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Abstract

In this paper, an integrated optimization is carried out to find the optimal hybrid rocket
engine design for a modular multistage launch vehicle targeting a 500 km polar circular
orbit. A single hybrid rocket engine unit is reused across the whole launch vehicle, with
each stage constituted by a cluster of a specified number of units. Only the nozzle exit
diameter of the units is allowed to change across each stage. This clustering approach
is aimed at reducing the costs of the launch vehicle and at simplifying the optimization
procedure. After a brief mission analysis based on Tsiolkovsky’s equation, a three-stage
configuration is chosen for the launch vehicle, employing 16, 4, and 1 engine units for,
respectively, the first, second, and third stage. A neural network-based surrogate model
is employed to approximate the complex hybrid rocket internal ballistics, with the aim to
reduce the computational cost of the optimization process. The surrogate model is trained
to map a reduced number of design parameters to the performance and mass budget of
a single engine unit using data from a 0-D hybrid rocket engine model. The accuracy of
the trained network in predicting crucial features is then assessed. Finally, the trained
network is integrated into a multidisciplinary optimization process. The aim is to identify
the optimal rocket engine design and launch vehicle ascent trajectory that maximize the
payload capacity to the target orbit.

Keywords: hybrid rocket engines; machine learning; multidisciplinary design; green
propulsion

1. Introduction
Hybrid rocket engines (HREs) utilize a combination of solid fuel and either a liquid or

gaseous oxidizer as propellants. The solid fuel is housed within the thrust chamber, while
the oxidizer is stored separately in a pressurized tank. HREs offer several advantages over
liquid rocket engines (LREs) and solid rocket motors (SRMs), including reduced complexity
and cost compared to LREs, higher average specific impulse than SRMs, the ability to be
throttled and restarted, and the use of environmentally friendly, non-toxic propellants [1].
As a result, there is significant interest in employing HREs in various propulsion appli-
cations, such as upper stages in multistage rockets [2] or as main engines in suborbital
vehicles [3]. In addition, the use of swirl injectors can enhance the performance of HREs by
increasing their regression rate and combustion efficiency [4–6], thereby increasing their
appeal and broadening their range of application.
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When optimizing hybrid rockets, it is essential to consider that the generation of
thrust, which can impact the ascent trajectory, is significantly influenced by the engine
design. Hence, an integrated optimization approach is necessary to maximize the overall
performance of the launch vehicle (LV). Following this approach, Casalino et al. [7–11]
focus on the design optimization of a hybrid upper stage and of a three-stage hybrid
rocket-powered launch vehicle for small satellites. Messinger et al. [12] focus on the design
of a liquid oxygen/paraffin two-stage hybrid rocket launcher. Zhu et al. [3,13] explore
the optimization of a single-stage hybrid rocket-powered vehicle for suborbital flight.
In Wang et al. [14], a robust design optimization for a three-stage hybrid rocket launcher is
presented. Uncertainty-based robust optimization is also performed in Zhu et al. [15] for a
hybrid rocket upper stage. Lastly, references [16,17] discuss the optimization of a single-
stage hybrid rocket with swirl injection for a lunar ascent trajectory. When integrating
rocket engine design with the optimization of the LV ascent trajectory, the repetitive
calculation of motor performance within the optimization loop can become a computational
bottleneck [18]. To address this problem, neural networks (NNs) can be employed to model
the relationship between HRE performance and motor design, yielding a computationally
lightweight tool.

Neural networks excel at learning complex multiple-input multiple-output (MIMO)
functions and can be used to both accelerate a computationally expensive procedure and to
smooth potentially irregular fitness landscapes [19]. Deep neural networks have shown
promising applications in real-time guidance and control of space vehicles [20]. Successful
applications include interplanetary transfers [21,22], hypersonic reentry [23], planetary
landing [24,25], in-orbit proximity operations [26], and Mars atmospheric entry [27]. The
feasibility of using neural networks as surrogate models for predicting the performance of
hybrid rockets has already been successfully explored by the authors in references [28–30].
Similarly, a step towards the integration of neural networks into uncertainty-based HRE’s
design optimization has been performed by Masseni in [31].

In this paper, an integrated optimization is carried out to find the optimal hybrid rocket
engine design for a modular multistage launch vehicle targeting a 500 km polar circular
orbit. A surrogate neural network model is trained to approximate the complex hybrid
rocket’s internal ballistics to improve the procedure’s computational efficiency. A single
HRE unit is considered, with each stage of the LV comprised a cluster of these reference
units, resulting in a so-called “modular” (or “clustered”) design. Engine units belonging to
the same stage do not share any subsystem. Adjustments between units of different stages
can be made solely to the nozzle exit diameter to maximize stage performance according to
the altitude. This design strategy, while having the drawback of reducing the volumetric
and structural efficiency of the launch vehicle, can significantly decrease mission costs and
can simplify the manufacturing process. Lastly, this approach offers flexibility, as different
LV configurations can be attained by adjusting the number of HRE units in each stage and
by modifying the respective nozzle exit diameters. Similar approaches to hybrid rocket-
based launch vehicles incorporating modular design have been proposed in [11,32–34]. A
pioneering attempt to design a low-cost modular launcher was undertaken in the late 1970s
by OTRAG, a private company based in West Germany [35]. The novelty of this study lies in
the integration of distinct research areas, hybrid propulsion, engine clustering, and neural
network-based surrogate modeling, working synergistically within a multidisciplinary
optimization framework to evaluate a realistic Earth ascent mission scenario. While the use
of neural networks as surrogate models for hybrid rocket performance has been previously
explored by the authors in [28–30], those studies were limited to the optimization of a single
stage. In contrast, the present work addresses the optimization of the entire launch vehicle
through a single rocket design, with a different HRE operational range and incorporating
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distinct architectural features, such as swirl injection and a pump-fed system. Note that
the adoption of a clustering approach, absent in prior works, not only supports the design
of a flexible and cost-effective launcher but also enables the training of a single reusable
neural network applicable across all three stages, further reducing the computational
burden of the optimization procedure. This article is a revised and expanded version of
a conference paper entitled “Integrated Optimization of a Three-Stage Clustered Hybrid
Rocket Launcher using Neural Networks”, which was presented at the AIAA SciTech
Forum, Orlando, FL, USA, 8–12 January 2024 [36].

This manuscript is organized as follows. Section 2 presents the internal ballistics
model used to evaluate the HRE propulsive performance and mass budget. The machine
learning approach employed for creating the neural network-based surrogate model of
HRE performance is presented in Section 3. The selected launch vehicle configuration to
perform the target mission is presented in Section 4, followed by the mathematical model
of the ascent trajectory in Section 5. Lastly, numerical results are presented in Section 6.

2. Hybrid Rocket Model
This section presents the internal ballistics model for the hybrid rocket engine used in

generating training data for the neural network. A zero-dimensional approach is employed,
assuming that the thermodynamic and flow properties inside the combustion chamber are
spatially uniform and functions of time only. Consequently, it cannot reproduce local flow
features associated with axial variations of the regression rate, which have been observed in
experimental and numerical studies of hybrid rocket combustors, such as [37,38]. Despite
this limitation, zero-dimensional internal ballistics models are widely used in preliminary
hybrid rocket design because they provide a computationally efficient representation of the
global engine behavior while still capturing the dominant physical processes governing
thrust generation. The model adopted in this work follows the formulation introduced in
Zolla et al. [39], where it was validated against a set of 16 static firing tests, showing relative
prediction errors below approximately 10% for key quantities such as grain regression rate,
throat erosion, and thrust. Its accuracy is thus considered sufficient for the investigated
application. Note that model inputs and outputs pertain to a single HRE unit.

2.1. Internal Ballistics

Liquid oxygen (LOX) and paraffin wax with SEBS polymeric additives are chosen as a
propellant combination due to the high specific impulse and high regression rate provided
by paraffin liquefying properties, helping to mitigate gravitational losses during the first
phases of flight. The use of additives is recognized for enhancing the grain mechanical
properties, with the implementation of swirl injection that can mitigate their negative
impact on the grain regression rate [40]. The fuel grain, assumed to have a single-port
cylindrical shape, is uniquely defined by its external diameter (Dc), length (Lg), and initial
port diameter (Dp,0), with the first two being model input parameters. Consequently,
the following equations apply:

Ap =
π

4
D2

p (1)

mfu = ρfuLg
π

4
(D2

c − D2
p,0) (2)

where Ap is the port area and mfu is the total fuel mass. Paraffin wax, high regression
rate, and swirl injection eliminate the need for complex geometries like multi-perforated
grains, enhancing simplicity, reducing sliver formation, and improving manufacturability.
Following Casalino et al. [41], total pressure losses due to fuel injection from the regressing
grain into the core flow are accounted for as follows:
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ph = pc(1 + 0.5Γ2 J2) (3)

where Γ =

√√√√
γ

(
2

γ + 1

) γ+1
γ−1

and J = At/Ap. To achieve a low chamber Mach number

(below 0.3) and to minimize pressure losses, the initial port diameter is set to Dp,0 =
√

2Dt,0

(throat-to-port area ratio J = 0.5).
A turbo-pump feeding system is considered for the problem at hand, providing a

constant oxidizer mass flow rate ṁox(t) = ṁox,0 (a model input) with a fixed tank pressure
ptk = 3.0 bar. Decoupling of combustion chamber and oxidizer tank pressures allows
for a higher chamber pressure, improving performance and mitigating the risks of nozzle
flow separation at sea level. Note that the use of swirl injectors requires the oxidizer to be
injected with a tangential component. Regression rate is assumed uniform along the grain:

ṙ = aGn
ox (4)

where ṙ is in mm/s and the oxidizer mass flux Gox = ṁox/Ap in kg/(m2s). Here, a
is an empirical parameter, with its value depending on the propellant combination and
injection configuration. According to Karabeyoglu et al. [42], for LOX/Wax, n = 0.62.
The enhancement to grain regression provided by swirl injection is taken into account
assuming that, by tailoring the intensity of the oxidizer tangential component, the value
of a for the chosen propellant combination can be increased to 0.12 mm/s · (m2s/kg)n

(experimental studies have reported values as high as 0.3 [4]). Due to the lack of data
in the literature, a sophisticated regression rate model with a depending on the swirl
intensity was deliberately not employed. It is worth noting that the use of swirl injectors
has been associated with a more uniform regression rate along the fuel grain, as reported by
Dubey et al. [38], which partially mitigates the spatial non-uniformities that are not captured
by zero-dimensional internal ballistics models. Furthermore, the same experimental study
has shown that the beneficial effects of swirl injection decrease the larger the length-to-
diameter ratios become, due to the progressive decay of swirl intensity along the grain,
with Dubey et al. identifying an optimal value of L/D below 13.5 [38]. Once the grain
regression rate is known, fuel mass flow rate can be computed as:

ṁfu = ρfuṙLgπDp (5)

with O/F = ṁox/ṁfu being the engine mixture ratio (oxidizer-to-fuel), ρfu the solid fuel
density, and ṁe = ṁox + ṁfu the total mass flow rate. Chamber pressure is obtained as:

pc = ṁec∗/At (6)

To ensure the structural integrity of the fuel grain, its value is restricted to remain below
100 bar.

Propellant data on specific heat ratio γ and characteristic velocity c∗ are obtained
from the NASA Chemical Equilibrium with Applications software (CEA) [43], with the
assumption of frozen flow, and are interpolated with a shape-preserving cubic function
with respect to pc and O/F. Nozzle efficiency ηCF and combustion efficiency ηc∗ are
optimistically assumed equal to 98% to take into account losses in the nozzle expansion and
in the combustion processes. Although the assumed efficiencies are certainly optimistic,
ηCF remains within the upper range of values reported for well-designed nozzles [44], while,
as demonstrated in Franco et al. [5], the use of swirl injection can achieve ηc∗ values up
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to 99%. The vacuum thrust coefficient CF is computed assuming a 1D isentropic expansion
to the exit pressure pe with a constant specific heat ratio:

CF = ηCF

Γ

√√√√√√ 2γ

γ − 1

1 −
(

pe

pc

) γ−1
γ

+ ε
pe

pc

 (7)

F = ṁec∗CF (8)

where ε is the nozzle area ratio. Correction of vacuum thrust to account for altitude effects
is included in the flight dynamics model. The nozzle geometry is defined by two model
inputs, namely its throat diameter at ignition Dt,0 and its exit diameter De. To prevent flow
separation due to overexpansion at low altitudes, the nozzle exit pressure is constrained
to be above 0.34 times the ambient pressure at the operating altitude (pa(h)), a constraint
based on the Summerfield criterion [45].

Throat erosion is taken into account according to Bianchi et al. [46]:

ṡ =
(

ṡ0

0.1

)(
0.025

Dt

)0.2[
6.4392 × 10−5Φ−1.991 exp

(−3.1082
Φ

+ 1.84
)

p0.0535Φ2−0.2641Φ+1.0365
c

]
(9)

where Φ =
O/F

O/Fst
, the subscript “st” refers to the stoichiometric conditions, and ṡ0 (in

mm/s) is the reference erosion rate of the propellant combination, assumed equal to
0.1 mm/s for LOX/Wax, a reasonable assessment according to Bianchi et al. [47]. The
overall erosion rate (in m/s, with pc in bar and Dt in m) depends on both the chamber
pressure and the mixture ratio of the propellants, which affect the heat flux intensity and the
composition of the exhaust gases passing through the throat [46,48]. Note that the nozzle
exit diameter, De, is considered reasonably unaffected by the erosion process. The port and
throat radii are increased at each time step based on the predicted regression and erosion
rates until the entire fuel mass has been depleted, except for a 3% reserve accounting for
fuel contingencies.

2.2. Structural Mass Estimation

The structural mass and length of various subsystems is considered, following [41,49–51].
Specifically, the combustion chamber mass includes a cylindrical case and a 2.5 cm alu-
minum injector plate:

mc = 0.025ρinjπ

(
Dc

2

)2
+ ρcπDcLcδc (10)

where ρc is the case material density, Lc the case length, ρinj the injector plate material
density, and δc the case thickness, computed using Mariotte’s equation for pressurized
cylinders with a 1.5 safety factor:

δc = 1.5
ph,maxDc

2σc
(11)

where σc is the yield strength of the case material and ph,max the maximum head pressure
over the HRE burn. The chamber length is assumed to be equal to the grain length, Lc = Lg,
as swirl injection has been shown to provide sufficient mixing, eliminating the need for a
pre-chamber or a long post-chamber [4,5]. In this work, both the combustion chamber and
the oxidizer tank are assumed to be made of carbon fiber composite material with an epoxy
resin matrix [52].
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The oxidizer tank is modeled as a cylinder with two ellipsoidal domes. Its thickness
can be computed using Equation (11). The total oxidizer mass stored is obtained by
integrating the oxidizer mass flow rate over time, including a 3% contingency. Due to the
employment of a cryogenic oxidizer, tank insulation must be considered. The required
mass can be computed according to the work by Glatt in [53] as:

mins = 1.123Sl (12)

where Sl is the lateral surface to be insulated, in m2.
An empirical model in Larson et al. [49] is used to estimate the mass of the nozzle.

The weight is related to its initial expansion ratio ε0 and to the total propellant exhausted
mprop (masses in kg):

mno = 125
(

mprop

5400

)2/3( ε0

10

)1/4
(13)

A conical convergent section inclined by 45 degrees is followed by a bell-shaped divergent
section, with a total length that can be estimated as:

Lno =
Dc − Dt,0

2tan(π/4)
+ 0.8

De − Dt,0

2tan(π/12)
(14)

where the divergent bell length is assumed to be 80% that of a conical divergent with a
15-degree half-angle.

Tank pressure is regulated through the use of gaseous helium, stored in a liquid state.
The helium mass required can be computed with the ideal gas equation of state applied to
the oxidizer tank volume:

mHe =
ptkVtk
RHeTul

(15)

where Vtk is the oxidizer tank volume (including a 5% initial ullage), RHe is the gas constant
of helium, and Tul is the ullage temperature, set to 200 K [54]. Liquid helium is stored in a
spherical tank at a pressure of pHe,l = 1.2ptk, which is in turn pressurized using gaseous
helium, stored in a spherical tank at a pressure of pHe,g = 300 bar and a temperature of
THe,g = 300 K (subscript “He,g” indicates that the temperature and pressure values refer
to the gaseous helium tank). Note that helium tanks are assumed to be made of the same
material as the oxidizer tank.

Mass and dimensions of the turbo-pump subsystem can be evaluated according to the
work by Saunders in [50] as:

mtp =
10
9

217.7XY + 21.9X2Y +
6.1 × 105

n2
r

+
1.4 × 107

n3
r

 (16)

Ltp = 0.025 +
34.9
n2

r
+ 0.79Y (17)

where nr = 14.7
√(

voxρox
)
/ṁox,max is the machine rotational speed in revolutions per

second, vox is the oxidizer inlet velocity (set to 4.5 m/s), ρox is the liquid oxidizer density,

and ṁox,max is the maximum oxidizer mass flow rate. Also, Y = 3.28
√

ṁox,max/
(
voxρox

)
and X =

√
1.36Z + 0.261Y2, with Z = 4 × 104 ph,max/

(
ρoxn2

r

)
. Details on the turbo-

pump system are provided by Saunders in [50]. Power for the turbine is generated by
decomposing hydrogen peroxide through a catalytic bed. Due to the chamber pressure
variation typical of an HRE burn, control over the peroxide mass flow rate is necessary to
allow the pump to operate effectively under variable load conditions. Gases driving the
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turbine are exhausted using a secondary nozzle. The required mass for the gas driving
the turbine can be estimated with a simple power balance. The total mass of the power
generation system can then be computed by adding the corresponding tank and secondary
nozzle mass, along with a 10% margin to account for ancillary components.

Coverage of exposed sections of the rocket (“shrouds”) has been taken into account
according to the work by Glatt in [53] as:

msh = 4.95S1.15
sh (18)

where Ssh, in m2, is the lateral surface to be covered. Shrouded sections include the ellip-
soidal domes of the tank and the entire length of the feeding system and of the turbo-pump.

Lastly, the mass and length of ancillary structures (e.g., piping, engine connectors) are
assumed to be 10% of the total mass and length of the HRE unit [51]. It is acknowledged
that this fixed percentage may not fully capture the potential non-linear scaling of ancillary
mass in configurations involving a large number of clustered units. However, this estimate
is partially compensated by the conservative nature of several other subsystem mass
models adopted in this work and is considered acceptable within the scope of a preliminary
multidisciplinary optimization. Note that each mass estimation is approximate, aiming
to provide a reasonable assessment for the multidisciplinary optimization rather than an
exhaustive subsystem analysis. Density and yield strength of the materials for the HRE
subsystems and density of the propellants are listed in Table 1 (material properties can be
found in Refs. [55,56]).

Table 1. Density, ρ, and maximum yield strength, σ, of the injector plate, combustion chamber,
and oxidizer tank materials, and density of the propellants.

ρ σ Material/Propellant
[kg/m3] [MPa]

Injector plate 2800 300 Aluminum Alloy 7050 [55]
Combustion chamber 1600 600 Carbon fiber composite with epoxy resin [56]
Oxidizer tank 1600 600 Carbon fiber composite with epoxy resin [56]
Oxidizer 1140 - Liquid oxygen
Fuel 900 - Paraffin-wax

Performance and mass of a hybrid rocket unit can thus be evaluated once a set of
5 input parameters is specified (subscript “0” for values defined at ignition):

xHRE = [Lg, Dc, Dt,0, ṁox,0, De] (19)

This set of parameters was chosen because it uniquely defines a preliminary HRE architec-
ture, in line with the scope of a multidisciplinary optimization. Here, the nozzle geometry
is determined by Dt,0 and De, the combustion chamber and fuel grain by Lg and Dc, and the
engine operating conditions by the oxidizer mass flow rate ṁox,0. A schematic description
of the hybrid rocket unit design is shown in Figure 1.

In summary, the structural mass estimation relies on Mariotte’s equation for pressur-
ized vessels (combustion chamber and tanks), empirical correlations from Larson et al. [49]
and Saunders [50] for the nozzle and turbo-pump, respectively, and the model by Glatt [53]
for insulation and shrouds. The turbo-pump feeding system, powered by hydrogen per-
oxide decomposition, is sized through a power balance as described above. While these
models are approximate, they are considered adequate for the scope of a preliminary
multidisciplinary optimization.
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Figure 1. Hybrid rocket design parameters.

3. Machine Learning for HRE Performance Prediction
This section discusses the machine learning framework for creating a precise surrogate

model to predict HRE performance.

Supervised Learning

Feedforward neural networks (FNNs), inspired by brain structures, are MIMO com-
puting systems composed of layers of neurons. Each neuron receives inputs from the
previous layer and applies a non-linear activation function. The input and output layers are
connected by hidden layers, as shown in Figure 2. FNNs have been proven to be universal
function approximators, given sufficient data, neurons, and hidden units [57].

Figure 2. Neural network surrogate model for HRE performance prediction.

A supervised learning approach is generally used to teach the network how to correctly
approximate a given function f based on input-output sample pairs. Given a data set,
or training set, composed of N training examples D = {(x1, y1), (x2, y2), . . . , (xN, yN)}, where
xk is the feature vector of the k-th sample and yk = f (xk) the corresponding label, the objective
is to learn a set of parameters ζ = {(Win; bin), (W1; b1), . . . , (Wn; bn), (Wout; bout)} such that
the function

f̂ (x; ζ) = f o(W T
out f n(W T

n ... f 1(W T
1 f i(W T

inx + bin) + b1) + ... + bn) + bout) (20)

approximates as good as possible the “original” function f . The j-th column of the matrix
Wk represents the set of weights of the j-th neuron in the k-th layer, while the j-th element
of the vector bk the corresponding bias. f k, instead, is the activation function used in
the k-th layer neurons. The dimensions of each Wk matrix vary depending on the layer.
The number of rows corresponds to the number of inputs (i.e., the number of neurons in
the preceding layer), while the number of columns corresponds to the number of neurons
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in the current layer. Note that the number of neurons in the input and output layers,
associated with Win and Wout, respectively, is equal to the number of inputs and outputs
of the neural network. Consequently, the dimensions of these matrices are 1 × Nin for
Win and N(L)

h × Nout for Wout, where Nin and Nout denote the number of network inputs

and outputs, respectively, and N(L)
h denotes the number of neurons in the last hidden

layer. The number of rows for Win is 1 since each neuron of this layer takes a single
neural network input. The procedure involves splitting the initial data set into a training
set T and a validation set V , with sizes NT = ηtN and NV = N − NT , respectively,
where ηt is a hyper-parameter called “train fraction”. The training set is used to train the
network, while the validation set is used to assess the network performance on unseen
data. Training examples in the training set are organized into batches, each containing
nb elements (nb is a hyper-parameter), and the network parameters ζ are first randomly
initialized. The optimization of the parameters ζ is done by minimizing the mean squared
error (MSE) between the network outputs and the training examples using stochastic
gradient descent (SGD):

MSE(1)(ζ) =
1
nb

knb

∑
i=k1

∥∥∥yi − f̂ (xi; ζ)
∥∥∥2

(21)

ζ = ζ − α∇ζMSE(1)(ζ) (22)

MSE(2)(ζ) =
1
nb

k2nb

∑
i=knb+1

∥∥∥yi − f̂ (xi; ζ)
∥∥∥2

(23)

ζ = ζ − α∇ζMSE(2)(ζ) (24)

. . .

MSE(B)(ζ) =
1
nb

kNT

∑
i=k(B−1)nb+1

∥∥∥yi − f̂ (xi; ζ)
∥∥∥2

(25)

ζ = ζ − α∇ζMSE(B)(ζ) (26)

This B-step gradient descent optimization is repeated for M total training epochs (hyper-
parameter). In this work, the Adam (adaptive moment estimation) [58] SGD algorithm is
used for optimization, with a linear learning rate α = αi +(α f − αi)m/M, with m the current
training epoch, and with αi and α f being hyper-parameters. The network hyper-parameters
have been selected according to previous studies performed in Zavoli et al. [28,29] and are
shown in Table 2.

Table 2. Hyper-parameters of the supervised learning algorithm.

Hyper-Parameter Symbol Value

Initial learning rate αi 1 × 10−4

Final learning rate α f 1 × 10−7

Train fraction ηt 0.99
Batch size nb 512
N. of training epochs M 1000

Figure 2 illustrates the architecture of the neural network used as a surrogate model
for HRE performance prediction. The network takes the motor design variables xHRE as
input and returns 10 scalar outputs: the engine burning time tb, the dry mass ms, and the
coefficients of two cubic polynomials that approximate the thrust F(t) and total mass
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flow rate ṁ(t) curves of the engine. With this approach, each time-dependent curve is
parameterized by the network as:

F(t) = aFx3 + bFx2 + cFx + dF

ṁ(t) = aṁx3 + bṁx2 + cṁx + dṁ

with x = t/tb, x ∈ (0, 1)

(27)

4. Launch Vehicle Configuration
Before describing the ascent trajectory mathematical model, the general LV configu-

ration must be defined. Assuming equal performance and structural coefficients for each
stage, a simple analysis of the behavior of the payload ratio λ with respect to the number
of stages can be performed using Tsiolkovsky’s equation:

λ =

[
(1 + kt)e−∆vpr/(Ispg0 N) − kt − ke

]N
(28)

where ∆vpr is the propulsive velocity increase for the target mission, N is the number
of stages of the LV, Isp is the specific impulse of the stage, kt = ms,tk/mp is the relation-
ship between the propellant-related masses over the propellant mass of the stage, and
ke =

(
ms − ms,tk

)
/m0,i is the relationship between the engine weight of a stage over the

mass of the corresponding sub-rocket. After a brief tuning for the problem at hand, values
of ∆vpr = 9.7 km/s, Isp = 320 s, kt = 0.061, and ke = 0.057 have been selected. Results of
the analysis are shown in Figure 3. The highest payload ratio is achieved with five stages.
However, the payload gain from increasing the number of stages beyond three is minimal
(+0.6% from two to three stages, +0.142% from three to four, and +0.011% from four to
five), making the performance boost insufficient to justify the increased complexity. More-
over, as this preliminary analysis does not take into account the mass of the inter-stages,
the payload ratio is expected to further decrease with the number of stages. A three-stage
configuration is thus selected for the analyzed mission.

0

0.005

0.01

0.015

0.02

1 2 3 4 5 6 7 8

λ

Number of stages

Figure 3. Payload ratio behavior with respect to the number of stages using Tsiolkovsky’s equation.

To finalize the general LV configuration, the number of HRE units for each stage must
be chosen. A good starting point is to compute the optimal ∆v partitioning for the selected
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three-stage configuration by minimizing the following cost function (the negative logarithm
of the launch vehicle payload ratio):

Λ(∆vi) = −ln

 3

∏
i=1

e−∆vi/
(

Isp,i g0

)
− ks,i

1 − ks,i

 (29)

where ∆vi, Isp,i, and ks,i are, respectively, the velocity increase (optimized), specific impulse,

and structural coefficient of the i-th stage, with ks,i =
ms,i

ms,i + mp,i
. Realistic values for Isp,i

and ks,i have been assumed after a brief preliminary analysis. To reproduce the optimal
∆v partitioning obtained by minimizing Equation (29) (∆v1/∆vpr = 0.28, ∆v2/∆vpr = 0.37,
∆v3/∆vpr = 0.35, with ∆vpr = 9.7 km/s) and assuming the upper stage to be constituted
by a single HRE unit, approximately 12 units are needed for the first stage, and 4 units for
the second stage. However, as the analysis does not take into account the effects of thrust,
a 16-4-1 configuration is ultimately chosen. This adjustment is made to maximize thrust
during the first stage flight, thereby reducing gravitational losses. A higher quantity of
units cannot be employed for the first stage to ensure compliance with the axial acceleration
constraint, which will be introduced in the following section. Disposition of HRE units in
the first and second stage is shown in Figure 4.

(a) (b)

Figure 4. Clusters of HRE units (not to scale). (a) First, stage. (b) Second, stage.

The diameters of the stages can be computed as:

Dstage,i = ξimax
(

Dc, De,i
)

(30)

where the packing ratio ξi is equal to 4.62 for the first stage and 2.42 for the second stage.
Note that, although maintaining the alignment of such a large number of engines might
pose technical challenges, this paper focuses on theoretical analysis and does not address
such a practical issue.

5. Flight Trajectory Model
This section provides a description of the ascent trajectory model, presenting the

equations of motion, the adopted flight strategy, and the mission constraints, followed by
the formulation of the integrated optimization problem.
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5.1. Dynamical Model

A three-dimensional (3-DoF) point-mass model is employed. Under this hypothesis,
the LV is considered always aligned with the direction of thrust, assuming infinitely fast
attitude dynamics. The rocket state at any time is defined by position vector r, velocity
vector v, and mass m. The equations of motion in an inertial reference frame are written as:

ṙ = v (31)

v̇ = g +
D + F

m
(32)

ṁ = −ṁe (33)

The Earth is approximated as a sphere, with the gravitational acceleration vector repre-

sented as g = − µ

r3 r, where µ is the Earth’s gravitational constant. Air density ρa, pressure

pa, and temperature Ta are evaluated based on the altitude h, following the U.S. Standard
Atmosphere 1976 model [59]. It is assumed that the atmosphere rotates rigidly with the
Earth at ωE = 7.2921 × 10−5 rad/s. Thus, the relative velocity of the vehicle with respect to
the atmosphere is computed as vrel = v − ωE × r. Atmospheric drag is evaluated as:

D = −1
2

ρa Sref CD(M) vrel vrel (34)

where Sref denotes the vehicle cross-sectional area and CD is the drag coefficient. Lift force
is neglected because it is deemed of minor importance for the current analysis. The drag
coefficient is assumed solely dependent on the Mach number of the LV and is tabulated
based on data from known launcher flights for similar applications. The thrust force F
generated by the LV motors is expressed as:

F =
(

Fvac − pa Ae
)

F̂ (35)

where Ae is the nozzle exit area and Fvac denotes the thrust in vacuum. When the launcher
is still in close proximity to the launch base, the direction of thrust is defined in a topocentric
reference frame, fixed relative to the launch base, FT = (î, ĵ, k̂) (Figure 5a).

F̂ = sin θT î + cos θT sin ψT ĵ + cos θT cos ψT k̂ (36)

where θT and ψT indicate the elevation and azimuth angles in this frame. During the flight
in the exo-atmospheric region, thrust is defined with in-plane and out-of-plane angles θR
and ψR of a radial-transverse-normal (RTN) local reference frame FR = (r̂, t̂, n̂) (Figure 5b).

F̂ = sin θR r̂ + cos θR cos ψR t̂ + cos θR sin ψR n̂ (37)

5.2. Flight Strategy

A realistic flight strategy is considered. The ascent trajectory is divided into several
phases, each characterized by a specific control law, with a schematic representation shown
in Figure 6. The first phase is a vertical ascent, where the thrust is directed radially until a
certain distance from the launch base is reached. Next, a pitch-over maneuver is performed
to rotate the LV and align it with the desired orbital plane. In a simplified 3-degree-of-
freedom model, this maneuver is represented by a linearly decreasing thrust elevation
angle and a constant thrust azimuth angle. The LV then follows a zero-lift gravity-turn
(ZLGT) trajectory. During this phase, the thrust vector is aligned with the relative velocity
to prevent the generation of lift or side force. The gravity gradually rotates the velocity
vector downward. After a brief coasting, with a duration of one second to allow stage
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separation, the second stage is ignited, and the LV continues to follow a ZLGT trajectory.
The fairing is jettisoned at the second stage cut-off. Finally, the third stage performs a burn
to transition the LV into a Hohmann-like trajectory. The pitch program during this phase
follows a linear law, with a null azimuth angle. After a long coasting phase, a second burn
of the third stage, with another linear variation of the thrust elevation angle and a null
azimuth angle, is executed to circularize the orbit and place the payload into the desired
target orbit.

F

(a)

F

(b)

Figure 5. Reference frames. (a) Topocentric reference frame. (b) Radial-traverse-normal reference frame.

Figure 6. Phases of the optimal control problem (time not to scale). In the figure, the number in
parentheses indicates the stage currently firing. Black dots mark the points at which a stage is ignited,
while white dots indicate the points at which a stage is shut down. Each segment represents a specific
maneuver, listed together with the control parameters used to describe it.

5.3. Constraints and Objective Function

The initial conditions of the launch vehicle depend on the geographical position of
the launch base. The initial position r0 is the base position, and the inertial velocity v0 can
be determined as ωE × r0. The problem goal is to maximize the LV payload mu. Hence,
the objective function to minimize is designed as −mu. The LV wet mass is constrained to be
equal to m0,wet = m0 − mu = 55,000 kg, where m0 is the lift-off mass, chosen for comparison
with the declared characteristics of Vega C Light [60]. Terminal constraints are imposed to
ensure payload injection into a circular orbit with a desired radius, r̃, and inclination, ĩ.
Tolerances, δr and δi, are set for periapsis radii, apoapsis radii, and inclination. The right
ascension of the ascending node is not directly enforced, as it can be easily adjusted by
selecting the launch time. Dimensional constraints are also enforced to guarantee the LV
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compactness. Specifically, the diameter of a stage cannot be larger than the diameter of the
preceding stage Dstage,i ≤ Dstage,i−1, and the nozzle exit diameter of first-stage HRE units
must be smaller than the units case diameter Dc ≥ De,1. To ensure the structural integrity
of the vehicle and payload during ascent, constraints on maximum axial acceleration,
ax = v̇ · F̂/g0, and maximum heat flux exposure, ϕq = 0.5ρav3

rel, after fairing jettisoning are
enforced in the optimization, set, respectively, to 5 g and 900 W/m2. Maximum dynamic
pressure and max-Qα are instead checked a posteriori, as they are considered of minor
importance for the problem at hand.

5.4. Optimization

The resulting multidisciplinary optimization problem involves finding optimal values
for the single HRE unit design parameters xHRE (up to the nozzle throat), along with the
optimal exit nozzle diameters for each of the three stages De,1, De,2, and De,3. This results
in a vector of 7 design parameters:

xHRE = [Lg, Dc, Dt,0, ṁox,0, De,1, De,2, De,3] (38)

where the design vector in Equation (19) is extended to include the three different exit
diameters of the HRE unit used in each stage. Note that the adoption of clustering sig-
nificantly streamlines the optimization process, as only the reference HRE unit has to be
optimized instead of a set of HRE design parameters for each stage of the launch vehicle.
For the same reason, only one surrogate model needs to be trained. The reference HRE
unit of the cluster is optimized within a design space selected to provide average thrusts
between 40 and 70 kN, with operating pressures between 20 and 100 bar. The resulting
domain for xHRE is shown in Table 3.

Table 3. Range of variation of the HRE design parameters.

Quantity Min Max Unit

Lg 2.2 4.0 m
Dc 0.3 0.7 m
Dt,0 0.06 0.15 m
ṁox,0 5 20 kg/s
De,i 0.212 1.897 m

Optimal values for flight mechanics variables, xflight, and thrust direction variables,
xguide, also need to be determined. The flight design variables comprise the duration of the
third stage first burn tb3,1 and the duration of the following coasting phase tc3 . The duration
of the orbit insertion phase (second burn of the third stage) can be easily computed as
tb3,2 = tb3 − tb3,1 :

xflight = [tb3,1 , tc3 ] (39)

Lastly, 6 design variables are required to parameterize the thrust direction of the launch
vehicle. These include the elevation and azimuth at the end of the pitch-over phase, θpo

and ψpo, the elevation at the beginning and the elevation at the end of the upper stage
guidance, θ3,1i and θ3,1 f , and the elevation angle at both the beginning and the end of the
final orbital injection, that is, θ3,2i and θ3,2 f . Thus:

xguide = [θpo, ψpo, θ3,1i , θ3,1 f , θ3,2i , θ3,2 f ] (40)
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The resulting full optimization vector for the entire MDO problem includes 15 design
parameters:

xopt = [Lg, Dc, Dt,0, ṁox,0, De,1, De,2, De,3, tb3,1 , tc3 , θpo, ψpo, θ3,1i , θ3,1 f , θ3,2i , θ3,2 f ] (41)

The optimization problem is solved using EOS (evolutionary optimization at Sapienza),
an in-house evolutionary optimization code for constrained global optimization [61]. This
code utilizes a multi-population, self-adaptive, ε-constrained differential evolution algo-
rithm with an island model for parallel execution. Previous successful applications of EOS
to space trajectory optimization problems include [18,28,29,62,63].

6. Results
This section presents the results obtained for the formulated multidisciplinary opti-

mization problem. A schematic representation of the procedure is shown in Figure 7.

xi
Surrogate
NN model

HRE
model

Flight
dynamics

EOS xopt

Supervised
learning

xHRE

{F (t), ṁ(t),ms, tb}
yHRE mu

i = i+ 1

xflight

xguide

Figure 7. Flowchart of the integrated optimization procedure.

A preliminary analysis has been carried out to assess the most suitable network archi-
tecture and number of input-output samples to ensure the reliability of the surrogate model.

6.1. Surrogate NN-Based HRE Model

Training of the NN-based surrogate HRE model has been performed with a random
distribution across the design space of input-output samples, with the sample count ranging
from 50,000 (50k) to 1,000,000 (1000k). An additional dataset Ts comprising 10,000 samples
has also been generated to evaluate the surrogate model performance. The network
architectures considered for the present investigation are reported in Table 4. The activation
function is the rectified linear unit for all neurons in the hidden layers, while the output
neurons feature a linear activation function.

Regardless of the specific configuration, a symmetric pyramidal (or inverse hourglass)
network structure has been adopted, as it enables a gradual increase in feature abstraction,
followed by a symmetrical compression of the information back into a low-dimensionality
vector. This design enables the network to learn progressively richer feature representations
in the expansion phase and then compress them into distilled, high-level features before
the output. Such architectures, commonly used in representation learning, were found
effective in previous works on this topic [28–30].
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Table 4. Neurons in each layer for the investigated network configurations (I: Input, O: Output,
h: hidden layer), and total number of trainable parameters, Ntrain.

Configuration I h1 h2 h3 h4 h5 h6 h7 h8 h9 O Ntrain

Net1 5 64 256 64 - - - - - - 11 34,217
Net2 5 64 256 256 64 - - - - - 11 100,009
Net3 5 64 256 512 256 64 - - - - 11 297,129
Net4 5 64 256 512 512 256 64 - - - 11 559,785
Net5 5 64 256 512 1024 512 256 64 - - 11 1,347,241
Net6 5 64 256 512 1024 1024 512 256 64 - 11 2,396,841
Net7 5 64 256 512 1024 2048 1024 512 256 64 11 5,544,617

Training, validation, and test errors (or losses) for an intermediate-size network (Net4,
as per Table 4, trained using 500k samples) are shown in Figure 8. Errors are computed
as the mean squared error (MSE) between the true and predicted outputs, normalized
between 0 and 1, with respect to the training set T , validation set V , and test set Ts,
respectively (as per Equations (21)–(25)). Errors show a clear plateau-like behavior, with a
monotonically decreasing trend followed by an asymptotic value, reached approximately
around 600 epochs.

Figure 8. Evolution of the surrogate neural network errors with the training epoch (Net4, 500k
training samples).

Specific metrics to assess the surrogate model performance with respect to HRE
physics are also introduced: (i) MAEF, the mean absolute error between the true thrust
curve (computed with the internal ballistics model, Section 2) and the thrust curve predicted
by the NN using cubic polynomials, evaluated at 40 different points in time. (ii) MAEṁ,
the mean absolute error between the true and predicted mass flow rate curves, computed in
the same manner as MAEF. (iii) MAEtb , the mean absolute error between the predicted and
true engine burning time. (iv) MAEms , between predicted and true structural (dry) mass of
the motor. Note that a test dataset Ts with 10,000 samples is assumed statistically sufficient
to consider the mean absolute error as a reliable and robust metric for the surrogate model
accuracy. Test loss and MAEF of the trained networks for different numbers of training
samples and for different network architectures are shown in Figures 9 and 10.
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(a) (b)

Figure 9. MSE and MAEF of the trained network with respect to the dimensions of the training
datasets and for different network architectures. (a) MSE. (b) MAEF.

(a) (b)

Figure 10. MSE and MAEF of the trained network with respect to the network architecture and for
different training datasets. (a) MSE. (b) MAEF.

Results show a clear relationship between the dimensions of the training set, the ar-
chitecture complexity, and the accuracy of the NN. In general, the accuracy tends to grow
with the number of training samples. However, the benefits of using a larger dataset
decrease with the dimensions of the dataset itself. A similar behavior can be seen with
respect to the architecture complexity, with the prediction accuracy improving with the
number of hidden layers, but with the benefits of adding layers decreasing with their
number. Trends shown in Figures 9 and 10 for test loss and MAEF can be reproduced for
each of the surrogate model performance metrics. It can be concluded that the relative
improvement in prediction accuracy is quite small beyond intermediate-size networks
and intermediate-size training datasets. For this reason, the 8-layer network architecture
(Net4) and the training dataset with 500k samples are chosen as references for the present
study. This choice is also considered cost-efficient, since the CPU time required to train the
network grows roughly linearly with the dataset dimensions and exponentially with the
network complexity, as shown in Figure 11.
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Figure 11. Training CPU time for different training dataset dimensions and network architectures.

Performance metrics for the configuration Net4 with different numbers of training
samples are shown in Table 5. Performance metrics for different network architectures,
each trained with 500k training samples, are shown in Table 6.

Table 5. Learning and performance parameters of the trained network for different numbers of
training samples (Net4).

Training
Dataset

Learning Errors Propulsive Performance Metrics CPU Time
[min]Training Validation Test MAEF [kN] MAEṁ [kg/s] MAEtb [s] MAEms [kg]

50k 7.93 × 10−6 9.07 × 10−6 8.75 × 10−6 1.42 × 10−1 3.80 × 10−2 4.16 × 10−1 1.13 × 100 18.6
100k 5.04 × 10−6 5.26 × 10−6 5.28 × 10−6 9.67 × 10−2 2.40 × 10−2 2.97 × 10−1 9.03 × 10−1 32.7
200k 4.08 × 10−6 4.31 × 10−6 4.25 × 10−6 7.65 × 10−2 1.89 × 10−2 2.47 × 10−1 6.94 × 10−1 61.9
300k 3.50 × 10−6 3.63 × 10−6 3.61 × 10−6 6.37 × 10−2 1.54 × 10−2 2.22 × 10−1 6.14 × 10−1 94.4
400k 3.24 × 10−6 3.33 × 10−6 3.34 × 10−6 5.06 × 10−2 1.24 × 10−2 2.01 × 10−1 5.47 × 10−1 118.2
500k 3.18 × 10−6 3.23 × 10−6 3.24 × 10−6 4.97 × 10−2 1.20 × 10−2 1.81 × 10−1 4.99 × 10−1 150.8
600k 2.98 × 10−6 3.01 × 10−6 3.04 × 10−6 4.73 × 10−2 1.03 × 10−2 1.64 × 10−1 4.38 × 10−1 175.2
700k 2.90 × 10−6 2.99 × 10−6 2.96 × 10−6 4.08 × 10−2 9.37 × 10−3 1.72 × 10−1 4.44 × 10−1 227.0
800k 2.87 × 10−6 2.89 × 10−6 2.89 × 10−6 4.12 × 10−2 9.82 × 10−3 1.62 × 10−1 4.43 × 10−1 240.5
900k 2.74 × 10−6 2.78 × 10−6 2.78 × 10−6 3.48 × 10−2 8.48 × 10−3 1.49 × 10−1 3.81 × 10−1 270.7
1000k 2.79 × 10−6 2.85 × 10−6 2.78 × 10−6 3.35 × 10−2 8.43 × 10−3 1.54 × 10−1 3.80 × 10−1 289.9

Table 6. Learning and performance parameters of the trained network for different net configurations
(500k training samples).

Config.
Learning Errors Propulsive Performance Metrics CPU Time

[min]Training Validation Test MAEF [kN] MAEṁ [kg/s] MAEtb [s] MAEms [kg]

Net1 6.88 × 10−6 6.90 × 10−6 6.84 × 10−6 1.20 × 10−1 2.41 × 10−2 3.73 × 10−1 1.20 × 100 58.5
Net2 4.60 × 10−6 4.63 × 10−6 4.61 × 10−6 8.14 × 10−2 1.67 × 10−2 2.52 × 10−1 8.24 × 10−1 79.8
Net3 3.41 × 10−6 3.46 × 10−6 3.49 × 10−6 5.94 × 10−2 1.31 × 10−2 2.06 × 10−1 6.03 × 10−1 112.1
Net4 3.18 × 10−6 3.23 × 10−6 3.24 × 10−6 4.97 × 10−2 1.20 × 10−2 1.81 × 10−1 4.99 × 10−1 150.8
Net5 2.93 × 10−6 3.03 × 10−6 3.00 × 10−6 4.07 × 10−2 1.06 × 10−2 1.54 × 10−1 4.16 × 10−1 224.7
Net6 2.77 × 10−6 2.86 × 10−6 2.88 × 10−6 3.45 × 10−2 9.08 × 10−3 1.54 × 10−1 3.88 × 10−1 329.0
Net7 2.69 × 10−6 2.84 × 10−6 2.84 × 10−6 3.25 × 10−2 9.14 × 10−3 1.50 × 10−1 3.72 × 10−1 595.15

With the chosen network configuration, the prediction errors are small, with percent-
age errors of approximately 0.1% for the main HRE performance quantities. In particular,
the errors associated with the time-dependent quantities (thrust and mass flow rate), which
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are represented using cubic polynomial parametrizations, remain very small. Figure 12
compares the thrust curves computed with the HRE model and those reconstructed by the
trained neural network for a representative engine configuration, showing that the two
curves are nearly indistinguishable.
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Figure 12. Comparison between a true thrust curve provided by the HRE model and the correspond-
ing prediction from the neural network.

Such small errors in the HRE metrics are assumed to translate into payload ratio
estimates with errors of the same order of magnitude.

Thus, a computationally efficient tool to be used within an optimization process is
obtained. The initial training is the only computational cost associated with the use of
the neural network, which has to be performed only once. On the other hand, the cost
associated with the use of the trained network is comparable to a few matrix multiplications.
The trained network can be used in the optimization process as many times as necessary,
replacing the more computationally expensive physical model. Generating a training set of
one million samples takes about 1 h with optimized code. When using the trained neural
network, it takes approximately 10 min instead, resulting in a speedup factor of around six
times. This speedup increases further with the complexity of the internal ballistics model.
Note that the cost of building the database should not be used to directly compare the
network-based and internal ballistics optimization approaches. Indeed, after the initial
training, the network can be reused across multiple optimization runs without additional
computational cost, yielding substantial savings. Moreover, the applicability of the sur-
rogate model could also be extended to different scenarios within the same operational
range of the HRE, making it a highly flexible tool. All the analyses shown in this section
have been performed on a workstation equipped with an Intel® Xeon® W-2265 CPU with
24 parallel cores, running at a base clock speed of 3.50 GHz (1.2–4.8 GHz).

6.2. Integrated Optimization

The integrated optimization has been carried out for a three-stage modular launch
vehicle with a 55-ton wet mass. A single pump-fed HRE unit is used, with the first, second,
and third stages constituted by clusters of 16, 4, and 1 units, respectively. The optimal
design of the single HRE unit xHRE is searched for, along with the optimal LV thrust
direction xguide and flight parameters xflight. The final aim is to maximize the payload
injection capability of the LV for a nominal mission targeting a 500 km polar circular orbit
(Sun Synchronous Orbit, SSO). A relevant vehicle data are the fairing mass mfairing = 400 kg.
Inter-stage mass mis can be computed with Equation (18), assuming a truncated cone shape
with major and minor diameters equal to the connected stage diameters. The length of the
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inter-stage is computed as the minimal length required to cover the nozzle exit sections
of the subsequent stage and at the same time to guarantee a connection angle lower than
30 degrees in order to reduce the LV drag coefficient.

Results of the optimization are shown in Table 7, reporting the optimized design
variables. Table 8 presents the operating conditions of the first, second, and third stages.
Overlined quantities represent operating conditions averaged over the burn, and the
specific impulse is measured in a vacuum. It should be noted that the optimized HRE
units obtained in the present study exhibit L/D ratios of approximately 7 (a single unit is
represented by the L/D ratio of the third stage), which lie well within the range identified
by Dubey et al. [38] as suitable for maintaining the benefits associated with swirl injection
before significant swirl decay occurs. In Table 9, the masses of the different subsystems are
reported for each stage, with mps being the mass of the helium-based tank pressurization
system, mct the mass of contingency reserves, and manc the mass of ancillary structures.
Note that, although a mass of just 1.1 kg for the pressurization system may seem small,
it is consistent with the use of a turbo-pump-fed system, which significantly reduces the
tank pressure that needs to be maintained. Lastly, Table 10 reports the launch vehicle
payload mass mu, the total velocity increment ∆vpr, and the cumulative gravitational
∆vgrav, aerodynamic ∆vaero, and misalignment ∆vmis losses.

Table 7. Optimum solution vector.

xflight xguide xHRE

tb3,1 [s] 100.0 θpo [deg] 83.25 Lg [m] 2.82
tc3 [s] 679.3 ψpo [deg] −2.49 Dc [m] 0.65
− θ3,1i [deg] 4.20 Dt,0 [m] 0.11
− θ3,1 f [deg] 2.54 ṁox,0 [kg/s] 13.79
− θ3,2i [deg] 1.95 De,1 [m] 0.38
− θ3,2 f [deg] −0.92 De,2 [m] 1.25
− − De,3 [m] 1.64

Table 8. Stages operating conditions.

Fmax
vac pc O/F Isp Itot tb ks kt ke Ltot L/D

[kN] [bar] [-] [s] [kN s] [s] [-] [-] [-] [m] [-]

First, stage 1053.4 32.6 2.00 304.3 110,146.7 112.5 0.106 0.061 0.038 9.5 3.17
Second, stage 288.8 32.6 2.00 338.0 30,578.4 112.5 0.138 0.061 0.064 10.9 3.63
Third stage 73.1 32.6 2.00 342.9 7755.2 112.5 0.131 0.061 0.057 11.57 7.05

Table 9. Stages mass budget.

mox mfu mc mtk mno mps mtp mct msh manc mis
[kg] [kg] [kg] [kg] [kg] [kg] [kg] [kg] [kg] [kg] [kg]

First, stage 24,572.8 12,334.4 889.6 225.6 1185.6 17.6 267.2 1107.2 56 416.7 194
Second, stage 6143.2 3083.6 222.4 56.4 537.6 4.4 66.8 276.8 14 131.0 170
Third stage 1535.8 770.9 55.6 14.1 153.9 1.1 16.7 69.2 3.5 34.9 -

Table 10. Launch vehicle velocity losses, propulsive ∆v, and mass budget.

∆vgrav ∆vaero ∆vmis ∆vpr m0 mu λ
[m/s] [m/s] [m/s] [m/s] [kg] [kg] [-]

1319.9 302.0 937.6 9708.1 55,632 1003 0.018
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Note that none of the optimized HRE parameters xHRE resides at the boundaries of its
design space, which suggests that further widening would not yield additional benefits.

Figure 13 displays the altitude-time profile of the optimized flight trajectory. A direct
ascent is flown. An altitude of approximately 151 km is reached at the end of the second
stage cut-off, where the fairing is supposed to be jettisoned. The first burn of the third
stage ends at an altitude of about 234 km. The acquired velocity of 7383.3 m/s is not
sufficient to inject the LV into a Hohmann-like transfer orbit; rather, the optimization code
suggests a shorter (ballistic) transfer arc with an apoapsis radius equal to the target orbit
radius of 500 km. After this coasting phase, a brief reignition of the third stage of about ten
seconds performs the injection into the final circular orbit. This direct ascent trajectory is
possibly due to the relatively low altitude of the target orbit, as well as the low value of
the velocity at the end of the first burn. Nevertheless, the restart capabilities of the HRE
propulsion system are paramount to the success of the mission, allowing it to perform the
circularization firing.
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Figure 13. Ascent trajectory profile of the optimized launcher.

Figure 14 shows thrust elevation and flight path angle profiles during the pitch-over
phase (Figure 14a, topocentric reference) and the two firings of the third stage (Figure 14b,c,
RTN reference). The presence of a linear pitch law can be clearly seen in each figure,
with the estimated aerodynamic angle of attack during pitch-over readily available as
the difference between the two plotted curves. During orbit circularization (Figure 14c),
velocity elevation approaches zero, as expected during a well-performed orbital injection.

Figure 15 depicts the vacuum thrust and mass flow rate for each stage of the LV, along
with the chamber pressure, mixture ratio, throat diameter, and characteristic velocity of
the HRE unit. In these plots, typical patterns related to hybrid rockets can be seen. The
reduction in ejected mass flow rate, thrust, and chamber pressure over time directly results
from grain regression and throat erosion. Simultaneously, the increase in mixture ratio is
characteristic of propellants with a mass flux coefficient n greater than 0.5. These trends are
consistent with the expected behavior of hybrid rockets.

The dominant flight path constraints are shown in Figure 16. As expected, the optimal
solution is attained with the LV operating at its maximum structural capabilities. Specifi-
cally, the longitudinal acceleration at cut-off of each stage is close to 5g (Figure 16a), which
is the imposed limit. The fairing is jettisoned precisely once the payload heat flux exposure
becomes acceptable (Figure 16b), and the first stage at lift-off operates with the nozzle
flow at the boundaries of separation (Figure 16c). A noticeable “dip” in the first stage
axial acceleration can be observed between 20 and 60 s in Figure 16a. This behavior is due
to the launch vehicle experiencing its point of maximum aerodynamic drag around 50 s.
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After this point, as the drag rapidly decreases due to the reduction in air density with
altitude, the increase in axial acceleration caused by the reduction of the vehicle mass
related to propellant consumption becomes dominant.
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Figure 14. Thrust elevation and flight path angle during pitch-over and upper stage operation phases.
(a) Pitch-over. (b) First, upper stage burn. (c) Orbit insertion.

The optimized LV features a wet mass of 55 tons and a payload mass of 1003 kg
(λ = 0.018). It spans a length of 32.9 m, with a maximum diameter of 3 m, yielding a
length-to-diameter ratio of L/D =10.97. When compared, for instance, to the early Vega
C light [60] reference capabilities (a launch vehicle under development), which include a
maximum payload mass of 300 kg with a gross mass of 55 tons (λ = 0.0055) for roughly the
same mission scenario, the HRE-based LV exhibits a remarkable enhancement in terms of
payload ratio. This performance advantage can be mainly attributed to the higher specific
impulse of HREs with respect to solid rockets, as well as HREs restart capabilities, enabling
the execution of an efficient ascent trajectory. However, this is an overall comparison
between two very different launchers, and it is based on the present analysis together with
its assumptions; a more precise and accurate evaluation of the launch vehicle dry mass,
combustion efficiency, and nozzle efficiency is warranted for obtaining a better estimate.
In scale 2-D views of the optimized propulsion system are shown in Figure 17 for both
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the HRE unit (Figure 17a, with nozzle profiles for each of the three stages) and the entire
LV (Figure 17b).
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Figure 15. HRE performance parameters. (a) First, stage vacuum thrust and mass flow rate. (b) Second,
stage vacuum thrust and mass flow rate. (c) Third stage vacuum thrust and mass flow rate. (d) HRE
unit chamber pressure and mixture ratio. (e) HRE unit throat diameter and characteristic velocity.
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Figure 16. Flight path constraints in the optimal solution. (a) Axial acceleration during the launch
vehicle flight. (b) Payload heat flux exposure during second and third stage flight. (c) Nozzle exit
pressure during first stage flight.

Note that such a high payload capacity of approximately 1000 kg is partially influenced
by optimistic assumptions for parameters such as ηc∗ and ηCF . Additionally, the second and
third stages of the optimized launcher exhibit unusually high expansion ratios (130 and 220,
respectively). These values result from optimistic assumptions in the nozzle mass estima-
tion model, as well as the absence of cost constraints. Such large expansion ratios could
also lead to reduced nozzle efficiencies due to increased losses, which have not been taken
into account. To provide a less optimistic estimate of the LV performance, a simplified
analysis was performed to evaluate the payload capacity of a launch vehicle using the same
HRE units as the optimized configuration but with reduced efficiencies for ηc∗ and ηCF ,
both set to 94%. The area ratios for the second and third stages were also reduced to 40 and
80 (shown in Figure 17b with black dotted lines), respectively, resulting in lighter nozzle
and inter-stage masses. This analysis is based on Tsiolkovsky’s rocket equation, assuming
a propulsive ∆vpr equivalent to that of the optimized launcher (9.7 km/s). However, note
that this approach does not account for the impact of such changes on velocity losses, which
may further affect performance. Under these revised assumptions, the payload capacity
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drops to 662 kg, corresponding to a payload ratio of approximately λ = 0.012. Note that
the decrease in payload capacity is primarily due to the reduction in efficiencies, while
the truncation of the nozzles had a rather marginal effect. This result provides a more
conservative estimate of the propulsion system capabilities. Nonetheless, such a result still
represents a noticeable improvement compared to the previously mentioned Vega C light
reference capabilities.

(a)

(b)

Figure 17. In-scale 2D views of the optimized propulsion system. (a) HRE unit. (b) Launch vehicle
(nozzle truncation with black-dotted lines).

7. Conclusions
In this study, an integrated optimization framework has been developed to deter-

mine the optimal hybrid rocket engine (HRE) design for a modular multistage launch
vehicle targeting a 500 km polar circular orbit. A preliminary mission analysis based on
Tsiolkovsky’s equation led to the selection of a three-stage launcher architecture, with stages
composed of 16, 4, and 1 HRE units, respectively. To improve computational efficiency,
a neural-network-based surrogate model was introduced to predict the performance of
the reference HRE unit using data generated by a simplified 0-D internal ballistics model.
A comprehensive parametric analysis of the training dataset size and network architecture
was conducted, leading to the selection of a medium-sized network and dataset that balance
predictive accuracy and computational effort. The resulting surrogate model accurately
reproduces the HRE behavior, with errors of approximately 0.1% for key performance quan-
tities. Due to the clustering approach, the same trained network can be used to estimate
the performance of all stages. The use of the surrogate model provides a computational
speedup of approximately six times with respect to the physics-based HRE model, while
requiring training only once. The trained network can therefore be reused across multiple
optimization runs and potentially extended to different mission scenarios within the same
operational range. The integrated optimization results show that the proposed configura-
tion can successfully accomplish the target mission. The optimized launcher features a wet
mass of 55 tons and delivers a payload of 1003 kg (λ = 0.018), demonstrating the feasibility
of the proposed approach.
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Nomenclature
The following symbols, subscripts, and acronyms are used in this manuscript:

Symbols Subscripts
A Area [m2] 0 Initial design parameter value
a Pre-exponential factor [mm/s · (kg/(m2s))−n] a Air
ax Axial acceleration [m/s2] anc Ancillaries
CF Thrust coefficient - c Chamber
c∗ Characteristic velocity [m/s] ct Contingencies
D Diameter [m] e Exit
F Thrust [N] f Final value
g Gravitational acceleration vector [m/s2] fu Fuel
g0 Earth gravitational acceleration [m/s2] g Grain
h Altitude [m] h Head
Isp Specific impulse [s] i Initial value
Itot Total impulse [Ns] is Inter-stage
ks Structural coefficient - max Maximum
L Length [m] no Nozzle
m Mass [kg] ox Oxidizer
ṁ Mass flow rate [kg/s] p Port
n Mass flux coefficient - po Pitch-over
O/F Mixture ratio - pr Propulsive
p Pressure [bar] prop Propellant
R Gas constant [J/(kgK)] ps Pressurization system
r Vehicle position vector [m] rel Relative
ṙ Fuel regression rate [mm/s] s Structure
S Lateral surface [m2] sh Shrouds
ṡ Erosion rate [mm/s] t Throat
T Temperature [K] tk Tank
t Time [s] tp Turbo-pump
tb Engine burning time [s] u Payload
tc Coasting time [s] vac Vacuum
V Volume [m3] R Radial-transverse-normal reference frame
v Vehicle velocity [m/s] T Topocentric reference frame
v Vehicle velocity vector [m/s]
xflight Flight design parameters - Acronyms
xguide Guidance design parameters - EOS Evolutionary Optimization at Sapienza
xHRE HRE design parameters - HRE Hybrid Rocket Engine
γ Specific heat ratio - LOX Liquid Oxygen
δ Thickness [m] LRE Liquid Rocket Engine
ε Nozzle area ratio - LV Launch Vehicle
θ Elevation [rad] MAE Mean Absolute Error
λ Payload ratio - MIMO Multiple-Input Multiple-Output
ρ Density [kg/m3] MSE Mean Squared Error
σ Material yield strength [MPa] NN Neural Network
ϕq Payload heat flux [W/m2] SRM Solid Rocket Motor
ψ Azimuth [rad] ZLGT Zero Lift Gravity Turn
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