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G W N e

Abstract

This paper is concerned with the guaranteed cost control issue of nonlinear rigid-body
attitude systems under parameter uncertainty. By exploiting the nonlinear attitude dynam-
ics characterized by quaternions, a novel mechanism for system analysis and synthesis
is proposed, which is different from most of the existing guaranteed cost attitude control
results. The mechanism enables attitude systems to achieve robustness and guaranteed
cost performance. It is highlighted that the proposed method performs controller design
with linear matrix inequality constraints, independent of model linearization, which can
explicitly deal with the nonlinearity in attitude systems and then avoid modeling error. A
numerical example is taken to validate the efficacy and advantage of the proposed method.

Keywords: rigid-body attitude control; guaranteed cost control; robust control; nonlinear
system analysis; linearization-free controller design

1. Introduction

In recent decades, rigid-body attitude systems have gradually become a key research
area due to their powerful capacity for modeling unmanned vehicles, such as spacecraft [1],
aircraft [2], missiles [3], and surface vessels [4]. Rigid-body attitude systems are typically a
kind of nonlinear system with strong coupling between states. Moreover, due to appendage
motion and complex missions such as rendezvous, separation and capturing, attitude
systems are subject to detrimental uncertainty and parameter/state jump. These issues
result in difficulties in stability analysis and stabilization of attitude systems [5]. Several
methodologies can be adopted for system synthesis such as adaptive control [6], sliding-
mode control [7], hybrid control [8], impulsive system control [9], and switched system
control [10].

Beside the stability objective in robust control, system performance is also the core
objective of designers. Great progress has been made in performance/time guaranteed
control methods, such as optimal control [11,12], prescribed-performance control [1,13], Heo
control [14-17], guaranteed cost control [18-23], finite-time control [24-27], prescribed-time
control [28,29], and predefined-time control [30,31]. These methods have been extensively
applied to rigid-body attitude systems to improve performance. For example, in [23], the
guaranteed cost attitude tracking problem of uncertain UAVs with state constraints is
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investigated, in which control barrier function and disturbance attenuation function are
designed to modify the reward function to obtain an optimal regulation method.

Based on the above state of the art, this paper focuses mainly on robust attitude
control and guaranteed cost control, which have been extensively explored in existing
results. In terms of dealing with parameter uncertainty, especially additive uncertainty,
the dominant approach lies in leveraging the linear robust control theory for analysis
based on a linearized attitude model [2,4]. However, it is noteworthy that the inherent
strong nonlinearity in attitude systems is inevitable in system analysis and synthesis,
which indicates that model linearization leads inevitably to modeling error and decreases
control performance, especially in the scenario of large-angle rotation. A wide range
of linearization-based performance-related methods, such as linear quadratic regulator
(LQR) control [32], He control [14-16] and conventional guaranteed cost control [18-20,22],
are also subject to this problem. Several improved techniques have been developed to
reduce the design conservatism such as LPV control [3,33], fuzzy control [34,35], and
neural network-based control [36,37]. But essentially, these methods are also conducted
within linear systems control framework. An alternative approach for achieving robustness
or guaranteed performance without model linearization follows the line of nonlinear
system control [6,7], such as the aforementioned prescribed-performance control [1,13]
and finite-time control [27,38]. But a new issue arises that the nonlinear controller design
entails refined tuning of controller parameters. Moreover, several nonlinear system-based
optimal methods, such as the nonlinear optimal control [17,39] and learning-based optimal
control [11,12,23], cannot output analytical solutions and also suffer from the computational
burden of complex iterative solving. In summary, nonlinear system-based robust or optimal
control methods are not amenable in terms of tractable off-line design conditions. The
comparison of existing attitude methodologies is intuitively concluded in Table 1.

Table 1. Comparison of existing attitude control methodologies.

Methodology

Controller Design Advantage Disadvantage

Linear robust control

LQR control, Hy, control,

u = Kx under LMIs Tractable design condition,

L . . . Model li izati
or Riccati equation  off-line solving odel finearization

conventional guaranteed cost control

Nonlinear robust control,

u = f(x) with

prescribed-performance control, F(.) being nonlinear Flexible structure Parameter tuning
finite-time control, etc. &
Nonlinear optimal control, Optimality for

learning-based optimal control nonlinear model

Numerical solution Computational burden

Motivated by the above discussions, a research problem is posed naturally regarding
whether it is feasible to construct a robust guaranteed cost attitude controller with tractable
design conditions and without model linearization. To the best of the authors” knowledge,
there exist extremely few results on this research problem. Although [40,41] explore the
problem, time-varying parameter uncertainty has not been considered. In this paper,
the guaranteed cost attitude control problem is studied for nonlinear rigid-body attitude
systems with parameter uncertainty. The main contributions of this paper are stated
as follows.

¢ A new analysis mechanism for robust attitude control is developed. Different from
conventional linearization-based robust attitude control results, the proposed method
is carried out by handling the inherent nonlinearity, without model linearization. Thus,
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the new method eliminates the underlying modeling error and is more suitable for
large-angle maneuvering tasks.

* A novel guaranteed cost attitude control method is proposed for rigid-body attitude
systems. By exploring the characteristics of attitude dynamics described by quater-
nions, the method develops a special analysis technique for system synthesis. Thereby,
the controller design in this paper is transformed as a series of bilinear/linear matrix
inequalities (BMIs/LMIs), which are tractable to form an optimization problem for
improving system performance.

Notations: This paper uses unified symbols. R” denotes the n-dimensional Euclidean
space (R is R'), and R™*" is the set of all m x n real matrices. Superscript T stands
for vector or matrix transposition. I and 0 are the identical matrix and null matrix of
appropriate dimensions, respectively. * in matrices denotes the terms introduced by
symmetry. diag{- - - } refers to a block-diagonal matrix. In addition, the representations
M < 0(<0); M > 0(> 0) indicate that M is negative-definite (semi-definite) and positive-
definite (semi-definite) for a symmetric matrix M of arbitrary dimension.

2. Attitude Dynamics and Problem Formulation

To represent the attitude dynamics of a rigid-body system, the classic quaternion
model is considered in this paper [41], which is widely used in the field of aerospace.

do= 54w 0
. 1 X
g=75(ql+q")w 2

where g0 € R, 9 £ [q1, 92, qg,}T € R3 are the scalar portion and the vector portion of the
attitude quaternion g, = [0, ¢" | " that satisfies g% +q7q = 1. The cross product matrix q*

in the quaternion model is denoted by

0 -1
7=\ g3 0 —m
- qQ 0

Moreover, w is the angular velocity of the rigid body with respect to the inertial frame 7
and is expressed in the body-fixed frame B. The angular velocity evolves according to the
following equation [41]

Joo = —w”*Jw + Bu (3)

where u € R is the control input, ] € R3>*? denote the inertia matrix, B € R3*? represent
the input matrix and a > 3 is the number of actuators. Note that Bu shows the control
torque imposed on the rigid body outputted by actuators. To achieve three-axis control, the
input matrix B must be of full row rank.

The model (1)—(3) is commonly used to describe many kinds of rigid-body attitude
systems. An example for a spacecraft is depicted in Figure 1 to visualize the rigid-body
attitude system and to characterize the underlying uncertainty problem. In aerospace
engineering, a spacecraft of on-orbit service is usually equipped with liquid fuel, payloads
or appendages, such as parabolic antenna for high-gain communication or solar panels
for power supply. Thus, the inertia information | is usually uncertain and time-varying
due to the effect of fuel consumption, payload change or appendage motion. Furthermore,
to provide fully actuated torques, it requires three-axis actuators that are illustrated by
reaction wheels in Figure 1. The installation deviation of the position or direction of the
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wheels, as well as faults, results in the uncertainty of the input matrix B. Then, a typical
form for modeling system uncertainty is taken as follows [18].

Antenna
rotation Payload

ejection

Installation deviation
of reaction wheels

Figure 1. An example of a spacecraft attitude system with an uncertainty problem.

J=Jo+A],B=By+ AB (4)

where the nominal parts Jy, By are known matrices of appropriate dimensions, and AJ, AB
describe the time-varying parameter uncertainty. The uncertainty is considered to be
bounded and is modeled as

| A1 8B | =D| (DT Ha(t)E | ®)

where D € R3*™, E € R™*“ are known constant real matrices, and Hj (t) € R"™*™, Hy(t) €
R™*" are unknown matrix-valued functions and satisfy

HHl <F,k=1,2
HiHf <L ©6)

where Fy, L > 0 are constant real matrices of appropriate dimensions. The constraints (6)
state that some restrictions on system parameter uncertainty are necessary to carry out
subsequent stability analysis and controller design. In particular, the last constraint in (6)
results from the assumption of the boundedness of rate of change for J, which is mild and
practical in aerospace engineering. In addition, according to the positive definiteness of |,
Jo and Hj are symmetric, i.e., ]OT = Jo, H1T = Hi.

Remark 1. The additive uncertainty form (4)—(6) is an extensively used modeling technique
for dealing with system uncertainty, which is assumed to be time-varying and upper-bounded
[18,42,43]. In such a context, the corresponding system model and simulation setting adopted
in this paper are consistent with [18,43]. However, as discussed in the Introduction, all of the
prevailing methodologies for handling (4)—(6) depend on model linearization, which promotes the
well-established linear robust control and optimal control. In this paper, a new analysis and synthesis
method is developed to obtain tractable conditions for controller design without model linearization.
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To achieve the objective of stabilization and performance guarantee of the uncertain
attitude system (1)—(3), we adopt the classic PD controller formed as

u = Kyq + Kyw (7)

where Kq, K, € R%*3 are controller gain matrices to be determined.

The objective in this paper is using the controller (7) to stabilize the uncertain attitude
system (1)—(3) and ensuring the system of given performance with respect to the following
cost function: o

F= /0 {xTQx + uTRu} dt (8)

Qu Qn

where x £ [gTwT T, Q=
9" w!] . O

],Qn,sz € R¥3 and R € R are positive-

definite weighting matrices.

3. Stabilization and Performance Analysis

For presenting the main results, some necessary lemmas are given below.

Lemma 1. For all real matrices Y, Z and positive-definite matrix P of appropriate dimensions, the
following inequality always holds:

Yiz4+ 72Ty <YTpy + 7zTp~12.

Proof. The conclusion is a simple deduction from Lemma 1 in [33] and then the proof
is omitted. [

Lemma 2 ([44]). Given real matrices X,Y,Z,P > 0 of appropriate dimensions and matrix-
valued function W(t), for arbitrary positive scalar € satisfying eZ"Z < I and W(t) satisfying
W(H)W(t)T < P, the following inequality always holds:

X+ YW Z)[X+YW(H)Z])T < X(I—-ezT2)'XT + e 1ypPYT.

To achieve the control objective, the following conclusion shows a set of sufficient
conditions for probing the existence of the controller (7).

Lemma 3. Consider the uncertain attitude system (1)—(3), the controller (7) and the cost
function (8). Given a constant v > 0, if there exist scalars po > 0,p1, p3 and matrices
Ky, Ko € R such that the following conditions hold,

plopl o )
*  p3]
D1 Py
1
. Dy <0 (10)
c1p1 +cap2 +c3p3 <y (11)

where
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D11 £ p2BKy + paKi BT + Qi + K[ RKy,

D12 £ pyBK,, + p3K) BT + %pﬂ + p2A] + Q2 + Ky RKy,

Dy £ %Pz (61]2 + 211) + p3BKy + psKLBT + p3A] + Q2 + KL RKy,
c1 £ 2[1—qo(0)], 2 £ 297 (0)Jw(0), ¢3 = w' (0)Jw(0)

and e1 > 0 is a given parameter, then the controller (7) can asymptotically stabilize the uncertain
attitude system (1)—(3) and ensure the system of cost index .

Proof. The proof includes two parts, of which the first part concerns stability analysis and
the second is devoted to performance analysis. The stability analysis is conducted based on
the Lyapunov stability theory, for which we choose the candidate Lyapunov function as

V2 pi[qTg+ (1 q0)] +2p2q" Jw + pscJw (12)

and reformulate it as

V= +p1(1—q0)°. (13)

| [l v ][ 4
w *  p3] w

To make V a qualified Lyapunov function, a necessary condition is V being positive-definite

for all non-equilibrium states. It is easily seen from (13) that (9) and p; > 0 ensure the
necessary condition. Furthermore, p; > 0 is necessarily guaranteed by (9).

The other necessary condition is V < 0. Taking the derivative of V and substituting
the system dynamics (1)—(3), one has

V =2p1[q7d = (1= qo)do] +2pac Jio + paco e + 22 (47 J0 + " [ + 9w

=p19"w + pow’ J(q0] + 47 )w — 2p2q" w* Jw + 2p2q" AJw + paw’ AJw
+ <2p2qT + 2p3aJT) Bu. (14)

By virtue of the property of mixed product of vectors, i.e., w! Jq*w = gTw* Jw, the second
and third terms in (14) are summed as prw’ ] (g0l — ¢ )w. Note that the properties hold
(g0l — )" = (g0l +¢*) and (g0 +9%)(qol — g*) < I, due to the the unit constraint

of quaternion and the feature of cross-product matrix g*. If pp > 0, then according to
Lemma 1 with P being assigned as €11, €1 > 0, the sum can further be transformed as

paw’ ] (g0l — 4" )w
1
= 5p2w" [J(0] = 47) + (901 +97) J]w
1 1 y y
< 2psz{e1]2+€1(qu+q ) (g0l —q%) |w
1 T 2, 1
< SPw <€1] +€11)w. (15)

By combining (15) and inserting the controller (7) into (14), we have
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. 1 1 . ,
V <pigtw+ Epsz (61]2 + ell)w +2p2q" Afw + psw’ Ajw + 2p2g" BKyq

2]

R[ K Ko |>0

+2p2q" BKow + 2p3wTBqu + 2p3w! BKyw
T

q

w

Qu +KJRK; Q2+ KIRKy
* Qx + KGRKy

* Dy * Qx + KLRK,,

& P ] _ [ Qu1 +KIRK; Qi+ KIRK,

Note that

T

=Q+

w

which, combined with the condition (10), ensures the negative definiteness of the matrix
in the last line of (16). Then, we get V < 0 that implies the asymptotic stability of the
attitude system (1)—(3). In addition, according to the designed Lyapunov function, we
get qo converging to 1 as 4 — 0, which indicates that the stable equilibrium is (1,0,0, O)T,
and another equilibrium (—1,0,0, O)T of the quaternion-based attitude control system is
not considered in this paper [45]. However, the two equilibria refer to the same physical
location. Then, the above conclusion does not influence the system stability, and the rigid
body can be driven to the right attitude.

What remains is the performance analysis. Since the states q,, w are asymptotically
convergent, it holds that V(co) = 0. Then, by considering the conditions (10) and (16), the
cost function (8) satisfies

T
0 | w * Qx + KLRK,, w
T
- /'°° q Qn +KJRK; Qu+KIRKy | | @11 @i 9|4
. w * Q2 + KLRK,, x Doy w

/ en

= V(0) — V(c0) = V(0).

Moreover, by virtue of the quaternion constraint g3 + g7q = 1, the designed Lyapunov
function (12) can further be transformed as V = 2p; (1 — qo) +2p29" Jw + pswT Jw, which
indicates that V(0) = c1p1 + cap2 + c3ps. Therefore, the condition (11) ensures that the
value of the cost function is less than the given index 1.

In summary, if the condition set (9)-(11) holds, then the closed-loop attitude
system (1)—(3) with the designed controller (7) is asymptotically stable and can be guaran-
teed with the costindex . O

It is worth noting that the controller existence conditions (9)—(11) provided by Lemma 3
cannot be solved directly, since the conditions include uncertain matrices J, B and H;. Next,
we incorporate the parameter uncertainty (4)-(6) to present solvable existence conditions
for controller design.

Theorem 1. Consider the uncertain attitude system (1)—(3), the controller (7) and the cost
function (8). Given a scalar v > 0, if for all uncertain parameters Hy, k = 1,2 satisfying (6),
there exist scalars py > 0, p1, p3 and matrices Kg, Ko, € R%*3 such that the following conditions
hold, then the uncertain attitude system (1)—(3) under the controller (7) is asymptotically stable and
can be guaranteed with the prescribed cost 7.
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pil  p2Jo  ep2D pD |
* 0 0
palo >0 (17)
* * 262}731:]71 0
* * * 2exp31 1
¥y ¥ KJET |
* ‘Pzz KZJET <0 (18)
* * —€pl |
c1p1+Cp2 +Ep3 <7y (19)

where
W11 £p2BoKy + p2K] BJ + preaDLD” + egp3 DR D + Qui + K RK;
1
Y12 £p2BoKe + p3K{ By + Fphl+ €sp2p3DE:DT + Qup + Ky RK,
1 1 1 -
Yo £ pal + -—p2e1DEI DT + p3BoKe, + p3KLBj + > paero (I - €3DDT) Jo
2¢; 2¢3 2
1 1 1
+€epADRD! + - paDD’ + 5 paesDLD” + 5 psDD' + Q22 + Ky RK
4 5
& 247(0) (Io + DFlDT)[l(O) +w'(0) (]0 + DDT)“’(O)
&3 2w’ (0) <Io + %DHDT + %DDT>‘U(0)

and €; > 0, j = 1,2,4,5,6 are arbitrarily given parameters, and €3 > 0 is a given parameter
satisfying esDDT < I.

Proof. The following proof focuses on giving sufficient conditions for satisfying (9)-(11)
and shows that the sufficient conditions are expressed in the form of (17)—(19).
(1) We first consider the fulfillment of condition (9). According to the Schur comple-

2
ment lemma [45], (9) is equivalent to p3 > 0, p11 — % J > 0. By applying Lemma 1 with
3

setting P = €1 where €; > 0 is arbitrarily given, the following inequality holds:

J=Jo+ %DHlDT + %DHlTDT

€ T, 1 T
< —~DF,D —DD".
<Jo+ > Dh +2€2

Then, an obvious sufficient condition for (9) can be given as

2
1
3 >0,%(]0+€2—2DF1DT+EDDT> <ml (20)

which can be transformed as (17) by applying the Schur complement lemma. It indicates
that (9) can be ensured by (17).

(2) Now consider the condition (10), of which the uncertainty results from the terms of
J, B and Hj. Note first that, according to Lemma 2, for a given parameter €3 > 0 satisfying
e3DDT < I, one has

72 = (jo+ DBD") (Jo + DELDT)

< }0<1 - e3DDT>_1]0 4 61—3DF1DT. (21)

Then, as an extension of Lemma 3 in [46], the following inequality can be easily obtained:

[ 0o Y’z } § [ YIPY 0 } )

0 zTp-1z
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For dealing with the terms about H;, we extract the related matrix terms in ®1, and ®, to
form a new matrix, and apply Lemma 1 and the inequality (22) while introducing given
parameters €4, €5 > 0. As a result, under the conditions p, > 0, p3 > 0, we have
DH, DT
0 p2DH;y . 23)
*  p3 DH] D

p2e4DLDT 0
* N

1 1
where X = pze4_1DDT + §p3€5DLDT + 2—€5p3DDT, and p3 > 0 can be ensured by (17).

To further handle the terms regarding B, we substitute (4)—(6) into (10) and combine
the inequalities (21) and (23); thus, a sufficient condition of (10) can be derived as

l bu dp ] N
* @22

where &;; £ p2BoK, + szqTBOT + p2esDLDT + Qpp + KqTRKq, ®1p = prBoKew + p3KqTBg +

T

pb

psD

p2D

e Hy| EK, EKo |+ | EKy EKy }THZT

1 - 1 1 1
Sp1l 4+ Quz + KJ RKy, @22 £ s—pol + 5—pre1 DFIDT + p3KLBj + p3BoKy + —paDDT +
2 2¢1 2¢€3 €4

1 - 1 1 .
§P2€1]0(1 — €3DDT) 1]0 + Q» + §p3€5DLDT + ZPBDDT + KL RK,,. By applying
5
Lemma 1 to the above inequality, it can be known that, for all H, satisfying HyHI < F,, the
above inequality holds if, for a given parameter €5 > 0, it holds that
T
1

+Q[EK,7 EKw}T[EKq EK, | <0

poD
p3D

p2D

+ €6
psD

[ o Op L

* (i)zz

which, by applying the Schur complement lemma, is equivalent to

ci)ll + €6p%DF2DT &)12 + €6p2p3DF2DT K‘;ET
* (1922 + E6P%DF2DT KZ;ET <0
* * —e€pl

i.e., (18). That is to say, the original condition (10) can be ensured by (17) and (18).
(3) To obtain a sufficient condition for (11), we invoke Lemma 1 by setting P = [ and
get the following conclusion:

%)

4" (0)DH;D"w(0) + w" (0)DH{ D" q(0) + 47 (0) Jow (0) + w" (0)Jo4(0)
4" (0)DFD"q(0) +w" (0)DD"w(0) + 4" (0)Jog(0) + w’ (0) Jow(0)

IN

2
wT(0)Jow(0) +wT (0)DH; DT w(0)

3

IN

wT(0)Jow(0) + %wT(O)DFlDTw(O) + %wT(O)DDTw(O)

3.

Then, by replacing cp, c3 in (11) with ¢, ¢3, a sufficient condition for (11) is obtained
as (19). O

Remark 2. It can be seen from Theorem 1 that the controller design is posed in the form of matrix
inequality based on the nonlinear attitude model. This is the distinct difference between the proposed
method and conventional attitude control methods. To achieve robust guaranteed cost performance
and obtain tractable matrix inequality conditions, the proposed method first considers the attitude
dynamics described by the quaternion rather than Euler angles, which are commonly used in
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traditional Quaranteed cost attitude control [19,20,23]. Accordingly, some special quaternion-based
techniques are developed for tackling nonlinear terms to obtain state-irrelevant matrix inequalities,
as shown in the proof of Lemma 3. Furthermore, by matrix scaling technologies, the underlying
uncertain terms are eliminated to obtain matrix inequalities that can be used for solving controller
gains, as shown in the proof of Theorem 1.

Remark 3. The derived results are more generalized than conventional results of guaranteed cost
attitude control [19,20,23], since the considered time-varying uncertainty (4)—(6) not only includes
the system matrix uncertainty that arises from inertia parameters but also considers the input matrix
uncertainty introduced by installation deviation or lose-efficacy faults of actuators. In addition, the
proposed method is more applicable than linear optimal control methods, for example the classic
LQR method [32], since most of the linear optimal methods require nominal system information for
controller design and then cannot deal properly with parameter uncertainty.

4. Performance Improvement and Discussion

In Theorem 1, controller design is posed as a feasibility problem of conditions (17)—(19),
which can be solved off-line. However, it should be noted that although (17)-(19) do not
include time-varying terms, (18) incorporates many bilinear terms of decision variables, i.e.,

the products between py, p3 and K;, Ky, and nonlinear terms like % p2€1Jo (I — 63DDT) 71]0.
Such conditions are referred to as BMIs that are essentially nonlinear and increase the
complexity of solving. In contrast to BMI, LMI is more tractable for solving and its convexity
is helpful to form optimization problems for searching for optimal solutions and improving
control performance. In addition, value assignment of the free parameters €; > 0 indeed
influences the solvability of conditions (17)—(19) and affects the feasible region of decision
variables. For the goals of reducing parameter tuning and finding optimal solution, some
free parameters could be regarded as decision variables, and some matrix manipulations
can be taken to transform BMlIs into LMIs.

To handle time-varying uncertainty better and obtain more tractable solving conditions,
we prove in the following that the conditions given by Theorem 1 can be ensured by a set
of LMI conditions.

Theorem 2. Consider the attitude control system (1)—(3) with parameter uncertainty (4)-(6). For
a given scalar -y > 0, if there exist scalars g > 0, 523,524,535, i, i = 1,2,3 and matrices
Ky, Ko € RS satisfying the following LMIs,

Sll 53]0 6253D S3D
* S 0 0
2lo >0 (24)
* * 2€2$2F;1 0
* * * 2€2871 |
5_2,3DDT < syl (25)
[ TIy I Iy Iy |
* IT 0 0
2 <0 (26)
* * I35 0
| * * * Iy |
s1 < €782 (27)
[ Y cer (&) & |
*  C1€7S 0 0
17 >0 (28)
* * [ 0
| * * * (353 |

https:/ /doi.org/10.3390/aerospace13100921


https://doi.org/10.3390/aerospace13100921

Aerospace 2026, 13, 921

11 of 21

where €1, €3, €7 > 0 are given parameters,

Nt 1app o oTpT T T
My 2| 1 H%% T}} £ BoK, + KIBJ + esDFR,D" +5,4DLD
L 11
_ _ 1 _ _ 1
IT}7 £BoK,, + K] Bj + ol + e6DF,DT, 1132 £ ByK,, + KIBL + esDF,DT + E5-3,5DLDT
o RTET sl 0 s [ KT 0 0 N 0
Hp = 5 or Jhis = | o7 Mg =
KwE 0 S3I Kw D S3D s3l  €1s3D 6153]0
[ —egl 0 0 -RP 0 0
I, £ * =My —Myp | Il = * —25351 0
i * * — My * * 7§2]4I
[ —2e15,1 0 0
T1yy £ * —2€1§2’3F1_1 0
i * * —2¢e15p1 + 2€1§213DDT
My M -
and 1 2] = Qu Qu with M1y, Mpy € R3*3, then (17)~(19) are feasible
* My *  Qxn

and the uncertain attitude system (1)—(3) is asymptotically stable with the prescribed cost v under
the controller (7) that is determined by

K, =55 'Ky, Ko = 55 Ke. (29)

Proof. The proof is based on matrix manipulation techniques by introducing slack variables.
To streamline the main results, the detailed proof is relegated to Appendix A. O

By Theorem 2, the proposed controller is parameterized as the solution of (24)—(28),
which are formulated in LMIs and then are tractable for solving and forming convex
optimization problems. In addition, note that if the given index v is regarded as a decision
variable, the LMI feature remains unchanged. Thus, to search for the minimal cost index
and optimize state trajectory, oy can be considered as an optimizer variable in (24)—(28) to
form a convex optimization problem as follows.

Theorem 3. Consider the attitude system (1)—(3) with parameter uncertainty (4)—(6) and the cost
function (8). If the following optimization problem has a solution v*,s;, K;‘, K

~ min vy, st (24)-(28) (30)
52,3/5_2,4/_53,5166
si Kq, Ko,y

then the uncertain attitude system is asymptotically stable with the optimized performance index
¥*, and the corresponding controller is designed as (7) with the optimized controller gains being
1 1

Remark 4. It can be seen from Theorem 2 that, besides the constraint transformation to LMIs,
the number of scaling parameters is reduced from 6 to 3 for ease of implementation. For given
€1, €2, €7, the parameterized LMIs (24)—(28) enforce the convexity of the optimization problem (30)
that can be easily solved. It is noted that, however, the solution of (30) in this case is conservative
since it rests with the values of €1, €,€7. 1o reduce the conservatism and obtain an improved
solution, we can resort to the so-called gridding technique, a commonly used technique in the field of
LPV control [33]. Also, the linear search technique used in switched system control [47] offers an
alternative for searching for a suboptimal solution with less computational complexity. An algorithm

https:/ /doi.org/10.3390/aerospace13100921


https://doi.org/10.3390/aerospace13100921

Aerospace 2026, 13, 921

12 of 21

for calculating the subminimum «* with a group of feasible maximal values &1, &, €7 is provided in
Algorithm 1.

Algorithm 1: Computation of the subminimum *

Input: Q, R, Jo, Bo, D, E, F, L,4(0),w(0), Ae
Initialization: n = 1,61 = &1,6p = &, 67 = &7
Step 1:
while e; > 0do
Solve the optimization (30)
if feasible then
(&1 (n), 7(n)) « (e1,7)
n—n+1
end if
€1+ €1 — Ae
end while
s = arg{min(¥(i),i <n—1)}
Update e; = ¢1(s),n =1
Step 2:
while e, > 0 do
Solve the optimization (30)
if feasible then
(&2(n), 7(n))  (e2,7)
n—n+1
end if
€y +— €y — Ae
end while
t = arg{min(¥(i),i <n—1)}
Update ey = é(t),n =1
Step 3:
while e; > 0 do
Solve the optimization (30)
if feasible then
(9(n),82(n),83(n), Kg(n),Ko(n)) + (7,52, 53, Ky, Keo)
n—n+1
end if
€7 +— €7 — Ae
end while
v =arg{min(§(i),i <n—1)}
Compute K = §2_1(v)12q(v),KZ, = §3_1(v)12w(v),'y* = 4(v)
Output: v*, K, KZ,

Remark 5. Since the scheduling parameters €1, €2, €7 are decoupled in the optimization problem (30),
the search for the three suboptimal values can be carried out individually. This means using different
search orders, for example €1 — €p — €7 shown in Algorithm 1. However, it is noteworthy that
the results for different orders may be different since the algorithm may converge to different locally
optimal solutions. To improve the result solved by Algorithm 1, it suffices to simply verify different
search orders and choose the best one.

Remark 6. In [48], the topic of guaranteed cost attitude control is also studied for quaternion-based
attitude dynamics. However, the proposed method is essentially different from that in [48], due
to the following facts. This paper deals mainly with time-varying additive uncertainty, which has
not been included in the theoretical analysis of [48]. Since this paper adopts a different control
scheme, cost function and Lyapunov function, the stability analysis, related matrix techniques and
optimization solving in this paper differ significantly from [48]. In addition, this paper develops a
more generalized methodology with better robustness and applicability in other scenarios.
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5. Simulation Results

To verify the proposed guaranteed cost attitude control method, we consider a prac-
tical example of spacecraft in this section, i.e., a small low-orbit meteorological satellite
ROCSAT-3 [45]. We apply the proposed method to the attitude control of the satellite, and
compare it with the BMI-based stabilizing method [45], the classic LQR optimal method
and the dynamic-gain-based guaranteed cost control method (DGCC) [48]. The necessary
inertia information is taken from [45] and presented below.

55384 —0.0276 —0.0242
Jo = * 56001 —0.0244 |kg-m?.
* * 4.2382

The actuators are considered as reaction wheels, the installation of which adopts a pyramid
configuration. Thus, the number of reaction wheels is four, i.e., 4 = 4, and the nominal
input matrix is
1 0 0 05774
Bp=1]0 1 0 05774
0 0 1 05774

The initial quaternion is assigned as 4,(0) = [0.2,0.5, —0.4, —O.742]T and the initial an-
gular velocity w(0) = [—71/6,7/9,27t/9]" rad/s. The cost function is parameterized as
Q1 =0Qn=050Q2=0R=1I.

For control performance comparison, parameter uncertainty is included in simulation
and constructed as

D=1I,E = 0.8B,

[sin(0.5t4+1) 0 0
Hi(t) = * 2cos(0.3t+05) 0 kg - m?
* * 2sin(0.4t + 2)
[—0.5+ 0.4sin(t) 0 0
Hy(t) = *  —0.740.2cos(2t) 0 . (31)
I * % —0.6 4 0.3cos(0.5¢)

According to the above time-varying uncertainty, the upper bound information is computed as

1 0 0 025 0 0
FF=| % 4 0 |,KL=081L= * 036 0
* *x 4 * * 0.64

For controller design in the proposed method, the solving procedure of the optimiza-
tion problem (30) is first conducted by the linear search algorithm. As shown in Figure 2,
three search orders with the same starting point are tested to check the convergence of
the algorithm. An important fact can be seen that search order plays a major role in the
convergent values of €1, €3, €7 but a minor role in the subminimum *. Furthermore, the
order €; — €3 — €7 ensures a set of convergent values €; = 0.5,e; = 8.5,e7 = 1 (red penta-
gram point), which is the optimal solution verified by an exhaustive-like search within the
cube-shaped feasible region [0.5,10] x [0.5,10] x [0.5,10]. In such a case, the optimal cost
index of the proposed method is computed as 351.9406, and the corresponding controller
gains are solved as
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—1.0470 0.1699  0.1699 —33146 05377 05379
| 01699 —1.0472 0.1698 | 05378 33143 05382
771 01699 01700 —1.0470 |” ¢ | 05376 05373 —3.3154
—0.4084 —0.4084 —0.4084 —1.2929 —1.2929 —1.2930

For comparison, the BMI controller design directly follows the results in [45]. The LQR
controller is solved by the technique in [32] with the optimal cost index computed as 6.0523,
and the DGCC controller is solved by following the setting in [48] with the optimal cost
index computed as 19.7208. The corresponding controller gains of the latter two methods
are presented below.

09038 —0.0968 —0.0837 22309 —-0.3337 —0.2747

KLOQR _ —0.0955 09039 —0.0850 LOR _ _ —0.3301 22421 —0.2734
1 ~0.1132 —0.1119 08989 | ¢ —0.3577 —0.3600  1.9926
0.4014 0.4014 0.4216 0.8910 0.8940 0.8341

KPOC = diag{—2.6198, —2.6198, —2.6198}, KO = diag{—2.8233, —2.8233, —2.8233}.

€] — €2 — €7 )
—-—- €y —> €7 —> €]
....... € — € — €
10 Y
¥
8.5
r ~ ~— -~
7.5 4 | - o
6.5 - | A 4 7" =352.9118
~* = 352.35:
. 55 Y 352.3530 (I\ i
! 45 ~v* = 351.9406
| : ,A f
35 Y * *..(..
25 1 p 7 Y .....
1.5 1 e 0.5
0.5 1 1.5
05 T ¥

10 10

Figure 2. Convergence of linear search algorithm in different orders.

To show the robustness of the proposed method, the time responses of the attitude
quaternion and angular velocity in the nominal case are first presented in Figures 3 and 4.
It can be seen that without system uncertainty, all of the four methods show satisfactory
and similar efficacy, where the DGCC method presents the fastest convergence rate and the
highest steady accuracy. However, when the system uncertainty (31) is imposed in simu-
lation, the comparison of the four methods shows different results, as in Figures 5 and 6.
The control performances of the BMI method, LOR method and DGCC method degrade
obviously, compared to the ones in the nominal case. These results show that the three
methods require nominal system information for controller design and therefore cannot
deal with system uncertainty effectively. In contrast, the proposed method incorporates
explicitly the parameter uncertainty in controller design and then reduces the influence
of performance degradation. Thus, under parameter uncertainty, the proposed method
enables the least overshoot, the fastest convergence rate and the highest steady accuracy
among the comparative methods.
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Figure 3. Time responses of attitude quaternions in the nominal case.
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Figure 4. Time responses of angular velocities in the nominal case.
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Figure 5. Time responses of attitude quaternions under parameter uncertainty.

The control torque results are depicted in Figure 7, which shows similar control
performance to Figures 5 and 6. The actual cost indices of the four methods are displayed
in Figure 8. Due to the greatest overshoot and signal oscillation, the actual index of the
DGCC method is substantially larger than that of the other three methods. In addition,
owing to the larger amplitude of command torques, the actual index of the proposed
method is slightly worse than that of the LOR method. However, the actual index of the
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proposed method is far lower than the theoretical value, but the case is the opposite for
the LQR and DGCC methods. This means that the proposed theoretical result is of better
practical guiding significance. In summary, the simulation demonstrates the advantage of
the proposed method over the classic methods in terms of achieving guaranteed cost and

robustness simultaneously.
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Figure 6. Time responses of angular velocities under parameter uncertainty.
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Figure 7. The command torques of the four reaction wheels under parameter uncertainty.
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Figure 8. Comparison of actual cost indices under parameter uncertainty.
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6. Conclusions

This paper investigates the guaranteed cost attitude control problem for rigid-body
systems with time-varying parameter uncertainty. The paper deals with not only the inertial
uncertainty from fuel consumption and load variation but also the input uncertainty from
actuator installation deviation or failure. The time-varying uncertainty is handled by a new
method, which differs from the traditional robust attitude control. The proposed method
also ensures attitude systems with guaranteed cost based on a nonlinear attitude model,
which is different from the existing guaranteed cost control and linear optimal control.
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Appendix A

Proof of Theorem 2. The following proof shows that (17)—(19) can be ensured by the LMI
conditions (24)—(28).

(1) We first prove that pp > 0. According to the property of the positive-definite matrix
and the fact that Jy, ¢3 > 0, it can be seen from (24), (28) thats; > 0, i = 1,2, 3. Define

a1 a1 a P1
Sp = ,53 = ,51 = —— (A1)
P2 Ps oo p2ps3
and then we get p; > 0.
For ensuring (17), we consider its equivalent condition (20). Based on the definition (A1)
and the fact that sp, s3 > 0, an equivalent condition of (17) is derived as

2
z—i <]o +ZDRD" + ;GZDDT) < sl (A2)
Applying the Schur complement lemma to the above inequality, one has (24). It indicates
that (17) can be ensured by (24) and (28).
(2) For ensuring (18), an equivalent condition of (18) is first gained by the Schur
complement lemma
O11 O O Oy
* @22 0 0
* * @33 0
* * * Oy

<0 (A3)
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where

11 @l2
O é[ 0 0y

11 g |/©it = p2BoKy + p2K{ B + e6pADEDT + presDLDT
11

1
®1f £p2BoKe + p3K] B] + egpapsDEDT + spl

1
@32 £p3BoK,, + p3KLBL + ep3DFDT + E;g_o,eSDLDT

TET T

O = ?%ET (I) (I) ‘|/@13 Iy Ilz% 0 0 O 2 [ 0 0 0

| Ko | Ko p3sD p2D p2l  p2e1D  paero

—el 0 0 ] —R1 0 0

®22 £ * —M11 —Mlz ,@33 £ * —2p3€51 0

i * * — My ] * * —p2€41

[ —2preil 0 0
Ou = * —2]926163F;1 0

* * —2poerl + 2p26163DDT

Performing congruent transformation on the matrix in (A3) with diag{ 123 1y, Ps LI,

I, py 1y 23 1y, 123 1y, 123 1y, 23 I } and further combining the definition (A1) and the follow-
ing denotation

Ry £ py 'Ky, Ko 2 p3 ' Ko (A4)
we have an equivalent condition of (A3) as

Yiu Yo Y3 Yiu
* Yzz 0 0

0 A5
* * Yzz O < (A5)
* * * Y44
where
Yll YlZ B B
Y& ! Y%% Y2 £ @, Y11 £ BoK, + KqTBg +eDFD" +s52¢4DLDT
11

o 1
Yii £BoKw + K] By +€sDFED" + sl

_ _ 1
Y3 £BoR, + R} BY +eDED” + S s3esDLDT

ypo| KEL =l 0]y s [RF 0 0
2TVRTET 0 ssl |7 BT | KT ssD
w 3 w 3 S3D
i -R7t 0 0
0 0 0
Y14 L , Y33 £ * —2s3€51 0
I s3] sze1D  szer)p * * —5p€4l
[ —2s7e11 0 0
Y 2 * —2spe1e3F, 0
I % * —2s7€11 +252€1€3DDT

In (A5), the parameters €1, €4,€5,€ > 0 can be given arbitrarily by designers, but
€3 > 0 must meet the constraint e3DDT < I. Note that €3, €4, €5 are always coupled with
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the decision variables s, and s3. To reduce the number of scheduling parameters, we
introduce the following slack variables:

5_2,4 >0, S5p3 > 0, S35 > 0 (A6)

5 S; S;
and set ¢4 = 2'4,65 = 3'5,63 = 23 Then, substituting (A6) into e3DDT < T and (A5)

S» S S
results in the LMI conditions (25) and (26). As for condition (A6) of the new decision
variables, it can be ensured naturally by (26). Thus, it can be concluded that if the LMI

conditions (25) and (26) are feasible, then the original condition (18) is guaranteed to

be feasible.
(3) By utilizing the notation (A1), a sufficient condition for (19) can be derived as
— % — 2—2 . 2—3 > 0. When (27) holds, the above sufficient condition can be ensured by
283 2 3

53 52 53
which, by applying the Schur complement, is equivalent to (28). This indicates that the
original condition (19) can be ensured by (27) and (28). O
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