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Abstract: Helicopter gearbox support strut is one of the main research objects in the field of vibration
and noise control in helicopter cabins. Aiming to further widen the vibration attenuation range
of traditional Bragg periodic struts, a novel type of Local resonance (LR)/Bragg coupling periodic
strut with graded parameters as well as the reverse design method is proposed. Combined with the
spectral element method (SEM) and the transfer matrix method (TMM), the analytical expression
of the transform relationship of longitudinal vibrations through the coupling strut is yielded. The
impacts of different parameters on the boundaries of bandgaps are explored according to the results
of simulation analysis. On this basis, the gradient of parameters is determined, and then all unknown
structural parameters can also be determined. Compared with the traditional Bragg periodic struts
and the LR/Bragg coupling periodic strut with non-graded parameters, the presented strut has an
obvious advantage of widening the low-frequency bandgaps below 500 Hz.

Keywords: LR/Bragg coupling strut; reverse design; helicopter cabin; spectral element method;
transfer matrix method; vibration attenuation

1. Introduction

The noise level in the helicopter cabin is influenced by the rotor, tail rotor, engine, and
transmission system. The complex composition of cabin noise leads to harsh riding condition,
which seriously restricts the development and market expansion of helicopters [1,2]. After
testing and analysis, the vibration transferring from the gearbox to the cabin is considered to
be one of the main causes of high cabin noise level [3,4]. However, the attenuation of vibration
by conventional support struts is negligible. The optimization and design of struts thus have
been a popular area for researchers. In the past several decades, lots of efforts have been
devoted to developing passive and active solutions to address this issue.

The core of the active solutions is the actuators controlled by active control algorithms.
The current mainstream solution is to install actuators on the strut to provide external force
to achieve vibration isolation [5–8]. In addition, the panel which is near to the mounting
point of the strut is an optional location for actuator installation [9,10]. The active technology
is usually effective in the simulation tests, but may not achieve the expected results in
practical engineering applications due to various constraints, such as equipment failure,
lack of power supply, and the instability of algorithms, etc. In addition, the active technique
is more suitable for specific target frequencies or narrow-band vibration attenuation, and
its application in wide-band vibration attenuation is not very satisfactory.

The main idea of the passive solutions is to install energy-consuming devices at appro-
priate locations in the main structure for energy conversion, thus reducing the vibration
energy absorbed by the primary structure to achieve the purpose of vibration attenuation.
Compared with active schemes, passive solutions are less costly and more effective in
wide-band vibration attenuation. By far, the dynamic anti-resonance vibration isolation
(DAVI) [11], consisting of elastic elements, damping elements, and inertial elements, is
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one of the most popular passive solutions applied in engineering practices. The DAVI
can counteract the excitation force by the elastic force generated by the elastic elements
(e.g., springs) and the inertial force generated by the inertial elements (e.g., counterweight).
Based on the DAVI systems above, the improved rotor isolation system (IRIS) [12], the
SARIB [13] and the Liquid Inertia Vibration Eliminator (LIVE) [14] are all well-deployed in
real helicopter engineering. For instance, the SARIB has also been successfully equipped
in the NH-90 and Tiger helicopters. Recently, passive periodic struts are considered as
the way to attenuate vibrations because of their wave filtering characteristic. The specific
manifestation of this characteristic is that waves laid in some frequency ranges called stop
bands cannot propagate along the periodic structures. Currently, there are two kinds of
mechanisms for periodic structures to generate bandgaps, namely the Bragg scattering
mechanism [15] and the local resonance (LR) mechanism [16]. Design and optimization of
periodic Bragg strut applied in the gearbox systems of helicopters have been carried out in
recent years. In order to attenuate the noise in helicopter cabin, Asiri, Baz and Pines [17–19]
constructed a novel type of gearbox periodic struts which consists of five unit cells. An
experiment was designed aiming to test vibration attenuation performance of the strut with
a gearbox assembly, and the results showed that the strut performed well in broadband
damping. Szefi, Smith and Lesieutre [20–24] tried to introduce embedded fluid elements to
the layered isolator to enhance the performance of passive vibration isolation and succeed
finally. Wang, Lu and Ma [25–28] combined two sets of Bragg struts in an ingenious way
and yielded a novel type of composite strut. The strut performed well in vibration atten-
uation on the basis of satisfying the strength and stiffness constraints. However, current
research are mainly based on the Bragg mechanism to design the struts, and there is almost
no strut design using the LR mechanism. Meanwhile, the center frequency of the first
Bragg stop band is inversely proportional to the length of cells of the periodic structures,
namely, it is difficult for Bragg structures to meet the length requirements in the helicopter
cabin while obtaining the low frequency stop band. This is why current studies on heli-
copter periodic struts have focused on reducing the mid- and high-frequency vibrations
(500–2000 Hz). However, the vibrations below 500 Hz also have a great contribution to the
noise environment in the cabin and should not be ignored.

The LR mechanism first proposed by Liu et al. [29] paved a new way towards this
problem. They developed 3D phononic crystals consisting of a cubic array of coated spheres
dipped in an epoxy matrix. The frequency range of the LR stopband is lower than the Bragg
stopband, while they have the same characteristic size. This pioneering work provides
a new research direction in the field of periodic structures and phononic crystals, and
many scholars have made a lot of achievements in this direction [30–37]. The LR structures
are always constructed with the intention of introducing locally resonant substructures
into matrix materials, and they can be implemented in the context of vibration control
engineering. Low-frequency resonance gaps can be achieved in structural elastic waveg-
uides such as rods, beams, plates, shells, etc. by installing local resonators periodically.
In traditional vibration control engineering, the idea of multi-frequency resonance has
been widely used in the design of broadband vibration absorbers [38–42]. For example,
when designing a vibration attenuation scheme for suppressing the vibration response of a
lumped parameter system, a set of single-degree-of-freedom (SDOF) vibration absorbers
with slightly staggered resonant frequencies can be considered. The great acting force is
generated by these vibration absorbers in the vicinity of multiple resonant frequencies, so
as to achieve the purpose of broadening the vibration reduction frequency band [39,41].
Similarly, a group of SDOF vibration absorbers with slightly staggered resonant frequencies
are distributed on a continuous structure, which can realize broadband vibration reduction
of continuous structures [38,40]. It can be considered that the graded design based on
the reasonable selection of parameter is an effective way to achieve broadband vibration
attenuation. Introducing vibration absorbers with multi-frequency resonance into the
design of the coupling strut is expected to further widen the stop bands.
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In this paper, we construct a novel type of LR/Bragg coupling periodic strut by adding
local resonators to the periodic arranged strut, aiming to further widen the bandgap from
the combination of the LR mechanism and the Bragg mechanism. In Section 2, the formu-
las for calculating the propagation constant of the infinite strut and displacement/force
transmissibility through finite struts are derived. Section 3 is devoted to investigating the
variation law of the bandgap boundaries with parameters of resonators, which provides
theoretical guidance for the subsequent work. The graded design formed by the combi-
nation of different unit cells is introduced to widen the existing bandgap. We finish with
some concluding remarks in Section 4.

2. Dynamic Model and Analysis Method

For facilitating analysis without losing generality, our study starts with the periodic
struts with two resonators in each unit cell. Two strut configurations are considered,
that is, the periodic arranged strut with series resonators and parallel resonators. The
infinite discrete models of two configurations are shown in Figure 1. Considering the space
and weight limitations in the helicopter cabin, we decided to take the strut with parallel
resonators as the research objective. Each unit cell of the strut is composed of a metal layer
(denoted by the symbol A) and a rubber layer (denoted by the symbol B), and two parallel
resonators are attached to the metal layer also. One of the resonators is connected to the
top side of layer A by default, and the rest of the resonators can be attached to any location
on layer A except the top side. The choice of the location of the second resonator will be
discussed in detail in Section 3.1. For the strut studied in this paper, it is assumed that all
interfaces between the connected layers is ideal.
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Figure 1. Configuration diagrams of the infinite struts with local resonators: (a) parallel resonators
(b) series resonators.

2.1. Governing Equation for Longitudinal Wave Propagation

Consider an LR unit cell consisting of a uniform rod unit and a resonator, as sketched
in Figure 2. k and m represent the stiffness and mass of the resonator, and L is the length of
the rod.
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Figure 2. Configuration diagram of the rod unit attached with a resonator.

2.1.1. Rod without Resonators

For the rod unit without resonators, the equation of motion can be expressed in the
following form:

ρS
∂2u(y, t)

∂t2 − ES
∂2u(y, t)

∂y2 = 0 (1)

where ρ and S denote the density and cross-sectional area of the rod unit, respectively. E is
the Young’s modulus, and u(y, t) is the displacement along the x-direction. The solution of
Equation (1) can be expressed as

u(y, t) = U(y)e−iωt (2)

where ω is the circular frequency of harmonic motion. Substituting Equation (2) into
Equation (1), we get

E
∂2U(y)

∂y2 + ω2ρU = 0 (3)

The solution of Equation (3) is

U(y) = A1e−iβ(L−y) + A2e−iβy (4)

where β = ω
√

ρ/E is the number of longitudinal waves, and L represents the length of the
rod unit. Substituting the boundary conditions into Equation (4), the coefficients A1 and
A2 can be calculated. Defining the nodal displacements at the top and bottom sides of the
rod unit as Ut and Ub, namely

Ub = U|(y=0), Ut = U|(y=L) (5)

The coefficients A1 and A2 can be expressed as[
A1
A2

]
=

1
1− e−i2βL

[
1 −e−iβL

−e−iβL 1

][
Ut
Ub

]
(6)

According to Equations (3) and (6), the spectral displacement U(y) can be rewritten as

U(y) = Nt(y)Ut + Nb(y)Ub (7)

where Nt(y) = 1
1−e−i2βL e−iβ(L−y)+ −e−iβL

1−e−i2βL e−iβy and Nb(y) = −e−iβL

1−e−i2βL e−iβ(L−y)+ 1
1−e−i2βL e−iβy

are shape functions.
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Similarly, the internal force f (y, t) also can be expressed as

f (y, t) = F(y)e−iωt (8)

In the frequency domain, the internal force and the displacement have the following
relationship:

F(y) = ES
∂U(y)

∂y
(9)

Defining the nodal forces at the top and bottom sides of the rod unit as Ft and
Fb, namely

Fb = F|(y=0), Ft = F|(y=L) (10)

Substituting Equation (7) and Equation (9) into Equation (10), we obtain[
Ft
Fb

]
= D

[
Ut
Ub

]
=

ESiβ(
1− e−i2kl

)[1 + e−i2kl −2e−ikl

−2e−ikl 1 + e−i2kl

][
Ut
Ub

]
(11)

where D is the dynamic stiffness matrix of the rod unit, and it can be rewritten as
Equation (12) according to Euler’s formula [43,44].

D =

[
D11 D12
D21 D22

]
=

ESβ

sin(βL)

[
cos(βL) −1
−1 cos(βL)

]
(12)

2.1.2. Rod with Resonators

When a resonator is attached to the rod unit, the effect of the resonator on the rod
can be equivalent to the external force acting on the connection boundary, and then the
equivalent transfer matrix (TM) relationship of the cell can be deduced. The inertial force
generated by longitudinal vibration of the resonator will be transmitted to the rod, and the
reaction force can be expressed as

Fr = DrUt (13)

where Dr =
−mω2k
k−mω2 −m0ω2 is the dynamic stiffness of the resonator, and m0 is the additional

mass of the spring in practical engineering applications [45]. We can get the relation between
the force responses and displacements at two ends of the cell:[

Ft
Fb

]
= D

[
Ut
Ub

]
=

[
Dtt Dtb
Dbt Dbb

]{
Ut
Ub

}
=

[
D11 + Dr D12

D21 D22

][
Ut
Ub

]
(14)

where D is the dynamic stiffness matrix of the LR unit by combining the dynamic stiffnesses
of the rod unit and the resonator, Ft, Fb and Ut, Ub respectively define the force and
displacements, in where the subscripts t and b represent the top and bottom sides of the
unit. Equation (14) can be rearranged as[

Ub
Fb

]
=

[
−D−1

tb Dtt D−1
tb

Dbt − DbbD−1
tb Dtt DbbD−1

tb

][
Ut
Ft

]
(15)

Imposing continuity and compatibility of contact interfaces between adjacent layers,
we get: [

U′t
F′t

]
=

[
Ub
−Fb

]
=

[
−D−1

tb Dtt D−1
tb

−Dbt + DbbD−1
tb Dtt −DbbD−1

tb

][
Ut
Ft

]
= T

[
Ut
Ft

]
(16)

where T is the TM of the cell, and U′t and F′t define the force and deflections states of the
top side of the next cell. The explicit expression for the T is given by

T =

[
cos(βL) + (Dr/ESβ) sin(βL) −(ESβ)−1 sin(βL)

ESβ sin(βL)− Dr cos(βL) cos(βL)

]
(17)
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Consider the LR rod unit cell containing two parallel resonators, as shown in Figure 3,
the original cell can be separated into corresponding sub cells with single-resonator sepa-
rately. Thus, the TM of the entire unit can be obtained by the continuous condition of the
contact interface:

Tcell = TI I × TI (18)
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The transfer matrices of layer A and layer B are shown in Figure 1 can be obtained
easily by Equations (17) and (18). According to the principle of superposition, the TM of
the entire cell consisting of layer A and layer B can be expressed as

Tcell = TB × TA (19)

2.2. Propagation Constant of the Infinite Periodic Strut

For an infinite periodic strut, the relationship of state vectors of adjacent cells can be
obtained by Bloch theorem [46] and Equation (16):[

Ub
Fb

]
b
= Tcell

[
Ut
Ft

]
a
= λ

[
Ut
Ft

]
a

(20)

Here, λ = eµ or λ = e−µ, which represents a pair of positive-going or negative-going
characteristic waves. µ is called the propagation constant. The real part of µ is defined as
the attenuation coefficient, and it represents the attenuation degree of the amplitude of
the wave. The imaginary part of µ is defined as the phase coefficient, and it represents
the phase difference of the wave motion in adjacent periodic units. Equation (20) can be
rewritten as

(
Tcell − e±µ · I

)[Ut
Ft

]
a
=

[
Tc11 − e±µ Tc12

Tc21 Tc22 − e±µ

][
Ut
Ft

]
a
= 0 (21)

where Tc11, Tc12, Tc21 and Tc22 are the elements of matrix Tcell . Thus, e±µ are the eigenvalues
of matrix Tcell . As e−µ + eµ = 2 cosh(µ), we have

cosh(µ) =
e−µ + eµ

2
=

Tc11 + Tc22

2
(22)
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2.3. Vibration Transmission of the Finite Strut

For a finite periodic coupling strut, the overall TM of the strut Tstrut can be obtained
by multiplying the transfer matrices of the individual cells:

Tstrut =
n

∏
i=1

Tcelli (23)

in which n is the number of cells. It is worth mentioning that Equation (23) is also applicable
to calculate the transmission of a disordered or near-periodic strut, whose cells have distinct
transfer matrixes.

Imposing continuity and compatibility at the bottom side of the unit cell yields[
Ut
Ft

]n+1

=

[
Ub
−Fb

]n

= Tstrut

[
Ut
Ft

]1

=

[
Ts11 Ts12
Ts21 Ts22

][
Ut
Ft

]1

(24)

Where Ts11, Ts12, Ts21 and Ts22 are the elements of matrix Tstrut, and the superscripts
of vectors denote the serial number of the cell. The displacement and force transmissibility
of the finite strut can be obtained with two different boundary conditions.

(1) Free-Free Condition

When both ends of the strut are in free condition, the force and displacements of the
two ends can be expressed as {

Ut 6= 0, Ft = f0

Ub 6= 0, Fb = 0
(25)

where f0 is the external excitation acting on the top of the strut. Combining Equations (23) and (24),
we can get the displacement transmissibility of the finite periodic structure:

T( f ) = |Ub/Ut| =
∣∣∣Ts11 − Ts12T−1

s22 Ts21

∣∣∣ (26)

(2) Fix-Fix Condition

When both ends of the strut are in fix condition, the force and displacements of the
two ends can be expressed as {

Ut 6= 0, Ft = f0
Ub = 0, Fb 6= 0

(27)

where f0 is the external excitation acting on the top of the strut. Combining Equations (23) and (26),
we can get the force transmissibility of the finite periodic structure:

T( f ) = | fb/ ft| =
∣∣∣Ts22 − Ts21T−1

s11 Ts12

∣∣∣ (28)

Considering that the periodicity of the strut will be broken since the subsequent graded
design, in order to directly compare the wave attenuation capability of the finite disordered
strut with that of the infinite disordered strut, we adopt the supercell method which has
been widely used in the study of defect states in phononic crystals [47], to characterize
the bandgap characteristics of the finite strut. The so-called supercell method is to regard
the whole disordered structure with finite periods as a supercell and introduce periodic
boundary conditions at both ends of the supercell to calculate its band gap characteris-
tics. From this point of view, the matrix Tstrut of the whole disordered structure can be
obtained by Equation (23), and the propagation constant µ can be calculated based on
Equations (21) and (22). The transmission characteristics reflected by µ are expected to be
mostly matched with that of the finite disordered strut.
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3. Simulation Analysis and Results Discussion
3.1. Illustrative Example

In this subsection, a finite coupling periodic strut is designed to verify the theoretical
calculation results of the method presented in this paper. The results obtained by the
present method are compared with those obtained by the finite element software. The
typical Bragg strut studied in [17,26] is taken as the prototype model, and five groups of
parallel resonators are added to the strut. The simplified diagram of the finite coupling
strut is given in Figure 4. The proposed coupling strut is composed of five identical unit
cells, and every cell is made up of an aluminum layer carrying two parallel resonators and a
rubber layer. An aluminum layer is added to the bottom of the strut for ease of installation.
A ring-shaped rubber layer and a ring-shaped lead block comprise the resonator. In the
simulation analysis, the input excitation is applied at the center point of the top aluminum
layer, and the output signal is measured at the center point of the bottom aluminum layer.
The boundary conditions at both ends of the strut are free, and the transmissibility is
defined as

T = 20 log
∣∣∣∣Ub

Ut

∣∣∣∣ (29)
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Figure 4. Schematic representation of a finite coupling periodic strut.

When the longitudinal wave propagates in the strut, the lead block will vibrate in the
longitudinal direction, and the cylindrical rubber layer will undergo shear deformation.
The resonator can be simplified as a mass–spring system, and the longitudinal stiffness of
the rubber layer can be approximately expressed as [48]

k = 2πGh/(ln Rout − ln Rin) (30)
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where G is shear modulus of the rubber, and h denotes the longitudinal thickness of rubber
layer. Rout and Rin are the outer radius and inner radius of the rubber layer, respectively.
The parameters of prototype strut used in the simulation are the same as the ones given
in [26]. Considering the weight constraints in the practical design, it is assumed that the
ratio of the mass of the resonators to that of the prototype strut has a constrained maximum
value. Therefore, the mass ratio is set to be 0.8 in the subsequent numerical samples.
The material properties and sizes of the components of the coupling strut are listed in
Tables 1 and 2. The mass and equivalent stiffness of the two resonators can be calculated
according to known parameters, i.e., m1 = 0.0273 kg, m2 = 0.0410 kg, k1 = 93,368.56 N/m
and k2 = 93,368.56 N/m. The resonance frequencies of the two resonators are calculated to
be 294.16 Hz and 240.18 Hz by Equation (31), respectively.

fi = (1/2π)× (ki/mi)
1/2(i = 1, 2) (31)

Table 1. Properties of materials.

Materials Density
/kg·m−3

Elastic Modulus
/GPa

Shear Modulus
/Gpa

Parameters of
the rod

Aluminum 2700 73 28.7
Rubber 1291 0.0024 0.001

Parameters of
the resonators

Rubber 1291 0.0024 0.001
Lead 11,600 40.8 14.9

Table 2. Sizes of the components of the coupling strut.

Part Material Inner Radius
/m

Outer Radius
/m Length/m

Rod
Aluminum \ 0.025 0.02

Rubber \ 0.0215 0.015

Resonator 1
Rubber 0.0250 0.0350 0.005

Lead 0.0350 0.0371 0.005

Resonator 2
Rubber 0.0250 0.0350 0.005

Lead 0.0350 0.0381 0.005

The results given in Figure 5 show that the transmissibility of the strut achieved by the
presented algorithm (red line) agrees well with that obtained by the finite element software
(blue dotted line). Thus, the accuracy of the proposed algorithm and the simplified model of
the resonator is validated. Two typical asymmetric LR gaps can be observed below 500 Hz
with sharp attenuation at the resonance frequencies of the two resonators, and two typical
symmetrical and smoothly falling Bragg gaps lie in the range of 500–2000 Hz. Although
the LR mechanism has more advantages in low-frequency vibration control obviously, it
has the problem of narrow bandgap. In addition, the transmission characteristics of the
strut with single resonator and that with two resonators are also compared in Figure 5b.
The parameters are the same as in the preceding example, with the only difference that the
two parallel resonators have been replaced by a single resonator with the same total mass of
lead. The resonance frequency is tuned to 186.04 Hz, and correspondingly, the LR stop gaps
also degenerate into one. The calculated mass and equivalent stiffness of the resonators are
summarized in Table 3. It can be seen from Figure 5b that the parallel resonators have an
advantage over the single resonator in multi-frequency vibration attenuation.
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Table 3. Calculated parameters of the resonators.

Mass
/kg

Equivalent Stiffness
/N·m−1

Resonance Frequency
/Hz

Parallel
resonators

Resonators 1 0.0273 93,368.56 294.16
Resonators 2 0.0410 93,368.56 240.18

Single resonator 0.0683 93,368.56 186.04

3.2. Parametric Influence Study

We only take into account several particular struts with carefully selected system pa-
rameters in the previous subsection. The impacts of designing parameters of the resonators
on the bandgap behavior, including the location, width, and attenuation capabilities of all
the bandgaps, will be of great relevance in the practical design, nevertheless. It is obvious
that the mass, stiffness and spacing of resonators dominate the variation of wave propa-
gation while the parameters of the rod are constant. In order to acquire a more thorough
understanding of how bandgap boundaries vary with the configuration of resonators, the
ratio parameters are determined by θ = m2/mr, η = k2/k1 and ς = L2/LA, respectively,
and the range of the parameters can be obtained as θ ∈ [0, 1], η ∈ [0,+∞) and ς ∈ [0, 1].
mr represents the total mass of lead of two resonators. All simulation analysis in this section
is carried out with the assumption of infinite periodicity, and the analyzed frequency range
in all examples is set to 0–2000 Hz.

The effect of the spacing ratio on the variation of the bandgap boundaries is considered
first. Several band diagrams are displayed in Figure 6, and the boundaries of the first to
fourth stopbands are signed by red, blue, green and black symbols, respectively. The
detailed parameters are stated in the caption. Figure 6 shows that the bandgap bound-
aries remain unchanged due to the variation of ς, therefore the variation of ς will not be
considered hereafter and it will be set to be 0.5 in the following examples.

Next, the band diagrams are displayed in Figures 7 and 8, where the variation of bandgap
boundaries taking θ and η as the independent variable, respectively. The boundaries of the
first to fourth stopbands are also signed by red, blue, green and black symbols, respectively.

There are several special situations in Figures 7 and 8 which need to be discussed
separately. When θ or η takes the value of 0 or 1, namely the amount of the resonators
in every cell is reduced to one, leading the degeneration of the number of LR bandgaps
to one. Meanwhile, it should not be ignored that when the resonance frequencies of
the two resonators are the same, e.g., θ = 0.5 in Figure 7b and η = 1 in Figure 8b, the upper
border of the first bandgap reaches the lower border of the second bandgap at the point. It
can be easily found that the top boundary of the second bandgap rises much faster than
that of the lower border when away from the point, namely the width of the second band
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gap tends to increase fast. The boundaries of the third bandgap change in the opposite way.
It is also evident that the passband between the third bandgap and the fourth bandgap
hardly changes with the variation of the variables in most cases.
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In conclusion, the overlap of bandgaps of the infinite strut may happen when parame-
ters of resonator change. In the condition of efficiently leveraging the overlap of bandgap
boundaries, a graded designed coupling strut has the potential to further broaden the band-
width. This finding motivates us to further attempt to combine units whose parameters are
distributed in gradients to increase the bandwidth.
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3.3. Reverse Design

The work of several researchers [25,49–51] affirm that the vibration-attenuation fre-
quency ranges on the vibration transmission curve of finite structure correspond to those
of the infinite periodic structure, even if the finite structure composed of only a few cells.
Hence, the process of unit cell of infinite structures design is sufficient for the design of
finite periodic structures. In this subsection, the continuous model in Section 3.1 is taken as
the prototype model, and the analysis results in Section 3.2 is taken as a guide. With the
goal of widening the band gap as much as possible below 500 Hz, the parameters of the
resonators can be reversely determined.

It can be clearly observed that the band structure of the infinite periodic strut exhibits
different sensitivities to mass ratio θ and stiffness ratio η. Thus, two graded approaches
corresponding to these two parameters should be considered. For the two types of graded
structures, the total bandgap after overlapping combination is the key point in the design
and the main indicator of evaluation.

Under the same theoretical model and parameter environment as Figure 7b, the
overlapping and broadening of band gaps after using graded mass ratio is studied. The
total bandgap of a graded designed structure is actually the union of the upper and lower
bandgaps of each graded unit. In order to more intuitively judge whether the band gaps
generated by graded θ overlap with another, the distributions of the first to fourth band
gaps are represented by red, blue, green and black bars in Figure 9a. As depicted in
Figure 9a, the mass ratio θ lying in the intervals of [0.1, 0.9] would create a broad overall
bandwidth, whose range is 176–1439 Hz. Similarly, following the theoretical model in
Figure 8b, it is evident from Figure 9b that a broad overall bandwidth within the range of
130–1439 Hz would be generated when η lying in the intervals of [0.25, 2]. In addition, the
passband between the third bandgap and the fourth bandgap always exists and is hardly
affected by the resonator parameters.
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(a) θ ∈ [0.1, 0.9] when η = 1 and (b) η ∈ [0.25, 2] when θ = 0.5.

What should be emphasized is that the broad overall bandwidth obtained in the earlier
part of this subsection are ideal results guaranteed by the premise of infinite periodicity.
However, the actual structures with graded design constraints on the number of unit cells
due to the space or weight requirement. The infinite strut studied in this paper has only
5 unit cells, what means that we can only select up to five different graded parameters for
graded design. When the value of η is fixed to 1, the bandgap structure exhibits symmetry
with respect to θ = 0.5 in Figure 9a, thus reasonable parameters selected within the intervals
of [0.1–0.5] can produce the broad overall bandwidth. Meanwhile, it is not hard to find in
Figure 9b that the range of the bandgaps is not continuous enough to produce an overall
broad bandgap by five graded parameters of η. Thus, we finally decide to use θ as the
independent variable to construct the strut. The gradient of θ is finally set to {0.1, 0.2, 0.3,
0.4, 0.5} and η = 1. The finite continuous model constructed in Section 3.1 is selected as the
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prototype model to be designed. The mass distribution of the resonators in the five unit cells
is modified according to the decided gradient of θ, and the outer radii of lead calculated by
θ and other known parameters are shown in Table 4. All the other parameters are the same
as those in Tables 1 and 2. In order to show the graded design strut more intuitively, the
rainbow segmentation schematic of the corresponding models and schematic diagram of
unit cell are shown in Figures 10b and 10a, respectively. The aluminum layer added to the
bottom of the strut is for ease of installation.

Table 4. Calculated parameters of the resonators in each cell.

Cell 1 Cell 2 Cell 3 Cell 4 Cell 5

Outer radius of lead of
resonator1/m 0.0395 0.0391 0.0386 0.0381 0.0376

Outer radius of lead of
resonator 2/m 0.0355 0.0361 0.0366 0.0371 0.0376
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Figure 10. Diagrammatic sketches of the continuum strut by reverse design: (a) General schematic
diagram of unit cells. (b) Rainbow segmentation schematic of the strut with graded parameter θ.

The vibration transmittance of the reverse designed strut and the corresponding
attenuation constant curve are depicted in Figure 11a,b. The transmissibility of the designed
strut shows the same trend of change as the attenuation constant of the corresponding
supercell. It can be known from Figure 11 that the starting frequency of the vibration
attenuation for the reverse designed strut is reduced to 187 Hz, which is very close to
the 176 Hz predicted by the infinite strut. However, the broad coupling bandgap is not
generated because the finite strut fails to satisfy the ideal periodic conditions, resulting
that several resonance peaks still exist in the range of 200–500 Hz. It is worth mentioning
that the results above are obtained in the absence of any damping of the structure and
resonators. In vibration and noise control engineering, damping is often used to suppress
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the peaks of the vibration response. Thus, the damping of structure and resonators is
introduced to further improve the vibration attenuation performance of the strut.
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Since the damping of metal is very small, only the damping of the rubber in the
matrix strut and the resonators is considered. The material damping of rubber in the
matrix strut and the resonators is, respectively, introduced by taking the form of complex
Young’s modulus E(1 + iδ) and complex stiffness k(1 + iδ), and δ represents the loss factor.
The band gap behavior of the reverse designed strut with different damping is shown in
Figure 12. It can be seen that after the introduction of damping, the resonance peaks in
the entire frequency range (including the passband) are suppressed, and as the frequency
increases, the peak suppression becomes more obvious.
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Figure 13 shows the vibration transfer characteristics of the three types of struts
when the loss factor is 0.1. The properties of materials and sizes of struts are the same
as those illustrated in Tables 1–4. The coupling strut without graded design has a sig-
nificant attenuation of vibration from 174 Hz to 268 Hz, and the attenuation reaches a
maximum value of 63.21 dB at 210 Hz, which nears the resonance frequency (209.40 Hz)
of the resonator. However, the attenuation effect of the strut for vibration in the range of
268 Hz to 500 Hz is not satisfactory. The transmissibility curve of the coupling strut without
graded design shows that although the periodic attachment of the absorbers with the same
resonant frequency improves the performance of vibration attenuation near the resonant
frequency, it is hard for the strut to achieve broadband vibration attenuation.
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The frequency range of vibration attenuation for the coupling strut with graded θ is
152–2000 Hz, and the performance of vibration attenuation for the prototype strut starts at
307 Hz and ends at 2000 Hz. The coupling strut with graded design broadens the width of
attenuation gap below 500 Hz by 155 Hz. Additionally, in the range of 152 Hz to 500 Hz, the
proposed strut has better performance on vibration attenuation than the prototype one. The
absolute value of the difference between the transmissibility of the two struts even reaches
43.25 dB at 226 Hz. The proposed strut not only has advantages on the band widening and
vibration attenuation below 500 Hz, but also performs better than the prototype strut in the
range of 500 Hz to 2000 Hz. The vibration transmissibility of the proposed strut decreases
by up to 8.9 dB over the prototype strut at 2000 Hz. As the curves suggest, vibration
transmission in the range of 0 Hz to 2000 Hz is substantially reduced by the graded design.

4. Conclusions

A novel type of LR/Bragg coupling periodic strut is constructed by adding parallel
resonators with graded parameters to a traditional Bragg strut. Through the study of the
frequency band boundaries of the infinite strut, the vibration attenuation bands of the finite
strut are estimated, and the appropriate gradient parameters are derived based on the
proposed method. Finally, the vibration attenuation performance of the designed strut is
further optimized by introducing structural damping. The main conclusions drawn are
summarized as follows:

(1) When the total mass of lead of the resonators remains the same, the parallel two resonators
can generate more band gaps, which has advantages in multi-bandgap design.

(2) Under ideal infinite periodic conditions, the coupling mechanism between the LR and
Bragg band gaps can be achieved by setting graded mass ratio θ.

(3) The coupling strut with graded θ widens the width of bandgap of the prototype strut
by 155 Hz in the low frequency direction when the loss factor δ set to be 0.1.

(4) When the loss factor δ set to be 0.1, the proposed strut has better performance on
vibration attenuation than the prototype one in the range of 152 Hz to 500 Hz, with a
max improvement reaching 43.25 dB at 226 Hz.

(5) In the case of δ = 0.1, the proposed strut has a significant advantage on the vibration
attenuation within 500–2000 Hz. The vibration transmissibility of the proposed strut
decreases by up to 8.9 dB over the prototype strut at 2000 Hz.

(6) For the coupling strut proposed in this paper, only the main constraints (e.g., simple
boundary conditions, length and mass) are considered to provide the basic ideas and
procedures of the design and optimization. The proposed design scheme can be easily
extended to manage more complex situations as well. In future works, with an eye
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on practical implementation, many other constraints should be included, such as
strength, stiffness, fatigue life, and so on.
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