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Abstract

Sparse arrays can effectively reduce antenna cost and implementation complexity. However,
most existing research in sparse array design mainly focuses on far-field scenarios, which
cannot be directly applied to near-field (NF) source localization, where the delay term and
source incident parameters exhibit a nonlinear relationship. In this paper, employing a
symmetric enhanced nested array, a high-precision underdetermined three-dimensional
(3D) NF localization method is proposed. Firstly, the symmetry of the array and the
fourth-order cumulant are utilized to construct the equivalent virtual far-field (FF) received
data. Then, a gridless, sparse, and parametric approach combined with an /;-singular
value decomposition-based pairing procedure is employed to obtain estimates of two
paired angles. Finally, a one-dimensional (1D) spectral estimator is applied to obtain the
estimate of the range parameter. By analyzing the virtual aperture, the optimal parameter
configuration for a given number of elements is obtained. As shown by simulation results,
the proposed method can handle underdetermined estimation. Compared with the other
algorithms, the proposed algorithm achieves significant improvements in both angular and
distance accuracy, with enhancements of 65% and 61.7%, respectively.

Keywords: near-field; source localization; cross array; spatial-temporal; underdetermined
estimation

1. Introduction

Direction of arrival (DOA) estimation and source localization are key research topics in
array signal processing and have many applications in wireless communications, radar, and
sonar [1-5]. Recently, there has been an increasing interest in applications related to near-
field (NF) source localization, such as indoor positioning and autonomous driving [6,7], and
many far-field (FF) source localization (known as DOA estimation) algorithms have been
adapted for NF localization. By exploiting the symmetric uniform linear arrays (ULAs)
to eliminate the quadratic term about range information, the conventional method for
DOA estimation of FF sources, such as MUSIC-like methods [8,9], generalized ESPRIT
methods [10,11], and gridless sparse methods [12,13], is extended to the NF case, achieving
considerable estimation performance. However, compared with sparse arrays [14-16],
traditional ULAs exhibit poor performance since their degrees of freedom (DOFs) are quite
limited, and they fail in DOA estimation in the underdetermined scenario and also require
more physical sensors for the same estimation accuracy.
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A sparse array is a kind of sensor array with a physically non-uniform distribution, and
its element positions are specially designed. Common sparse arrays include the minimum
redundant array (MRA) [17], the coprime array (CPA) [18], and the nested array (NA) [19],
followed by their evolving arrays [20-27]. Moreover, most existing NF source localization
algorithms do not fully utilize the spatial-temporal information of the received data, which
limits the potential for further improvement in estimation performance.

Compared with ULA-based NF localization algorithms [8,26-30], non-uniform linear
arrays (NLA) with associated algorithms [31-35] have more DOFs and can perform effective
underdetermined estimation. In [31], a mixed NF and FF source localization scheme based
on symmetric double nested arrays is proposed by applying oblique projection and spatial
smoothing MUSIC to estimate angle and range parameters. In [32], a hybrid source
localization method based on generalized symmetric sparse linear arrays and second-order
statistics is proposed. The atomic norm is introduced into the NF source localization
algorithm based on sparse arrays. In [33], an NF source localization estimation algorithm
based on coprime arrays is proposed by establishing an off-grid model containing only
angle parameters to estimate 1D angles iteratively. As deep learning technology continues
to mature, reference [34] utilizes the geometric structure of symmetric nested arrays to
apply convolutional neural networks (CNNSs) for the classification and localization of mixed
sources in both near and far fields. Subsequently, in [35], a new symmetric shifted coprime
array is proposed, which obtains estimated angle and range through spatial smoothing
of the virtual received data. Compared with traditional sparse arrays, this new sparse
configuration can provide more consecutive virtual segments and higher DOFs.

Compared with the 2D parameter estimation (azimuth and range) mentioned
in [8,28-35], three-dimensional (3D) (azimuth, elevation, and distance) parameter esti-
mation is more relevant to practical applications. In the 3D case, several notable studies
utilizing uniform cross arrays have been reported [36-38]. As for non-uniform arrays, apart
from the 3D NF localization method based on symmetric non-uniform cross arrays [39],
research results on 3D NF source localization using NLAs are rather limited, especially in
underdetermined situations where the number of sources is greater than the number of
array elements.

To fill this gap, in this work, a 3D NF parameter estimation method based on a
symmetric enhanced nested array (SENA) is proposed. We firstly utilize the spatial-
temporal information of the received signals with fourth-order cumulant (FOC) calculations,
providing increased DOFs; then, a gridless sparse and parametric approach (SPA) [40],
combined with an /;-SVD-based pairing procedure, is employed to obtain estimates for
two paired angles; finally, a 1D spectral estimator is used for range estimation. The main
contributions of this paper are as follows:

e A SENA array is proposed, which unfolds the nested array and introduces central
symmetry, facilitating the elimination nonlinear range-related information inherent in
the phase component of the steering matrix for NF signals. An analysis of the SENA
array’s properties is provided, followed by a proposal of the optimal virtual array
parameter configuration for the proposed SENA array.

e  The FOC calculation is applied to the SENA array’s output, which is vectorized to
expand the virtual array aperture, enhancing the parameter estimation performance.
Simulation results demonstrate the proposed algorithm’s superiority in parameter
estimation accuracy and its abilities in underdetermined and mixed source estimation.

The organization of this paper is as follows: Section 2 provides an introduction to the
signal model and array structure. Section 3 describes the content of the algorithm, followed
by the total elements of the virtual array, as well as the design optimization of the virtual
aperture and complexity analyses in Section 4. Section 5 demonstrates the effectiveness of
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the proposed algorithm through a series of simulations. Finally, Section 6 concludes with a
synopsis.

Notations: Matrices and vectors are denoted by boldfaced capital letters and lower-
case letters, respectively. (-)7, (-)*, () respectively represent transpose, conjugate, and
conjugate transpose. The symbols E{-} and ||-|| represent expectation and norm, respec-
tively. tr(-) returns the sum of diagonal elements of the corresponding matrix while vec(-)
is the vectorization operation.

2. Signal Model

The symmetric enhanced nested array shown in Figure 1 consists of two subarrays
located on the x-axis and y-axis, respectively. The structures of the two subarrays are
the same, and both are symmetric about the origin. Among them, each sparse array
consists of three parts: a dense subarray, a sparse subarray, and an isolated subarray.
The dense subarray referred to as subarray 1 is located at the center of the array, and
the position set of the subarray 1 is represented as L1 = {m1d,1 — M; < mj; < M; —1},
where d is the element spacing unit, and M; represents the number of subarrays on the
positive half axis of subarray 1. The two sparse subarrays are located on the positive and
negative axes on both sides of the origin, where the positive segment, denoted as subarray
2isLy = {(Dmy —1)d, 1 < my < My} with D = 2M; and M, representing the number of
elements in subarray 2. Using L3 and M3 to represent the position set and number of
elements in subarray 3 located on the negative half axis, respectively, we have L3 = —L,
and M3z = M,. The two isolated subarrays are located at both ends of the array, namely
subarray 4 and subarray 5. The element position of subarray 4 located on the positive axis
islLy = {L4|Ly = [D(M3 + 1) + M; — 2]d}, and the number of elements is 1. L5 represents
the element positions of subarray 5, and s = —LL4. Finally, the whole set of array element
positions is the union of five subarray position sets, namely L = IL; UL, ULz ULy U Ls.
The total number of elements in a single axis is the sum of the element numbers in five
subarrays, denoted as My = My, = 2M; + 2M, + 1, where M, and M, represent the total
number of elements on the x and y axes, respectively. The total number of elements in the
considered cross array is M = My + M, —1 = 4M; +4M; + 1.

1-DM, )d

(124,

[2-D(M,+1)-M, |d(1-D)d

Subarray()

Subarray3 (D - l)d Subarrayl . “Subarray?2 Subarray4

(DM, -1)d A B

[D(M,+1)+M,-2]d \\
/x' |

Figure 1. 3D localization model for SENA of NF sources.
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Assume that there are K narrowband NF sources impinging on the array shown
in Figure 1, where the 2D angles of the k-th source relative to the x-axis and y-axis are
represented as ay and By, respectively, and the range measured from the origin is r¢. The
received signals of the m,-th element on the x-axis and the m,-th element on the y-axis at
time t can be represented as

K

x(my, t) = Y sp(t)e T ®) oy, (1)
k=1

y(my,t) = Z e (1)

where m, € L. and m, € L represent the index of the array element position, si(t) is the
k-th incident signal, n, (t) and ny, (t) are the additive white Gaussian noise at the two
corresponding subarrays, and Ty, (k) and Ty, (k) respectively represent the k-th incident
signal’s phase difference from the reference element to the m,-th element on the x-axis and
the m,-th element on the y-axis, respectively. According to Taylor’s approximation, (1) can
be approximated as

Il
agks

x(mx, t) Sk(t)e_j(kamx“l‘q)kaxz) —+ nmx (t)
k=1
- @
y(my, t) = 2 sk(t)e ]( ykMy +yimy ) —|—nmy (t)
k=1
where wyg, wyk, Pxr and @i are denoted as
_ 2mcos(ay) _ msin®(ay)
Wy = ———————, Py = ————
A )\T’k (3)
o  2mcos(Br) o = mtsin? (By)
vk A Tk At

3. Proposed Algorithm
3.1. Construction of Virtual FF Data

Based on the FOC of the observed data, a virtual FF co-array can be constructed, which
has a larger array aperture and more DOFs than the physical array, resulting in improved
parameter estimation accuracy.

With the definition and properties of FOC, we have

Cx(m,n,t) = cum{x(m,t +t),x*(—m,t),x(—n,t +7),x*(n,t)}

K o
— Z g_]z(m_n)kacsk(T>

k=1

Cy(m,n,t) = cum{y(m,t +7),y"(=m,t),y(—n,t +7),y"(n,t)}
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where m € L and n € L represent the element position index, T is the delay, and ¢ (7) =
cum (si(t + ), s; (1), s(t + T),s;(t)) is the FOC of the k-th signal at delay 7. For each delay,
vectorizing Cy and Cy separately yields

B
6
¢y (1) = vec(Cy (5,5, 7)) = B(wyk> o (T) ©

where ¢;(T) = [cs1(T), ¢2(T), ..., sk (T)]". ¢x(7) and ¢, () are the virtual received data re-
lated to subarrays on x and y axis, respectively, B(w,x) = [b1(wy1), ba(wx2), -, br(wyk)],
where by(wy) = br(wsr) ® b(wa), brlwy) = [e/2ows, .. o2k, 1, 072k, . ...,
e_f2L4“’xk]T. Similarly, B (wyk) follows the same form. Obviously, the virtual array el-
ement positions of the x-axis and y-axis are the sets of difference co-array (DCA) of the
physical array. Due to the presence of repeated elements in the two DCA sets, it is neces-
sary to remove the redundancy and then rearrange the two sets of virtual received data
according to the order of virtual array element positions, which can be represented as

& (1) = B(wy)es(T)

& (1) = ﬁ(wyk)cs(r) 7

By uniform sampling of the delay 7 in T = T, 2T, ...LT;, L pseudo snapshots of the
virtual received data are obtained, which can be combined and denoted as

R

[€x(Ts), €x(2T5), ..., €x (LTs)]
g(ka)cs
[

&(Ty), &(2T), .., & (LTy)]
B(wyk) C;

Compared with the original array data, the number of virtual array elements con-

x
C]/

structed in this way has been significantly increased, and the range parameters are no
longer included, which facilitates the subsequent estimation process.

3.2. 2D Angle Estimation

In this section, the virtual FF data constructed from the subarrays are used to separately
estimate 2D angles a; and B. Since holes exist in the virtual arrays, the angle parameters
of interest are estimated with SPA [40], which is a gridless method. To begin with, let By
denote the manifold matrix of the DCA of the virtual array on the x-axis and y-axis, which
behaves like the manifold matrix of a ULA. Then, the relationship between B and By, can
be written as

B =TIBsy )
where I' is a P x Q matrix, P is the number of elements in the virtual array including
repetitions, and Q is the number of elements in the corresponding ULA.

The virtual received data C, and Cy are collectively denoted as C, and then the virtual
covariance matrix can be expressed as

R = E{CCH }
= BR,B" (10)
= I'ByR,By/TH
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where R; represents the covariance matrix of the virtual incident signal, and Ry, = BZRSBE .
As By is a Vandermonde matrix, Ry, is a Toeplitz matrix with Ry = T(u) as follows:

ul uz DY MQ
uy Uy - UQ_q

Tw=| > | (11)
u*Q ”*Q—l e Uuq

where u represents the horizontal quantity in T(u). However, in practice, due to a limited
number of snapshots, the covariance matrix is generally replaced by the sample covari-
ance matrix:

ccH (12)

Then, SPA is applied to recover the matrix T(u). Since the sample covariance matrix R is
nonsingular, the optimization is formulated as follows:

min tr(W) + tr (f{*lR)
W,u

Zh
N=

(13)

L=
=
\%
o

subject to
T(u)

Finally, T(u) can be obtained by using an SDP solver, and then 2D angle estimates of
i and fy can be respectively obtained by using the root MUSIC algorithm.

3.3. 2D Angle Pairing

To correctly pair the estimated angles & and f;, we constructa 2M x K? overcomplete
matrix ©,,, where M represents the row number of cascaded virtual arrays. The column
vectors of @,y represent K? combinations of &; and B;. Obviously, the correct pairing
information must lie in the column vectors of the matrix. Therefore, the received data

C

Zw = | - | canbe denoted as

Y C
Y

where ® represents a K> x L sparse vector, in which the positions of non-zero elements
represent the correct pairing combination.
Then, singular value decomposition is performed on the cascaded virtual received
data Z,, and we have
Z,, =UzV’ (15)

where orthogonal matrix UMM consists of the left singular vectors, VL*L the right

N H
singular vectors, and 22MXL s the diagonal matrix. Defining Dx = [ZK «K Ogx (L— K)} ,

Z.y = Z,,VDg, ® = ®VDg and N,;, = N, VD yields
Zy = 0, ® + Ny, (16)

In order to obtain ®K**K, the optimization problem is constructed as follows:

min g

' _ _ -0 (17)
subject to || @, + p[|Zzy — Oy ®|[; <4q
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where y is the weight factor, and g is the term related to errors. Then, the position of
the non-zero element corresponding to each column vector in matrix @ is the correct
angle-matching combination.

3.4. Range Estimation

Firstly, cascade the received data on the x-axis and y-axis as follows:
zZ=[xY" (18)

Then, apply the cross-correlation operation to the received data of each physical element
and that of the origin element and we have

12(7) = E{Z(t + 7)Z0(t) }
= A.15(7)

r(—7) = E{Z(t)Zo(t + 7)}
= A.r5(—1)

(19)

where Z(t) represents the received data of the origin element at time t, and rs(7) =

diag{E{s(t+1)s ()} }.

Asrs(T) = 15 (—7), we have:

£ (1) = (Aers(-1))°
— A (-7) 20
— Aln(1)

By cascading r,(7) and 1;;(—7), it yields

. _ rz(7) _ A r,(7)
=(7) [rﬁ—ﬂ] [Apﬂ—ﬂ]

(21)
- [ Az ‘|1‘5(T) = A,15(7)

Az

By uniformly sampling the delay, we obtain L pseudo snapshots of data R (7), which

is denoted as _
R, = [#:(Ts), ¥(2Ts), ..., ¥(LTs)]

~ 22
_ AR, (22)

Finally, 1D MUSIC search can be used to obtain the range estimate. The proposed
algorithm is summarized in Table 1.

Table 1. Algorithm summary.

Proposed Method

Step 1 Construct the virtually extended receiving matrix using Equation (8).

Step 2 Obtain the noise free covariance matrix using Equation (13).

Step 3 Obtain estimated values & and j of angle parameters using the root
MUSIC algorithm and Equation (3).

Step 4 Pair the electrical angles & and j through Equation (17).

Step 5 Construct received data containing only range information using
Equation (22).

Step 6 Based on the MUSIC algorithm, for each k € [1, K] execution, the
distance parameter 7 is obtained.
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4. Property Analysis of the Proposed Array
4.1. Total Elements of Virtual Array

Due to the symmetry of the proposed symmetric nested array, the difference set of the
entire array can be regarded as the union of the positive difference set and the sum set, and
only the positive part of the virtual array needs to be considered.

Firstly, the difference set [}] and the sum set s;; of the positive part of subarray 1
are considered:

I, ={m0<m< M —1} 23
sm<

s = {m,0 2M; — 2}

Then, 121 = mpyD —m; — 1 and Sp1 = moD +my —1, where 0 < m < M;—1,
1 < mp < My, and D = 2M;. Thus, we have

m2:11216{M1:2M17M1+171, Mi+1, My+2, ..., 2M171:2M17071}
m2:1521e{2M1—1:2M1+0—1, oMy, 2Mj+1, ..., 3My—2=2M;+M; —1 —1}
m2:21216{3M1:4M1—M1+1—1, 3My+1, 3My+2, ... 4M1—1:4M1—0—1}
m2:2521€{4M1—1:4M1+0—1, AM,, 4My+1, ..., 5M;—2=4M, +M; —1 —1}
m2:31216{5M1:6M17M1+171, 5My+1, 5My+2, ..., 6M171:6M17071} (24)
m2:3521€{6M171:6M1+071, 6My, 6My+1, ..., 7My—2=6M; +M; —1 71}
m2:M21216{a0:2M1M2—M1, w41, ag+2, ..., a1:2M1M2—1}
mZ:Mzs:z]G{a’o:ZMle—l, Wo+1, alo+2, ... a’0:2M1M2+M1—2}

Obviously, for Iy; U s1, the hole positions satisfy Hy; = {tM; —1, t =3,5,...,2M, — 1}
Considering the difference set lyp = {(2My +1—2u)M; —1, 0 < u < M, — 1} between
subarray 4 and subarray 2, it can be found that the structure of difference set I4; is consistent
with Hy;.The value range of 2M, +1 —2u is [3,5, ... 2M, + 1]. Set 4, not only fills the holes
in set Iy1 U sp1 exactly but also adds an additional continuous element. So the continuous
segment of Ip; Usyy U lyp is [M1, 2M; M, + M; — 1]. For My > 2, we have M; < 2M; — 2.
So I11 U Ip1 Usp; Ulyp has the first continuous segment C; = [0, 2M; M, + M; — 1].

Next, consider the sum and difference sets of subarray 4 and subarray 1:

<M -1} 25)
<

141 = {2M1M2 +3M1 -2 mq, 0< mq
< My —1}

S41 = {2M1M2+3M1 —24+mq, 0 <m

Then, the second consecutive segment C, = 2M1M;, +2M; — 1, 2M1 M, +4M; — 3]
is obtained, which contains 2M; — 1 virtual array elements. Note that min(C,) —
max(Cq) = My, indicating M; — 1 holes between two consecutive segments.

Then, the self-difference Iy and self-sum sy, of subarray 2 are considered (only consid-
ering the positive virtual arrays):

I = {(2Mymy — 1) — (2Mymy; — 1),

1< gy < Mo, 1<y < 6
s = {(2Mymg — 1) + 2Mymy; — 1), 1 <mgp < Mp, 1 <myp < Ma}

where Iy and sy; are in the range of [0, 2MM; — 2M;] and [4M; — 2, 4M1 M, —2], respec-
tively. Since 2My M, — 2M; < 2M1M; + M — 1, the consecutive segment of virtual array
elements includes the self-difference set [»,.
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And there is no need to calculate the number of elements in this part. For M, > 2
M; > 2, AM{My —2 > 2M1 My + My — 1, so there are some elements in sy, that are not
in the first continuous segment. Since 2M; M, + M; — 1 is clearly not in the set sy, it is
necessary to find the smallest element greater than 2M; M, + M; — 1 in the set 57, which is
2Mq My + 2M; — 2, because the next element after 2Mq My + 2M7 — 2 is 2M My +4M; —
Thus, all elements in set A that are not in C; are not included in C,. Therefore, the number
of elements in sy that are not in the range of [0, 2M1 M, + M; — 1] is M.

sip = {2Mymy +2M1M; +3M; — 3, 1 < my < My}, Since sg and sy are both sets
of intervals 2M; while 2M1Mj +5M; — 3 € s4 and 2M 1My +5M1 — 3 ¢ $90, 2M 1M, +
4M; — 3 < 2M1Mj + 5M; — 3, s0 s does not overlap with s4; and sy2.The number of
virtual elements in this section is Mj.

The self-difference I44 and self-sum s44 of subarray 4 are 0 and 4M; M, + 6M; —
respectively. This part has no overlap with the previous virtual array elements, and it
contains only one virtual element.

In summary, the total number of virtual array elements is

Nsym = (2M1M2+M1*1+2M171+M2+M2+1) x2—1

(27)
=4M My +6M; +4M; — 1

4.2. Design Optimization of Virtual Aperture

The array structure of this algorithm is determined by M; and M;, where M; > M.
Adjusting M; and M, will affect the parameter estimation accuracy of the algorithm and
the array aperture of the virtual array. The virtual array is symmetric about the origin, and
the coordinates of the edge elements are —(4M; M, + 6 M1 — 4) and (4M1M; + 6M; — 4).
Obviously, with a fixed number of array elements, by appropriately adjusting M; and M,
we can obtain a larger virtual array aperture.

According to the analysis in Section 4.1, it can be seen that the total number of physical
sensors is Q = 4(M; + M;) + 1, and the virtual array is symmetric about the origin,
where the maximum virtual sensor position in the positive half is (4M;M; + 6M; — 4)d.
With a fixed number of array elements, a larger virtual array aperture can be obtained by
optimizing the values of M; and M, thereby improving the parameter estimation accuracy
of the algorithm. A detailed analysis of the optimization on M; and M is provided in the
following.

Let L = (4M1 My + 6M; —4) and w = M; + M,. Substituting M, = w — M; into
L yields

L= 4M1(w7M1) +6M1 —4

) (28)
= —4Mj + (4w +6)M; —

2w+3

Note that the quadratic function reaches its maximum value at M; . However,

2w+3 is not an integer since w is an integer. Next, we discuss different cases.
Case 1 (w is odd, M; is odd, and M, is even): In this case, the maximum value L is
taken at My = “s1 and M, =
obtained that M = QH, M, = % and L = %8743.

Case 2 (w and w/2 are even while M and M, are odd): In this case, the maximum

value L is taken at My = w+2 and M, = %= 2 since My > M,. Based on the relationship

between Q and w, My = %, M, = QT/ and then L = W_
Case 3 (w, w/2, M] and M, are all even): In this case, the maximum value L is taken

at My = 5 and My = 7 since My > M. Based on the relationship between Q and w,
My = %, My = Q- 1, ndthenL %6‘3_75.



Technologies 2025, 13, 415

10 of 17

Case 4 (w is even, w/2, M and M, are odd): In this case, the maximum value L is

taken at M; = § and M, = %. Based on the relationship between Q and w, M; = %,

M; = %, and then L = %6(2_75'

Case 5 (w is even and w/2 is odd, while M; and M, are even): In this case, the
maximum value L is taken at M; = “’TJFZ and M = ”’T_Z Based on the relationship between
Qand w, My = 27, My = 92 and then [ = €+100-43

The above discussion is summarized in Table 2.

Table 2. Optimal parameter configuration.

N e S m w Vg
Q=4M;+ M) +1 even even all odd 47 L w
Q=4(M;+ M) +1 even even all even % % w
Q=4(M;+ M) +1 even odd all odd 21 g1 W
Q=4(M + M) +1 even odd all even 47 Lo w
Q=4(M;+ M) +1 odd one odd, one even % % w

4.3. Complexity Analysis

In this part, the computational complexity of the proposed algorithm in compar-
ison with some representative existing algorithms is analyzed. The following aspects
are mainly considered: (1) construction of the expansion matrix, (2) covariance matrix
calculation, (3) eigenvalue decomposition, (4) spectral peak search, and (5) optimiza-
tion operations. Af,, Abg, and Ar are the search intervals for angle «, angle B, and the
range, respectively. Let Ran = 2D?/A — 0.621/(D3/A) and DoF represent the DOF of
the virtual array. For the proposed algorithm, constructing two FOC matrix requires

O{9(M% + Mﬁ)L} and one covariance matrix requires O{ M?L}, optimization opera-
tions require about O{DOF3 + DoF x log DoF + DoF35 + DoF? x L + K x (K2)’log Kz},
eigenvalue decomposition is of O{ (M, + My)?)}, and spectral peak search requires about
O{ (M + My)zRan / Ar}. Table 3 shows the computational complexity of the proposed

algorithm and the comparison algorithms.

Table 3. Algorithm complexity.

Algorithm Complexity
Challa [38] O{9((My —1)* + (M, —1)*)(L — N)N + 2N((M, — 1)*+
(My —1)?) + (My — 1)° + (M, — 1)® + K}
Liang [9] O{9(M3 + MJ)L+9((My —1)/24+ 1)’ L+ M3 + Mj +9((My —1)/2+1)L+

(M =1)/2+1)° + (My —1)/2+1)° + 7M3/ A6, + M}/ N6g + MjRan/ Ar}
Wu [37] O{9M M, L + MM + K> + L(My + M,)*TRan/ Ar}

Proposed O{9(M?2 + M} ) L+ ML + DoF® + DoF + log DoF + DoF**+

DoF2 + L+ K (K2)’ log Ky + (M, + M,)* + (M, + M,)*Ran/Ar}

5. Simulation Results

To demonstrate the effectiveness of the proposed algorithm, four sets of numerical
results are provided, where the first one and the second one verify the ability of the
proposed algorithm in the case of an underdetermined scenario, while the others compare
the estimation performance of the proposed algorithm, Liang’s [9], Wu's [37], and Challa’s
algorithms [38], as well as CRLB [41].
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The common simulation parameters are set as follows. The inter-element spacing
isd = A/4. The power of NF sources is 02, and the SNR is defined as 1010g10 (02 /02).

The root mean square error (RMSE) is defined as RMSE = \/ TE Z Z (g — ) ,

where M is the number of Monte Carlo trials, 7,7 x is the estimated Value of the k-th source
parameter in the m-th Monte Carlo trial, while 7 is the corresponding theoretical value,
and 7 represents the angles ay, By, or range ry.

Experiment 1: Localization of Mixed NF and FF Sources. In this simulation, there
are five narrowband FF sources and 13 narrowband NF sources in space. The number of
elements on the positive half-axis of subarray 1 is set to M; = 2, for subarrays 2 and 3
to My = M3 = 2, and for subarrays 4 and 5 to 1. The SNR is 30dB and the number of
snapshots is 5200 (including 200 pseudo snapshots). The results are shown in Figure 2. It
can be seen that, in scenarios where NF and FF sources coexist, the proposed algorithm
can accurately estimate the 2D angle and range of the NF sources, as well as the 2D angle
parameters of the FF sources, and correctly pair them, validating the superior performance
of the proposed algorithm.
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Figure 2. Scattergram for mixed-source localization.

Experiment 2: RMSE versus SNR. There are two narrowband NF sources impinging
from {80°, 70°, 5.12A} and {130°, 140°, 6.331}, respectively. Except for Challa’s algo-
rithm, which sets 10 elements for each subarray on two axes with a total of 19 elements,
the number of elements for each axis for all other algorithms is 9, resulting in a total of
17 elements. The total number of snapshots is set to 2200, including 200 pseudo snapshots.
The SNR increases from 0 dB to 25 dB at a step size of 5 dB, and M is set to 500. The results
are shown in Figure 3. It can be observed that the proposed algorithm has significantly
better estimation performance for « and § than the existing algorithms, as the SNR varies.
For range estimation, the performance of the proposed algorithm is better than that of the
other algorithms, too. Over the SNR interval 0-25 dB, the proposed algorithm remains
close to the CRB, confirming its closer proximity to the theoretical limit compared with
competing methods under the given array configuration and parameter set.

Experiment 3: RMSE versus snapshot. The RMSE result with respect to the number
of snapshots is plotted in Figure 4, where the number of snapshots ranges from 400 to 4000,
while other parameters are consistent with those in the third simulation. It is shown that the
RMSE of DOA and distance estimation exhibits a monotonic improvement with SNR. The
proposed algorithm outperforms subspace and optimization techniques based on uniform
arrays when a small number of snapshots are available. The algorithm’s effectiveness stems
from its ability to fully exploit the spatio-temporal information of received signals and the
SENA framework, which generates significantly more virtual elements than the physical
array. In addition, the comparison of algorithms’ runtime is shown in Table 4, where it
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can be seen that the proposed algorithm costs more runtime than others in exchange for
performance improvement.
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Figure 3. RMSE versus SNR.

Table 4. The runtime of different algorithms with snapshot = 3000.

Algorithm

Challa [38] Liang [9]

Wu [37]

Proposed Algorithm

Runtime(s)

2.58 3.56

4.00

21.77
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Figure 4. RMSE versus the number of snapshots.

Experiment 4: RMSE versus range separation. The performance is examined by vary-
ing the range, while keeping the SNR and snapshot number fixed. The basic parameters
are the same as in the third simulation. The SNR is set to 10, and the snapshot number is
2200, which includes 200 pseudo snapshots. The distance of the first signal is 3.2A, and
the distance of the second signal is 3.2A + AA, varying from 0.1A to 1.1A. The results are
presented in Figure 5, showing that while the angle estimation accuracy remains stable
across varying distances, the distance estimation performance shows clear trend of degra-
dation. The proposed algorithm still outperforms other methods as the range separation
increases. It is demonstrated that, through effective utilization of spatial-temporal informa-
tion with its SENA-based array structure that possesses a significantly larger number of
virtual elements than the physical elements, the proposed algorithm still exhibits enhanced
estimation performance.
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Figure 5. RMSE versus range separation.

6. Conclusions

A NF 3D parameter estimation algorithm based on a symmetric enhanced nested
array is proposed, which jointly utilizes the spatial-temporal information of the received
data and the FOC results. And the array aperture is analyzed, which obtains the maximum
virtual aperture under different M1 and M2 conditions. Compared with other algorithms,
the proposed algorithm has improved angle and distance accuracy by 65% and 61.7%,
respectively. The viability of the proposed algorithm has been evidenced by the extensive
simulation results provided.
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