleaved coded bit was evaluated,
as summarized in Table 4. The operation counts include multiplications (Mul.), divisions
(Div.), additions (Add.), and subtractions (Sub.) required by the equalizer and detec-
tor. The proposed and conventional 1-D DL-PRML receivers have the same arithmetic
complexity because they employ the same 11-tap equalizer and 5-tap GPR target. The
additional computation introduced by the proposed two-step MMSE method occurs only
during coefficient estimation in the design step. It therefore does not increase the per-bit
detection complexity during the signal-processing step. Although 0.5Tx oversampling
doubles the required processing throughput per bit period, the arithmetic complexity per
detected interleaved coded bit remains unchanged. The SOVA detection and LDPC de-
coding introduce additional latency depending on the traceback depth and number of
decoding iterations; however, these components are more common than in 1-D DL-PRML
receivers. In contrast, the conventional 2-D DL-PRML receiver requires substantially more
arithmetic operations because of its multi-dimensional equalization and detection structure.
The proposed receiver provides improved BER performance while retaining the complexity
of conventional 1-D DL-PRML processing.

Moreover, to provide a more comprehensive complexity assessment, we also analyze
coefficient estimation, processing throughput, memory requirements, and detection latency,
as summarized in Table 5; for the 2040-bit sequence with 2x oversampling, the coefficient-
estimation sequence contains K = 4080 samples. Accumulating the correlation statistics for
the 5-tap target and 11-tap equalizer requires an estimated 660,960 multiply-accumulate
operations (MACs) per coefficient-estimation run. This estimate excludes the subsequent
solution of the 5 x 5 and 11 x 11 systems. The coefficient-estimation cost is incurred offline
and is not included in the online operation counts in Table 4.

__AD=6.0Tb/in?

AD = 4.0 Tb/in’

Including electronics noise

5L c=0.0827

SL (1D-PRML)

—¥— DL-Conv. (ID-PRML)
DL-Conv. (2D-PRML)

—— DL-Prop.

2 4 6 8 10
Media noise (%)

Figure 10. BER performance comparison among the detection techniques considered under different
media noise (size- and position-fluctuations) at AD = 4.0 and 6.0 Tbits/in? with electronic noise
(o =0.0827).
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Table 4. Computational complexity of the compared receivers per detected interleaved coded bit.

Receivers
Operators
Conv. 1-D Prop. 1-D Conv. 2-D

Eaualizer Mul./Div. 11 11 21

q Add./Sub. 10 10 21
Detect Mul./Div. 32 32 2560

etector Add./Sub. 64 64 1600
Total Mul./Div. 43 43 2581

ota Add./Sub. 74 74 1621

Table 5. Additional complexity assessment of the proposed 1-D PRML receiver.

Aspects

Assessment

Coefficient estimation

660,960 MACs per run for K = 4080; excludes solving the 5 x 5 and 11 x 11 systems

Online operations

117 operations per detected interleaved coded bit: 43 Mul./Div. and 74 Add./Sub.

Throughput

Two readback samples per bit period at 0.5T, oversampling

Coefficient storage memory

178 scalar values (712 bytes at 32-bit precision), including correlation matrices,
associated vectors, and coefficients; excludes decoder memory

Detection latency

The 5-tap binary target gives 16 trellis states and 32 branches per step; total latency
depends on SOVA traceback depth and LDPC decoding iterations

5. Conclusions

This paper presented a co-designed dual-layer bit-patterned magnetic recording (DL-
BPMR) framework to improve data-retrieval reliability at areal densities of 2.0-6.0 Tbits/in.
The proposed approach combines two complementary techniques: controlling head-media
spacing (HMS) to strengthen the lower-layer readback signal, and utilizing a combined-
processing partial-response maximume-likelihood (PRML) receiver with a two-step mini-
mum mean-square error (MMSE) target and equalizer optimized for staggered dual-layer
geometries. The results showed that reducing HMS improved readback separability and
balanced the contributions of upper- and lower-layer readback signals, thereby improving
signal conditioning for detection. In addition, the proposed receiver consistently achieved
lower mean-squared error (MSE) than conventional one-dimensional (1-D) dual-layer
processing across the tested signal-to-noise ratio (SNR) range, confirming improved tar-
get/equalizer matching under the coupled dual-layer response. In an end-to-end bit-error
rate (BER) evaluation, the proposed 1-D DL-BPMR system outperformed the conventional
1-D and two-dimensional dual-layer processing, as well as the 1-D single-layer BPMR base-
line, achieving the best performance in the small-HMS regime. Even with media noise
factored in, the proposed method still outperformed the others, demonstrating greater
robustness under practical recording conditions. Overall, the results confirm that reliable
high-density dual-layer retrieval is achievable when the physical readback conditions and
receiver design are optimized together.
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Appendix A

Here we show step-by-step derivations from the MMSE formulations to the target and
equalizer coefficients. The target coefficients are g (5 taps {L,}, monic constraint), and the
equalizer coefficients are f (11 taps {L}).

MMSE-I: We use the raw readback signal to design the target to generate the desired
sequence directly, d}.

MMSE-II: We then use the desired sequence, d}, to design the FIR equalizer.

(A) Vector definitions (quantities used in the equations)

(A1) Interleaved input (combined)
Define the interleaved input sequence form from the two-layer coded symbols:

ayi =l ap | =al. (A1)
(A2) 5-tap target
g8=1[8281%8& gz]T ER’. (A2)

Define the 5-dimensional interleaved column vector of the input sequence for the target:
ae = [, apl_ apl )] € RS, (A3)

Thus, the target (desired/ideal) sequence is
Al = glag.. (A4)

Monic constraint (center main tap):

Q=1lelg=1, (A5)
where
I=[00100]"% (A6)
(A3) 11-tap equalizer
WithM =11and N =5,
f=[fs..fo.fs]" €RU (A7)

Define the 11-dimensional column vector of the readback sequence:

o= [ T e R (A8)

The equalizer output is
2 = . (A9)
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(B) STEP 1 (MMSE-I): Derive the target g directly from the readback signal

(B1) Define the error and the objective

Since we design the target directly from the raw readback signal, we fit g so that %/
is close to the readback (with a delay used for alignment). Choose the target delay as the
center delay of a 5-tap FIR target:

L,-1 5-1
e S _
A= =3 2. (A10)
Define the MMSE-I error:
e = T A~ glap =i, —glag. (A11)
Formulate MMSE-I:
. 2
mgm]l(g) = E[|e}{| ] st.l'g=1. (A12)
(B2) Expand J;(g) into a quadratic form
Start with
mi 2
Ji(g) = E[ (11, — g"aw)" . (A13)
Expand the square:
(r— gTa)2 =r2-2r(g'a) + (gTa)2 (A14)

Substitute r = 1}l ,,a = ap :

J1(8) = B[ (r#,)" | - 2B[ri_,g"ap ] + E[ (87w )’ . (A15)

Pull g outside expectations, E (since g is deterministic during optimization):

E[rg"a] = g"E[ar]. (A16)
and
2 2
(g'a)” =gl(aal)g = E[(gTa) ] = g'E[aa’|g. (A17)
Define the second-order statistics:
U = E[ayal, | € R>S,p = E[ap 1t ] € RS (A18)
Then
N
Ji® = E| ()" | -28"p + 8"Us. (A19)
constant
The constant term does not affect the minimizer; hence, the equivalent constrained
problem is:

mgingTUg —2¢TpstI'g=1. (A20)

(B3) Solve with a Lagrangian and obtain the closed-form g
Construct the Lagrangian:

p(gA) =g'Ug—2g'p—2\(I'g - 1). (A21)

Set the gradient with respect to g to zero.
Differentiate with respect to g using standard results:

d
a—g(g Ug) = 2Ug(U symmetric), (A22)
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i(—2 Tp) = -2 i(—2/\IT ) =-21 (A23)
Jg 8P 1 Jg 8 :
Thus,
¢
= =2Ug—-2p—-2AI=0 (A24)
98
Divide by 2:
Ug =p + AL (A25)
Assuming U is invertible:
g=U"(p+Al). (A26)
Or: .
gl=(p+AD"(U"). (A27)
Determine A using the monic constraint.
From (A26) apply I'g = 1:
' (p+AI) =1, (A28)
' 'p + AI"U'I = 1,and (A29)
1-T"U™'p
A= ———. A30
"1 (A30)
Substitute back: .
gl=(p+AD"(U"). (A31)
This is the 5-tap target coefficient vector obtained from MMSE-L
(C) STEP 2 (MMSE-II): Derive the equalizer f (11 taps)
After Step 1, compute the desired sequence:
Al = glag.. (A32)
(C1) Define the error and the objective
Choose the equalizer delay as the center of the 11-tap window:
Ly -1
A =——= (A33)
2
Define the MMSE-II error:
G o=dm  —fne =dp_ —fn. (A34)
Formulate MMSE-II:
. 2
minj,(f) = E[|e§,,| ] (A35)
(C2) Expand
Start with ,
T (f) = E[(d;ﬁ_S — ') ] (A36)
Expand:
(d— )" = a2 = 24(£'x) + (£%) ", (A37)
Substitute d = d¥/ ., t =1} :
. 2 . 2
Jo(F) = E[ (@ )] — 28] (d " )] + E[(fTrkw) ] (A38)
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Pull f out:
E[df'r] = £ E[xd] (A39)
and )
E[(fTr) ] = fE[nr]f. (A40)
Define:
R =E[rrl, | € RN, q = E[rn.dl ;] € R (A41)
Then:
(6 = B[ (dp5 ;)" | -2f'q + £'RE. (A42)
constant
Drop the constant term:
mfinfTRf —2f'q. (A43)

(C3) Set the gradient to zero (normal equation)
Compute derivatives:

d /1 J T
ﬁ(f Rf) = 2Rf, ﬁ(—2f q) = -2q. (A44)
Set to zero:
2Rf-2q=0=Rf=q. (A45)
Hence:
f=R"q. (A46)
Or: .
f'=q'(R™"). (A47)

This is the 11-tap equalizer coefficient vector obtained from MMSE-IL.
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