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Abstract

Quantifying the extent to which historical information can be borrowed remains chal-
lenging in the reliability assessment of aeronautical equipment with small-sample right-
censored lifetime data. This paper proposes a Bayesian reliability assessment framework
that incorporates historical information and uses simulation to calibrate prior-borrowing
boundaries. A two-parameter Weibull model is adopted. Weakly informative, historical
empirical, discounted, and fixed-mixture priors are specified in the log-parameter space,
and posterior distributions are updated using the right-censored likelihood. Independent
historical and current fleets are simulated to examine compatible historical information,
scale shifts, and prior misspecification. Under compatibility, the historical empirical Bayes
method yields relative errors of 2.52%, 3.54%, and 3.12% for the shape parameter, scale
parameter, and mean lifetime, respectively, with a mean absolute error of 1.28% for the
reliability function. Using the relative error of the scale parameter and the mean absolute
error of the reliability function as joint criteria, historical-information borrowing is divided
into full-borrowing, discounted-borrowing, and fixed-mixture correction regions, thereby
establishing engineering decision boundaries. The thresholds are simulation-calibrated
for the sample size, censoring proportion, and parameter settings considered. The frame-
work quantifies reliability uncertainty and supports prior selection and risk calibration for
comparable equipment.

Keywords: Bayesian reliability assessment; small-sample inference; right-censored life-
time data; Weibull lifetime model; historical data borrowing; simulation-calibrated
borrowing boundaries

1. Introduction

Highly reliable, long-life equipment is commonly evaluated from few observed fail-
ures, limited observation periods, and substantial right censoring during testing and
service. For aerospace equipment, the test cost, mission profiles, and operating condi-
tions further restrict lifetime-data accumulation. Estimates of the Weibull shape and scale
parameters, mean lifetime, and mission reliability consequently remain uncertain [1-5].
This study focuses on reliability assessment under small-sample right censoring and exam-
ines how failure and censored observations can be used without allowing the limited data to
destabilize estimation.

Conventional frequentist procedures, including mean-rank methods, Weibull plotting,
and maximum-likelihood estimation, are straightforward to implement and interpret, but
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their stability generally depends on having enough failures. Under heavy censoring, es-
timates may become highly sensitive to a few failure times and exhibit large bias, wide
confidence intervals, or boundary solutions. Bayesian methods use both the density contri-
butions of failures and the survival contributions of censored units, producing posterior
parameter distributions, credible intervals, and predictive reliability. When the current
sample is weakly informative, however, the posterior can depend strongly on the prior
center and precision [6-9]. Recent studies have shown that the Weibull-parameter bias in-
creases as the sample size decreases and censoring becomes more severe under generalized
Type-I and heavily censored settings, motivating corrections tailored to limited samples
and their censoring mechanisms [10,11].

Equipment of the same type, similar production batches, historical tests, and long-term
service records provide potential information for a current small-sample assessment. Ap-
propriate borrowing can improve reliability-prediction accuracy and test efficiency [12,13].
In practice, however, historical and current populations may differ because of production
batches, mission profiles, environmental stresses, or maintenance conditions. Directly
imposing a highly precise historical prior without checking compatibility can pull the pos-
terior toward an incorrect center, producing prior-data conflict in which intervals narrow
while systematic errors increase [14-16]. Recent work has also used hierarchical transmis-
sion, pooling, and the integration of multisource information to improve complex-system
reliability and remaining-life estimation [17,18]. The Bayesian post-processing of Monte
Carlo results provides a reproducible probabilistic route for reliability updating [19], and
multisource degradation and failure-information fusion for critical aviation components
further demonstrates its engineering value [20].

Previous equipment-reliability studies have addressed small-sample lifetime anal-
ysis, dynamic Bayesian networks, probability inference with extremely small samples,
and Bayesian estimation under heavy censoring [21-25]. These studies demonstrate
the value of Bayesian uncertainty quantification with limited data. Most comparisons,
however, emphasize estimation accuracy under a given method. They do not provide
an integrated reliability-assessment framework that proceeds from validation under
compatibility, through risk control under prior shift, to an operational boundary for
prior selection.

Power priors, commensurate priors, robust meta-analytic-predictive priors, and adap-
tive mixture priors can reduce prior—data conflict through discount factors, commensura-
bility parameters, or mixture weights [26-29]. For small-sample right-censored aviation
lifetimes, it remains unclear how historical-prior shift propagates into parameter estimates,
mean lifetime, and the reliability function, or how that propagation can be converted
into a reproducible engineering calibration boundary. The mean reliability error under
compatibility alone is therefore insufficient to establish robustness. Sensitivity to a shifted
prior center and a misspecified prior precision must also be examined before historical
borrowing can be used confidently in engineering applications.

This paper addresses three questions. First, can a Bayesian reliability assessment that
incorporates historical information improve estimation accuracy? Second, how should the
risk of inappropriate borrowing be reduced when historical and current conditions differ?
Third, how can sensitivity-analysis results be converted into reproducible guidance for
prior selection and maintenance support?

Independent historical and current fleets are simulated under field-motivated, small-
sample right-censoring conditions. Compatible borrowing is evaluated through Weibull
parameters, mean lifetime, the reliability function, and posterior threshold probabilities.
Continuous shifts in the historical scale parameter, changes in the discount factor, and
prior-misspecification stress tests are then used to trace the transmission of prior shift into
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posterior reliability metrics. Finally, scale-parameter error and reliability-function error are
combined to define simulation-calibrated full-borrowing, discounted-borrowing, and fixed-
mixture correction regions. The contribution is an end-to-end analysis from compatibility
validation and shift sensitivity to an interpretable engineering decision boundary.

Building on existing Bayesian methods for historical-information borrowing, this study
develops a reliability-assessment framework for aeronautical equipment with small-sample
right-censored lifetime data. The framework integrates historical-information modeling,
borrowing-strategy comparison, prior-shift analysis, and borrowing-region calibration.
Its main contributions are as follows:

(1) A Bayesian reliability-assessment framework is proposed for borrowing historical
information in the small-sample right-censored lifetime assessment of aeronautical
equipment rather than designing only a single prior form.

(2) The effects of different borrowing strategies on reliability-assessment results are
systematically analyzed under historical-information compatibility, scale-parameter
shifts, and prior misspecification.

(3) A reliability-error-based method is established to calibrate information-borrowing
regions, providing quantitative guidance for selecting the degree of historical-
information borrowing.

2. Fleet Simulation Scenarios and Historical-Information Construction

The fleet-lifetime simulation is designed to reproduce key features of field observations
from aviation equipment. The statistical assumptions and scope are stated first. A current-
fleet sample is then generated for the right-censored likelihood, while an independent
historical-fleet sample is used to construct the historical empirical prior. Finally, the histori-
cal prior center and strength are varied under a common data-generating mechanism so
that compatible, shifted, and misspecified scenarios remain comparable.

2.1. Assumptions and Scope

The following assumptions provide a clear statistical interpretation and delimit the
borrowing boundaries calibrated below.

1.  Potential lifetimes are independent within an assessment batch and follow a two-
parameter Weibull distribution whose parameters remain constant throughout the
observation period.

2. Censoring is non-informative. Conditional on the daily utilization rate, censoring
time and potential failure time are independent.

3. Daily utilization rates vary independently across units and are truncated below at
a positive value. Calendar time can be converted linearly to equivalent flight hours
through the daily utilization rate.

4.  Historical and current samples are independent. Historical data enter the analysis only
through the prior, whereas current data are used only in the likelihood, preventing
any duplicate use of information.

5. In compatible scenarios, historical and current equipment share the same failure
mechanism and lifetime distribution. Shift scenarios change only the prior center
associated with the historical scale parameter while holding the shape-parameter
center fixed, thereby isolating changes in lifetime level.

6. Competing failures, left truncation, post-maintenance renewal, and abrupt changes
in mission profile are excluded during the observation period. The resulting bound-
aries apply primarily to similar equipment with stable failure modes and consistent
observation rules.
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These assumptions provide a common basis for compatibility validation and shift-
sensitivity analysis. If actual data involve competing failures, informative censoring, main-
tenance renewal, left truncation, or abrupt mission-profile changes, neither the model
nor the calibrated boundaries should be extrapolated directly. The lifetime distribution,
observation process, and calibration thresholds would need to be redefined.

2.2. Fleet-Lifetime Data-Generating Scenario

Let T denote the lifetime of a common critical component or subsystem in the aviation
fleet. A two-parameter Weibull model is assumed:

T ~W(m,n) 1)

Here, m > 0 is the Weibull shape parameter and # > 0 is the scale parameter. The cu-
mulative distribution, reliability, and probability-density functions are

F(t|m,ﬂ)—1—exp[—<;>m], £>0 )
R(t|m,n) =exp [— (;)m}, t>0 3)

and

T O R0 A

The shape parameter m describes how the failure rate changes with service time,
whereas 77 describes the equipment lifetime level. The baseline simulation uses

my = 1.0, Ho = 2000 h (5)

All lifetimes are expressed in flight hours. These values create a baseline in which only
some units of highly reliable equipment fail during a limited observation period. They also
permit direct error comparisons against known parameters. They are not intended as
universal lifetime parameters for a particular equipment type. The baseline parameters
my = 1.0 and 79 = 2000 h define the reference simulation scenario for examining historical-
information borrowing under small-sample right censoring. Because the Weibull shape
parameter describes different failure-rate patterns, sensitivity analyses are also conducted
at other shape values to test the applicability of the proposed borrowing strategies and
borrowing-region classification across failure regimes. The results show that the proposed
methods reduce parameter-estimation error across the examined shape settings. In par-
ticular, under the wear-out regime (m = 2.0), introducing the historical empirical prior
substantially reduces error while maintaining stable performance, further supporting the
robustness of the proposed method with limited data ( Table A1l).

Lifetime observation depends on both calendar time and equipment utilization. Let Uj;,
measured in h/day, denote the daily utilization rate of unit i. Random variation across
aircraft or mission periods is represented by

Ui ~ N(pu, o) (6)
The utilization rate is truncated at a positive lower bound:

U; = max{umin, U;} (7)

https://doi.org/10.3390/aerospace13100875


https://doi.org/10.3390/aerospace13100875

Aerospace 2026, 13, 875

50f 32

Here, p1; and oy are the mean and standard deviation of daily utilization and #p;, > 0
is its lower bound. The baseline setting uses y;; = 6 h/day; the remaining values are speci-
fied by the simulation design. Public aircraft reliability reports indicate that the average
daily flight hours of some commercial fleets are approximately in the range of 6-8 h/day;
a Q400 fleet operation report also reports an average utilization close to 6.16 h/day. There-
fore, iy = 6 h/day is used in the baseline scenario to represent a moderate utilization level.
This value is used only for the simulation setting and should be replaced by equipment-
specific operational records in practical applications.

For an observation period of d calendar days, the equivalent censoring time of unit 7 is

C; =du; (8)

Thus, C; is measured in flight hours. Although all units have the same calendar
observation period, individual utilization produces different equivalent flight hours and
censoring times. This random right-censoring mechanism more closely represents field
fleets than an idealized design in which every unit is censored at the same time. In each
simulation replicate, the true lifetime T; is randomly generated according to the two-
parameter Weibull lifetime distribution model specified in (1), and the corresponding
censoring time C; is generated from Equation (8). In Equation (8), d denotes the calendar
observation duration in days and is not a differential symbol; the product dU; converts
the calendar observation duration into cumulative equivalent flight hours. The observed
lifetime X; and failure indicator J; are

Xz' = min(Ti, Ci) (9)
and
1, T, <G,
o = (10)
0, T; >C;

The value §; = 1 indicates failure during observation, whereas J; = 0 indicates survival
through the end of observation and hence right censoring. The current data set is therefore

D={(X,6):i=12,...,n} (11)

This representation contains both exact lifetimes for failed units and survival informa-
tion for censored units, forming the basis of the right-censored likelihood and Bayesian
posterior inference.

2.3. Construction of the Current Sample

The current sample represents field lifetime data collected from aviation equipment
over a limited observation period. The assessment scenario consists of three aircraft ob-
served for dc = 500 days. To reflect the small fleet, the limited number of common
components, and incomplete field data, the current sample size varies across replicates and
is drawn from [15, 20]

n, ~ [15,20] (12)

where 1, is the current sample size in Monte Carlo replicate r. The equivalent censoring
time of current unit 7 is
Ci = dcUy; (13)

With uy; = 6 h/day, the average equivalent censoring time is approximately

E(Cyi) = dcpy = 500 x 6 = 3000 h (14)
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Because the true scale is 779 = 2000 h, some units fail during observation while others
remain operational at its end. Each current sample therefore contains both failures and
right-censored observations.

To maintain comparable small-sample, high-censoring conditions across Monte Carlo
replicates, the censoring proportion is constrained. The numbers of failed and censored
units in replicate r are

ny
nf =36, (15)
i=1

and
ny

ne =n, — n{ = 2(1 —6yi) (16)
i=1

The corresponding censoring proportion is

né 1 &

or="1= % (1-6,) (17)

Wan proposed a survival-data simulation framework with predefined censoring rates
in which censoring proportions are controlled to compare method performance under
specified censoring conditions [30]. Before using simulation to study how historical in-
formation compatibility affects Bayesian reliability assessment under small-sample right
censoring, the censoring level should be controlled so that different simulation experiments
have comparable information content. Therefore, the realized censoring proportion in each
current sample is required to satisfy

0.30 < p, < 0.40 (18)

If a generated sample fails this constraint, the replicate is regenerated until the cen-
soring proportion falls within the target interval. This acceptance-rejection step stabilizes
the intended simulation condition of a small sample with substantial censoring; it does not
represent an actual data-collection process.

A sensitivity analysis examines whether enforcing a consistent censoring proportion
affects reliability assessment. The acceptance-rejection mechanism produces no evident
statistical shift: parameter-estimation and reliability-indicator biases remain low both
with and without the censoring-proportion constraint. The mechanism therefore supports
comparable information content when Bayesian reliability-assessment methods are com-
pared. The experimental settings, screening details, and results are reported in Table A2.
The purpose of this constraint is to keep the censoring level consistent across Monte Carlo
replicates. Without such a constraint, random sampling may produce some samples with
many failures, making the problem close to complete lifetime-data analysis, while other
samples may contain almost no failures and provide insufficient information for reliable
Bayesian updating. Table A2 further evaluates whether maintaining a consistent censoring
proportion affects the reliability-assessment results.

2.4. Historical Information and Independence

With a small right-censored sample, the current data contain limited failure informa-
tion and may yield unstable parameter estimates. Series production, equipment batches,
and accumulated service records provide historical lifetimes that may be borrowed, but
similar sources are not necessarily statistically compatible. The production batch, mis-
sion profile, environmental stress, and maintenance condition can all shift the lifetime
distribution. A borrowing decision should therefore consider provenance, prior preci-
sion, historical-current compatibility, and prior-data conflict [31,32]. Both compatible and
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shifted historical scenarios are examined to distinguish borrowing benefits from misspecifi-
cation risks. When lifetime data from equipment of the same type are insufficient, expert
judgments can also be pooled into an updatable reliability prior provided that differences
among expert opinions and their uncertainty are represented explicitly [33].

The historical fleet comprises 15 aircraft observed for dg = 3000 days. Historical obser-
vations are generated with the same Weibull lifetime and random-utilization models and
use the same unit, flight hours, as the current sample. In this simulation study, the historical
samples are used to construct historical reliability data sets with field-fleet characteristics.
They approximate lifetime information accumulated from similar equipment populations
or historical batches rather than real operating data from a specific fleet. Historical and
current samples are generated independently under their corresponding simulation condi-
tions. The Monte Carlo replicates are used to evaluate the statistical performance of the
proposed method; each replicate regenerates historical and current samples according to
the prescribed simulation design and does not represent a repeated observation of the same
historical population. The historical empirical prior is therefore not an ideal prior based on
unlimited historical information but rather a reference prior used to describe parameter
uncertainty under a certain level of historical accumulation. Because parameters must be
estimated from finite historical batches in practical engineering applications, Section 4.4.1
further analyzes how the number of finite historical batches affects empirical-prior construc-
tion and posterior reliability assessment. The larger fleet and longer observation period
provide substantially more lifetime information.

In practical engineering scenarios, current high-reliability aeronautical equipment
often has a short service history and only a small number of failure observations, whereas
similar historical equipment may have accumulated long-term operating data and may
form a larger historical database. Compared with the current sample, the historical fleet
has a larger scale and longer observation period and therefore can provide relatively richer
lifetime information. This feature is consistent with the accumulation of historical data in
engineering practice.

Let the data set from historical replicate k be

Dg):{(xgl)/fsg?)lzl,l/”g{)}, k:l,z,,K (19)

The bounded maximum-likelihood estimation for historical data set k gives

(i), i) = argmax £} (m,n) (20)
me [mminrmmax]
ne [ﬂmim’?max}

where Kg)(m,q) is the right-censored log-likelihood for data set k, and [min, Mmax]
and [#min, fmax] are the bounded search intervals for the shape and scale parameters.
Finite-sample Weibull maximum-likelihood estimates may be systematically biased; bias-
reduction methods have therefore been developed for shape estimation with complete and
Type-I censored data [34].

To enforce positivity and improve numerical stability, the historical estimates are
transformed to the log-parameter space:

o0 — [y 21
H = | ) (21)
Ny

After invalid estimates are removed, the set of valid historical estimates is

Iy ={k: rﬁg{) >0, ﬁg) >0, ﬁag{) and 171(5) are valid } (22)
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with size
Ky = |Zn| (23)
The historical mean vector is
N (24)
Kn kely
and the historical covariance matrix is
1 k k

n= g L (0 ) (0] )T el (25)

The small regularization term eI, where ¢ > 0 and I'is the 2 x 2 identity matrix, ensures
a positive-definite covariance. The resulting historical empirical prior is

mH(0) = ¢2(0; pn, Zn) (26)

where ¢ (6; u, Zy) denotes the bivariate normal density with mean pp and covariance
Ly, and 8 = (Inm,Iny)T.

This empirical prior is not specified from the true parameters. It is aggregated from
parameter estimates obtained from independent historical fleets. Repeated historical data
sets approximate the sampling distribution of the historical estimates in the simulation.
If only one historical data set is available in practice, uncertainty in the historical pa-
rameters should instead be estimated from multiple batches, resampling, or a hierar-
chical model. A single maximum-likelihood estimate should not be substituted for the
historical covariance.

Compatible and shifted versions of the historical empirical prior are constructed.
The compatible prior retains the historical mean as its center and represents a baseline in
which historical and current equipment have the same lifetime distribution. The shifted
prior changes only the center associated with the log-scale parameter, representing system-
atic underestimation or overestimation of the current lifetime level. Continuous changes
in the shift ratio produce controlled scenarios ranging from compatibility to substantial
misspecification without changing the current-data mechanism.

Historical and current samples remain independent throughout the study. Historical
data form only the prior, and current data form only the likelihood. The true parame-
ters used to generate the data enter only the simulation-error calculations; they do not
enter prior specification or posterior computation. This design prevents information reuse
and allows posterior changes to be attributed to changes in the quality and strength of
historical information.

3. Bayesian Modeling of Small-Sample Right-Censored Data with
Historical Information

A two-parameter Weibull lifetime model is combined with weakly informative, histor-
ical empirical, discounted, and fixed-mixture priors in a common log-parameter space. Cur-
rent observations enter through the right-censored likelihood. Because the posterior is only
two-dimensional, deterministic grid integration provides normalized posterior weights,
parameter and mean-lifetime estimates, reliability-function credible bands, and posterior
probabilities of reliability thresholds. The four priors represent, respectively, no historical
borrowing, full borrowing under compatibility, discounted borrowing, and a fixed-mixture
buffer under conflict.
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3.1. Prior Models
Because m and # are positive, priors are defined in the log-parameter space:
) Iny
with
m = exp(61), 7 =exp(62) (28)

Four prior constructions represent both the introduction of historical information
and changes in its credibility. The weakly informative prior gives a baseline independent
of historical data. The historical empirical prior represents direct borrowing when his-
torical information is broadly compatible with current equipment. The discounted prior
retains partially credible historical information at reduced strength. The fixed-mixture prior
provides a robust correction when historical information may be shifted or misspecified.
The prior is therefore not only an input to Bayesian inference but also the mechanism
through which prior shift, posterior reliability, and engineering borrowing boundaries
are analyzed.

3.1.1. Weakly Informative Prior

The baseline prior is a bivariate normal distribution in the log-parameter space:

710(0) = ¢2(0; po, o) (29)

where the general forms of its mean and covariance are

In mef
0= (30)
K [ln Nref ‘|
and )
o 0
o= | ™ (31)
i

The engineering reference values ¢ and 7,.¢ define the center, while large values of
02, and 0’%0 provide broad coverage. The weakly informative prior supplies a Bayesian
result that does not depend on historical samples and prevents a few observed failures from
determining the posterior completely. It should remain broad but proper so that the poste-
rior and its moments are well defined under censoring. Its center and dispersion should
respect parameter units, engineering knowledge, and plausible reliability ranges [35].

3.1.2. Historical Empirical Prior

Repeated estimation from independent historical fleets provides p; and Zp, so the
historical empirical prior is

7y (0) = ¢2(0; pr, L) (32)

Its mean represents the parameter center supported by the historical data, and its co-
variance represents uncertainty in the historical estimates. Historical results are transferred
probabilistically rather than treated as fixed constants.

Full empirical borrowing is appropriate only when the historical and current popula-
tions are broadly consistent in failure mechanism, mission profile, operating environment,
and observation rules. Identical equipment designations alone do not establish statistical
compatibility when these conditions differ. The historical empirical prior serves both as
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the performance benchmark under compatibility and as the reference for subsequent shift-
sensitivity analyses. Shifting the prior center associated with the scale parameter quantifies
how a change in lifetime level affects posterior parameters and reliability metrics.

3.1.3. Discounted Prior

Historical and current populations may differ by production batch, mission profile,
environmental load, or maintenance state. Under a precise empirical prior, an incorrect
center can dominate a small-sample posterior. Historical-information strength is therefore
adjusted continuously by inflating the prior covariance. Inspired by power-prior discount-
ing, the historical likelihood is not raised directly to a fractional power. Instead, after the
historical parameter estimates have been approximated by a bivariate normal distribution,
their covariance is inflated to reduce prior precision [36]:

Ly
ﬂ“(e) :4)2(9;}4H,a>, 0<a<1 (33)

The discount factor a represents the degree to which historical information is retained.
At a =1, historical information is fully borrowed, corresponding to high consistency be-
tween the historical and current fleets. As a decreases, the contribution of historical informa-
tion to posterior inference weakens, reflecting greater uncertainty about historical-current
consistency. The discount factor is not a universal constant and should be selected for each
application based on historical-current data consistency and engineering knowledge.

This construction isolates the posterior response to reduced information precision
while retaining the historical center. It is not mathematically identical to a standard power
prior applied to the historical likelihood and is interpreted here as a normal-approximation
discounting scheme inspired by that approach.

3.1.4. Fixed-Mixture Prior

Covariance inflation reduces historical precision but leaves the center at . If histori-
cal information conflicts markedly with the current data, inflation alone may not sufficiently
reduce misspecification. A fixed-mixture prior therefore combines the historical empirical
and weakly informative priors:

() = wry(0) + (1 - w)m(0), 0<w<1 (34)

The mixture weight w is the weight assigned to the historical empirical prior and
determines the proportion of historical information retained in the mixture. A larger
value indicates greater reliance on historical experience, whereas a smaller value can
improve robustness to inconsistency between historical and current data. In engineering
applications, the weight can be selected according to the credibility of historical information
or an assessment of historical-current data consistency.

Research on incorporating historical information further shows that borrowing
strength can be calibrated by limiting the prespecified error-rate inflation, thereby bal-
ancing information efficiency against the risk of prior-data conflict [37].

The fixed mixture is a robustness benchmark with a prespecified weight rather than
a data-adaptive mixture. Its protection still depends on the mixture weight and on the
specification of the weakly informative component.

Figure 1 compares the concentration of the four priors in the log-parameter space.

The priors progress from weak constraint to full borrowing, precision discounting,
and mixture buffering. The empirical prior uses compatible historical information most
efficiently. The discounted prior reduces historical precision by expanding its covariance,
whereas the fixed mixture mitigates domination by an incorrect center through its weakly
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informative component. Subsequent experiments vary the center and strength separately
to distinguish a misplaced prior from an overly influential prior.

Figure 1. Alternative prior models in the log-parameter space.

3.2. Right-Censored Weibull Lifetime Model
For the current data set
DZ{(XZ‘,éi):i:LZ,...,Tl} (35)
the likelihood contribution is f(X; | m,#) for a failed unit and R(X; | m,#) for a right-
censored unit. The right-censored likelihood is
n
L(m,n | D) = [TUF(Xi | m, )% [R(X; | m, )]~ (36)
i=1

Substituting the Weibull density and reliability functions gives

n N m—1 S n A\ m
Lim,y | D) =] '”(X) ] exp [—Z(X’) 37)
i=1 Ul n i=1 n
For numerical stability, calculations use the log-likelihood
n nosx\ ™
E(m,iy|D):Z(Si[lnm+(m—1)lnXi—mln17]—Z(1;) (38)
i=1 i=1

This likelihood uses the exact lifetime information from failed units and survival
information from units still operating at censoring. All Bayesian methods use the same
current-sample likelihood, providing a common data basis for comparing priors. Related
analyses of non-homogeneous and interval-censored failure data show that Bayesian
updating can combine a prior formed from general data with equipment-specific censored
observations but that the value of the historical information depends on the compatibility
between the model and the observation mechanism [38].
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3.3. Posterior Model in the Log-Parameter Space

Equations (27) and (28) map 0 uniquely to the Weibull parameters. The posterior in
the log-parameter space is

L(exp61,exp 6, | D)7(0)
/ L(exp61,exp6, | D)7t(6)d6
(S

(8| D) = (39)

The prior 77(0) may be 7y, 7y, 7y, or p, and © is the integration region in the
log-parameter space. Because both the prior and posterior integration are defined in that
space, no Jacobian for a transformation from the original parameter space is needed in
Equation (39). A prior defined in the original parameter space would require the corre-
sponding change-of-variables treatment.

3.4. Posterior Computation and Reliability Outputs

The posterior involves only two log parameters. Markov chain Monte Carlo can solve
more general high-dimensional problems, but repeated Monte Carlo experiments with mul-
tiple priors would also require convergence diagnostics, effective-sample-size checks, and
control of the sampling error, reducing cross-scenario reproducibility [39]. Deterministic
two-dimensional grid integration is used instead. It directly yields normalized weights and
numerical expectations for reliability quantities. Its validity depends on the grid covering
essentially all posterior mass at sufficient resolution.

3.4.1. Numerical Solution of the Posterior

Let the integration region be

Q= [Gl,minr 61,max] X [62,min/ 92,max} (40)

The two axes are divided into A and B grid points:

010 = O1,min + (2 — 1)Aq, a=12..,A (41)
0 = 92,m1n+(b—1)A2, b=1,2,...,B (42)

where o o 0 0
Al _ 1,ma12 — 11,mm/ AZ _ 2,ma1); — 12,m1n (43)

Grid point (a,b) is
O = (610,02) T (44)
with Weibull parameters

Mgy = exp(01a), Mo = exp(fap) (45)

The unnormalized log-posterior at that point is

Qab = g(mub/ Hab | D) +In 7T(eab) (46)

To prevent numerical underflow, define

Amax = n;%X qab (47)
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The normalized posterior weights are
Wap = — egp(%h fmax) (48)
Z Z eXP Qap — Qmax)
and satisfy
A B
L)L ww = (49)
For the fixed-mixture prior, Equation (46) uses
In 72y (00p) = In[w7t (00p) + (1 = @) 710(04p )] (50)
3.4.2. Posterior Reliability Outputs
At each grid point,
Moy = exp(01a),  Hap = exp(bap) (51)
The Weibull mean lifetime is
1
T =yl <1 + ) (52)
m
so at grid point (a, b),
1
Ty =l (1+ 7, ) 63
Map
Posterior means provide point estimates
A B
= Z Z MapWap (54)
a=1b=1
A B
T=2 2 NabWab (55)
a=1b=1
and
T = Z 2 T abWgp (56)
At mission time ¢, the reliability at grid point (a, b) is
Mg
= ex (57)
P { <77ab ) ]
and the posterior mean reliability is
A B
=) ) Rap(t)wap (58)
a=1b=1

For credibility level 1 — «, the credible interval of any parameter function g(0) is

[Qy/2{8(0) | D}, Q1-,/2{g(6) | D}]

(59)
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where Q) denotes the weighted posterior p-quantile computed from w,;,. Pointwise credible
bands for the reliability function are obtained from the weighted distribution of R, (t) at
each mission time.

Engineering interpretation is strengthened by posterior probabilities of reliability
thresholds. For mission time t]- and reliability threshold R]*f,

A B
P{R(tj)) 2 R; | D} = ) ) I{Ru(t;) > R} Jwap (60)
a=1b=1

where I(+) is the indicator function. For a mean-lifetime threshold T,

A B
P{TZT* |D}: Z ZI{TabZT*}wab (61)
a=1b=1

Credible intervals quantify posterior uncertainty, while threshold probabilities quan-
tify posterior support for engineering requirements. Both depend on the selected thresholds
and the consequences of loss and should not be interpreted independently of mission-risk
tolerance. They are nevertheless more suitable than a single point estimate for risk commu-
nication and maintenance decisions when failures are few and censoring is substantial [35].
Similar posterior probabilities and posterior-risk measures have been used to design relia-
bility qualification tests for high-reliability space-propulsion systems under constraints on

sample size, test duration, and cost [40].

3.5. Comparison Methods and Performance Metrics

Six methods are compared: the mean-rank method, bounded maximum likeli-
hood, weak-prior Bayes, historical empirical Bayes, discounted Bayes, and fixed-mixture
Bayes. The first two provide frequentist benchmarks, weak-prior Bayes provides a no-
borrowing Bayesian benchmark, and the remaining methods represent full, discounted,
and mixture borrowing.

Performance is assessed through parameter, lifetime, and reliability-function errors.
For true parameters mg and 7, the true mean lifetime is

= 1
To=nol' {1+ — 62
0 =10 < + mo) (62)
The relative errors of the shape parameter, scale parameter, and mean lifetime are

_ |m —my

em x 100% (63)
my
|77 — 1ol
e, = —— x 100% 64
0 7 (64)
and R
T-T,
To

On a mission-time grid {tj :j=1,2,...,]}, the reliability-function mean absolute

error is
1L -
er = = ) [R(tj) = Ro(t))] (66)
=
where £
Ro(t]-) = exp [— (71]0> } (67)
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These metrics measure error in the failure-rate shape, lifetime scale, mean lifetime,
and reliability curve across the mission-time range. Parameter and reliability errors need
not move together, so the borrowing boundaries below jointly consider the scale-parameter
relative error and reliability-function mean absolute error.

For M Monte Carlo replicates, the mean of any replicate-level error e(") is

1 % (r)
e=—) eV (68)
Mr*l

The workflow in Figure 2 is repeated for 3000 Monte Carlo replicates. Error metrics
are averaged across replicates to reduce dependence on any representative sample. Figures
illustrate representative responses, whereas methodological conclusions are based on the

repeated-simulation summaries.

Specify the Fleet Size Specify the Lifetime
and Observation Distribution and Its
Period Parameters
Current Fleet Sample Historical Fleet
Generation Sample Generation
i )
Generate Random Generate Latent
Daily Utilization Rates Failure Times T;
Calculate the Determine the
Individual Censoring Simulated Failure
Times C; Times
Hmes Imes
Yes
Right-Censored Observation: Observed Failure:
Y;=C;, 6;=0 Y;=T; 6 =1
[ , [
] )
Assemble the Current Lifetime Assemble the Historical Lifetime
Dataset Dataset
1 {
Specify the Prior Model in the Log- Estimate Weibull Parameters from
Parameter Space [“—] Historical Samples via Maximum
T Likelihood
Construct the Right-Censored
‘Weibull Likelihood
Construct the Posterior Distribution
1
Evaluate the Posterior Distribution
Using Two-Dimensional Grid
Integration
Replicatio Note: §; denotes the failure-event indicator.
n Index r

8; = lindicates an observed failure

=3000? &; = Oindicates a right-censored observation.

Figure 2. Simulation and posterior-assessment workflow.

4. Simulation Experiments and Sensitivity Analysis

The experiments have two levels. Historical borrowing is first evaluated when the
historical and current samples are compatible, establishing whether it improves small-
sample right-censored lifetime estimation. The historical prior center and precision are
then misspecified to measure the sensitivity of posterior reliability metrics and calibrate

prior-selection regions.
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This study evaluates the effect of historical-information quality on reliability assess-
ment from three perspectives: availability, observation completeness, and historical-current
consistency. The historical-sample scale is examined by varying the number of batches
used to construct the empirical prior; observation completeness is assessed under different
censoring conditions; and inconsistency is examined through scale-parameter shifts and
prior-misspecification scenarios.

All experiments use the data-generating assumptions in Section 2.1 and the same
current-sample likelihood. The six estimators are compared using relative errors of the
parameters and mean lifetime, reliability-function mean absolute error, posterior credible
intervals, and posterior probabilities of reliability thresholds. Work on dynamic Bayesian
networks and multilevel evidence fusion for hierarchical multistate systems likewise em-
phasizes the role of observation uncertainty in dynamic reliability updating [41].

4.1. Simulation Settings and Data-Constraint Checks

Current lifetimes follow the two-parameter Weibull distribution. A finite observation
period and random daily utilization produce non-identical right-censoring times. Inde-
pendent historical samples construct the empirical prior, while current samples are used
only for posterior updating. Table 1 summarizes the sample-size and censoring constraints
and the resulting historical-prior information. Figure 3 shows a representative current
sample containing both failed and right-censored units with censoring times that vary
with utilization. It confirms the intended data-generating mechanism; final performance
conclusions rely on all 3000 simulation replicates.

Table 1. Constraints for small-sample right-censored data and historical prior information.

Quantity Result
Current sample-size range 15-20
Mean current sample size 17.61
Censoring-proportion range 0.30-0.40
Mean censoring proportion 0.342
Valid historical sample groups 1200
Historical-prior mean of m 1.012
Historical-prior mean of 7 1979.11
Proportion of valid historical samples 1.000

® Failure, =1
o Right-censored observation, §=0

Generation of small-sample right-censored fleet lifetime data
T T T

T T T

Observed unit index

~
.

Mean censoring time | | | | | |
1

1 1 1 1 | 1 |
0
0 500 1000 1500 2000 2500 3000 3500 4000
Flight time (h)

Figure 3. Failure and right-censored observations in a representative current sample.
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Weak-prior Bayes is the Bayesian benchmark without historical borrowing. The empir-
ical prior is constructed from independent historical lifetimes. The baseline discount factor
is « = 0.35, and the historical-component weight in the fixed mixture is w = 0.80. Both
are prespecified analytical settings for this simulation. In particular, w = 0.80 provides a
fixed-mixture robustness reference; it is not a universally optimal value estimated from the
current data.

In the proposed assessment framework, a and w are not independent tuning parame-
ters; they control the degree of historical-information borrowing and should be selected
with reference to the consistency level and the corresponding borrowing region. The base-
line settings represent partial borrowing and fixed-mixture correction, respectively, and are
not claimed to be optimal for every engineering application.

The evaluation includes relative errors in the shape parameter, scale parameter, and
mean lifetime together with the reliability-function mean absolute error. For the Bayesian
methods, parameter credible intervals, reliability-function credible bands, and posterior
threshold probabilities are also compared. These quantities evaluate point accuracy, poste-
rior uncertainty, and support for engineering thresholds.

4.2. Feasibility Under Compatible Historical Information

The compatible scenario asks whether full historical borrowing can stabilize small-
sample right-censored assessment without materially increasing the mean error when the
historical and current fleets follow the same lifetime distribution.

Table 2 reports average errors over 3000 replicates. The mean-rank and bounded
maximum-likelihood estimators have relatively large parameter and mean-lifetime errors
when few failures are available. Weak-prior Bayes produces a full posterior, but the current
likelihood constrains the scale poorly, and the posterior mean lifetime is sensitive to its
long upper tail. Its mean-lifetime error is consequently high in this scenario. Historical
empirical Bayes combines the historical parameter distribution with the current censored
likelihood. Its relative errors for the shape parameter, scale parameter, and mean lifetime
are 2.52%, 3.54%, and 3.12%, respectively, and its reliability-function mean absolute error
is 1.28%. Discounted and fixed-mixture Bayes intentionally reduce the influence of the
fully informative historical prior. Their errors are therefore somewhat larger under exact
compatibility but remain substantially below those of the no-borrowing benchmarks.

Under the compatible, independent, and non-informative-censoring conditions con-
sidered here, the historical empirical prior compensates effectively for limited failures in the
current sample and maintains low average error across replicates. This conclusion cannot
be inferred from one representative sample, and historical observations from nominally
identical equipment are not necessarily compatible in field applications.

Table 2. Mean estimation errors under compatible historical information.

Method RE,, RE, RE, MAER
Mean-rank method 29.44% 34.26% 40.80% 14.47%
Bounded maximum likelihood 19.42% 33.03% 39.59% 8.87%
Weak-prior Bayes 17.51% 41.91% 70.24% 9.93%
Empirical Bayes 2.52% 3.54% 3.12% 1.28%
Discounted Bayes 517% 9.27% 9.48% 3.11%
Fixed-mixture Bayes 3.93% 6.42% 9.49% 2.10%

Figure 4 compares reliability curves for a representative current sample. Among the
six methods, the empirical Bayes curve is closest to the true reliability curve.
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Reliability functions for a representative current small-sample data set
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Figure 4. Reliability estimates under different methods for the current sample.

4.3. Posterior Uncertainty and Reliability-Threshold Probabilities

Bayesian assessment provides posterior uncertainty in addition to improved point
estimates under an effective prior. At the 95% credibility level, the mean widths of the
scale-parameter and mean-lifetime credible intervals are 830.28 and 787.86 for empirical
Bayes compared with 3575.54 and 6302.54 for weak-prior Bayes. Compatible historical
information therefore narrows posterior intervals substantially. A narrower interval in-
dicates useful information only when accompanied by low bias or satisfactory coverage;
narrowness alone is not evidence of a reliable method. High-reliability lifetime studies
of critical aeronautical structures similarly show that point estimates alone do not sup-
port high-reliability claims; posterior or confidence intervals are also needed to represent
tail-lifetime uncertainty [42].

Figure 5 compares the posterior means and 95% credible intervals of the shape param-
eter m, scale parameter 7, and mean lifetime. The empirical Bayes posterior is centered
near the true values and is most concentrated. The discounted and fixed-mixture pri-
ors yield moderately wider intervals, showing the accuracy-robustness tradeoff created
by relaxing historical constraints. Figure 6 presents the corresponding uncertainty in the
reliability assessment.

To more comprehensively evaluate the effect of historical borrowing on posterior
uncertainty assessment, Monte Carlo coverage probabilities of the 95% credible intervals
are calculated for the Weibull parameters, mean lifetime, and mission reliability R(500)
under different historical-information states. The results in Table 3 show that the historical
empirical prior substantially reduces credible interval widths under compatibility, but its
coverage is more sensitive to prior shifts because of the stronger information constraint.
The weak prior maintains higher coverage because it imposes weaker historical constraints,
although this comes at the cost of lower estimation efficiency. The discounted prior provides
a balance between estimation efficiency and uncertainty calibration. When historical
information is shifted, discounting can mitigate the coverage reduction caused by full
historical borrowing, indicating that appropriately controlling the influence of historical
information is important for robust Bayesian reliability assessment.
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Figure 5. Posterior means and 95% credible intervals of Weibull parameters and mean lifetime.

Posterior mean reliability functions and 95% credible bands

09 Empirical Bayes 95% credible band -
— Empirical Bayes posterior mean
08k Fixed-mixture Bayes 95% credible band _|
- - ~Fixed-mixture Bayes posterior mean
0.7 - -
0.6 - -1
£
'-E 05 -
<
& 0.4 F0.55

1400

1600 1800
l

True reliability

2000

2500

500 1000 1500

Time (h)

Figure 6. Posterior mean and 95% credible band under compatible historical information.

Table 3. Mod5% Bayesian credible intervals under different historical-information states.

Mean- R(500)
Historical-Information State Scale Shift Method m Coverage 17 Coverage Lifetime C

Coverage overage

8

Compatible historical information 1.0 Weak prior 0.952 0.952 0.952 0.956
Compeatible historical information 1.0 Historical empirical prior ~ 0.924 0.924 0.924 0.938
Compatible historical information 1.0 Discounted prior 0.954 0.954 0.950 0.960
Historical scale low 0.8 Weak prior 0.937 0.959 0.940 0.959
Historical scale low 0.8 Historical empirical prior ~ 0.884 0.841 0.800 0.929
Historical scale low 0.8 Discounted prior 0.939 0.937 0.914 0.948
Historical scale high 1.2 Weak prior 0.950 0.961 0.952 0.954
Historical scale high 1.2 Historical empirical prior ~ 0.928 0.902 0.914 0.936
Historical scale high 1.2 Discounted prior 0.958 0.959 0.960 0.964
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Figure 7 shows joint posterior contours for m and # under the four priors. The weak-
prior posterior covers a broad region, indicating that the current small sample cannot
distinguish the parameters precisely. The empirical Bayes posterior is the most concentrated
and is centered near the true parameters. The discounted and fixed-mixture posteriors
have intermediate concentration. The contours also reveal posterior dependence between
m and #; marginal means alone do not characterize that uncertainty.

Posterior distributions of Weibull parameters under alternative priors

(a) Weakly informative Bayes (b) Empirical Bayes
6000 T >datal 1 6000 > datal
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Figure 7. Joint posterior distributions of Weibull parameters under alternative priors.

Parameter credible intervals, joint posterior contours, and reliability-function credible
bands are therefore considered together rather than judging historical borrowing from a
single parameter estimate.

Posterior threshold probabilities quantify support for reliability requirements and
supplement comparisons of borrowing strategies. Figure 8 shows the posterior probability
of the illustrative requirement R(500) > 0.75. Borrowing strength changes the posterior
support materially. Empirical Bayes produces the highest probability, indicating that full
borrowing strengthens support for the reliability requirement when historical and current
information are compatible.

4.4. Sensitivity and Robustness

The Weibull shape parameter m characterizes the trend in the failure rate over service
time, whereas the scale parameter 7 characterizes the overall lifetime level. For equipment
with a common failure mechanism, differences in batch, mission profile, environmental
stress, or maintenance may first appear as changes in lifetime scale. To isolate that effect,
the controlled sensitivity analysis holds the shape-prior center fixed and shifts only the
scale-prior center. When a historical prior conflicts with current data, borrowing benefit, es-
timation error, and decision loss involve a material tradeoff; systematic sensitivity analysis
is therefore needed to assess the robustness of a borrowing strategy [43]. Because historical-
information quality directly affects the performance of Bayesian information borrowing,
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this section also examines its effects from the perspectives of consistency and availability.
Robustness is evaluated by varying historical-sample accumulation, historical-current
parameter shifts, and prior-data conflict.

Posterior probability that reliability satisfies R(500)>0.75
T T T T

e
o
T
1

e
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Figure 8. Posterior probability that reliability satisfies R(500) > 0.75.

4.4.1. Empirical-Prior Uncertainty Under Finite Historical Information

To test whether the proposed method depends on the amount of available historical
information under historical-current compatibility, an additional finite-historical-batch
scenario is considered. The empirical prior is re-estimated from a single historical batch,
three historical batches, and ten historical batches, respectively, and Bayesian updating
is then performed under the condition that historical information is compatible with the
current object.

The stability of the empirical-prior center is first examined. Table 4 reports the uncer-
tainty of the prior-center estimates for the shape parameter, scale parameter, and R(500)
under different numbers of historical batches. The results show clear sampling fluctuation
in the prior center when only one historical batch is available. As the number of historical
batches increases, the standard deviations of all prior-center errors decrease continuously,
indicating that finite historical data do introduce additional prior-estimation uncertainty,
whereas historical-information accumulation gradually improves the stability of the em-
pirical prior. Therefore, in practical engineering applications, an empirical prior should
not be simply assumed to be an accurate prior; the finite size of historical data should be
considered.

Table 4. Uncertainty analysis of empirical-prior centers under different historical-information sizes.

Historical-Information Scenario

Historical Batches ~ SD of Shape-Center Error ~ SD of Scale-Center Relative Error ~ SD of Prior-Center R(500) Error

Single historical batch
Finite historical batches
Finite historical batches

1
3
10

0.357887 0.120 0.080202
0.170739 0.075 0.047532
0.088261 0.041 0.025761

On this basis, Table 5 further evaluates the effect of finite historical batches on posterior
reliability-assessment performance. The results show that the mean error of R(500) remains
small under one, three, and ten historical batches without obvious systematic bias. As the
number of historical batches increases, both RMSE and prior-center variation decrease,
while the 95% credible interval coverage generally remains close to the nominal level.
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The stability of posterior reliability assessment is especially improved when three or ten
historical batches are available.

Table 5. Reliability-assessment performance under different historical-information sizes with the
historical empirical prior.

Single historical batch
Three historical batches

Historical-Information Scenario R(500) Mean Error R(500) RMSE R(500) Coverage Prior-Center R(500) SD
—0.001517 0.064161 0.934000 0.075412
—0.001925 0.046988 0.934000 0.044790
—0.000457 0.032000 0.944000 0.024356

Ten historical batches

These results indicate that compared with abundant historical information, finite his-
torical batches reduce the precision of the empirical prior. Nevertheless, under compatible
historical information, the proposed method still maintains small reliability-assessment bias
and reasonable uncertainty coverage with performance improving as historical information
accumulates. Therefore, the borrowing benefit observed in the compatible scenario is not
solely caused by an “unusually accurate prior center” formed from a large number of
historical fleets; the framework remains applicable under finite historical information.

4.4.2. Sensitivity to Historical Scale Shift

The historical scale-shift factor is the ratio of the historical prior’s scale center to the
true current scale. It represents historical underestimation, compatibility, or overestimation
of the current lifetime level. Scale-parameter errors are compared for empirical, discounted,
and fixed-mixture Bayes, while Figure 9 also examines the reliability-function error.

Two-dimensional sensitivity to prior dispersion and prior-mean shift

Reliability-function error

Relative error of scale parameter

[ |,
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Figure 9. Two-dimensional sensitivity of parameter-estimation and reliability-prediction errors to
prior-mean shift and variance inflation.

Figure 10 shows that the scale-parameter relative errors of all three borrowing priors
respond to shifts in the historical scale center. At a shift factor of 1.0, empirical Bayes has
the lowest error. When the factor falls to 0.8, its error increases to 14.34% compared with
6.71% for discounted Bayes and 9.29% for fixed-mixture Bayes. Thus, if historical lifetimes
underestimate the current lifetime level, reducing prior precision or introducing a weakly
informative component limits the pull of an incorrect center on the posterior scale estimate.

With larger shifts, the posterior center under the full empirical prior follows the
historical center. The discounted prior reduces prior precision through covariance in-
flation, while the fixed mixture provides alternative posterior mass through its weakly
informative component.
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35 Continuous Response of Scale-Parameter Error to Historical Scale Shift
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Figure 10. Continuous response of scale-parameter relative error to historical scale shift.

The scale-parameter error remains generally low for shift factors near 0.9-1.1. At shifts
of approximately 20% or more, differences among methods and sensitivity to prior mis-
specification become pronounced. Optimistic historical shifts deserve particular attention.
If historical data come from a fleet with lower utilization, better maintenance, or milder
mission profiles, full borrowing may overestimate current lifetime and mission reliability.
That consequence is typically more serious than conservative underestimation. When
systematic differences in provenance are present, weaker borrowing should be preferred
and the posterior should be interpreted against mission-risk tolerance.

4.4.3. Discount Factor and Prior Strength

The discount factor a controls historical precision. For 0 < a« < 1, the discounted
covariance is Xy /a; & = 1 is the full empirical prior, and a smaller « weakens historical
information. In Table 6 and Figure 11, & = 0 is the limiting no-borrowing reference
implemented with the weakly informative prior, which is not obtained by substituting zero
into X /«. The values examined are 0, 0.25, 0.50, 0.75, and 1.00.

Table 6 reports the mean scale-parameter relative error for combinations of historical
scale shift and discount factor. Under compatibility, increasing & continuously reduces
error. When the prior center is low by 20%, & = 0.25 gives the lowest error, 5.89%, and
larger values increase the error. When the prior center is high by 20%, errors remain large
for every fixed a. Adjusting precision alone cannot remove a substantial center shift.

Table 6. Joint effects of historical scale shift and discount factor on scale-parameter relative error.

Historical Scale-Shift Factor «a=0 a=025 a«a=050 a=075 a«=1.00

0.8 41.31% 5.89% 9.57% 12.50% 14.19%
1.0 42.46% 11.43% 6.50% 4.57% 3.48%
1.2 41.14% 24.20% 22.63% 21.06% 20.50%

Figure 9 shows the two-dimensional joint effects of prior-center shift and covariance
inflation. The left panel gives the scale-parameter relative error, and the right panel gives
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the reliability-function error. Full borrowing is most accurate when the shift factor is close
to 1.0 and the prior variance is small. As the center shifts, moderate covariance inflation
reduces its influence. Excessive inflation, however, discards useful historical information
and cannot remove the systematic error caused by a large shift.

Figure 11 confirms that the effect of « depends on the historical center. A large «
uses historical information efficiently under compatibility. A moderate value is preferable
when the historical scale is underestimated. If the historical scale is overestimated by 20%,
every fixed value still gives a high error. There is no universally optimal discount factor
independent of historical-current compatibility.

Effect of the discount factor on scale-parameter estimation error

T T T T
# —6— Downward historical shift: 0.8
- B - Compatible historical prior: 1.0 |
\ Upward historical shift: 1.2

Relative error of n
- [ N W w =
N < n < n =
T T T T T

[
=
T

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Discount factor

Figure 11. Effects of the discount factor on parameter-estimation errors.

Increasing « improves accuracy and narrows posterior intervals under compatibility,
but it strengthens the influence of an incorrect historical center under shift. Decreasing
« improves robustness but weakens the information added to a small sample. The dis-
count factor therefore represents an accuracy-robustness tradeoff rather than a quantity to
maximize or minimize.

The baseline value & = 0.35 provides a compromise when compatibility is unknown
in this simulation. It is scenario-specific rather than a universal value for other equipment
systems. Field applications should recalibrate it using historical provenance, conflict
diagnostics, and the losses associated with incorrect decisions.

4.4.4. Prior-Misspecification Stress Tests

Additional stress scenarios include low and high historical scale centers, an overly
narrow prior, an overly broad prior, and a misspecified shape parameter. Heavy-tailed
and bimodal mixture priors provide supplementary comparisons of whether alternative
components buffer prior conflict. The purpose of fixed or dynamic mixtures is to limit
excessive borrowing from conflicting historical information, and the robust component and
its weight should be calibrated against the allowable degree of error inflation [37].

As can be seen from Table 7, the compatible empirical prior has low error, but scale
and mean-lifetime errors rise quickly when the historical scale center is substantially
shifted or an incorrect prior is overly narrow. Increasing prior variance weakens the
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pull of an incorrect center but also reduces information efficiency. Heavy-tailed and

bimodal mixtures have lower errors in some conflict scenarios, indicating that an alternative

component can improve robustness.

Table 7. Estimation errors and auxiliary posterior-risk indicators under prior-misspecification

stress tests.

Prior Scenario

MARE, MARE yean tifetime Posterior-Risk Indicator

Correct empirical prior

Low scale center, 0.7

High scale center, 1.3

Scale center 0.7 and overly narrow prior
Scale center 0.7 and overly broad prior
Misspecified shape parameter
Heavy-tailed mixture prior

Bimodal mixture prior

0.0366 0.0322 0.0191
0.2349 0.2350 0.0933
0.2918 0.2928 0.0807
0.2873 0.2897 0.1206
0.0822 0.0566 0.0998
0.0440 0.0588 0.1551
0.0659 0.1011 0.0492
0.0330 0.0273 0.0290

Across scenarios, weak-prior Bayes avoids attraction to an incorrect historical cen-

ter but has a broad posterior. Discounted Bayes mitigates moderate shift, and fixed-

mixture Bayes retains a larger buffer under marked conflict. The stress tests assess whether

these prior-selection directions are reasonable; the three borrowing regions are still cal-

ibrated principally by the scale-parameter relative error and reliability-function mean

absolute error.

Within the simulated range, a historical empirical prior is appropriate for compatible

and credible information, a discounted prior is appropriate for a moderate shift that retains

borrowing value, and a fixed-mixture prior is appropriate under substantial shift or high

misspecification risk. This progression motivates the offline boundary calibration.

4.5. Historical-Information Borrowing-Region Calibration and Threshold Sensitivity Analysis

When historical information is used for reliability assessment, the effective use of

historical data mainly depends on the consistency between the historical information

and the current sample. If the two are highly consistent, the full use of historical in-

formation can reduce parameter-estimation uncertainty under small-sample conditions.

If historical information is shifted, excessive borrowing may move the posterior distri-

bution in an incorrect direction and reduce reliability assessment accuracy. Therefore,

this study constructs a borrowing-region classification method that reflects the degree of

historical-information consistency.

The borrowing-region thresholds are not treated as fixed engineering rules specified

in advance but rather are calibrated offline from Monte Carlo simulation results. The joint

evaluation criteria are the relative error of the Weibull scale parameter and the mean

absolute error of the reliability function. The scale-parameter error describes bias in the

estimated lifetime level, whereas the reliability-function error describes prediction bias

over the mission-time range. For the rth Monte Carlo replicate, the joint error criterion is

defined as

where

and

I = maX{En,rr ER,r} (69)
|77y — 1o
E,,h = —— 70
7 = (70)
1 &
Err =% Y IR (tx) — Ro(tg)]. (71)
k=1
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The relevant symbols and their meanings are provided in Table 8.
Table 8. Notation for borrowing-region calibration and threshold sensitivity analysis.

Symbol Meaning

T Index of the rth Monte Carlo replicate

o True Weibull scale parameter

7 Posterior estimate of the scale parameter in replicate »

Eyr Relative error of the scale parameter

tx kth mission-time point

Ro(ty) True reliability at #;

Ry (t) Posterior reliability estimate at f;,

Er, Mean absolute error of the reliability function

I Joint error criterion

T, Two-level error thresholds

Using the maximum error as the joint criterion ensures that the borrowing strength is
adjusted whenever either evaluation metric shows a large deviation. Given a threshold
pair (11, 72), the three historical-information borrowing regions are defined as follows:

Jr<m (72)

indicates that the historical information is highly consistent with the current data and the
full-borrowing strategy is used;
n<lr<m (73)

indicates that the historical information has a certain degree of shift and the discounted-

borrowing strategy is used;
Jr> 1 (74)

indicates relatively high historical-information uncertainty and the fixed-mixture correction
strategy is used. Because these error metrics depend on the true parameters in the Monte
Carlo simulation, the region classification is an offline simulation-calibrated region. Its role
is to reveal how borrowing strategies vary under different levels of historical-information
consistency, and it cannot be used directly as an online classifier for field data.

4.5.1. Sensitivity Analysis of Threshold Combinations

To avoid dependence on a single threshold setting, three candidate threshold combi-
nations are considered:

(Tl, Tz) = (5(70, 15(70) (75)
(11, ) = (10%,20%) (76)
(11, ) = (15%,25%). (77)

A smaller threshold corresponds to a stricter information-borrowing requirement,
which can reduce the risk of erroneous borrowing but may also limit the use of valuable
historical information. A larger threshold allows more historical information to enter the
full-borrowing region but may increase potential shift risk. To quantitatively evaluate the
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effect of different threshold combinations, the empirical distribution function of the joint
error is defined as

N
F(r) = 5 L 10, <), 78)
r=1

where N is the number of Monte Carlo replicates; f] (71) denotes the proportion of samples
entering the full-borrowing region, and l?] (1T2) denotes the cumulative proportion whose
joint error does not exceed the upper threshold.

Mean estimation error describes overall borrowing performance but does not fully
capture the uncertainty and directional risks introduced by historical information. In aero-
nautical reliability assessment, optimistic historical information can lead to reliability
overestimation, which is a risk with particular engineering importance. We therefore sup-
plement the symmetric error criteria with an asymmetric positive-error risk indicator to
assess reliability overestimation and inform borrowing-region calibration.

Excessive historical-information borrowing may optimistically overestimate mission
reliability and thereby affect practical failure-risk assessment. We therefore introduce the
positive-error risk as an auxiliary asymmetric reliability-risk measure. It is the proportion
of all Monte Carlo trials in which the posterior estimate of reliability exceeds the true
reliability by more than the first threshold 7.

For a given first threshold 7y, positive-error risk is defined as

N
Py(my) = % Y I[R,(500) — Ro,(500) > 7). (79)
r=1

4.5.2. Threshold Selection and the Balance Between Information Use and Risk

Table 9 reports sensitivity-analysis results for different historical-information borrow-
ing thresholds. With the 5-15% combination, erroneous borrowing is strictly controlled,
but much useful historical information is excluded, which is unfavorable for small-sample
reliability assessment. With the 10-20% combination, the full-borrowing proportion rises
to 81.18%, the fixed-mixture-region proportion falls to 0.98%, and the positive-error risk
decreases to 3.10%. With the 15-25% combination, the full-borrowing proportion rises
further to 94.87%, assigning nearly all simulated samples to full borrowing; the discounted-
borrowing and fixed-mixture regions fall to 4.98% and 0.15%, respectively. Although
this more permissive combination reduces the probability of exceeding the error limit,
it also weakens the classification’s ability to identify moderate historical shifts. Overall,
the 10-20% combination offers a better balance between historical-information use and
erroneous-borrowing control.

Table 9. Sensitivity analysis under different historical-information borrowing threshold combinations.

Threshold Full-Borrowing Discounted- Fixed-Mixture £ (m) £ () Py (1)
Combination Region Borrowing Region Region JASE JAt2 T
5-15% <5% 5-15% >15% 0.492476  0.948667 0.190381
10-20% <10% 10-20% >20% 0.811810 0.990190 0.031048
15-25% <15% 15-25% >25% 0.948667 0.998476 0.002000

Considering historical-information use, region-discrimination capability, and
erroneous-borrowing risk together, we adopt the 10-20% threshold combination as the
information-borrowing-region criterion. This combination is not claimed to have univer-
sal statistical meaning; it represents a sensitivity region obtained from the joint error
distribution under the sample size, right-censoring, Weibull lifetime model, and reliability-
assessment objective considered in this study.
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This section constructs a borrowing-region calibration method based on the joint error
criterion and verifies the stability of the region classification through threshold-combination
sensitivity analysis. The results show that the 10-20% threshold combination provides
a good balance between historical-information use and erroneous-borrowing risk and is
therefore used as the recommended borrowing region under the simulation conditions
of this study. In practical engineering scenarios, however, this threshold should still be
further calibrated according to equipment type, sample size, and risk tolerance. Future
work will further investigate the reliability assessment of aeronautical equipment using
real operating data and complex real-world operating conditions.

5. Conclusions

This paper addresses the limited current data and the difficulty of quantifying the
degree of historical-information borrowing in small-sample right-censored lifetime as-
sessment of aeronautical equipment. A Bayesian reliability assessment framework incor-
porating historical information is proposed. Based on a two-parameter Weibull lifetime
model, weakly informative, historical empirical, discounted, and fixed-mixture priors are
constructed in the log-parameter space, and historical information is fused with current
observations through the right-censored likelihood. By constructing mutually indepen-
dent historical and current fleet simulation scenarios, the study systematically analyzes
how historical-information compatibility, finite historical batches, historical scale shifts,
borrowing-strength variation, and prior misspecification affect the performance of reli-
ability assessment. On this basis, a joint criterion based on scale-parameter error and
reliability-function error is used to conduct threshold sensitivity analysis and to form
borrowing regions under different levels of historical-information consistency, providing
an analytical basis for selecting the degree of historical-information borrowing.

The results show that when historical and current information are compatible, the
reasonable borrowing of historical information can effectively reduce parameter-estimation
error and posterior uncertainty under small-sample conditions. When only finite historical
batches are available, the empirical-prior center has increased uncertainty, but the pos-
terior reliability assessment still maintains small bias and reasonable interval coverage,
indicating that the proposed reliability assessment method has good applicability under
finite historical information in the constructed fleet simulation scenario. When historical
information is shifted, full borrowing pulls posterior estimates toward an incorrect prior
center, whereas the discounted prior and fixed-mixture prior, which reduce the weight of
historical information, can alleviate this effect to some extent. The final threshold sensitivity
analysis shows that the degree of historical-information borrowing should be adjusted
according to historical-current information consistency. The borrowing regions obtained in
this study describe information-use patterns under different consistency levels and should
not be interpreted as universal fixed engineering boundaries.

This paper still has limitations. The current analysis is mainly based on a Weibull life-
time model and the constructed fleet simulation scenario, focusing on historical-information
compatibility, finite historical batches, and scale-parameter shifts. It does not fully cover
more complex engineering scenarios such as competing failures, maintenance renewal,
multisource historical-data heterogeneity, mission-environment changes, or joint multi-
parameter shifts in historical information. The borrowing regions and thresholds are mainly
calibrated using error metrics in simulation, while true parameters cannot be directly ob-
served in field data; therefore, they cannot yet be regarded as fixed engineering rules ready
for direct deployment. Future research will combine real operating data with observable
prior-data conflict diagnostics, and it will further introduce hierarchical Bayesian, mul-
tisource information-fusion, and adaptive prior-borrowing mechanisms to dynamically
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calibrate discount strength and mixture weights, thereby improving the applicability and
engineering implementability of the proposed method in the reliability assessment of
complex aeronautical equipment.
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Appendix A. Supplementary Sensitivity Analyses and Validation Results

This appendix provides supplementary experimental results for the Bayesian re-
liability assessment framework, including the effect of the censoring-proportion con-
straint, the effect of finite historical information, numerical-integration stability, and
key-parameter sensitivity analyses. These results are used to verify the robustness of
the proposed method under different simulation conditions and to support the conclu-
sions in the main text regarding historical-information borrowing strategy selection and
reliability-assessment performance.

Table A1. Generalization performance of historical-information borrowing under different Weibull
failure regimes.

. . Scale

Weibull Failure Regime Sample Size Censorl'n & Method Shape RMSE  Relative R(500)
Shape m Proportion RMSE Coverage
0.7 Early-failure regime 30 35% Weak prior 0.1712 0.3403 0.964
0.7 Early-failure regime 30 35% Historical empirical prior  0.1305 0.2678 0.932
0.7 Early-failure regime 30 35% Discounted prior 0.1393 0.2945 0.944
1.0 Constant-failure regime 30 35% Weak prior 0.2153 0.2470 0.956
1.0 Constant-failure regime 30 35% Historical empirical prior ~ 0.1769 0.1722 0.938
1.0 Constant-failure regime 30 35% Discounted prior 0.1835 0.1848 0.960
2.0 Wear-out regime 30 35% Weak prior 0.4576 0.1292 0.936
2.0 Wear-out regime 30 35% Historical empirical prior ~ 0.3473 0.0897 0.942
2.0 Wear-out regime 30 35% Discounted prior 0.3899 0.0954 0.958
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Table A2. Effect of acceptance-rejection screening under different censoring-generation mechanisms.

Scenario Data-Generation Method Constraint gandldate Retained Acceptance Sl.1ape-Paramete1' R(500) Bias
amples Samples Rate Bias

Natural censoring No censoring-proportion constraint ~ — 1500 1500 1.0000 0.049661 0.004426

Conditional censoring  Acceptance-rejection screening 10-20% 2117 1500 0.7085 0.034077 —0.000250

Conditional censoring  Acceptance-rejection screening 30-40% 2610 1500 0.5747 0.060567 0.006621

Conditional censoring  Acceptance-rejection screening 50-60% 2812 1500 0.5334 0.073890 0.007123

Table A3. Summary of numerical settings for experimental reproducibility.

Parameter Category Parameter Name Setting Description

Utilization model Utilization variance 1 (h/day)? Random fluctuation of aircraft daily utilization

Utilization model Lower truncation of utilization 0.10h/day Prevents negative utilization values from normal sampling
Historical data setting Historical sample size 15 aircraft Used to construct the historical empirical prior

Historical data setting Historical observation period 3000 days Accumulation period of historical reliability information
Historical data setting Weibull shape search interval m € [0.25,3.50] Constraint range for MLE optimization

Historical data setting Weibull scale search interval 7 € [450,6500] Constraint range for MLE optimization

Historical data setting Covariance regularization parameter € = 10 Ensures positive definiteness of the historical-prior covariance matrix
Weak prior Prior mean [log(1.0),log(2200)] Weak-prior center in log-parameter space

Weak prior Prior covariance diag(0.952,0.85%) Provides loose parameter constraints

Posterior integration Integration parameter space (log m,log 1) Two-dimensional grid integration in log space

Posterior integration log(m) integration range [log(0.25),10g(3.50)] Posterior calculation range

Posterior integration log (1) integration range [log(450), log(6500)] Posterior calculation range

Posterior integration Grid resolution 90 x 120 Baseline posterior integration grid

Mission reliability evaluation Mission-time grid t =500h Used to calculate R(500)

Misspecified-prior experiment  Scale-parameter shift ratios 0.7,0.8,09,1.1,1.2,1.3  Simulates inconsistency between historical and current data
Misspecified-prior experiment ~ Prior-variance scaling 05,1,2,5,10 Simulates changes in prior strength

Mixture prior Fixed-mixture weight w 0.80 Weight of the historical empirical prior

Mixture prior Discount factor a 0.35 Degree of historical-information discounting

Table A4. Bayesian posterior-estimation stability under different integration settings.

. m . e cpas Posterior
Integration Setting g::(i)lution PMosterior K/[I;c;zterlor ?,iz::;}(;:iz:; m 95% CI 11 95% CI I;gf/:lgll“ ifetime Boundary
ean Mass
Baseline integration region 90 x 120 0.8499 2632.71 324241 (0.4800,1.3155) (1321.27,5078.25) (1497.93,7769.30) 0.00112
Expanded integration region 90 x 120 0.8482 2668.68 3345.36 (0.4867,1.3375) (1326.13,5228.77) (1497.64,8457.11)  0.00027
Increased grid resolution 180 x 240  0.8499 2631.65 3240.12 (0.4783,1.3227) (1315.33,5027.02) (1496.49,7745.77)  0.00056
Expanded region and increased resolution 180 x 240  0.8482 2668.27 3342.87 (0.4719,1.3182) (1317.91,5315.78) (1496.66,8421.64) 0.00013

Table A5. Fixed-mixture strategy performance under different mixture weights w.

Mixture Weight w  Historical-Information Use

R(500) RMSE R(500) Coverage Mean Decision Loss

1.0 Full historical borrowing 0.06234 0.914 0.00970
0.8 Strong historical borrowing 0.05983 0.939 0.01062
0.5 Moderate historical borrowing  0.05923 0.954 0.01086
0.2 Weak historical borrowing 0.05895 0.952 0.01119
0 No historical borrowing 0.05953 0.958 0.01177
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