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Abstract: The traversal inspection of satellites in satellite constellations or geosynchronous orbits
has been a focus of research. A large number of variable orbit requirements in the “single-to-single”
mode severely affects the efficiency of inspections. To address this problem, this study investigated
the problem of a single-impulse flyby co-orbiting two spacecraft and proposed a derivative-free
numerical solution method that used the geometric relationship between the two intersections of
the target and transfer orbits of the flyby problem in order to transform them into a nonlinear equa-
tion in a single variable for a given impulse time. The validity of the proposed method was verified
using numerical examples. While the Lambert problem is one of the bases for solving the variable
orbit problem, on-star intelligent control also raises the requirements for speed. To address this
problem, this study also investigated the Lambert problem in a single-impulse flyby co-orbiting two
spacecraft and determined the iterative initial value by constructing a quadratic interpolation equa-
tion between the inverse of the transfer time and the vertical component of the eccentric vector, the
derivative-free quadratic interpolation cut-off method was proposed. Using 100,000 random tests
showed that computational efficiency was improved by more than one order of magnitude com-
pared with commonly used methods, with a calculation error of less than 10-°.

Keywords: numerical solution; flyby multi-target; Lambert problem

1. Introduction

Maintaining, detecting, or intercepting targets in space has become a vital area of
space technology research, providing countries with a more significant space information
edge. Meanwhile, satellite constellations, which are made up of a large number of satel-
lites orbiting in the same orbit [1,2], such as the GPS Navigation System [3] and the Beidou
Navigation System [4,5], or satellite communication systems, such as OneWeb and
StarLink [6], are playing an indispensable role in society, as well as in the field of national
defense. Therefore, detecting or maintaining the satellites in these constellations has
emerged as an essential research topic. The flyby multi-target problem [7,8], particularly
the flyby non-coplanar multi-target problem [9,10], was investigated to some extent, but
most solutions require numerous orbit maneuvers and are incredibly dependent on the
ground station [11]. Minimizing the number of orbital maneuvers can effectively decrease
the mission constraint, and thus, enhance the efficacy of each orbital maneuver; therefore,
it is crucial to study the single-impulse flyby co-orbital multi-target problem.

The Lambert problem, defined as the problem of finding the impulse time and value
with two given positions and the transfer time, is the fundamental problem in the single-
target flyby/interception problem. A typical way of solving the Lambert problem is to
establish a connection between the transfer time and a Kepler element [12-14]. It is also
common to convert the Lambert problem into an optimization problem by adding con-
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straints [15-17] to achieve the optimal solution to the interception problem [18,19]. Unfor-
tunately, these methods are sensitive to an initial value for iteration, and thus, the b-spline
interpolation function is introduced to provide the selection strategy of the initial value
[20]. The Lancaster method is also combined to access initial values quickly [21]. Further-
more, heuristic algorithms, such as particle swarm optimization [21,22], brainstorm opti-
mization [23], the simulated annealing method [24], deep neural networks [25], and de-
terministic artificial intelligence [26], can also be utilized to solve the Lambert problem.

The multi-target flyby/interception problem was previously investigated based on
single-target flyby/interception research. For cosmic navigation [27], there are no cases of
multiple planets in the same orbit; therefore, research is focused on the problem of multi-
ple planets in the flyby hetero-orbit plane. For example, Battin [28] examined the trajectory
of flybys of Venus and Mars on a single interplanetary trip and conducted actual flight
tests. In the area of artificial earth satellites, Wu [29] studied the non-coplanar multiple-
target interception problem with two or three impulses, proposed a general solution
method, and improved the NSGA-II algorithm to seek the optimal solution. Li [30] sug-
gested a traversing points-based method for intercepting multiple targets on the Walker
constellation, which was able to quickly determine the orbit of non-coplanar multi-target
interception. The feasibility of the method in a circular orbit was demonstrated by Dutta
[31], who utilized a random greedy adaptive search procedure to optimize a sequence of
rendezvous maneuvers by a spacecraft with multiple targets. Xia [32] explored non-copla-
nar two-target interception with a single-impulse problem, establishing nonlinear equa-
tions that are solved using the Newton iteration method, predicated on the relationship
between angular momentum and position vector between interplanar orbits. Xia [33] sim-
ultaneously studied the problem of coplanar multi-target interception but did not conduct
further studies on co-orbital targets.

For a satellite constellation consisting of multiple orbital planes, a nonplanar multi-
target flyby/intercept can be important as a way to traverse all satellites. However, at the
same time, co-orbital multi-target flyby/interception, as another perspective, also has
some importance. For geostationary orbits, the study of the co-orbital multi-target
flyby/intercept problem is an important basis for traversing all satellites. Previous re-
search mainly addresses the problem of multiple-target flyby/interception on non-copla-
nar surfaces, and the majority of them use being non-coplanar as a necessary condition.
Nevertheless, a singular value phenomenon occurs when the orbits are coplanar or co-
orbital, and the calculation is unattainable. Therefore, this study provided a basic defini-
tion of the single-impulse flyby two co-orbital target problem, analyzed the constraint re-
lations in the problem to simplify it, and proposed a numerical solution to solve it.

The structure of the remainder of this article is organized as follows. In Section 2, a
basic description of the problem is given, upon which a mathematical abstraction is con-
structed initially. In Section 3, the constraint relations in the problem are constructed, re-
ducing the six-dimensional problem to a one-dimensional problem, and the problem’s
mathematical expression is stated. In Section 4, the relationship between the vertical com-
ponent of the eccentricity vector and the countdown of transfer time is presented, and a
quadratic interpolation secant method without derivatives is proposed for solving the co-
planar Lambert problem. In addition, a multi-solution secant method is proposed to solve
the co-orbital target flyby problem. In Section 5, several numerical examples demonstrate
the method’s effectiveness. Finally, the conclusions are provided in Section 6.

2. Description of the Problem

The single-impulse flyby two co-orbital spacecraft problem is described in this paper
as using a spacecraft with an orbital altitude lower than the target orbit to fly by two
spacecraft at different positions in the target orbit using a single-impulse maneuver.

There are three primary spacecraft in this problem: a chase vehicle named SCj, and
two target spacecraft named ST; and ST,. There are four significant times: the initial time
ts, the impulse time t,, the time the chaser intercepts the first target t;, and the time the
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chaser intercepts the second target t,. There are three main orbits: the chaser’s orbit 0,
the target’s orbit 0;, and the chaser’s transfer orbit 0,.

All variables in this article have two subscripts. The first indicates the satellite num-
ber, with 0 representing the chaser, 1 representing target 1, and 2 representing target 2.
The second subscript represents the time, such as t; or t;. Each spacecraft’s position at
four main times is depicted in Figure 1. The problem of the single-impulse flyby of two
co-orbital targets can be described as follows. First, at the time t,, the chaser SC, transfers
from the orbit 0, to the orbit 0,. The chaser SC, then flies by the first target at the time
t;, at which point their positions are r,;, and r;,, respectively. Finally, at the time t,,
the chaser SC, flies by the target ST,, whose positions are ry,, and r,.,. Note that the
chaser may perform a flyby of the target ST, first. Therefore, the central equation between
the positions in this problem can be written as

Yo, =Ny, Yo, =0y
or (1)
T, =T T, =T,

0,5 2,0 Lt

¥ Chaser

; Position at t,
o Target 1 >

Position at t2
~¢ Target2

AN

Chaser’s transfer orbit

\

Chaser’s orbit

Target’s orbit
\/ Vi Foray

Position at ty Flyby target 1

Figure 1. Geometric interpretation of a single-impulse flyby two co-orbital spacecraft problem.

The problem may be further abstracted as the following mathematical problem after
describing the known conditions and unknown variables. Given the orbital elements of
three spacecraft at the initial time t,, the transfer time t, and the velocity change vector
AV necessary for the chaser SC, should be found to fly by the targets ST; and ST,.

According to the problem description, there are six unknown values in this problem:
the impulse time t,, the three-dimensional velocity change vector AV, and the flyby times
t; and t,. Simultaneously, the connections between these variables may be used to sim-
plify them. For example, there is a Lambert problem between the unknown variables t,
t; and AV. The change vector AV and the orbital elements of the transfer orbit may be
uniquely calculated for a given t, and t;. The intersection of the transfer and target orbit
is therefore determined, and the position of each of the two intersections is the position
where the chase performs a flyby of each of the two targets. Accordingly, given the time
to and the time t;, the second flyby position can likewise be predicted —hence, the time
t,. In this method, the problem of a single-impulse flyby of two co-orbital targets is re-
duced from a six-dimensional problem to a two-dimensional problem and then to a one-
dimensional problem for a given t,. Therefore, in the next section, a theoretical derivation
of this method is presented, followed by its one-dimensional constraint relation equation.
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3. Mathematical Formulation of the Problem
3.1. Nonlinear Equations for Terminal Constraints

For each spacecraft in its orbital coordinate system, its position can be obtained using
the following formula:

Di

—(,j =012k =5,0,1,2
1+e;cosb;y, @) s ) @)

Tit, =
where 0;;, isthe true anomaly of its orbit, p; is the semi-latus rectum of the current orbit,
and e; is the eccentricity of the current orbit. All variables and their descriptions can be
obtained in Glossary. Simultaneously, since all three orbits are located in the same plane,
there is a conversion relationship between the true anomaly of the same position in vari-
ous orbits.

As shown in Figure 2, the angle between the interception’s first position and the per-
igee of the chaser’s orbit can therefore be found as follows:

0, =6, tAw (3)

0,4 Ly 0,0/

where Aw,,,, is the angle between the perigee of the target’s orbit and the perigee of the
chaser’s orbit. This can be provided by the eccentricity vector of the chaser’s orbit and
target’s orbit since

|e2|~|e1|

Rendezvous
position 2

Rendezvous
position 1

Perigee of

/ target’s
Perigee of orbit

transfer orbit

Figure 2. Geometric interpretation of flyby positions.
Subsequently, considering the relationship between the eccentricity vector and the
argument of periapsis, it can also be calculated using

Ao, =0 -0 (5)

07,0 o 0y

Meanwhile, Equation (2) may be used to write the two crossings of the transfer orbit
and the target orbit.
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(r, =— P2

"t 14 eycos6y, 6
o= D1 (
k M4 €1 C0S 0y,

Substituting Equation (3) into the first equation of Equation (6) and combining it with
Equation (1) gives

P1 _ D2 ”
1+ecosfy, 1+e,c08(01;, +Awg,,,) @)

Organizing this gives
(e1p2 — €2p1 COSAwy, 4,) COS O, + €01 SINA Wy, 5, SINO =Py — Py (8)

Simplifying this expression using trigonometric functions, when e, # 0 and
Aw,, o, # km(k = 0,1), the equation is obtained as follows:

(AcosOyy, +Bsiny,, =C

i
B = e;p;sind w,, o,
C=p1—p;

Then, two solutions of Equation (9), which represent the true anomaly of the two
interception positions in the target’s orbit, can be obtained for the intersecting ellipse
equations. Then, considering the laws of trigonometric functions, the logic between those
two solutions can be expressed more concisely as follows:

©)

0,+0, =7 A=0,B-C>0
61,t1+€2,12:37[ AZO,B'C<0
0, +6,, =2r B=0 (10)

61,11+62,12:7Z'_2d A'B¢0,C>0
6, +6,, =37-2d A-B#0,C<0

where
d:arctang,de[—z,z} 171)

The relationship between 6,,, and 6,,, is the same as the relationship shown in
Equation (12). Thus, once the true anomaly of the first flyby target in the target orbit is
determined, the true anomaly of the second flyby target is also obtained. Therefore, the
mean anomaly can be calculated using

E_ 1—e 7]
tanz— 1t etanz (12)
M =FE —esinE

Thereby, the time t, is given by the expression

M, -M
f,=—28 20 - 2 14, (13)
1

It can also be written as

i (14)

Subtracting Equation (16) using Equation (15) gives
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Ly, ]Ml,r1

M, -M M
Sty & ——=

+1,—1,=0 1
n n, 0 ! (5)

Finally, Equation (17) establishes nonlinear equations with only two independent
variables—the impulse time t, and the first flyby time t;.

However, Equation (10) demands the use of the eccentricity vector e, and the semi-
latus rectum p, of the transfer orbit during the computation, which necessitates first solv-
ing the Lambert problem constituted by the corresponding positions of t, and t;. This
problem is investigated further in the following subsection.

3.2. Nonlinear Equations for Coplanar Lambert Problem

For a given Lambert problem, the eccentricity vector e can be divided into a compo-
nent ey perpendicular to the transfer chord and a component e parallel to the transfer
chord. Then, the eccentricity of the orbit becomes

e=,er? +eg? (16)
As shown in Figure 3, the length of the chord can be calculated using

- rO,to

c=r

(17)

L

;
The centcr\

Rendezvous
of the eart

position 1

€,
Perigee of = "
chaser’s orbit Impulse Perigee of

\Mon/ transfer orbit

Figure 3. Geometric interpretation of coplanar Lambert problem.

Additionally, the component parallel to the transfer chord can be obtained using

— |r1't1 — ro‘t0| (18)

F
Cc

It is clearly shown that ey is a constant for a given Lambert problem.
For the transfer orbit with the eccentricity vector e,:

€, = eyrlp + eyrir (19)

where
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I, —T
iy Lt 0,1
i = | 0

L (20)

iy =i, Xip

Furthermore, i, is the unitized angular momentum vector. Then, the true anomaly
of the impulse position and interception position 1 in the transfer orbit can be obtained

using
€, 'rl,z,
arccos| ———— | (e,-r, #0)
0, = e | (21)
%+ kx(k=01) (e,-r, =0)

Meanwhile, the true anomaly of the transfer orbit at the time t, can be obtained us-
ing a transformation relation analogous to Equation (3).

90Jnv"z = 0,909 +Aw02700
e,-e

|e2|- e0|

02,09

J(ez T, #0) (22)

Ao = arccos[

Ao, , = §+ kr(k =0,1)(e, 1, =0)

Then, the mean anomaly of the transfer orbit at the time t, and the time t; can be
obtained using Equation (14). The semi-latus rectum of the transfer orbit can also be cal-
culated using

Py =Ty, +€,0080; (23)
Then, defining the semimajor axis with a = p/1 — e?, the orbital angular velocity can

be calculated using n = \/ % Finally, the orbital transfer time yields

My, — Moy,

At = f(To,ty F1ty €05 €T) (24)

n,
where the transverse eccentricity component e is the only unknown, considering that
only when 0<e, <1 is meaningful can the value e,y be a constraint in

4. Numerical Method without Derivation for the Two Equations
4.1. Solution of Lambert Problem without Derivation

Newton’s iteration method is typically used to solve the above problems. However,
the Newton iteration method is susceptible to the initial value. If the initial value is not
suitable, the solution cannot converge. At the same time, when using the Newton iteration
method, the above implicit function needs to be derived, which further increases the com-
plexity of solving this problem. Since the transfer time At is a monotonically increasing
function of the vertical component e; in the interval of the domain of the definition [34],
a quadratic interpolation secant method was proposed in this study. The basic process is
shown in Figure 4.
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Get initial value
(" A
Input:
Orbit parameters, ty, Aty
|\ J

Calculate the range (—eT,max, eT,max),
and take 100 equally spaced points
in the range

——

calculate Atgrg, and
Aty corresponding to the first
point and the last point

Atfirst +Atygse <0

Calculate e, at At™'= Aty?! using
the quadratic interpolation equation

Calculate the quadratic parameters a,
b, c for the three-point
interpolation using ey, At™*

Calculate At;p;q at e mig = 0

Calculate At; using the exact
calculation formula

|

Search for the first value ey, that is
larger than ey ; among all 100 ey and
calculate At,

Search for the first value ey, that is
smaller than ey ; among all 100 e
and calculate At,

Let er; = erp, and calculate
At; corresponding to the next er,

Using er; and er, as initial values,
calculate er 3 and At; by Eq.(27)

Get solution

|At; — Aty| < tolerance

Letery =ery erp =ers

Output: er

Output: No solution

Figure 4. Flowchart of the quadratic interpolation chord cut algorithm.

The quadratic interpolation function stated in the flowchart is

_ e by
TR AT
where the parameters are calculated using
1 1 1]‘1
| Atjgirst Atfirst I
ay | | rérrirst
1 1
b|= | 7 1| €T,mid
el |Atmia Almia | Leriast
| 1 1 I
|37y Ates
last last

The final iterative formula is as follows:

(
[

!

|
(

f(RO,oo,tor Rio, 6,0 eri)(eri — eri-1)
€T k+1 = €Tk — . .
f(RO,oo,tO: Rioye5€T0) — f(RO,oo,toi Rio e eri-1)
Mlo t1 — 0,00t
f (Ro,00,60) R,00,6,5 €T) = . ln 2 — At
2

(25)

(26)

(27)
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Several points need to be clarified here. It is necessary to find the initial points instead
of selecting the first and last points as the initial points because the primary motivation is
that the interpolation between the time Ar corresponding to the first and last points is
too large, typically surpassing 107, preventing the iterations from proceeding correctly.
Simultaneously, the initial value-finding algorithm can significantly reduce the number
of iterations. The second point that must be addressed is why quadratic functions are em-
ployed. Using quadratic functions reduces the amount of computing required, while
quadratic functions fit the curve better than linear interpolation, with the mean degree-of-
freedom-adjusted coefficient of the determination being 0.998 for 100,000 random tests.

4.2. Solution of Single-Impulse Flyby Two Co-Orbital Spacecraft Problem without Derivation

Equation (17) gives the functional relationship between the time t, and the time t;;
therefore, for any given t,, t; can be found using Equation (17). Since Equation (17) is a
transcendental equation and cannot be solved directly, it can generally be solved using an
iterative method. Because Equation (17) is difficult to derivate, this study adopted a multi-
solution secant method to solve it. The multi-solution secant method was to find all the
initial points for which a solution may exist and iteratively solve them using the secant
method. The flowchart of the method is shown in Figure 5:

Calculate the constraint range
(0, t1,max) , and take N equally
spaced points in the range

Input:
Orbit parameters, to, t1max

Let i = 1: N, Calculate the
function value of ¢; ; and t; ;41

YES

NO

YES| Using t;; and t;;4, as initial
values, calculate t; using the
Eq.(28)
NO
i=i+1 le— Calculate t,, AV atty

Output: t,, AV

Y

Figure 5. Flowchart the problem’s solution.

The iterative formula is

! — f(tO’tl,k )(tl,k _tl,k—l)
Lkl — 'Lk T
. f(ZU’tl,k)_.f(t()?Zl,k—l)

f(to’tl) _ M2,t)1,l2 _MZ,UI,[“ _ j‘ll,nz,tZ _All,nz,tI +t0 —tl
1 nZ

(28)

5. Numerical Examples

In this section, several numerical examples are provided for the single-impulse flyby
co-orbital spacecraft problem under the two-body models and the Lambert problem un-
der this problem. All tests were performed on an Intel® Core™ i7-9750H CPU at 2.60 GHz
with Windows 10 and run on MATLAB R2018b.
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5.1. The Lambert Problem

The algorithm was tested on a series of 100,000 randomly generated sample prob-
lems, with values of A@ betweenOand 27, r ranging from 7000 to 36,000, and the de-
sired nondimensional transfer time varying between 0.01 and 10,000. The result is shown
in Figure 6.

-3
2.5 x10 T

Universal variable method
Traversal search method
Our method

Time consumption(s)

...
I
|

0.5 — -

0 | | | | 1 | | 1 |
0 1 2 3 4 5 6 7 8 9 10
Times x10*

Figure 6. Time consumption of each method.

As Table 1 shows, compared with the universal variable method, the efficiency was
sharply improved by 92.09%. It also improved by 45.69% compared with the traversal
search method. In terms of the number of iterations, the number of times was reduced
from 58.95 to 3.26—a dramatic decline of 94.47%. Figure 7 shows that the calculation re-
sults of both algorithms were almost identical, with an average error in the order of 107
as shown in Figure 7.

Table 1. Results for the computation time of the simulation.

Average Computation Time 55 1o 10,000 Times 50,000 Times 100,000 Times Lo iciency
(ms) Improvement
Universal variable method [35] 1.3581 1.3593 1.3547 1.3543 92.09%
Traversal search method 0.2120 0.2039 0.1977 0.1972 45.69%

Our method 0.1118 0.1114 0.1075 0.1071
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Error(km/s)

<

Error(km/s)
"

1
'S

%107 Error of errentricity calculated by the two algorithms
T T
| ! 1

| || \ f | | ‘ '

| | l l | |

1 2 3 4 5 6 7 8 9 10

Times x10*

%10

Error of the first position velocity calculated by the two algorithms
: | : : | .

0 1 2 3 4 5 6 7 8 9
Times x10*
%1075 Error of the second position velocity calculated by the two algorithms
= I I I

<

1 2 3 4 5 6 7 8 9 10
Times x10*

Figure 7. The computational error between the universal variable method and our method.

5.2. The Single-Impulse Flyby Co-Orbital Spacecraft Problem

There may be two solutions for each specific orbital element: case 1—fly by target 1
first and then target 2, and case 2—fly by target 2 and then target 1. Figure 8 and Figure 9
show the two solutions to the specific orbit elements of the problem. Table 2 shows the
orbit elements.

8000 —

Impulse position
t, =1733.825s
Av=0.52%m/ s

6000 —

4000 —|

2000 —

Z(km)
o
|

—2000 —

Target’s orbit
—4000 —
Chaser’s transfer orbit

R e Flyby target2 position

wrc t, =7686.788s
~6000 —! Chaser’s orbit Flyby targetl position 1
t, =6019.837 05

0 )
-8000 — x10
-15 1

-05

—1
«10° 0.5 1 Y (km)
X(km)

Figure 8. The minimum fuel solution of case 1.
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8000 —

6000 —

4000 —

2000 —

Z(km)
|

—2000 —

—4000 —

—6000 —

Impulse position
t, =2538.733s
Av=1.144km/ s

Target’s orbit —

Chaser’s orbit

Chaser’s transfer orbit

Flyby target2 position Flyby targetl position
t, =4563.121s t, =4837.329s

x10*
X(km) U Yi(km)
Figure 9. The minimum fuel solution of case 2.
Table 2. Initial orbital elements of the problem.
Spacecraft 1, (km) 1, (km) i () Q () w (9 f ©)

SCy 7134 7861 38 17

ST, 23 11 81
577"; 9871 10306 40

Random Initial Orbital Elements

The experiment consisted of 1000 cases with randomly generated orbital elements.
For each case, simulations were performed at 10,000 time points within one period of the
chaser’s orbit. The ranges of the orbital elements are shown in Table 3.

Table 3. Random initial orbital elements of the problem.

Spacecraft T, (km) r, (km) i 200 w(©® f ©
SC, [7000,7500] _ [7500,9000] [0,45]  [0,45]
ST, [0,45] [0,90] [0, 90]
ST, [9000,10000] [10000,12000] [0,180] —[0, 270]

For the initial time t; = 0, the impulse time t, was restricted to 0 < t, < Ty, and the
time t; was limited to t, < t; <ty + 10,000 s.

As can be seen in Figure 10, the simulation findings revealed that justifiable solutions
existed in 91.32% of cases. Moreover, the eccentricity of the transfer orbit in these solutions
was predominantly concentrated between [0.4,0.6) and [0.9, 1), with the average Av in-
creasing as the eccentricity increased from 0.6713 m/s to 8.7171 m/s. Only 8.68% of the
cases had no solutions, where these Lambert problems were formed by t, and t; values
that had no solution with an eccentricity of less than 1.
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4
16)(10 ‘ ‘ : 9

Bl Number of solutions
—e— Average Av of solutions

=

Number of solutions
*
Average Av (km/s)

R R T B N R

Q3 Al 23 32 s A 99 o
\ » ALY o 9 o N\ N3

N o™
\ \“ﬁh \“9. 50\““0

o
Range of eccentricity

Figure 10. The eccentricity and average Av of the solutions.

6. Conclusions

In this study, the single-impulse flyby co-orbital spacecraft problem and the Lambert
problem were studied, and a derivative-free method was provided. Focusing on the Lam-
bert problem, the vertical component e; of a single variable was selected, the relationship
between e; and the reciprocal of the transfer time At™' was used to propose an initial
value calculation method based on quadratic function fitting, and then this was combined
with the secant method. This generated a non-derivative method to solve the problem.
For the single-impulse flyby co-orbital spacecraft problem, using the relationship between
the two intersection points of the target orbit and the transfer orbit, the problem was trans-
formed into a nonlinear equation of the time t; for a given impulse time t,, and the iter-
ative formulas of the linear interpolation search method for initial value selection and the
iterative formula of the chord secant method were given. The simulation results showed
that the proposed method could effectively improve the solution efficiency of the Lambert
problem and demonstrate the effectiveness of the transfer orbit calculation results for a
given impulse time. In addition, the general conditions for the existence of a solution were
presented based on simulation data, providing a foundation for future research on this
problem.

Of course, this research needs to be continued in further depth and focused on the
following aspects. First, the details of the model should be further optimized. In this study,
only a solution for the two-body condition was considered, and the next step could be to
continue exploring the solution to this problem under orbital uptake. The second aspect
is to analyze the access efficiency of a single pulse for the same orbit multi-target problem,
and further investigate how to optimally use fuel by studying the access of a single target
to the satellite constellation using different pulses to achieve it. Third, an engineering-
based implementation of the Lambert algorithm is possible. In this study, we only used
the MATLAB environment to compare the computational efficiency of different algo-
rithms. In engineering, low-level languages are typically used; therefore, it will be more
meaningful to engineer the algorithm using C language or Fortran. At this stage, vehicle
trajectory optimization is becoming more and more intelligent, but compared with other
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intelligent fields, whether it is stochastic Al or deterministic Al, the crucial prerequisite
for intelligent vehicle trajectory is its mathematical and physical basis. Therefore, the next
step in our research is determining how to make intelligent spacecraft learn to use these
formulas.

Author Contributions: Conceptualization, H.S. and Z.D.; methodology, H.S.; software, H.S.; vali-
dation, H.S.; formal analysis, H.S.; investigation, H.S.; resources, H.S.; data curation, H.S.; writing —
original draft preparation, H.S.; writing—review and editing, L.L.; visualization, H.S.; supervision,
H.S.; project administration, H.S.; funding acquisition, Z.D. and L.X. All authors have read and
agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

Glossary

c Length of the transfer chord

e; Eccentricity vector of orbit i

e Eccentricity of orbit i

er Perpendicular component of the transfer chord
eyr Parallel component of the transfer chord

My, Mean anomaly of spacecraft i at time t;

n; Mean motion of orbit i

pi Semi-latus rectum of orbit i

Fit; Position of spacecraft i at time ¢;

Tit; Distance between spacecraft i and earth center at time ¢;
Oi; Anomaly of spacecraft i at time t;

ayy Perigee of orbit i

Awy0;  Angle between perigees of two orbits (from i to j)

References

1.

10.

Osoro, O.B.; Oughton, E.J. A Techno-Economic Framework for Satellite Networks Applied to Low Earth Orbit Constellations:
Assessing Starlink, OneWeb and Kuiper. I[EEE Access 2021, 9, 141611-141625. https://doi.org/10.1109/access.2021.3119634.
Shank, K.S.H. Fidelity and utility of GPS loggers as a tool for understanding community participation of older adults. Scand. |.
Occup. Ther. 2022, 29, 282-292. https://doi.org/10.1080/11038128.2021.1921841.

Toh, J.-J. A Consider on Trend of GPS-based Investigation in Some Countries. Ajou Law Rev. 2021, 15, 267-289.
https://doi.org/10.21589/ajlaw.2021.15.3.267.

Wu, MK;; Luo, S.; Wang, W.; Liu, W.K. Performance Assessment of BDS-2/BDS-3/GPS/Galileo Attitude Determination Based
on the Single-Differenced Model with Common-Clock Receivers. Remote Sens. 2021, 13, 4845. https://doi.org/10.3390/rs13234845.
Zhang, ].].; Li, ]. Development and Application of Big Data in the Field of Satellite Navigation. Wirel. Commun. Mob. Comput.
2021, 2021, 12. https://doi.org/10.1155/2021/8850350.

Farhangian, F.; Landry, R. Multi-Constellation Software-Defined Receiver for Doppler Positioning with LEO Satellites. Sensors
2020, 20, 5866. https://doi.org/10.3390/s20205866.

Peng, C.Y.; Zhang, ].; Yan, B.; Luo, Y.Z. Multisatellite Flyby Inspection Trajectory Optimization Based on Constraint Repairing.
Aerospace 2021, 8, 274. https://doi.org/10.3390/aerospace8090274.

Englander, J.A,; Vavrina, M.A.; Hinckley, D. Multi-Objective Hybrid Optimal Control for Multiple-Flyby Interplanetary
Mission Design using Chemical Propulsion. In Proceedings of the AAS/ATIAA Astrodynamics Specialist Conference, Vail, CO,
USA, 11-13 August 2015; pp. 2333-2352.

Bull, R.; Mitch, R.; Atchison, ].; McMahon, J.; Rivkin, A.; Mazarico, E. Optical Gravimetry mass measurement performance for
small body flyby missions. Planet. Space Sci. 2021, 205, 20. https://doi.org/10.1016/j.pss.2021.105289.

Celik, O.; Dei Tos, D.A.; Yamamoto, T.; Ozaki, N.; Kawakatsu, Y.; Yam, C.H. Multiple-Target Low-Thrust Interplanetary
Trajectory of DESTINY+. |. Spacecr. Rocket. 2021, 58, 830-847. https://doi.org/10.2514/1.A34804.



Aerospace 2022, 9, 374 15 of 15

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.
26.
27.
28.
29.
30.
31.

32.
33.

34.
35.

Tang, X.; Ye, D.; Huang, L.; Sun, ZW.; Sun, J.Y. Pursuit-evasion game switching strategies for spacecraft with incomplete-
information. Aerosp. Sci. Technol. 2021, 119, 20. https://doi.org/10.1016/j.ast.2021.107112.

Wen, C.X,; Zhao, Y.S.; Shi, P. Derivative Analysis and Algorithm Modification of Transverse-Eccentricity-Based Lambert
Problem. J. Guid. Control Dyn. 2014, 37, 1195-1201. https://doi.org/10.2514/1.62351.

Pan, B.F.; Ma, Y.Y. Lambert’s problem and solution by non-rational Bezier functions. Proc. Inst. Mech. Eng. Part G-]. Aerosp. Eng.
2018, 232, 227-245. https://doi.org/10.1177/0954410016676847.

Zhang, G. Terminal-Velocity-Based Lambert Algorithm. J. Guid. Control Dyn. 2020, 43, 1529-1539.
https://doi.org/10.2514/1.G004964.

Thompson, B.F.; Rostowfske, L.J. Practical Constraints for the Applied Lambert Problem. J. Guid. Control Dyn. 2020, 43, 967-974.
https://doi.org/10.2514/1.G004765.

Chen, H.; Han, C.; Rao, Y.R;; Yin, ].F.; Sun, X.C. Algorithm of Relative Lambert Transfer Based on Relative Orbital Elements. J.
Guid. Control Dyn. 2019, 42, 1413-1422. https://doi.org/10.2514/1.G003348.

Yang, HW.; Li, S. Fuel-Optimal Asteroid Descent Trajectory Planning Using a Lambert Solution-Based Costate Initialization.
leee Trans. Aerosp. Electron. Syst. 2020, 56, 4338—4352. https://doi.org/10.1109/taes.2020.2988625.

Kim, M.; Park, S. Optimal Control Approach to Lambert’s Problem and Gibbs" Method. Appl. Sci.-Basel 2020, 10, 13.
https://doi.org/10.3390/app10072419.

Leeghim, H.; Jaroux, B.A. Energy-Optimal Solution to the Lambert Problem. ]. Guid. Control Dyn. 2010, 33, 1008-1010.
https://doi.org/10.2514/1.46606.

Wei, Q.; Cai, Y.L.; Ieee. A Modified Algorithm for The Time-fixed Orbital Interception. In Proceedings of the IEEE International
Conference on Information and Automation 2015, Lijiang, China, 8-10 August 2015; pp. 3057-3061.

Liu, Y.F,; Li, R.F.; Wang, S.Q.; Ieee. Particle Swarm Optimization applied to Orbital Three-Player Conflict. In Proceedings of the
8th International Conference on Intelligent Human-Machine Systems and Cybernetics (IHMSC), Zhejiang University,
Hangzhou, China, 11-12 September 2016; pp. 513-517.

Wang, Z.W.; Dong, Y.M.; Feng, W.M.; Zhao, ].F. Optimization for far-distance and fuel-limited cooperative rendezvous between
two coplanar spacecraft based on Lambert method. Proc. Inst. Mech. Eng. Part G-]. Aerosp. Eng. 2020, 234, 1301-1310.
https://doi.org/10.1177/0954410019900447.

Soyinka, O.K.; Duan, H.B. Optimal Impulsive Thrust Trajectories for Satellite Formation via Improved Brainstorm
Optimization. In Proceedings of the 7th International Conference on Swarm Intelligence (ICSI), Bali, Indonesia, 25-30 June 2016;
pPp- 491-499.

Song, X.M.; Chen, Y.; Lin, Q. Orbit Plan Method for General Rendezvous Problems. Appl. Mech. Mater. 2014, 543-547, 1385—
1388. https://doi.org/10.4028/www.scientific.net/ AMM.543-547.1385.

Yang, B.; Li, S.; Feng, ].L.; Vasile, M. Fast Solver for J2-Perturbed Lambert Problem Using Deep Neural Network. ]. Guid. Control
Dyn. 2022, 45, 875-884. https://doi.org/10.2514/1.G006091.

Osler, S.; Sands, T. Controlling Remotely Operated Vehicles with Deterministic Artificial Intelligence. Appl. Sci. 2022, 12, 2810.

Sandberg, A.; Sands, T. Autonomous Trajectory Generation Algorithms for Spacecraft Slew Maneuvers. Aerospace 2022, 9, 135.

Battin, R.H. An Introduction to the Mathematics and Methods of Astrodynamics; Aiaa: Reston, USA, 1999.

Wu, G.Q.; Tan, L.G; Li, X.; Song, S.M. Multi-objective Optimization for Time-Open Lambert Rendezvous Between Non-
coplanar Orbits. Int. ]. Aeronaut. Space Sci. 2020, 21, 560-575. https://doi.org/10.1007/s42405-019-00231-z.

Li, Y.F.; Zhang, Y.S. A Method of Determining Multiple-Targets Interception Based on Traversing Points. Applied Mechanics and
Materials 2013, 437, 1081-1084. https://doi.org/10.4028/www .scientific.net/ AMM.437.1081.

Dutta, A. Grasp algorithm for multi-rendezvous mission planning with optimized trip times. In Proceedings of the AAS/ATAA
Astrodynamics Specialist Conference, Vail, CO, USA, 11-13 August 2015; pp. 1121-1133.

Xia, C.; Zhang, G.; Geng, Y. Two-target interception problem with a single impulse. Aerosp. Sci. Technol. 2021, 119, 107110.

Xia, C.; Zhang, G.; Geng, Y. Coplanar multi-target interception with a single impulse. Acta Aeronaut. Et Astronaut. Sin. 2022, 43,
325093-325093. https://doi.org/10.7527/s1000-6893.2021.25093.

Avanzini, G. A Simple Lambert Algorithm. ]. Guid. Control Dyn. 2008, 31, 1587-1594. https://doi.org/10.2514/1.36426.

Curtis, H. Orbital Mechanics for Engineering Students; Butterworth-Heinemann: Waltham, USA, 2013.



