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Abstract

This article proposes a novel predefined-time sliding mode fault-tolerant control method
for the attitude tracking of hypersonic vehicles subject to actuator failures and external
disturbance. A novel sufficient condition of the Lyapunov function ensuring predefined-
time stability and practical predefined-time stability is established, which serves as the
theoretical basis for the controller design. In contrast to existing Lyapunov conditions, this
formulation provides greater design flexibility. Based on this theoretical foundation and
an extended state observer, a predefined-time sliding mode controller is developed. The
controller ensures system robustness while enabling an accurate estimate of the settling
time upper bound, which is independent of initial conditions. Furthermore, the actual
settling time can be tuned via the preset parameters. Finally, the proposed controller is
evaluated on a hypersonic vehicle model subject to actuator bias, loss of effectiveness faults,
and external disturbance. Numerical simulations demonstrate that the proposed method
exhibits superior performance, including faster convergence, lower tracking errors, and
enhanced robustness and fault tolerance, compared to an existing predefined-time sliding
mode control approach.

Keywords: predefined-time control; hypersonic vehicle; sliding mode control; fault-
tolerant control

1. Introduction

A hypersonic vehicle is a winged or wingless aircraft that flies at velocities above
Mach 5. Due to their hypersonic velocity, high maneuverability, and long-range flight
performance [1], hypersonic vehicles have received tremendous attention from research
communities worldwide. Such vehicles are characterized by strong coupling, significant
nonlinearity, and high uncertainty [2], which pose significant challenges to the design
of attitude control systems. For long-duration missions, rapid actuator deflections are
necessary to execute maneuvers. These demanding performance requirements, combined
with the extreme flight conditions, may render hypersonic vehicles more susceptible to ac-
tuator failures, such as stuck faults, loss of effectiveness, and hybrid time-varying faults [3],
which can lead to performance degradation or catastrophic accidents [4]. To address these
challenges, various control methods have been investigated for fault-tolerant control (FTC),
such as model predictive control [5], backstepping control [6], fuzzy control [7], and slid-
ing mode control (SMC) [8]. Among them, the SMC method has been widely applied to
nonlinear systems due to its robustness against bounded disturbances [9].
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Fault-tolerant attitude control for hypersonic vehicles requires quick response capabil-
ity to ensure precise and safe operation; otherwise, significant losses may result. However,
traditional SMC guarantees asymptotic stability, implying that the system converges only
as time approaches infinity [10]. Consequently, asymptotic control cannot meet the re-
quirement for rapid response. To address this limitation, finite-time control theory [11]
was introduced, which ensures that the system state converges in a finite time. Since
then, finite-time control theory has been extensively applied to the design of sliding mode
controllers [8,12]. However, a drawback of this approach is that the system’s convergence
time depends on its initial state. In practical engineering, where system parameters are
often unknown and accurate initial states are difficult to obtain, the convergence time
bound estimated via finite-time control can be unreliable. To reduce this dependence on
the initial state, Polyakov [13] proposed the fixed-time control method, which guarantees
that an upper bound of the convergence time is constant and independent of the initial
conditions. Currently, some fixed-time SMC methods have been applied to spacecraft
attitude tracking control [14,15]. Simulation results indicate that the system can achieve
stability within the pre-calculated convergence time even when the initial state changes.
However, fixed-time stability has two main limitations [16]. First, the convergence time
bound derived from stability analysis often differs considerably from the actual settling
time observed in simulations. Second, as this bound is typically a complex function of
system parameters, it is difficult to preset directly.

To overcome the limitations of fixed-time control, Sdnchez-Torres et al. [17] introduced
the concept of predefined-time stability (PTS), which explicitly establishes a direct relation-
ship between the upper bound of the convergence time and the control parameters. This
approach allows the convergence time to be preset precisely via parameter adjustment,
thereby circumventing the overestimation issue. Due to this characteristic, predefined-time
control has attracted considerable attention in practical engineering applications where
high-performance time response is required to meet specific quality or safety standards. For
instance, Li Yue [18] developed a predefined-time polynomial-function-based synchroniza-
tion of chaotic systems via sliding mode control, which allows the synchronization time
to be preset offline. Moreover, the ratio between the formation time and the convergence
time of sliding mode can be distributed in advance, offering greater flexibility. Similarly,
Xue Liu [19] proposed a novel Lyapunov function and a fast terminal sliding mode to
achieve predefined-time synchronization for two different multiple-input-multiple-output
systems. Focusing on predefined-time synchronization for chaotic systems, Liu Li [20] also
proposed a new predefined-time sliding mode control method. Numerical simulations
demonstrated advantages in synchronization speed and control precision compared to
traditional predefined-time, finite-time, and fixed-time sliding mode control methods. In
a different approach, Jin et al. [21] incorporated two time constants into the traditional
predefined-time lemma, resulting in improved convergence properties. Based on this modi-
fied lemma, they subsequently introduced an improved predefined-time inverse optimal
control method for adaptive tracking control of uncertain switched nonlinear systems. Fur-
thermore, Song et al. [22] established a new sufficient condition of the Lyapunov function to
guarantee both PTS and practical predefined-time stability (PPTS). Based on this condition,
they proposed an enhanced predefined-time control strategy to achieve load tracking and
motor synchronization in multimotor servo systems.

In summary, predefined-time theory offers significant advantages for achieving rapid
response. However, a primary obstacle in designing a predefined-time stabilizing con-
troller lies in the difficulty of constructing appropriate Lyapunov functions that satisfy
the predefined-time stability conditions in a systematic manner [16]. Furthermore, there
remains potential for further performance improvement in sliding mode controllers based
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on this theory. This paper focuses on the attitude tracking control of hypersonic vehicles
subject to actuator faults and disturbances, and proposes a novel predefined-time sliding
mode controller. The main contributions of this work are summarized as follows:

1. A novel sufficient condition for the Lyapunov function is derived to guarantee both
PTS and PPTS, leading to a smaller convergence domain. Incorporating more flexibility
than those in [20,23,24], this condition contributes to advancing PTS theory.

2. Based on the proposed condition, a predefined-time sliding mode control method is
developed for the attitude tracking of hypersonic vehicles subject to actuator faults and
disturbances. The controller ensures that the tracking error converges to a compact
set near the origin during both the reaching and sliding phases. In comparison with
the method presented in [20], the proposed strategy provides greater flexibility in
adjusting the control performance, and demonstrates improvements in convergence
speed, tracking accuracy, and robustness.

The rest of the paper is structured as follows: Section 2 presents the necessary pre-
liminaries, problem formulation, and the novel Lyapunov-based sufficient condition. The
design of the predefined-time sliding mode controller is detailed in Section 3. Simulation
results are presented and analyzed in Section 4. Finally, conclusions and future work are
given in Section 5.

2. Preliminaries and Problem Formulation
2.1. Predefined-Time Stability

This section presents fundamental definitions and lemmas relevant to PTS analysis.
Additionally, a novel sufficient condition for the Lyapunov function is established, which
ensures PTS in Theorem 1 and PPTS in Theorem 2.

Definition 1 ([25]). For a predefined time T, > 0, the system x = f(x, t) with initial condition
x(0) = xq is said to be PTS if its solution x(t; xo) satisfies x(t; xg) = 0 for all t > Tg.

Lemma 1 ([24]). Consider the system x = f(x, t). If there exists a Lyapunov function candidate
V(x) such that
. 7T 1-9 1+é
< ——
Vs (STC(V PV 2) @

where T, > 0and 0 < 6 < 1 are constants. Then, the system is PTS within a predefined time Te.

Definition 2 ([25]). For a predefined time Ty > 0, the system x = f(x,t,d) with x(0) = xo
is said to be PPTS if there exists a positive constant € such that the solution x(t; xo) satisfies
[lx(t;x0)|| < € forallt > Ty.

Lemma 2 ([23]). Consider the system x = f(x,t,d). If there exists a Lyapunov function candidate

V(x) such that

; T (15 o yl+s
< ———
V< (V 24V 2)+e )

c
where T > 0,0 < 6 < 1,and 0 < € < oo are constants. Then, the system is PPTS, and its
solutions converge to a compact set within a minimum upper bound of settling time Ty < \/2T..
The compact set is given by

{x:V§ min{(Z(Si"ce)Zz&’(ZéTce)zié}} 3)

7T
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Theorem 1. Consider the system x = f(x,t). If there exists a Lyapunov function candidate V (x)

such that )
V< a2 +b

- OT.a
where T, > 0,a > 0,b > 0,c > 0,and 0 < § < 1 are constants. Then, the system is PTS within a

predefined time T,.

<2bV TR Ve R JWPAVERS ) ()

Proof of Theorem 1. From Equation (4), one has

av
— st < e ©)
0Tea = 2py 4 4R yl-5 4 (yl+s

Let T(xo) be the convergence time for the initial condition xg, such that V(x(T(xp))) =
0. Integrating both sides from t = 0 to t = T(xg) yields

m [T(xo) 0 av
oT, / dtg/ 2402 15y oyl ©)
ca Jo V() 2bV + =EHEVIT: 4 oVt

Then

< 6T.a /V(O) av
moJo opy 4 BHRYI-G 4 oyl

6T, /V() av
T Jo V=8 (a2 4 52 4+ 26cVE + 2V9)

oTea [V(0) vi-1qy
T /0 (a2 + b2 + 2bcV'2 + 2V9)
_ 2Ta /V<°> _dbtevi)
o 24 (bt %

s\ |V(0)
2T.a b+cV2
= arctan
T a

ztrca[ <b+cV(0) ) (b)]
= arctan| ———— | — arctan| -
7T a a
<T; (1 — 2—“ arctan<b>)

7T a

<T,

NS, O

Therefore, according to Definition 1, Equation (4) is PTS within the predefined time
T.. O

Theorem 2. Consider the system % = f(x,t,d). If there exists a Lyapunov function candidate
V(x) such that

V-

~ OTca

where To > 0,a>0,b>0,c¢>0,0<d<1,and 0 < e < oo are constants. Then, the system is
PPTS, and its solutions converge to a compact set within a minimum upper bound of settling time
T; < %TC. The compact set is given by

cedT, b=
{x:vg(m> } )
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2
Proof of Theorem 2. Let L = (ce‘m) **, and define two compact sets (0, = {x: V < L}

art

and Qy = {x: V > L}. Then, the proof process can be divided into the following two cases:
Casel—if V(xp) > L, Equation (8) can be rewritten as

2 .
LN U AV A2 S BHPAVAEE S SNV R,
0T:a c o0T.c (10)
bZ N
< f;a(zw+ 7v1—% +evits)
C

Thus, V(x) is strictly monotonically decreasing with respect to t when V(x(t)) > L.
Assume that T; is the moment when V reaches the compact set (), for the first time, and
then V(x(Ts)) = L. Integrating both sides from t = 0 to t = T; yields

adT, [T \%
Ts< - / b2 1-9 1+édt
TS0 by 4 Bylos eyl

aéT, (L av

B /V<0) WV 4+ BvI-5 4 cvits

_ T, /L d(b+cV?) (11)
T JV(0) (b+cVE)2

Car, 1 YO

T eV

L

Therefore, for any t > %TC, the state satisfies x(f) € Qy.

Case 2: If V(xg) < L, then by definition xo € ). Furthermore, the analysis in Case 1
demonstrates that once V(x(¢)) < L, it remains so for all future time. Hence, the solution
remains within Q.

Combining both cases, it is concluded that the system is PPTS and the system can
cedT,

art

2
converge to a bounded set Qy = {x : V(x) < ( ) 0 }, and the settling time can be

bounded by ZT.. O

In contrast to Theorem 1, Theorem 2 introduces an extra factor 2a/(brm) in the
settling-time bound. Here T, is a design parameter, not the final guaranteed conver-
gence time.

The constant € > 0 in Theorem 2 characterizes the bound of the lumped disturbance.
Note that if the lumped disturbance is absent (¢ = 0), the condition for PPTS in Theorem 2
reduces to that for PTS in Theorem 1.

As demonstrated in Theorems 1 and 2, this study introduces additional degrees of free-
dom through the parameters a, b, and c in the sufficient conditions of Equations (4) and (8),
thereby extending the existing PTS theory. Compared with the conditions in [20,23,24],
these parameters provide greater flexibility for tuning the control performance and for
scaling the difference between the actual settling time and the predefined time.

2.2. Mathematical Model of Hypersonic Vehicle

The attitude tracking problem for a hypersonic vehicle performing bank-to-turn (BTT)
maneuvers via aerodynamic control surfaces is considered, as described in [26]. The model
incorporates external disturbance and actuator failures. The attitude dynamics are given as

https://doi.org/10.3390/aerospace13020199
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O = Fg + Gow
{ o 1+ Geo 12)

Iw=Glw+M
where © = [a, 8,07 is the attitude vector (angle of attack, sideslip angle, and bank angle),
w = [p,q,r]" is the angular rate vector (roll, pitch, and yaw rates), and M = [M,, M, M,|T
is the aerodynamic moment vector (roll, pitch, and yaw moments). Assuming the inertia
products are negligible, the matrices are respectively defined by

mgcosfcosoc—L
mV cos

Fo = gcosgsinv + % (13)
L(tan f+tan@sinc)+Z tan 6 cos c—mg cos 0 tan § cos &
mV
—cosatanff 1 sina tan
Go = sin 0 cos & (14)
—cosacosf3 sinfB —sinacosp
I = diag(ILex, Iy, I.2) (15)
0 —-r ¢
G=|r 0 —p (16)
—q p O

where Iij (i,j = x,y, z) denote the moments of inertia. V, 0, L, Z, m are the velocity, flight
path angle, lift, side force, and mass of the vehicle, respectively. The aerodynamic force and
moment are expressed as

1
[L,D,Z]" = EPVZSref (Co + Cap ; + Céuc) (17)
1 o
M= EPV SrefLref | Mo + myp 8 + mgsu, (18)
where D, p, S,, fr and L,, ¢ are drag, atmospheric density, aerodynamic reference area, and

aerodynamic reference length of the hypersonic vehicle, respectively. 1, = [ucr, Ucy, ucp] Tis
the control command signal. ¢y € R3x1, Cap € R3%2 and c; € R3*3 are aerodynamic force
coefficients. mg € R3*1, Myp € R3%2, and m; € R3*3 are aerodynamic moment coefficients.
In this study, four control surface deflections are considered: dc = [, dur, Gre, 51r]T (left
elevon, upper rudder, right elevon, lower rudder). The allocation matrix C R3*4 satisfies
u. = Coe.

In addition, physical constraints on actuator deflection amplitude always exist. The

amplitude saturation of the deflection of the i-th control surface is modeled as [27]

Sgn(éci)((smuxi - esat)

1
Sat(éci) = T €Esat tanh(; (5Ci - Sgn(5ci) ((smaxi - Esat))
sa

Ocis |(5ci| < |5muxi - esat|/

), |5ci| > |5maxi - esut|/ (19)

where §,,,,; denotes the saturation limit for the i-th control surface deflections. €y is a
small positive value.

Under normal conditions, expected maneuvers can be performed by generating appro-
priate aerodynamic forces and moments. However, if actuator failures occur, maneuvers
may no longer be maintained by the nominal controller [28]. Therefore, this paper considers
two types of actuator faults for FTC: loss of effectiveness and actuator bias.

https://doi.org/10.3390/aerospace13020199
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Considering actuator faults, the relationship between the control surface deflections §
and the control surface signals ¢, is modeled as

d = Asat(é:) + 6 (20)

where A = diag(\1, A2, A3,A4) and 6 = [61,62,03,04]T denote the effectiveness of actuators
and the actuator bias, respectively. Specifically, the following fault modes are considered
for each control surface:

1.  Nofailure: A; =1,6; =0

2. Loss of effectiveness: 0 < A; < 1,5; =0

3. Actuator bias: A; = 1,6; # 0.

It is assumed that the actuators retain sufficient control moments to stabilize the system
despite the considered faults. Cases involving deficient control capability are beyond the
scope of this study.

By incorporating the actuator fault model (Equation (20)), saturation model
(Equation (19)), and external disturbance, the control-oriented nonlinear dynamic model is
formulated as follows:

0= Fo + Gew (21)

w=Fy+ Guuc+4d (22)

where d = [d,, d,d,]T denotes the lumped disturbance arising from actuator faults, satura-
tion, and external disturbance. The matrices F,, and G, are defined as

o
ﬂ]) @)

1 _
Guw = 51 YpV?S,ofLyesmms (24)

1
F,=—I1"1Glw+ ErlpVZS,efL,gf (mo + My

The lumped disturbance d can be expressed as
where d, represents external disturbance.

Assumption 1. To establish explicit tracking error bounds in Section 3, the following assumptions
are made on system uncertainties and faults:

1. External disturbance bound: ||d.|| < e,

2. Actuator fault bounds: ||\ — I|| - [6maxi] < €n, ||6]] < €5

3. Saturation-induced error bound: || sat(dc) — oc|| < €s

where €,, €, €5,€s > 0 are constants.

Based on Assumption 1, the lumped disturbance d in Equation (22) satisfies
]l < eL = [|Gwll(ea + €5+ €5) +ee.

This article aims to develop a predefined-time fault-tolerant tracking control strategy,
such that the closed-loop system is PPTS, ensuring that the tracking error converges to a
small neighborhood of the origin.

3. New Predefined-Time Sliding Mode Control Method

This section first employs an extended state observer (ESO) to estimate and compensate
for the lumped disturbance. Subsequently, a new predefined-time sliding mode control
strategy is developed for the fault-tolerant attitude tracking of hypersonic vehicles.

https://doi.org/10.3390/aerospace13020199
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3.1. Extended State Observer Design

The ESO is designed to estimate the lumped disturbance d, thereby enabling feed-
forward compensation. This compensation mitigates the adverse effect of the lumped
disturbance on the sliding mode controller, reduces control signal chattering, and en-
hances overall system robustness. By treating the lumped disturbance as an extended state,
Equation (22) can be rewritten as

X1 = Fu + Goue + x2

Xy =d
(26)
X1 =w
Xp = d
Based on Equation (26), a second-order ESO is employed and given as follows:
21 = Fy + Gulic + 22 —k1(z21 —w
{ .1 w whc 2 l( 1 ) 27)
Zp = —ka(z1 — w)

where z; and z; are the estimated values of the state w and the lumped disturbance d. k; and
ky are positive observer gains. The convergence analysis of such an ESO can be found in [29].

Using the bandwidth-based configuration method [30], consider the ESO
(Equation (27)) with gains selected as

ki =2w,, ko= w3,
where w, > 0 is the observer bandwidth. Let e,s = [@, d~] T denote the estimation error, and
assume that there exists a constant L; > 0 such that ||d(t)|| < L. If the initial condition is
setas z1(0) = w(0), z2(0) = 0, then the following properties hold [31]:

1.  Exponential convergence: There exists a constant x > 0 independent of w, such that

- L
lees (£)]| < &lecs (0)[|le™<! + =2.
Wo

2. Convergence time: For any & > 0, the estimation error satisfies ||d(t)|| < e+ % for all

t > T,s, where
1
Tes (8) = —In (KHeES (0) H ) .
Wo €
3. Error bound: As t — oo, the disturbance estimation error is uniformly bounded by

5 L
d)] < 22 2 e

0
A higher observer bandwidth accelerates convergence and reduces steady-state estima-
tion errors, but amplifies sensitivity to measurement noise; conversely, a lower bandwidth
enhances noise attenuation at the cost of larger estimation lag, which may degrade transient
performance. Given appropriately chosen bandwidth, the estimates z; and z, converge to
their respective true values.

3.2. Predefined-Time Sliding Mode Controller Design

To achieve predefined-time convergence in both the reaching and sliding phases,
a dual-loop control structure is adopted. An inner-loop controller is designed for
Equation (22) to track the angular rate command w.. An outer-loop controller is in turn
designed for Equation (21) to track the attitude command ®, and generate w,. Define the
tracking errorase; = w —w;and e = O — O,.

https://doi.org/10.3390/aerospace13020199
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For the inner-loop, the sliding surface s; is designed as

”1+b 1% 15 1.9 144
- ] ;
s1=-¢e +/ (2&1517}1 (217161 + 2 (2) eg T+ (2) e + 31 dt  (28)

wherea; > 0,b; > 0,c1 >0, T,1 > 0,and 0 < J; < 1 are design parameters.
According to the principle of sliding mode control [32], when the system operates the
sliding phase, i.e., s; = 0 and $; = 0, it can be obtained

2 2
. 7T asy + b 1 _9 1-6 1 LR 146 1
_ 2 1 12y 1 2 ) — = 29
e 010 T ( 11 + 2 (2) ey T4 (2) e 5e1 (29)

The reaching law for the inner-loop controller is formulated as

a2+b2 ‘52 ]. J

= (5) 7 sig(s))' 72 + CZ(E)72 Sig(sl)H‘sZ) - %51 (30)

 2ay0,T,

S'l =

<2b2$1 +
2

where sig(x)" = |x|"sgn(x),a, > 0,by >0,cp >0, T, >0,and 0 < &, < 1.
Combining the time derivative of s; from Equations (28) and (30) yields

2 2
. . T ap+by 1, 4 15 1.4 145 1
— zb 1 1/- ] 1 v 1 _
51 =e€1 + T ( 11+ =3 (2) e ta (2) € +5e

(1)
aa+b3 1 5 _ 1.5 . 1
252 (5) " Fsigls)' ™ +aa5) Tsigls) 2 | — o

7T
= — ———— | 2bos; +
202(52TC2 < 271 C2

By compensating for the lumped disturbance d with z; and substituting the reaching
law into the expression for $;, the inner-loop controller is derived as

—1 7T
—GM [ ——T [ 215
e =G ( 2a36,Ten ( 2517

al—i—b

a +b2 ; _ 1.5 . 1
2772 (0) Fsiglsn) " +aal5) 2 s1g<s1>1+52> —351-22

(32)

g 1 1
<2b181+ (2) 716% %y (5) 1+51> —261—Fw+wc)

2161 T 2

Theorem 3. For Equation (22), the predefined-time sliding mode controller (Equation (32)) guar-
antees that, during the reaching phase, the sliding mode variable s1 converges to a compact set
around the origin within a settling time bounded by Ty < ¢ ﬂTcz In the subsequent sliding phase,
the tracking error eq converges to a neighborhood of the origin wzthzn a settling time bounded by
Ty < %Tcl. The total settling time is bounded by Ty = %Tcl + 7, 7TTcz

Proof of Theorem 3. For the reaching phase, construct the Lyapunov function by

1
W = ES% (33)

Taking the derivative of Equation (33)

Vi =815

7T
=| ¢ — | 2b
<81 + 20161 To1 < 161 +

. 7T
(Fw + wasc +d — we + m <2b1€1 +

1 1
ra(p)Fel™) 4 e )

a1+b2

_% 14 1 1
(E) Z]e% 01+C1(2)2€%+51)+2€1>51
(34)
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Let e,, = d — zp denote estimation error of the lumped disturbance. Then, substituting
control law (Equation (32)) yields

Vi =s151
=— ﬁ <2bz 51 % ﬂzc"zbz(z)_? sig(s1)' % +c2(;)§22 Sig(51)1+52>51
_ %s%Jr (d—25)s1
_ ﬁ (21725% + a%;ébg (%)*5725%—52 I cz(;)j’fsf“z) _ %S% (35)
n ob;_sl

2 32 s 5

a;+by 1-% 1+2

2oV + 252V, T4V, ¢t

a252TC2< 2V1 + Z N +oly >+’71
2

where 177 = %” Inequality (35) satisfies the practical predefined-time stability condition of

Theorem 2. Therefore, s; converges to the set ()

1
2-55
01—{51:|sl|§A1A\f2(62’7152Tc2> z} a6

a7t

within a settling time bounded by T, < b 2 Tc» during the reaching phase.
When the system operates in the sliding mode (s; € (1), 1 are governed by

2 2 .
7T a;+by 1. & 1-6 1.9 146 1
_ 2 1 1/-\—> 1 5 1) = 37
211151Tc1< bieq + 2 (2) e; 4o (2) e 5e1 + 01 (37)

where p; represents a bounded perturbation term satisfying |p1| < A, with A defined

in Equation (36).
For the sliding phase, a Lyapunov function is constructed as
1
Vy = Ee% (38)

Taking the derivative of Equation (38)

Vo = é101
- 2111(75:TC1 (217161 - a%;gb% (%)7713?51 + 1 )2€%+§1>e — %el +p1(t)e;
TR (%1 2 LA >ze§+5l) g m2ed O
=~ anT <2b1V2+ 1:b nl +C1V§+d"‘1> +12

where 77, = 2150 1( i . By applying Theorem 2, el converges to a compact set ()

1
254
M, = {6’1 e <A 2 \/E(‘M) ol} (40)

a7t
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within a settling time bounded by T;; < h ~ T during the sliding phase.

In summary, the control law (Equatlon (32)) guarantees that the states of Equation (22)
converge to a neighborhood of the origin, and the total settling time is bounded by
Ty = %Tl‘f' 2T O

For the outer-loop, a new sliding surface s, is similarly designed as

= 2
Sp =ep +/ (2!13(53TC3 ( bser +

where az > 0,03 > 0,c3 > 0, T;3 > 0,and 0 < 43 < 1 are design parameters.

a2 +b 1. 6 1 1.9 1
3 (2) 73e; 53+C (2)236;“‘53) +2€2>dT (41)

3

When the system operates the sliding phase, i.e., s; = 0 and $; = 0, it can be obtained

T a3+b3 1 5 1, 1.8 144 1
= ——— | 2b 8 B(Z) el Te | - 2 42
€ 2a353TC3< 362 + 2 (5) 2¢ +C3(2) € 52 (42)

To achieve both PPTS and robustness, the reaching law is designed as

2421 0 1.8 1
2bysy + a4:; 4 (7)774 sig(sz)lf‘s4 + C4(§)74 sig(sz)1+‘54> — 552 (43)

Sp) = —

whereay > 0,04 > 0,c4 >0, T4 > 0,and 0 < 94 < 1.
Combining Equations (41) and (43)

L T a3+ 1 5 1, 1.5 14
= — | 2b 3 ~)7 2 3 3
Sp =er + 22305 Tn ( 3€2 + 2 (2) € +C3(2) + 282
5 (44)
T a2 + b 94 1.9 1
J— zb 4 - 2 1—(54 Y2 <1 1+54 _
203057 < 452 + 2 (2) sig(s2) + C4(2) sig(s2) 552
From 3, in Equations (44) and (21) with w = w, + ¢, the outer-loop controller is
derived as
o s " az+b3 1 Sy 1-4, Loy 146,
We=Co | ~ 2T, \ 252t 2 (3)7 2 sigls2) ™ +ca(5) 2 sig(s2)
. (45)
7T as+b5 1. _ % 1_; 1.4 145 .
- 2b 3 3(2\—3 3 > 3 ) — F O.| —
20305To5 ( 362 + C% (2) e, U+ C3(2) € e 1+ O €1

Theorem 4. For Equation (21), the sliding mode controller (Equation (45)) guarantees that, during
the reaching phase, the sliding variables s converge to a compact set around the origin within a
settling time bounded by Ty, < ZﬂT(A In the subsequent sliding phase, the tracking error e;

converges to a neighborhood of the orzgm within a settlzng time bounded by Tj3 < gufrT The
total settling time is bounded by Tyo = By nTcg + 7 HTC4

The proof of Theorem 4 follows a similar procedure and is therefore omitted.

Based on the structure of Equations (32) and (45), the terms involving b; and ¢; domi-
nate when the state is far from equilibrium, while the term involving (a? + b?) /c? becomes
dominant near equilibrium. a;, b;, and ¢; provide more degrees of freedom for the design
of the controller. Furthermore, the parameter T,; is the primary factor determining the
convergence speed; smaller values lead to faster convergence but can result in a larger
ultimate bound, increased chattering, and larger overshoot. A trade-off can be achieved by
adjusting a;, b;, and c;. The influence of each parameter on control performance is discussed
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in Section 4. Compared to traditional FTC, the proposed scheme allows the upper bound
of settling time to be prescribed in advance, offering a practical advantage.

The sign function is commonly employed in theoretical derivations but can induce
significant chattering. In practical implementation, to alleviate chattering, the discontinuous
sign function sgn(-) in Equations (32) and (45) is replaced by the continuous hyperbolic
tangent function tanh(-).

4. Simulation Results and Discussion

In this section, numerical simulations are conducted on MATLAB (R2020b) /SIMULINK
using the Runge-Kutta integral method with a fixed step size of 0.01 s. The hardware con-
sists of an Intel Core i7-8700 CPU @ 3.20GHz with 16.0 GB RAM, under the Windows 10
operating system. The vehicle model from [26] is adopted for all simulations. Specifically,
the mass, reference area, reference length, and the moments of inertia are m = 1200 kg,
Sref = 0.446m?, Lyop = 0.98m, Iy = 100kg - m?, I, = 5600 kg - m?, and I, = 5700 kg - m?,
respectively. The allocation matrix and nominal parameters of the aerodynamic force and
moment coefficients shown in Equations (17) and (18) are denoted as

0.5 0 0.5 0
C=1]0 0.5 0 0.5 (46)
025 025 —-025 —-0.25

co = [0.05 + 0.04Ma, 0.045 + 0.06Ma, 0.01] (47)
0.1+ 0.025Ma  0.19
Cop = |0.13+0.03Ma  —0.23 (48)

0.02+0.02Ma —26.3

005 007 0.06
cs = 0005 001 0.07 (49)
—001 -03 001

my = [0, —0.01Ma, —0.3]" (50)
0.46 03
Map = | —8.61 —2Ma 0 1)
—0.02Ma  —11.31 — 1.1Ma
2.12 —0.02 0.06
ms = [ —0.03 —0.01 ~13.61 — 3Ma (52)
003 —1557 —1.6Ma 0.01

The saturation limit for each control surface deflection is 30°. The desired attitude
commands are constant: @, = [15°,0°,0°]7. All simulation experiments use the initial
flight conditions shown in Table 1.

Table 1. Initial flight conditions of the hypersonic vehicle.

States Value
Height H(0) 30,000 m
Speed V(0) 2300 m/s
Flight path angle 6(0) 0°
Angle of attack «(0) 5°
Sideslip angle B(0) 5°
Bank angle ¢ (0) —5°
Pitch rate p(0) 0°/s
Yaw rate g(0) 0°/s
Roll rate r(0) 0°/s
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To facilitate a quantitative comparison of control performance, the following perfor-
mance indices are adopted:

e Integral of absolute error (IAE):

Tend
ME:/) leldt (53)
0

where T, is the stop time of the simulation.
* Integral of time-weighted absolute error (ITAE):

Tend
HAE:/ tle|dt (54)
0

e Settling time (T;): The time required for the tracking error to enter and remain within
the band |e| < 0.01°.

*  Peak control surface deflection (d): The maximum absolute value among all control
surface deflections over the entire simulation horizon, i.e.,

Opeak = max  max |J] (55)
te(0,T,,q) i€leur,relr
where ¢; denotes the i-th control surface deflection.
¢ Control energy integral (E,):

Tend
E, = /0 1512t (56)

*  Average steady-state total variation per second (TVq):

— 1 Tena .
TV = y UA 16:]/dt (57)

Tend — Tsmax i€leur,re,lr

where Ts;qy is the maximum settling time among all three attitude channels. This
index quantifies the overall chattering of the control surface deflections during the
steady-state phase.

4.1. Comparative Simulations

The effectiveness and advantages of the proposed controller are validated through
comparison with the predefined-time control strategy presented in [20].

The inner-loop controller, with its sliding surface and control law defined in
Equations (58) and (59), is given by

b 214 9 15 1109 145 )
- —5) 2 ! Syl le1]
s1=e1+ /0 51T (61 + o (2) e+ al(z) e; ' +dq sign(eq)|e1] dt (58)
n 2 1.8 1,q,¢ i
5C :G;1 — S1 —+ f(f)l*% sig<sl)1752 + ﬂ2(7)1+72 Sig(sl)l+bz 4 dz Sign(sl)|sl||51‘
0 Ten ap 2 2
7T 2 1 ]7‘571 1—(51 1 l+ﬁ 1_,’_51 . ‘g |
_ <1 ] 1 ! '
01 Te <el + a (2) e tm (2) e; '+ dy sign(er)|eq] (59)

1
—Esl —Fo—2z2+ wc>

where a1,a,,d1,d>, T, T > 0and 0 < 61,6, < 1.

Similarly, the outer-loop controller is designed as

o 2,144 1.5 1,145 145 .
= S e ) Te ™ 4 d ezl ) d 60
S = ey +/0 53T (62 + ll3 (2) e + ﬂg(z) e +dj Slgn(€2)|€2| T (60)
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1T 2 1y b 15, Toa 1444 . Isa|
we =Gg ( 5T <52+a4(2) sig(s2) —|—a4(2) sig(sz) + dy sign(sy)|s2]

(61)

2 1 5 q_ 1 ° .
(62+g3()1_23€; ‘53+a3(2)1+23e;+53+d351gn(62)|€2|€2)

7T
53Te3 2

—Fo + ®c) —e
whereaz > 0,a4 >0,d3 >0,d4 >0,0<63<1,0<94<1,Te3>0and Ty > 0.

To ensure a fair comparison, parameters corresponding to similar terms (e.g., those
with the same power) are set to identical values wherever possible. The parameters of
two controllers are listed in Table 2. All parameters are tuned to achieve satisfactory
performance for each controller.

Table 2. Control law parameters.

Method

Parameter

Predefined-time controller in [20]

T =2,Tp=2T3=2Ty=2
51 =0.17, 6y = 0.96, 553 = 0.33, 5, = 0.98
a = 2.5, a; = 2.9, az = 4.9, a, = 4.3
dy = 0.001, dy = 0.001, d5 = 0.001, dy = 0.001

Predefined-time controller in this paper

Ta=2To=2T3=2Ty=2
01 =0.17,8, = 0.96, 63 = 0.33, 54, = 0.98
a = bl = 25, ap = bz = 29, a3 = b3 — 4.9,[14 — b4 =43
c¢1=15,cp0 =15,c3 =22,¢c4 =15

Furthermore, the parameters of the ESO and saturation function for both methods are
fixed at €55+ = 0.12, k1 = 40, and k, = 400 across all simulations.

The following subsections provide three sets of comparative simulations to verify the
effectiveness and superiority of the proposed method.

4.1.1. Verification Under Nominal Condition

The first set of simulations is conducted under the nominal condition. Figures 1, 2 and 3
present the results of the attitude angle responses, attitude angular rates, and control surface
deflections, respectively, for all three channels. For both controllers, the attitude angles
achieve effective tracking of the desired attitude commands. Furthermore, Table 3 presents
the performance indexes of two methods. These results demonstrate that the proposed
method achieves better tracking accuracy, faster convergence, and reduced chattering
compared to the benchmark method, indicating the overall superior performance. This
performance improvement is achieved at the cost of a slightly higher control energy integral,
while the control surface deflections for both methods remain within the saturation limits.

T T T

= = = Command
Comparaed method
Proposed method

| . | | | J
1.5 2 2.5 3 3.5 4
t(s)

T T T T T

= = = Command
Comparaed method |+
Proposed method

25 3 35 4

Figure 1. Cont.
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T T T T

= = = Command
Comparaed method |
Proposed method

| | . . | |
1 1.5 2 2.5 3 35 4
t(s)

(©)

Figure 1. Attitude angle responses under the nominal condition: (a) Angle of attack response.

(b) Sideslip angle response. (c) Bank angle response.

80 T T T T T
60 H Comparaed method |_|
a Proposed method
5 40 N
o 20 i
0 1 L Il 1 1 L L
0 0.5 1 1.5 2 2.5 3 35 4
t(s)
(a)
oF p—— I T T T T T
> 20 B
<
= —40 Comparaed method ||
Proposed method
60 I L I I I I T
0 0.5 1 1.5 2 25 3 35 4
t(s)
(b)
T T T T T T T
0
2 20 1
2
o 40 Comparaed method | |
—60 Proposed method |+
I L I I I I T
0 0.5 1 1.5 2 25 3 35 4
t(s)
(0)

Figure 2. Attitude angular rates responses under the nominal condition: (a) Pitch rate response.
(b) Yaw rate response. (c) Roll rate response.

10 T T T
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"E -10 ]
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(b)
5 T T T
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Figure 3. Cont.

https://doi.org/10.3390/aerospace13020199


https://doi.org/10.3390/aerospace13020199

Aerospace 2026, 13, 199

16 of 26

30 T
20 1

10
0H Comparaed method |7
—10 | Proposed method ||
L L L I I T T

0 0.5 1 1.5 2 2.5 3 35 4

6,

(d)

Figure 3. Control surface deflections under the nominal condition: (a) ;. deflection. (b) 6, deflection.
(c) dr deflection. (d) J;, deflection.

Table 3. Performance indexes under the nominal condition.

« B o Global
Method —
ITAE T, IAE ITAE T, IAE ITAE T, S peak E. TV
Compared method 0.0043 1.57 0.014 0.0042 1.56 0.014 0.0043 1.48 29.2 294 0.114
Proposed method 0.0028 1.09 0.011 0.0028 1.11 0.012 0.0029 1.06 29.9 29.8  0.074

4.1.2. Verification Under Disturbance

To evaluate the robustness of both controllers, the external disturbance d, = [1.8(1 +
sin(7t x t) 4 sin(7w x £/2)),2(1 + sin(7w = t) + cos(rw x t/2)),1.8(1 + sin(7mw * t) + sin(mw *
t/2))]T is introduced into the simulation. Figures 4 and 5 demonstrate that the ESO
can robustly estimate the lumped disturbance for both methods. The simulation results
are shown in Figures 6, 7 and 8, which present the attitude angles, angular rates, and
control surface deflections for the three channels, respectively. The results show that both
controllers maintain accurate attitude tracking despite the external disturbance. Meanwhile,
the control deflections vary continuously to counteract the disturbance. A comparison of
Tables 3 and 4 shows that the proposed method maintains superior overall performance
relative to the compared method. The transient performance of the proposed method is
little affected by external disturbance on the « and § channels. Its settling speed on the ¢
channel and tracking accuracy are only slightly affected. In contrast, the performance of the
compared method degrades noticeably, with a pronounced increase in settling time. The
results further demonstrate the enhanced robustness of the proposed controller. Moreover,
the peak control deflections for both methods remain below the saturation limits.

{

T T T
Estimated value = = = Actual value| i

Figure 4. Disturbance observers performance of the compared method under external disturbance:
(a) Pitch channel. (b) Yaw channel. (c) Roll channel.
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Table 4. Performance indexes under external disturbance.
o B o Global

Method —

IAE ITAE T IAE ITAE T IAE ITAE T mek E, TV
Compared method 0.014 0.014 1.93 0.015 0.0050 3.93 0.0052 0.0053 3.93 29.0 25.5 3.37
Proposed method 0.011 0.011 1.08 0.012 0.0033 1.14 0.0037 0.0038 1.85 29.9 25.8 3.19

Estimated value = = = Actual value | |

0 0.5 1 1.5 2 2.5 3 35 4
t(s)
(a)
6 T T T T T
4 ‘ Estimated value = = = Actual value | |
<" 2 i
0 i
-2 I 1 T I I ! I
0 0.5 1 1.5 2 2.5 3 35 4
t(s)
(b)

Figure 5. Disturbance observers performance of the proposed method under external disturbance:
(a) Pitch channel. (b) Yaw channel. (c) Roll channel.

L AEH0QQA M

= = = Command
Comparaed method
Proposed method |

! I B

t(s)
(a

2.5

3 35 4

B(°)

@5@@@&@

= = = Command
Comparaed method |+
Proposed method

t(s)
(b)

25

3 35 4

T T

= = = Command
Comparaed method
Proposed method

0 0.5 1 15 2
t(s)

()

2.5

3 3.5 4

Figure 6. Attitude angle responses under external disturbance: (a) Angle of attack response.

(b) Sideslip angle response. (c) Bank angle response.
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Figure 7. Attitude angular rates responses under external disturbance: (a) Pitch rate response. (b) Yaw
rate response. (c) Roll rate response.
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Figure 8. Control surface deflections under external disturbance: (a) J;, deflection. (b) 6, deflection.
(c) 0y deflection. (d) J;, deflection.
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4.1.3. Verification Under Disturbance and Actuator Faults

The external disturbance and actuator faults are simultaneously considered to further
validate the fault-tolerant capability of both controllers. The external disturbance d. is set
to remain consistent with the previous subsection. A 5° bias fault is introduced in the
lower rudder 0;, at t = 2 s. Then, at t = 4 s, the left elevon Jj, and the upper rudder J,,
suffer a 40% loss of effectiveness. Figures 9 and 10 demonstrate that the ESO maintains
stable estimates of the lumped disturbance in both methods. Figures 11, 12 and 13 illustrate
the results on the three channels for the attitude angle responses, attitude angular rates,
and control surface deflections, respectively. Despite the external disturbance and actuator
faults, the attitude angles of both controllers converge to the command signals. Due to
strong coupling among the channels, each fault instantaneously affects all channels. The
remaining actuators respond promptly to compensate for the faults. Moreover, the control
inputs simultaneously counteract the external disturbance. The results in Table 5 indicate
that the proposed method maintains superior tracking performance and fault-tolerant
capability under disturbance and actuator faults, as evidenced by the lower IAE and ITAE
values across all channels. Furthermore, the peak control deflections for both methods
remain below the saturation limits.

Table 5. Performance indexes under external disturbance and actuator faults.

n B g Global
IAE ITAE IAE ITAE TAE ITAE J,e Eu

Compared method 0.015  0.076 0.15 0.073 0.016 0.0098 29.0 527
Proposed method 0.013  0.058 0.13 0.058 0.014 0.0077 29.9 53.0

Method

30 T

20 1

10 -

Estimated value | |
= = = Actual value
I

0 1 2 3 4 5 6 7 8

Estimated value
= = = Actual value
-4 L L L T

0 1 2 3 4 5 6 7 8

t(s)

(b)

Figure 9. Disturbance observers performance of the compared method under external disturbance
and actuator faults: (a) Pitch channel. (b) Yaw channel. (c) Roll channel.

https://doi.org/10.3390/aerospace13020199


https://doi.org/10.3390/aerospace13020199

Aerospace 2026, 13, 199

20 of 26

30 T T
20
o
k=l
10 - Estimated value
(—\__’_\ = = = Actual value
0 L I 1 T I -
0 1 2 3 4 5 6 7 8
t(s)
@)
0
<",
Estimated value
= = = Actual value
4 I I 1 I T I I
0 1 2 3 4 5 6 7 8
t(s)
(b)
5 T T
Estimated value
= = = Actual value
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Figure 10. Disturbance observers performance of the proposed method under external disturbance
and actuator faults: (a) Pitch channel. (b) Yaw channel. (c) Roll channel.
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Figure 11. Attitude angle responses under external disturbance and actuator faults: (a) Angle of

attack response. (b) Sideslip angle response. (c) Bank angle response.
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Figure 12. Attitude angular rates responses under external disturbance and actuator faults: (a) Pitch

rate response. (b) Yaw rate response. (c) Roll rate response.
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Figure 13. Control surface deflections under external disturbance and actuator faults: (a) J;, deflection.

(b) 6, deflection. (c) d deflection. (d) ;, deflection.

4.2. Influence of Parameters

To investigate the influence of the design parameters, four comparative simulations

are conducted. Given the similar trends observed across all three channels, the results and

performance indices from only the pitch channel are presented as representative. In each

simulation, only one selected parameter is varied, while all other design parameters and
initial conditions are held constant as specified in Tables 1 and 2. The notation “N/A” in

the tables indicates that the system fails to settle.
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4.2.1. The Effect of Different T,;

As shown in Figure 14, varying the value of parameter T,; alters the response speed.
The response speed decreases monotonically as T,; increases from 1.5 to 2.5. However,
as seen in Figure 14 and Table 6, an excessively small T,;, which corresponds to a high
control gain, induces significant oscillations in the angle of attack, pitch rate, and control
command signal, preventing the system from converging. In summary, T,; serves as a
significant parameter for presetting the settling time, but it should be set sufficiently high
to avoid instability.

Table 6. Settling time for different T,;, i = 1,2,3,4.

Parameter T; Settling Time T;
T, =15 N/A
T.,=2 0.99 s
T, =25 1.28s
TC‘ZI.S B
T2 | |
Tci:2'5
1 1.5 2 2.5 3 35 4
t(s)
(a
100 H ! I I Tu:].S -
= T =2
< 50 T 25| 1
o ci
0 T . ‘ ‘ ‘ ‘ I
0 0.5 1 1.5 2 2.5 3 35 4
t(s)
(b)
0 i Tci:l,S Tci:2 TC‘ZZ.S ! n
< 2 .
5y [ TP N
76 1 Il 1 1 1 L 1 ]
0 0.5 1 1.5 2 2.5 3 35 4
t(s)
(c)

Figure 14. Control performance for different T;, i = 1,2, 3,4: (a) Angle of attack responses. (b) Pitch
rate responses. (c¢) Control command signal for the pitch channel.

4.2.2. The Effect of Different a

The parameter a3 is selected as a representative case to examine the effect of the
parameter a. The results shown in Figure 15 and Table 7 demonstrate the influence of
parameter a3 on the settling time. The settling time increases monotonically as a3 increases
from 5 to 7, whereas setting a3 = 4 induces chattering and results in a longer settling time.

Table 7. Settling time for different a3.

Parameter a3 Settling Time T
a3 =4 152s
az = 5 1s
a3 =6 1.04s
a3 =7 1.07 s

https:/ /doi.org/10.3390/aerospace13020199
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Figure 15. Control performance for different a3: (a) Angle of attack responses. (b) Pitch rate responses.
(c) Control command signal for the pitch channel.

4.2.3. The Effect of Different b

The parameter b3 is selected as a representative case to examine the effect of the
parameter b. The results are shown in Figure 16 and Table 8. In contrast to the effect of a3,
the settling time exhibits a negative correlation with b3. When b3 increases to 7, the system
begins to exhibit chatter.
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Figure 16. Control performance for different b3: (a) Angle of attack responses. (b) Pitch rate responses.
(c) Control command signal for the pitch channel.
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Table 8. Settling time for different b3.

Parameter b3 Settling Time T;
b3 =4 1.07 s
by =5 0.99 s
by =6 0.92s
by =7 0.86s

4.2.4. The Effect of Different ¢

The parameter c3 is selected as a representative case to examine the effect of the
parameter c. The corresponding results are presented in Figure 17 and Table 9. The settling
time increases as c3 increases. For c3 = 15, the settling time is the shortest; however, this is
achieved at the cost of induced obvious chattering.
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Figure 17. Control performance for different c3: (a) Angle of attack responses. (b) Pitch rate responses.
(c) Control command signal for the pitch channel.

Table 9. Settling time for different c3.

Parameter c3 Settling Time T;
c3=15 0.94s
c3 =20 0.98s
c3 =25 1s

5. Conclusions and Future Work

This study proposes an improved predefined-time sliding mode fault-tolerant con-
troller for hypersonic vehicle attitude tracking. First, a novel sufficient condition of the
Lyapunov function is established and rigorously proved to guarantee both PTS and PPTS.
Subsequently, a predefined-time sliding mode controller is developed, which provides
additional tuning parameters for flexible performance adjustment. The proposed controller
guarantees that the tracking errors converge to a neighborhood of the origin within a
predefined time during both the reaching and sliding phases, with the settling time for each
phase being independently adjustable. Finally, the method is validated through numerical
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simulations of hypersonic vehicle attitude tracking, with performance comparisons against
an existing method under three different conditions. Simulation results demonstrate that,
compared to the existing method, the proposed controller achieves significantly faster
convergence, lower tracking errors, reduced chattering, and enhanced robustness. Fur-
thermore, four groups of simulations are conducted to analyze the influence of key design
parameters on the system performance.

The results indicate the proposed method exhibits superior convergence speed and
accuracy, which demonstrates its potential for practical applications. However, a limitation
of the method is that the improved control performance entails increased parameter tuning
complexity. In addition, the ESO applied in this paper, as a conventional observer, has
certain limitations. Future work will therefore focus on incorporating predefined-time
theory into the observer design to enhance its convergence performance.
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