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Abstract: In this paper, a novel Model Reference Adaptive Control (MRAC)-based hybrid control
algorithm is presented for the trajectory tracking of a tri-rotor Unmanned Aerial Vehicle (UAV).
The mathematical model of the tri-rotor is based on the Newton–Euler formula, whereas the
MRAC-based hybrid controller consists of Fuzzy Proportional Integral Derivative (F-PID) and Fuzzy
Proportional Derivative (F-PD) controllers. MRAC is used as the main controller for the dynamics,
while the parameters of the adaptive controller are fine-tuned by the F-PD controller for the altitude
control subsystem and the F-PID controller for the attitude control subsystem of the UAV. The stability
of the system is ensured and proven by Lyapunov stability analysis. The proposed control algorithm
is tested and verified using computer simulations for the trajectory tracking of the desired path
as an input. The effectiveness of our proposed algorithm is compared with F-PID and the Fuzzy
Logic Controller (FLC). Our proposed controller exhibits much less steady state error, quick error
convergence in the presence of disturbance or noise, and model uncertainties.

Keywords: Model Reference Adaptive Control; Fuzzy Logic Controller (FLC); trajectory tracking;
tri-rotor UAV

1. Introduction

Currently, research in the area of control engineering is focused on the field of unmanned flight
body aircraft, such as helicopters, hex-rotor, quad-rotor, and tri-rotor robots, due to their variety of
applications, especially in the area of defense [1–4]. Other areas include surveillance, environmental
monitoring, agriculture, and media coverage. For any unmanned flight, the position and altitude of
the robot can take advantage of sensor information [5,6]. This paper provides a trajectory tracking
control algorithm for the tri-rotor aerial vehicle by taking advantage of vertical takeoff and landing
(VTOL). The unmanned tri-rotor system is used for imaging of forest fires, accidents, surveillance,
transportation, and the detection of manholes [7–11]. The full weight of the system depends on
controlling the external bars, which requires high energy consumption.

The tri-rotor aerial vehicle has four input commands, Col, Lat, Lon, and Ped, for altitude, latitude,
longitude, and angular control command. The nine outputs are (p, q, r), (u, v, w), and (ϕ, θ, ψ), which
are the rotational velocity, translational velocity, and Euler angles [12]. To rectify the rotor reaction that
is found in yaw moments, a Brushless Direct Current (BLDC) motor is fixed to the triangular structure
of the tri-rotor.

Some of the main reasons that the tri-rotor UAV is superior to the quad-rotor aerial vehicle are as
follows: (i) Orientation of Unmanned Aerial Vehicle (UAV): By comparing the tri-rotor UAV with the
quad-rotor UAV structure, the orientation of the quad-rotor rapidly disappears at larger distances due
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to its structure being symmetrical. Moreover, by using Light-Emitting Diodes (LED), the operatives are
notably confused in the daytime. Compared to quad-rotor UAV, tri-rotor UAV orientation is obvious at
far longer distances; (ii) Natural Flying Dynamics: Tri-rotor UAVs are able to fly in a route that closely
resembles the fixed-wing UAV. Rapid turning ability, forward flight, and increasing or decreasing the
velocity in an intuitive pattern are the leading advantages. On the other hand, quad-rotor UAVs are
not very intuitive; the main advantage of the tri-rotor UAV is that it resembles fixed wing aircraft
dynamics during flight, while a quad-rotor behaves like a single rotor aircraft. The structure of the
tri-rotor UAV allows the switching blade to enjoy not only the benefit of UAV’s intuitive structure,
hovering of flight, and forward flight capability, but also VTOL; (iii) Yaw angle controlling ability:
The yaw control is used for the rotation of a UAV around its vertical axis. The yaw angle permits the
UAV to make quicker turns as per a given reference. As compared to tri-rotor UAVs, the quad-rotor
UAV yaw controlling is done by the variation of torque by using all four rotors. The tri-rotor UAV
moves downward if any of the rotors decelerate, whereas accelerating the rotor makes UAV rotate.
In switching blade UAVs, an advanced pivot back yaw mechanism essentially permits the back rotor to
rotate laterally along the longitudinal axis. Rotating the UAV by using these forces rather than torque
vectoring requires more propellers to act as an alternate for the application of force on the vertical axis.
This means that the propellers operate at full capacity and the back propeller can still turn the UAV.
If we maintain the orientation even in a rough, windy environment, it is efficient and easier to control:
turning the back propeller into the wind counteracts its force, and the switching blade UAV could
easily be operated in these types of environments, whereas a quad-rotor UAV of the same size would
not fly well in the abovementioned case [13–15].

The latest unmanned tri-rotor systems are easy to use provided that they rely on the Fuzzy
Proportional Integral (F-PI) control algorithm discussed in [16–19]. For the tri-rotor, the operating
conditions of the system and the rotor movement coupled with the nonlinear F-PI controller is located
outside (in the outer loop) of the system (the yaw heading is fast and reliable as it is hard to control
the angle). To design a control algorithm for the nonlinear characteristics (noise and disturbance)
of a tri-rotor, this paper presents the conditions for fuzzy algorithms with an existing PD controller.
For comparative analysis, a tri-rotor Fuzzy Proportional Derivative (F-PD) computer simulation of
response performance is presented in [20]. The main objective of the Model Reference Control (MRC)
or pole-placement method is to find the input of the system and drive the system output by tracking
the reference provided by the input model as closely as possible.

The basic theme is to equalize the system output provided by the reference system input; we can
also say that the system output converges to the reference input exponentially [21–24]. A Fuzzy Logic
Controller (FLC) mainly concerns the linguistic rules. The benefit of the fuzzy logic controller is that a
clarification of a specific difficulty can be recognized with respect to human behavior so that it can
be recognized by an operator, and their involvement can be used to design the controller’s IF/THEN
rules [25]. The biggest advantage of FLC is clarity as to the enlargement, estimation, and maintenance
of the control system [26]. Many hybrid controller schemes were formerly applied for the stabilization,
desired path tracking, and trajectory tracking of UAV, like the Model Reference Adaptive Control
(MRAC) base (Proportional Integral Derivative, PID) controller in [27,28]. In [29], Mohammadi et al.
use a fuzzy-based PID controller to control the attitude and altitude of a quad-rotor UAV. Regulation,
Pole-Placement, and Tracking (RST) base dual controller scheme were proposed for controlling the
stabilization of a tri-rotor UAV [30]. A fuzzy-based hybrid control algorithm was designed for the
stabilization of tri-rotor UAVs [31]. An adaptive hybrid controller scheme was used to control the
attitude and altitude of the tri-rotor UAV [32].

In this article, the performance of the MRAC-hybrid controller is compared with a fuzzy-based
PID (F-PID) controller [33] and a Fuzzy logic controller (FLC) [34]. The key contributions of this article
are (1) a novel MRAC-based fuzzy PD and fuzzy PID controller are designed to control the altitude
and attitude movement of the aerial vehicle and remove the transient and steady state error; (2) the
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proposed controller uses linear and angular velocity components, which are given as an input to the
controller; and (3) the stability analysis of the rotational system is proved by Lyapunov stability theory.

The rest of the manuscript is structured as follows. The tri-rotor system model and preliminaries,
as well as the system main engine, are discussed in Section 2. In Section 3, the design of the control
algorithm is provided, such that the position, altitude, and rotational control of the vehicle are discussed
along with the system stability proof. Section 4 presents the simulation results and discussions of the
paper. Finally, Section 5 gives the conclusions of the paper.

2. The Tri-Rotor System Model and Preliminaries

The model of the tri-rotor aerial vehicle is taken from [35–37]. Tri-rotor UAV dynamics and
parameters are multivariable and nonlinear in nature. The model of the system is shown in Figure 1,
which depicts the three rotors of the UAV placed in a triangular frame. However, one rotor of the three
is used as a tilt rotor as per the requirements, and this is used to nullify the effects of the torque reaction.

Assumption 1. The formation or arrangement of the tri-rotor aerial vehicle is well adjusted in terms of the
orientation of the x, y, and z axis with respect to rotor 1, rotor 3, and rotor 2, respectively.
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2.1. System Dynamics

The motor blade radius is denoted by RT and δT is the total angular velocity of the system; a is the
blade area, ρa is the air density, q should be the rotor shaft torque, tr is the total thrust produced in the
system, the aerodynamic coefficient of thrust is denoted by Act, the aerodynamic rotor shaft coefficient
is Acq, and Acp is the aerodynamic coefficient of power.

Act = tr/ρaa(δT RT)
2 (1)

Acq = q/ρaa(δT RT)
2RT (2)

Acp = Cp/ρaa(δT RT)
3 (3)

The coefficient of power can be written as Cp = qδT .
Hence,

Acp = Acq = qδT/ρaa(δT RT)
3. (4)
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The total external forces and torques acting in the frame of the vehicle are given by:{
fext. = fx + fy + fz

fext. = 0 + trδ1|δ1|sinα− tr(δ1|δ1|cosα + δ2|δ2|+ δ3|δ3|).
(5)

The tilt angle is defined by α and can be controlled by using u4, the yaw controller.


τfext. = τx + τy + τz

τfext. =


(

(3)0.5

2 ∗ ltr(δ2|δ2| − δ3|δ3|)
)
+
(

1
2 Ltr(δ2|δ2|+ δ3|δ3|)− ltrδ1|δ1|cosα + kτδ1|δ1|sinα

)
−(ltrδ1|δ1|sinα− kτδ1|δ1|cosαδ2|δ2|+ δ3|δ3|)

 (6)

where fx, fy, and fz are the total forces that are exerted on a body, and τx, τy, τz are the total torque
responses along the x, y, or z direction of the Earth coordinate system.

Assumption 2. The three-rotor UAV is rigid. Then, the nonlinear dynamics can be derived using the
Newton–Euler formulas.

For the ideal hovering and trajectory tracking coefficient of profile, drag is taken to be constant
and supposed to be 0.015. The value is taken from the momentum theory [38], in which the solidity
ratio is denoted by “σ”. To avoid all the external effects exerted on the UAV body moments, rotational
and translational dynamics are used to govern the tri-rotor UAV, and are written as follows.

Translational Dynamics: We have to neglect all the effects of frame movements on the translational
velocity components leading the tri-rotor aerial vehicle, which are given by:

..
X = (u1/m)(cos ϕ cos ψ sin θ + sin ψ sin ϕ) (7)

..
Y = (u1/m)(sin θ sin ψ cos ϕ− sin ϕ cos ψ) (8)

..
Z = −g + (u1/m)(cos θ cos ϕ). (9)

where “m” is the mass, u1 the vertical or collective is force.
Rotational Dynamics: We have to neglect the frame movements that are exerted on the body of

UAV, similar to the translational velocity effects:

..
ϕ = qr

(
Iy − Iz/Ix

)
+ (L/Ix)u2 (10)

..
θ = pr

(
Iz − Ix/Iy

)
+
(

L/Iy
)
u3 (11)

..
ψ = pq

(
Ix − Iy/Iz

)
+ (L/Iz)u4 (12)

where “L” is the length from the center of UAV, u2, u3, u4 are the roll, pitch, and yaw control commands,
respectively, generated by the propellers of the tri-rotor aerial vehicle. The inertial moments of the
tri-rotor are Ix, Iy, and Iz.

Angular Rates or Euler Angles:
p =

.
ϕ−

.
ψ sin θ (13)

q =
.
θ cos ϕ +

.
ψ cos θ sin ϕ (14)

r =
.
ψ cos θ cos ϕ−

.
θ sin ϕ (15)

The position from the center of mass in terms of the inertial frame is defined by x, y, and
z, respectively. The Euler angles, ϕ, θ, and ψ, are used to define the position of UAV. For the
trajectory tracking, neglect the higher order dynamics and let u1 = uT + mg. Consequently,
..
X = −gϕ,

..
Y = gθ,

..
Z = uT/m.
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2.2. Main Engine (Electric Motors)

A Brushless Direct Current (BLDC) motor has a magnet on the rotor side and winding on the
stator side is driven by a preset serial arrangement of the Direct Current (DC) power source called
a commutator. In stator winding, back Electro Magnetic Field (EMF) is generated when the rotating
magnet interacts with the stator pole. The model of BLDC motor is taken from [39].

ET = ZT IT +ϕ
dIT
dt

+ ςT (16)

ςT = ζr . Γr f (Θr), (17)

where ζr, Θr, Γr are the angular rotor velocity, the rotor position, and the rotor magnetic flux constant,
respectively, and the generated torque is given as Te =

ςT IT
ζr

.
In terms of machine parameters, torque is defined as:

Te = TL + J
dζr

dt
+ ξζr. (18)

3. Design of the Control Algorithm

The complete system control model is discussed in Figure 2.
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3.1. The Control Objective and Its Approach

The dynamics of the UAV includes altitude, roll, and pitch and yaw control command;
δ1, δ2, and δ3 are the angular velocity of all three rotors, respectively.

Roll Control: Two conditions control the roll moment of the vehicle.

I. Clockwise δ2 < δ1 < δ3

II. Anticlockwise δ3 < δ1 < δ2

Pitch Control: There are also two conditions for pitch controlling.

I. Nose-Up δ1 < δ3 = δ2

II. Nose-Down δ2 = δ3 < δ1

Yaw Control: Yaw control has only one condition along with tilt angle.

• δ3 = δ2 = δ1 with α = 0

Altitude Control: To achieve the preferred altitude of the UAV, the RPM of all rotors of the UAV must be
the same:
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• δ1 = δ2 = τd1.

From translation and the rotational dynamics of UAV, the parameters u1, u2, u3, and u4 are
given as

u1 = l1τc1

(
δ2

1 − δ2
2

)
(19)

u2 = l2τc1

(
δ2

1 − δ2
2

)
− l3τc2δ

2
3 cosα (20)

u3 = l4τd1

(
−δ2

1 − δ2
2

)
+ l3τd2δ

2
3 + l3τd2δ

2
3sinα (21)

u4 = τc1

(
δ2

1 + δ
2
2

)
+ τc2δ

2
3 cosα (22)

where the thrust coefficient is τc1, τc2, and the drag coefficient is τd1, τd2.

3.2. Model Reference Adaptive Control

The MRAC algorithm is used to insure the stability of proposed system dynamics as well as
the noise and time delay in the system [40]. MRAC warrants serious consideration as a means of
controlling the nonlinear and adaptive system. The parameters of a controller are tuned by using the
error between the reference model and close loop dynamics.

Assumption 3. The system error is written as eT = Ta − Td, where T is the x, y, or z axis, respectively.

Assumption 4. By comparing F-PID and the FLC controller, the proposed MRAC-Hybrid controller accurately
follows the reference trajectory proof of their rotational system stability, as shown in Theorem 1.

3.3. Positional Control

Proposition 1. The position control of the system is written using the adaptive law for the orientation of the
system by using Equations (7) and (8).

Let ex, ey, and ez be the errors of speed;
.
xd,

.
yd, and

.
zd are the desired speeds, where

.
xa,

.
ya, and

.
za

are the actual speeds in the x, y, and z directions, respectively.

ex =
.
xd −

.
xa (23)

ey =
.
yd −

.
ya (24)

ez =
.
zd −

.
za (25)

Thus, the desired roll, pitch, and yaw can be calculated by using these equations:

.
ϕd = p +

.
ψ sin θ (26)

.
θd = q−

.
ψ cos θ sin ϕ/ cos ϕ (27)

.
ψd = r +

.
θ sin ϕ/ cos θ cos ϕ. (28)

3.4. Altitude Control

From Equation (9), the altitude of UAV contains the vertical force of input u1 and can be written as:

u1 =
..
Zm + gm/ cos θ cos ϕ, (29)

where cosθ and cosϕ = 0 and the fuzzy-based proportional derivative controller used to control the
altitude of UAV can be expressed as:
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FPD = −GD
.
z− GP(za − zd), (30)

where za is the actual and zd is the desired altitude. The input rules for error, the derivative of error,
and output rules for the fuzzy-based PD controller are shown in Figure 3, such that GD and GP are
the proportional and derivative gains of the fuzzy controller, respectively. The output surface of the
fuzzy-based proportional and fuzzy-based derivative controller are shown in Figure 4.Aerospace 2017, 4, 3  7 of 17 
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3.5. Attitude Control

The fuzzy-based proportional integral derivative control method for the rotational dynamics of
UAV are assigned as u2, u3, and u4.

Proposition 2. The roll tracking error of UAV can be written as:

eϕ = ϕa − ϕd. (31)

The Lyapunov function in the system can be expressed as:

S1 = G1eϕ + G2

∫
eϕdt, (32)

in which G1 and G2 are the gains for the fine-tuning of the system and
∫

eϕ is the roll integral error.
The Lyapunov stability theory is used while using the Lyapunov candidate function S1 as a positive
definite and its time derivative as a negative semi-definite, which is shown in Equation (33).

Assumption 5. By comparing with the previous works, our proposed method provides robustness in the presence
of noise and model disturbance as well as fast convergence and a zero steady state error.

Theorem 1. The rotational controller in the equation that is applied for the tri-rotor aerial vehicle will
asymptotically converge on the rotational velocity component and tracking errors along with the model
uncertainty and noise to zero.

Proof. Consider the Lyapunov function

V1 = (1/2)S2
1. (33)

Its derivative is .
V1 = S1

.
S1 = S1

(
G1

.
ϕa − G1

.
ϕd + G2eϕ

)
. (34)

Note: No control input is present in Equation (34).
If we suppose

.
ϕ is the virtual control, the desired virtual control

( .
ϕ
)

a is written as( .
ϕ
)

a =
.
ϕd −

(
G2eϕ/G1

)
− (S1/G1). (35)

Now, the virtual control
.
ϕ is the roll control rate of a tri-rotor along with its own error:

S2 =
.
ϕa −

.
ϕd = (1/G1)(

.
S1 + S1). (36)

Now the amplified Lyapunov function for the second stage strategy is written as:

V2 = (1/2)S2
1 + (1/2)S2

2. (37)

Next we take the derivative of second step strategy:

.
V2 = S1

.
S1 + S2

.
S2. (38)

After that, we put the values of
.
S1 and

.
S2 in the second step strategy into the derivative equation:

.
V2 = S2

[
eϕ

(
G2

1 +
G2
G1

)
+
∫

eϕdt(G1G2) +
.
eϕ

(
G2
G1

)
+ qr

(
Iy−Iz

Ix

)
+ Lu2

Ix
− ..

ϕd

]
− S1

[
G1eϕ + G2

∫
eϕdt

]
. (39)
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The desired dynamics of the system can be written as

.
V2 = −(1/G1)(

.
S1 + S1). (40)

Now by putting
.

S1 and S1 in Equation (39), the desirable dynamics are given by

.
V2 = − .

eϕ − eϕ(G2/G1)−
∫

eϕdt(G2/G1). (41)

The desired system dynamics verifies the negative definite of tracking error, its velocity tracking
error, and integration. Now Equation (39) will be negative, if u2 is given by

u2 = −
[

eϕ

(
G2

G1
+ G2

1

)
+
∫

eϕdt
(

G2

G1
+ G1G2

)
+

.
eϕ

(
G2

G1

)
− ..

ϕd + qr
(

Iy − Iz

Ix

)(
Ix

L

)]
. (42)

Similarly, the pitch control equation can be written as

u3 = −
[

eθ

(
G4

G3
+ G2

3

)
+
∫

eθdt
(

G4

G3
+ G3G4

)
+

.
eθ

(
G4

G3

)
−

..
θd + pr

(
Iz − Iy

Iy

)(
Iy

L

)]
. (43)

Lastly, the yaw control equation can be written as

u4 = −
[

eψ

(
G6

G5
+ G2

5

)
+
∫

eψdt
(

G6

G5
+ G5G6

)
+

.
eψ

(
G6

G5

)
−

..
ψd + pq

(
Ix − Iy

Iz

)(
Iz

L

)]
. (44)

Now the fuzzy-based PID gains and roll, pitch, and yaw modules can be written as

FP =
G2

G1
+ G2

1 (45)

FI =
G2

G1
+ G1G2 (46)

FD =
G2

G1
, (47)

where G1 and G2 are the gains for roll control and fuzzy rule for the PID controller, as defined after
the stability performance. The input rules for error, its derivative error, and the output rules for the
fuzzy-based PID controller are shown in Figure 5. The output surface of the fuzzy-based proportional,
fuzzy-based derivative, and fuzzy-based integral controller are shown in Figure 6.

The roots of a characteristic equation can be obtained by placing the poles of the system at the
desired location, i.e., ka, kb, kc, by using the pole-placement method of Ali et al. [31]. Tuning of the
system can be made faster such that the derivative of the Lyapunov candidate function becomes
more negative.

G2

G1
= ka + kb + kc (48)

G2

G1
+ G2

1 = kakb + kakc + kbkc (49)

G2

G1
+ G2G1 = kakbkc (50)

Proof of Stability Performance. The Lyapunov candidate function is used to insure the stability of our
system. Consider the Lyapunov candidate function to be

.
VT ≤ 0, where ∀ (eT) ensures the tracking

error. The desired positions ϕd, θd, ψd are bounded by the supposition such that the tracking error is
also bounded. Moreover, the stability is also proved by Lyapunov candidate function “V,” which is
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positive and definite, and their derivative is negative. For example,
.

V(eT) < 0, ∀(eT) 6= 0 & V(0) =
0, (T = ϕ, θ, ψ).
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4. Simulation Results and Discussion

This section proves the effectiveness and stability of our proposed controller by using two different
simulations of trajectory tracking of tri-rotor UAV. We compare our proposed MRAC-Hybrid controller
with F-PID and FLC controllers by utilizing the data of [31], which are shown in Table 1.
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Table 1. Tri-rotor aerial vehicle system parameters.

Parameters Mass, m g L Ix Iy Iz

Values 0.785 9.81 0.3050 0.3105 0.3105 0.3212
SI Units kg m/s2 m Kg·m2 Kg·m2 Kg·m2

The block diagram of reference trajectories and block diagram of the desired values for the control
system are shown in Figure 2. Selected trajectories using input as a reference (which constantly changes
its position by using the horizontal and vertical errors of UAV) are exposed as being real applications.
That will also help us to analyze the effectiveness and robustness of our proposed control algorithm
in the absence of noise or disturbance in Simulation I and in the presence of noise or disturbance in
Simulation Case II.

The attitude and altitude control equations are used to control the orientation of UAV, in which
initial errors are controlled by the desired position of the UAV at the required altitude. The overall
system performance depends on MRAC and the stability of the system is proven by Lyapunov stability.

4.1. Simulation Case I

In this case we have to simulate the inverse 2D “L” shape trajectory in the absence of random
noise or disturbance, and the simulated results are presented in Figures 7–10, which show the control
thrust, Euler angles and their control torque responses, vertical and horizontal flight errors, and 2D
flight trajectory, respectively.

Aerospace 2017, 4, 3  11 of 17 

In this case we have to simulate the inverse 2D “L” shape trajectory in the absence of random 
noise or disturbance, and the simulated results are presented in Figures 7–10, which show the control 
thrust, Euler angles and their control torque responses, vertical and horizontal flight errors, and 2D 
flight trajectory, respectively.  

 

Figure 7. Control thrust of an Unmanned Aerial Vehicle (UAV) without noise or disturbance. 

 
(a)

 
(b)

Figure 8. (a) The roll, pitch, yaw rate, and Euler angle responses of UAV; (b) torque with respect to 
the Euler angle response of UAV. 

 
(a) 

 
(b) 

Figure 9. (a) Vertical errors of trajectory tracking in the x and y directions; (b) horizontal errors of 
trajectory tracking in the x and y directions. 

Figure 7. Control thrust of an Unmanned Aerial Vehicle (UAV) without noise or disturbance.

Aerospace 2017, 4, 3  11 of 17 

In this case we have to simulate the inverse 2D “L” shape trajectory in the absence of random 
noise or disturbance, and the simulated results are presented in Figures 7–10, which show the control 
thrust, Euler angles and their control torque responses, vertical and horizontal flight errors, and 2D 
flight trajectory, respectively.  

 

Figure 7. Control thrust of an Unmanned Aerial Vehicle (UAV) without noise or disturbance. 

 
(a)

 
(b)

Figure 8. (a) The roll, pitch, yaw rate, and Euler angle responses of UAV; (b) torque with respect to 
the Euler angle response of UAV. 

 
(a) 

 
(b) 

Figure 9. (a) Vertical errors of trajectory tracking in the x and y directions; (b) horizontal errors of 
trajectory tracking in the x and y directions. 

Figure 8. (a) The roll, pitch, yaw rate, and Euler angle responses of UAV; (b) torque with respect to the
Euler angle response of UAV.



Aerospace 2017, 4, 3 12 of 17

Aerospace 2017, 4, 3  11 of 17 

In this case we have to simulate the inverse 2D “L” shape trajectory in the absence of random 
noise or disturbance, and the simulated results are presented in Figures 7–10, which show the control 
thrust, Euler angles and their control torque responses, vertical and horizontal flight errors, and 2D 
flight trajectory, respectively.  

 

Figure 7. Control thrust of an Unmanned Aerial Vehicle (UAV) without noise or disturbance. 

 
(a)

 
(b)

Figure 8. (a) The roll, pitch, yaw rate, and Euler angle responses of UAV; (b) torque with respect to 
the Euler angle response of UAV. 

 
(a) 

 
(b) 

Figure 9. (a) Vertical errors of trajectory tracking in the x and y directions; (b) horizontal errors of 
trajectory tracking in the x and y directions. 

Figure 9. (a) Vertical errors of trajectory tracking in the x and y directions; (b) horizontal errors of
trajectory tracking in the x and y directions.Aerospace 2017, 4, 3  12 of 17 

 

Figure 10. A 2D diagram of the real flight trajectory tracking of UAV with the reference signal, our 
proposed approach (the MRAC-Hybrid algorithm), the F-PID approach, and the FLC approach.  

Figure 8a shows that the Euler angle responses along with their initial rates of roll, pitch, and 
yaw are (߮ = 1.8 rad, 1.42 = ߠ rad, ߰ = −0.2 rad) and converge to zero at one and a half seconds. 
Figure 8b shows the tuning effect (control torques) of the UAV with respect to the Euler angles, with 
initial values of (Rt = −0.25 N·m, Pt = 1.25 N·m, Yt = 1.5 N·m) and it will also nullify in a respectable 
amount of time. Additionally, Figure 8a,b guarantees the Euler angles tracking at the desired Euler 
angles in an applicable scope. The vertical trajectory tracking errors along with the initial conditions 
are (ex = 0.012 m and ey = 0.025 m), as shown in Figure 9a, and they stabilize in one second. Now the 
horizontal trajectory tracking errors of UAV along with the x and y directions are ex = 0.19 m and ey = 
0.15 m, respectively, and will change with respect to time, as is shown in Figure 9b. When UAV 
change their movements horizontally it produces errors in their orientation, and those errors will 
converge to zero and stabilize the UAV using our proposed scheme.  

Finally, the 2D trajectory shows that our proposed F-Hybrid controller and F-PID have better 
responses as compared to FLC. FLC displays a minor overshooting for a short period of time 
compared to both controllers. Their response is also good towards trajectory tracking, which is shown 
in Figure 10. In Simulation Case I, we check the robustness and effectiveness of the controllers by 
taking the inverse “L” shape trajectory boundary without random noise or disturbance. The trajectory 
equation is written as:  ݑ௫ଵ(ݐ) = 	 ௗߠ݊݅ݏ)௥ଵݐ ௗ߮ݏ݋ௗܿ߰ݏ݋ܿ + (ௗ߮݊݅ݏௗ߰݊݅ݏ (ݐ)௬ଵݑ (49)  = 	 ௗߠ݊݅ݏ)௥ଵݐ ௗ߮ݏ݋ௗܿ߰݊݅ݏ −  ௗ), (50)߮݊݅ݏௗ߰ݏ݋ܿ

where “ݐ௥ଵ” is the total thrust, and the desired Euler angles or attitude angles can be written as  ݐ௥ଵ = ൫ݑ௫ଵ(ݐ)ଶ +  ଶ൯ଵ/ଶ (51)(ݐ)௬ଵݑ

߮ௗ = sinିଵ ቀ௨ೣభ(௧)௦௜௡ ట೏ି௨೤భ(௧)௖௢௦ ట೏௧ೝభ ቁ  (52) 

ௗߠ = tanିଵ ൬௨ೣభ(௧)௖௢௦ ట೏ା௨೤భ(௧)௦௜௡ ట೏௨೤భ(௧) ൰.  (53) 

4.2. Simulation Case II 

In this case, we have to simulate the 3D trajectory of the “squared” shape in the presence of the 
random noise or disturbance that are present in the system; the results are shown in Figures 11–15. 
Figure 11 shows the random noise or disturbance in the system. Figure 12 shows the control thrust 
of the UAV in a noisy environment. The rest of the figures show the Euler angles, vertical and 
horizontal flight errors, and the 3D flight trajectory of the UAV.  
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Figure 8a shows that the Euler angle responses along with their initial rates of roll, pitch, and yaw
are (ϕ = 1.8 rad, θ = 1.42 rad, ψ = −0.2 rad) and converge to zero at one and a half seconds. Figure 8b
shows the tuning effect (control torques) of the UAV with respect to the Euler angles, with initial
values of (Rt = −0.25 N·m, Pt = 1.25 N·m, Yt = 1.5 N·m) and it will also nullify in a respectable amount
of time. Additionally, Figure 8a,b guarantees the Euler angles tracking at the desired Euler angles
in an applicable scope. The vertical trajectory tracking errors along with the initial conditions are
(ex = 0.012 m and ey = 0.025 m), as shown in Figure 9a, and they stabilize in one second. Now the
horizontal trajectory tracking errors of UAV along with the x and y directions are ex = 0.19 m and
ey = 0.15 m, respectively, and will change with respect to time, as is shown in Figure 9b. When UAV
change their movements horizontally it produces errors in their orientation, and those errors will
converge to zero and stabilize the UAV using our proposed scheme.

Finally, the 2D trajectory shows that our proposed F-Hybrid controller and F-PID have better
responses as compared to FLC. FLC displays a minor overshooting for a short period of time compared
to both controllers. Their response is also good towards trajectory tracking, which is shown in Figure 10.
In Simulation Case I, we check the robustness and effectiveness of the controllers by taking the inverse
“L” shape trajectory boundary without random noise or disturbance. The trajectory equation is
written as:

ux1(t) = tr1(sinθd cosψdcosϕd + sinψdsinϕd) (51)

uy1(t) = tr1(sinθd sinψdcosϕd − cosψdsinϕd), (52)

where “tr1” is the total thrust, and the desired Euler angles or attitude angles can be written as
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tr1 =
(

ux1(t)
2 + uy1(t)

2
)1/2

(53)

ϕd = sin−1
(

ux1(t)sin ψd − uy1(t)cos ψd

tr1

)
(54)

θd = tan−1

(
ux1(t)cos ψd + uy1(t)sin ψd

uy1(t)

)
. (55)

4.2. Simulation Case II

In this case, we have to simulate the 3D trajectory of the “squared” shape in the presence of the
random noise or disturbance that are present in the system; the results are shown in Figures 11–15.
Figure 11 shows the random noise or disturbance in the system. Figure 12 shows the control thrust of
the UAV in a noisy environment. The rest of the figures show the Euler angles, vertical and horizontal
flight errors, and the 3D flight trajectory of the UAV.Aerospace 2017, 4, 3  13 of 17 
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Figure 15. (a) Hovering of real flight; (b) the 3D diagram of the real flight trajectory tracking of
UAV with the reference signal, our proposed approach (the Model Reference Adaptive Control
(MRAC)-Hybrid algorithm), the Fuzzy Proportional Integral Derivative (F-PID) approach, and the
Fuzzy Logic Controller (FLC) approach.

Figure 13a shows that the Euler angle responses along with their initial rates of roll, pitch, and yaw
are (ϕ = 0.25 rad, θ = 0.30 rad, ψ = 0.35 rad) and converge to zero at one and a half seconds. Figure 13b
shows the turning effect (control torques) of the UAV with respect to the Euler angles, with initial
values of (Rt =−0.02 N·m, Pt = 0.05 N·m, Yt = 0.01 N·m) and it will also nullify in a respectable amount
of time. Additionally, Figure 13a,b guarantees the Euler angles track the desired Euler angles within an
applicable scope. In Figure 14a, the vertical trajectory tracking errors along with the initial conditions
are (ex = 0.35 m, ey = 0.39 m, ez = 0.30 m); they stabilize at about two seconds. In Figure 14b, the
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horizontal trajectory tracking errors of UAV along the x, y, and z directions are (ex = 0.35 m, ey = 0.28 m,
ez = 0.198 m); when UAVs change their movements horizontally it produces errors in their orientation
and those errors will converge to zero and stabilize the UAV using our proposed scheme. Finally, the
3D trajectory shows that our proposed F-Hybrid scheme has better steady state and transient response
as compared to the previous F-PID and FLC algorithm. The rise time and settling time of velocity
components, Euler angles, and control torque responses with initially little overshoot and undershoot
and stabilized or converges to zero is between one and one and a half seconds.

However, if we compare the responses of our controller with an F-PID and FLC controller scheme,
it will not fully converge to zero and the UAV will follow the reference trajectory along with a steady
state error. In addition to this, the estimated tracking trajectory of our control algorithm is able to
construct the three-rotor UAV along with aerodynamic parameters, external noises, and the parameter
uncertainty of the reference path tracking the desired trajectory in an effective way, as presented in
Figure 15. So, it is noticeable that our proposed control algorithm has better efficiency with disturbance
and noisy environment under model uncertainties.

The effectiveness and performance of our proposed scheme are validated on the square shape
bounded trajectory with noise or disturbance. The trajectory equation is written as:

ux2(t) = tr2(sinθd cos ψdcosϕd + sin ψdsinϕd) (56)

uy2(t) = tr2(sinθd sin ψdcosϕd − cos ψdsinϕd) (57)

uz2(t) = tr2(cosθdcosϕd) , (58)

where “tr” is the total thrust and the desired Euler angles or attitude angles can be written as

tr2 =
(

ux2(t)
2 + uy2(t)

2 + uz2(t)
2
)1/2

(59)

ϕd = sin−1
(

ux2(t)sinψd − uy2(t)cosψd

tr2

)
(60)

θd = tan−1
(

ux2(t)cosψd + uy2(t)sinψd

uz2(t)

)
. (61)

5. Conclusions

This paper presented an MRAC-based hybrid control algorithm for the trajectory tracking of a
tri-rotor aerial vehicle. Moreover, the control parameters of the adaptive controller are fine-tuned
by the F-PD controller for the altitude control subsystem and the F-PID controller for the attitude
control subsystem of the system model. Our proposed controller uses vertical and horizontal velocity
errors to drive the controller. The validity of the proposed control algorithm is proven using two
different computer simulations; however, in Simulation I all the controllers performed well and show
a better response towards the desired tracking. Moreover, considering Simulation II, it is concluded
that our proposed controller has better transient performance with no steady state error in the given
trajectory under random noise or disturbance. Lastly, the proposed controller has quick convergence
and robustness in the model uncertainties presented here.
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