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Abstract

Onboard models serve as the foundation for the advanced control and fault diagnosis of
aero-engines. Currently, to address the issues of high computational complexity and insuf-
ficient real-time performance in component-level aero-engine models, three improvement
methods are proposed: constructing the Jacobian matrix along the reverse flow path to
avoid redundant calculations; reducing the number of initial guess variables and equations
in the engine co-working system through aerothermodynamic analysis, thereby achiev-
ing dimensionality reduction in the nonlinear equation sets; and leveraging the minimal
variation in Jacobian inverse elements across the full flight envelope to replace them with
fixed gains, thus simplifying transient performance calculations. Simulation results demon-
strate that, compared to the regular Newton-Raphson method, the reverse flow method
reduces the steady-state, regular transient, and small-step transient calculation time by
27.6%, 33.9%, and 30.8%, respectively, with a maximum relative error within 1.6%; the
dimensionality reduction method for equations cuts the steady-state, regular transient,
and small-step transient calculation time by 20.1%, 11.4%, and 11.8%, with a maximum
relative error within 1.4%; and the constant Jacobian matrix inverse method reduces the
calculation time by 50.9% during full flight envelope transient performance simulation,
with a maximum relative error below 1.6%. All methods improve real-time performance
under rated operating conditions. However, only the reverse flow method preserves both
high efficiency and accuracy under off-design operating conditions.

Keywords: turbofan engine; onboard model; real time; Jacobian matrix

1. Introduction

With the evolution of aero-engine control systems toward intelligence and adaptive-
ness, the requirements for the real-time performance and accuracy of onboard models have
significantly increased [1-3].

Research indicates that although traditional component-level models (CLMs), also
known as thermodynamic models in the field of aviation engine control and diagnostics,
can maintain high modeling accuracy [4], their inherent strong nonlinear characteristics
and complex iterative computation processes make it difficult to meet the millisecond-level
real-time demands of modern aero-engine control systems [5,6]. This technical constraint is
particularly prominent in advanced application areas such as adaptive control algorithm
implementation [7,8] and online fault diagnosis [9,10] and has become a primary focus in
the development of next-generation aero-engine control systems.
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At present, within the theoretical framework of engine component-level modeling,
research aimed at enhancing the real-time performance of models primarily focuses on
two key aspects: (1) the optimization of individual component computation modules [11],
such as enhancing compressor and turbine solvers through improved characteristic map
interpolation schemes [12], simplifying aerothermodynamic calculation formulas [13],
and constructing digital twin models [14], and (2) improvement in solving methods for
the co-working equation sets [11], including the selection of optimized initial guess vari-
ables [15], the application of improved iterative algorithms [16], and the introduction of
volume dynamics equations [17]. This paper specifically targets the latter key aspect for
in-depth investigation.

Early iterative methods, also known as equilibrium techniques, primarily encompass
parameter cycling and balanced cycling methods. Both approaches are distinguished by
their simplicity and ease of implementation. However, as the configuration complexity of
aero-engines continues to rise, these methods have proven insufficient to meet real-time
requirements. In response to this problem, more advanced algorithms such as the N + 1
point residual method, the Newton-Raphson (N-R) method, and Broyden’s method have
been successively proposed in academia [18]. Among these, the N-R method has become
one of the most extensively used techniques in aero-engine performance simulation due
to its high computational accuracy and excellent convergence characteristics [19,20]. It
should be noted, though, that each iteration requires the incremental perturbation of initial
guess variables and flow path computation to construct the Jacobian matrix, which must
then be inverted to update the initial guess variables, resulting in low computational
efficiency. Consequently, numerous domestic and international researchers have pursued
the following series of improvements to the N-R method.

To avoid the explicit construction of the Jacobian matrix, its information can be precom-
puted and stored offline. Liao et al. [21] used the residuals of the co-working equation sets
as inputs and the corrections to the initial guess variables from N-R iterations as outputs to
train a BP neural network, thereby directly capturing the information contained in the Jaco-
bian matrix. Similarly, Jiao et al. [22] employed an N-R iterative model, with residuals as
inputs and correction values as outputs, to train an Extreme Learning Machine (ELM) and
optimized the ELM parameters using an Adaptive Differential Evolution (ADE) algorithm.

Subsequent modifications to the N-R method include those by Pang et al. [23], who
adopted a dual N-R iterative strategy and extended precise derivative computation methods
to simplify the Jacobian matrix. Long [24] applied a modified Newtonian iteration method
with a dynamic damping factor to ensure larger correction steps under the condition of
decreasing residuals in the co-working equation sets. Wang et al. [25] developed a hybrid
damped Newton algorithm based on Neighborhood Speciation Differential Evolution
(NSDE) to solve the aero-engine CLM. Zheng et al. [26] proposed a computational method
for working fluid thermophysical properties (CTPWF) integrating neural networks with the
N-R method. Zou et al. [27] introduced techniques such as reverse flow path perturbation,
adaptive damping factors, and characteristic map extrapolation protection logic to enhance
computational efficiency and stability.

The traditional N-R method requires repeated component calculations to construct
the Jacobian matrix. To further improve real-time computational performance, the Broy-
den method [28] was subsequently introduced. This approach overcomes the need for
explicit derivative calculations and matrix inversion in the N-R method by reformulating
the Jacobian update as a recursive matrix relation. Yin et al. [29] demonstrated that the
Broyden method requires fewer flow path computations than the regular N-R method.
Several scholars have combined the Broyden method with other techniques to enhance
real-time solution efficiency in aero-engine models. Wang et al. [30] proposed an algorithm
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integrating the quadratic convergence of the N-R method and the superlinear convergence
of Broyden’s quasi-Newton method, with adaptive step-size adjustment and correction
functions. Xiao et al. [31] developed a hybrid Broyden quasi-Newton algorithm based on
Quantum-behaved Particle Swarm Optimization (QPSO) to reduce dependency on initial
guess variables and improve the solution efficiency of QPSO. Wu et al. [32] employed
a hybrid variable-step Newton-inverse Broyden method for aero-engine thermofluidic
system modeling, incorporating an adaptive variable-step strategy to meet real-time com-
putational requirements for onboard dynamic models across the entire flight envelope.
Luo et al. [33] introduced an adaptive variable-step quasi-Newton method to minimize the
number of iterations.

In the field of digital twins, Wang et al. [34] proposed a novel digital twin frame-
work for aero-engines, constructing mechanistic models at the component level, followed
by creating data-driven models using a particle swarm optimization—extreme gradient
boosting algorithm. These two models are fused using a low-rank multimodal fusion
method and combined with a sparse stacked autoencoder. This framework can be used
to improve engine operational efficiency. Chen et al. [2] developed an engine hybrid on-
board model based on deep reinforcement learning, with an inner loop consisting of a
component-level model integrated with a twin-delayed deep deterministic policy gradient
algorithm. The outer loop establishes a hybrid model under full flight envelope oper-
ating conditions. The design of the inner and outer loops enables the model to quickly
approach the solution space, significantly reducing computational time for simulation
initialization. Kim [35] constructed a hybrid aero-engine performance model by combining
the accuracy of zero-dimensional cycle analysis based on component characteristic maps
with the speed of machine learning. The feedforward neural network is trained with data
from various steady-state and transient conditions to replace iterative solvers. The notable
advantages of this integrated approach include significant savings in computational effort
and enhanced adaptability to operational changes. However, the aforementioned studies
primarily focus on the integration of iterative algorithms, which still entail a considerable
computational burden. Therefore, the methods proposed in this paper, aiming to enhance
the real-time computational performance of aero-engine models, are all developed based
on improvements originating from the internal structure of the engine.

This paper is organized as follows: Section 2 reviews traditional modeling methods
and elaborates on the balancing equations and their solution procedures; Section 3 proposes
a reverse flow path method for constructing the Jacobian matrix; Section 4 introduces an
approach to reduce the dimensionality of the co-working equations set through aerothermo-
dynamic analysis; Section 5 simplifies the dynamic computation by means of the constant
Jacobian matrix inversion method; Section 6 validates the real-time computational per-
formance and accuracy of the three proposed methods under both rated and off-design
operating conditions of the aero-engine; and Section 7 summarizes the key research findings
and further discusses them in comparison with state-of-the-art approaches.

2. Problem Description

The turbofan engine, as the core component of modern aircraft propulsion systems, has
become the mainstream owing to its significant advantages of high propulsive efficiency,
low specific fuel consumption, and excellent noise control. Therefore, the turbofan engine
is selected as the research object in this study to systematically validate the generality and
applicability of the proposed methodology.

This paper focuses on a twin-spool mixed-flow turbofan engine, which consists of the
following components: inlet, fan, high-pressure compressor (HPC), bypass duct, combustor,
high-pressure turbine (HPT), low-pressure turbine (LPT), mixer, afterburner, and nozzle.
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Its overall configuration and cross-sectional layout are shown in Figure 1. Herein, the
numbers in the figure denote the serial numbers of each engine section.

13 25 3 44144 455 16 65 7 8 9

Inlet

Fan

HPC Combustor \HPT \LPT 6 \Mixer \Afterburner \Nozzle

Figure 1. Schematic diagram of the turbofan engine. Note: Arrows denote the direction of the engine
flow path; colors reflect temperature variation (the redder the color, the higher the temperature);
numbers represent the definitions of engine sections.

Under steady-state operating conditions, the engine performance parameters must
simultaneously satisfy two fundamental physical constraints: the mass flow continuity
equations and the static pressure balance equation. In addition, the steady-state process
must also ensure power balance between the high-pressure (HP) and low-pressure (LP)
rotor shafts. Accordingly, the steady-state co-working equation sets required to be solved
for the real-time turbofan engine model are expressed as follows:

_ Wen1 =W
e PN« S—- R
' W, WX4W
_ 8457 VVedd
e = et O
e
_ Y89 Vg7
63 W%Z 7 (1)
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4= 16
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e — MLLLpT—LFan
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where ¢;(i = 1- - - 6) represents the residuals of the equilibrium equations.

Under dynamic operating conditions, due to the power imbalance between the HP and
LP rotor shafts, the rotor kinetic equations must be incorporated into the system to enable
dynamic updates of the rotational speed parameters. Specifically, the last two equations in
Equation (1) are replaced by rotor dynamic equations, resulting in the dynamic co-working
equation set of the turbofan engine real-time model, as given by

d;ltH nply( 0)2 = HuLupr — Lupc — Lgxr
D 1 (5)* = rLipt — Lran

. (2)

The numerical solution process of the engine dynamic real-time model follows the
following key steps: First, the characteristic pressure ratio parameters of the fan, HPC, HPT,
and LPT (7tp,,, type, THpT, 7TLpT) are selected as initial guess variables for the iterative
solution. Subsequently, the N-R method is employed to simultaneously solve the dynamic
co-working equation sets. During the iteration process, model convergence is evaluated by
monitoring the residuals of the balance equations, and the engine rotor shaft speeds are
updated according to the residual shaft power derived from the rotor dynamic equations
(np, np).

However, the real-time calculation performance of the engine model directly affects
the response speed of the control system and, consequently, flight safety. Existing engine
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models often struggle to meet real-time requirements due to their high computational
burden and strong nonlinear coupling. To address this issue, three methods are proposed
in this paper to enhance the real-time calculation efficiency of the onboard model, based on
the established engine performance model. The procedures of these methods are illustrated
in Figure 2.
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Figure 2. Framework of the proposed methods: (a) reverse flow (RF N-R) method; (b) dimensionality
reduction (DR N-R) method for equations; and (c) constant Jacobian matrix inversion (Jacobi Invers
N-R) method. Note: Arrows denote the formula derivation process; red backslashes represent the
removed items after formula dimensionality reduction; different colors dash frames in different colors

indicate distinct iterative regions.

The regular N-R method is widely adopted in engine dynamic performance modeling,
and its calculation reliability and simulation accuracy have been extensively validated in
engineering applications. Therefore, the regular N-R method is selected as the benchmark
for performance comparison with the proposed approaches.

3. Reverse Flow Method Constructs the Jacobian Matrix

When applying the N-R method to solve the nonlinear equation system of a turbofan
engine CLM, the Jacobian matrix plays a critical role in guiding the correction of the initial
guess variables during the iterative process. However, the construction of the Jacobian
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matrix typically requires sequential perturbation of all initial guess variables, and each
perturbation necessitates a complete flow path calculation for all engine components,
resulting in considerable computational cost.

This section uses a calculation method for constructing the Jacobian matrix based on
the inverse flow path method, focusing on the perturbation order of initial guess variables
in the CLM of the turbofan engine and the flow path calculation flags.

In the CLM calculation process, to ensure the continuity of thermodynamic variables
such as temperature and pressure between adjacent components, the calculation of a
single engine component is typically performed along the physical flow direction. That
is, the upstream inlet component is calculated first, followed sequentially by downstream
components, with the exhaust nozzle computed last. Accordingly, during Jacobian matrix
construction, calculation simplifications can be achieved by exploiting the predefined
calculation sequence of the engine model, as illustrated in Figure 3.

-
%
£
=]
=
i)
e
<

Bypass Duct

Figure 3. Influence areas of flow path calculations corresponding to different initial guess variables.
Note: Numbers denote the iterative areas, different colors represent separate areas.

Different initial guess variables exert distinct influence ranges on the engine flow path
calculations. Specifically, the initial guess variables of the LP rotor shaft speed and fan
pressure ratio mainly affect flow path calculation area 1, which is located downstream of
the fan. The initial guess variables of the HP rotor shaft speed and HPC pressure ratio
primarily influence flow path calculation area 2 downstream of the compressor. The initial
guess value of the HPT pressure drop ratio mainly affects flow path calculation area 3 after
the HPT, whereas the initial guess value of the LPT pressure drop ratio predominantly
affects flow path calculation area 4 after the LPT.

When constructing the Jacobian matrix, the influence areas of each initial guess variable
can be identified based on the flow path structure. When perturbing a specific initial guess
value, there is no need to recompute component models outside its corresponding influence
area, thereby significantly improving the calculation efficiency of the engine model. The
forward finite-difference method is commonly adopted to evaluate the partial derivatives
of the Jacobian matrix, as expressed in Equation (3).

de; _ Cilvi=viav, — eilv=y, -
v AV, /

During the steady-state performance solution process of the engine model, assume that
the perturbation sequence of the initial guess variables is denoted as ny, ny, 7Trs,, THPC,
typr, TLpT- In the first flow path calculation, the residuals of the equilibrium equations,
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denoted as ¢;(i = 1- - - 6), are obtained using the undisturbed initial guess variables. In the
second flow path calculation, the LP rotor shaft speed V; = np is perturbed, resulting in up-
dated residuals ¢;[y, _y, oy, (i = 1---6), while the gas path parameters of all components
within flow path calculation area 1 are correspondingly updated.

In the third flow path calculation, the HP rotor shaft speed V, = np is perturbed.
Although the flow path area directly affected by V, = npg does not include the fan or
bypass duct components, the gas path parameters of these upstream components have
already been updated during the previous LP shaft speed perturbation. Consequently, it
becomes necessary to restore the gas path parameters of the affected components to their
pre-perturbation states and to recompute the fan and bypass duct components. As a result,
the flow path area that still requires recalculation remains area 1, rather than being limited
to area 2. Therefore, this perturbation sequence fails to reduce the overall computational
effort of the engine model.

To address this issue, during steady-state performance calculations, the initial guess
variables are perturbed in the reverse order of the engine flow direction, following the
sequence 7ty pT, TTHPT, THPC, NH, TTFan, 1L, When evaluating the elements of the Jacobian
matrix. Similarly, during dynamic performance calculations, the perturbation sequence of
the initial guess variables should be arranged as 7ty pr, TypT, THPC, TTFan- Tables 1 and 2
summarize the perturbation sequences of the initial guess variables and the corresponding
flow path calculation flags for steady-state and dynamic performance calculations.

Table 1. Flow path calculation flags for Jacobian matrix construction in the steady-state process.

Flow Path Calculation Flag

Number of Flow Path  Initial Guess (1: Calculate, 0: Not Calculated)

lati i

Calculations Variables Fan HPC HPT LPT
1 None 1 1 1 1
2 TTLPT 0 0 0 !
3 TTHPT 0 0 1 !
4 TTHPC 0 1 1 !
5 ny 0 1 1 !
6 TTFan 1 1 1 1
7 np 1 1 1 !

Table 2. Flow path calculation flags for Jacobian matrix construction in the dynamic process.

Flow Path Calculation Flag

Number of Flow Path  Initial Guess (1: Calculated, 0: Not Calculated)
Calculations Variables Fan HPC HPT LPT
1 None 1 1 1 1
2 TTLPT 0 0 0 !
3 TTHPT 0 0 ! !
4 TTHPC 0 1 ! !
5 TCFan 1 1 ! !

Compared with the steady-state performance calculation, a larger proportion of en-
gine components can be excluded from recomputation during the dynamic performance
calculation. As a result, the real-time calculation performance of the engine dynamic model
is significantly enhanced.
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4. Dimensionality Reduction of Working Equation Sets

Within an acceptable range of simulation errors, the dimensionality of the nonlinear
equations can be simplified by reducing the number of initial guess variables and the num-
ber of coupled working equations. This significantly enhances the real-time performance
of iterative calculations for the engine dynamic performance model.

We assume that the inlet guide vane throat of the turbine component is in a critical
state, that is, the equivalent gas flow rate through the turbine remains constant. For different
initial guess variables of the turbine pressure drop ratio, since the total temperature and
total pressure upstream of the turbine are identical, the mass flow rate of the gas entering
the turbine calculated according to the flow formula is also the same. Therefore, the role of
the turbine pressure drop ratio in the process of solving the collaborative working equations
is to match the flow balance constraints of the downstream components of the turbine.
Using this matching principle, by reducing the LPT pressure drop ratio 71y pr in the initial
guess value set of the engine and removing the corresponding static pressure balance
equation Pss — Ps16 = 0, dimensionality reduction in the collaborative working equation
set at the component level is achieved.

The flow equations for the inlet and outlet of the LPT are presented in Equation (4).
Based on the principle of similarity, the converted flow equations for the inlet and outlet of
the LPT are shown in Equation (5).

_ Ky5A45Pi59(Mays)
Wg45 - /Tt45 (4)
W5 = K5AsPsq(Mas) ¢
8 VTis

{ Weas cor = Kas Agsq(Mays) )

Wg5,c0r = KSASq(MQS)

where g(Ma) is the gas flow function that depends on the Mach number Ma, and K is
the amplification factor, which is related to the gas adiabatic index k and gas constant R.
K45, K5 are as shown in Equation (6).

k oy ky5+1

— 45 kg5 —1

K45 - T(k45+1) “ (6)
P 5 kg+1 4

K5 = Fs(k5+1)k5_l

Dividing the two equations in (4) yields the relationship of air flow variation at the
inlet and outlet of the LPT, as shown in Equation (7).

Wes  KsAsq(Mas)Pis/Pus  WescorPis/ Pus

— - , 7)
Wass  KysAgsq(Mags)V'Tis/Tras Weas cor v/ Tis/ Tias

Based on the relationship between the inlet and outlet air-gas flow rates of the LPT,
component characteristics, and the hypothesis of flow rate balance at the inlet and outlet,
the corrected gas flow rate relationship at the inlet and outlet of the LPT can be derived, as
shown in Equation (8).

WgS,cor = Wg45,corf1 (mtLpr, ”LPT,cor)/ 8)
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Pis _
PsS

where 717 pr is the LPT pressure drop ratio, and #ny pr cor is the LPT relative corrected speed,
as shown in Equation (9).

7tLpT = Pus/Prs
nLPT — HLPT\/288.15/T,545 7 (9)
Oy pran/288.15/ Tysy

From the corrected gas flow rate relationship between the inlet and outlet of the LPT
in Equation (8) and the relationship among the pressure drop ratio, corrected gas flow rate,
and inlet corrected rotor shaft speed in the characteristic diagram in Equation (10), the outlet
corrected gas flow characteristics of the LPT can be obtained, as shown in Equation (11).

Weas cor = fo(7tLpT, NLPT cor), (10)

Wes cor = f2(7tLpT, NPT cor) 1 (TTLPT, NLPT cor ), (11)

The characteristics of the Mach number at the LPT outlet can be calculated using
Equation (11) and the corrected gas flow rate formula, Equation (5), for the LPT outlet, as
shown in Equation (12).

Mas = f3(7tLpT, NLPT cor), (12)

The total and static pressure relationship of the LPT at the outlet can be calculated
using the total and static pressure formula in Equation (13).

ks
1 = ks — 1 &1
5 Mﬂ%) = (1 + 2 7 Uf3(mtLpr, TlLPT,cor)F) = fa(7TLpT, NLPT cor ), (13)

From Equation (13), the relationship between the total pressure at the inlet of the LPT
and the static pressure at the outlet can be derived as Equation (14). Then, the pressure drop
ratio used for interpolation in the LPT characteristic graph is modified to be represented by
the pressure drop ratio 7’ 1 pr, which is the total pressure at the LPT inlet divided by the
static pressure at the LPT outlet.

/ _ Pus  Psmpr
TUs,LPT = 55 — =

P = p. = Jalmerniptor) et = f5(LpT MLpTeor),  (14)
s5 s5

In the CLM of the turbofan engine, the static pressure P at the inner nozzle exit
section is used to substitute for the LPT exit static pressure Ps5. The static pressure balance
equation presented in Equation (1) depicts the equality of the static pressure at the outer
nozzle exit and that at the inner nozzle exit. Therefore, the outer nozzle exit static pressure
can be employed to replace the LPT exit static pressure, leading to the LPT characteristics
represented by Equation (15).

Pis
Psi6

T, LPT = = fo(7LPT, NLPT cor), (15)

Based on the LPT characteristics shown in Equation (15), the LPT characteristic curves

of the pressure drop ratio—corrected gas flow rates and total static pressure drop ratio—
corrected gas flow rates can be plotted, as shown in Figure 4.

https://doi.org/10.3390/aerospace13010033


https://doi.org/10.3390/aerospace13010033

Aerospace 2026, 13, 33

10 of 32

WLPT/CUY(%)

1104 1104
100 F 100 |
90 90}
X
80 1 2 80t
=
S
70 } 70 |
60 | 60 k
50 1 1 1 1 1 1 1 ly 50 1 1 1 1 1 1 1 ly
50 60 70 80 90 100 110 120 130 50 60 70 80 90 100 110 120 130
7. pr{(%) 7, 1pr{%)

(@) (b)

Figure 4. LPT characteristic diagram: (a) pressure drop ratio—corrected gas flow rates of LPT charac-
teristic curve; (b) total static pressure drop ratio—corrected gas flow rates of LPT characteristic curve.

Therefore, in the flow path calculation, the LPT component can be computed using
Equation (15), which naturally satisfies the static pressure balance equation of the engine
and does not require additional initial guess variables for the LPT pressure drop ratio.
Therefore, the steady-state performance calculation model of the engine requires five
initial guess variables, ny, ny, 7tps,, THPC, THPT, While the dynamic performance calculation
requires three initial guess variables, mtr,y,, THpc, THpT. When using the N-R method to
solve the nonlinear equations, one gas flow path calculation can be reduced, thereby
improving the real-time performance calculation efficiency of the engine model.

5. Balancing Technique of the Jacobian Matrix Inverse

The N-R method utilizes the residuals of the dynamic collaboration equations to
acquire the partial derivative information of the initial guess variables. That is, the Jacobian
matrix is continuously adjusted for the initial guess variables until the collaborative set of
equations converges iteratively.

For the turbofan engine CLM, this section investigates the variation patterns of the
elements of the inverse Jacobian matrix under different operating conditions of the engine
and proposes a balancing technique based on constant Jacobian matrix inversion.

The elements of the inverse of the Jacobian matrix are derived from corrections to the
initial guess variables during the iteration process. However, during the characteristic curve
interpolation process, there may be instances where the characteristic curve exhibits non-
monotonic behavior in the upper left quadrant of the characteristic map of the compression
components’ air flow rates and pressure ratio [36]. In such cases, the compressor operating
points fall near the unstable boundary, which can result in the calculation of different
air flow rates at the same pressure ratio through characteristic map interpolation. This
non-monotonicity is clearly detrimental to the iterative solution, affecting the model’s
computational accuracy and stability [37].

The B value interpolation method for compression components is a commonly used
approach to effectively resolve this issue. Although the B value does not have obvious
physical significance, it can be used to describe the relative position of the operating point
in the characteristic map, as illustrated in Figure 5, thus facilitating model convergence.

https://doi.org/10.3390/aerospace13010033


https://doi.org/10.3390/aerospace13010033

Aerospace 2026, 13, 33

11 of 32

140% . .. .
——Compression ratio interpolation

—f interpolation

40 50 60 70 80 90 100 110
WFun,cor(%)

Figure 5. 8 interpolation of the fan characteristic curves.

In order to further reduce the initial guess variables for the fan and LPT, it is necessary
to update with more balancing equation errors. By combining the B value interpolation
method with the dimensionality reduction method for equations, the pressure ratio drop of
the LPT and the static pressure balancing equation are simplified, resulting in a dynamic
engine model that contains only three initial guess variables, Br,,, Brpc, BrpT, and analysis
of the inverse elements of the Jacobian matrix is performed.

As shown in Figure 6, forty typical flight states within the full flight envelope are
selected to analyze the inverse elements of the Jacobian matrix. The selected typical flight
states can fully cover the flight envelope formed by altitude (H) and Mach number (Ma)
(Figure 6a) and can also adequately represent the flight envelope formed by the total
temperature and total pressure in the engine inlet section (Figure 6b).The specific altitudes
and Mach numbers of forty typical flight states are shown in Table 3.

25
*  Typical flight state 400 *  Typical flight state
20k
300 |
15+
— ©
g 0 & 200}
E i QT
51 100
OF 0
00 05 10 15 20 25 200 250 300 350 400 450 500
Ma T»(K)

(a) (b)

Figure 6. Full flight envelope diagram: (a) altitude and Mach number flight envelope; (b) total

pressure and total temperature flight envelope.
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Table 3. Forty typical flight states corresponding to labels, altitudes, and Mach numbers.

Label H/km Ma Label H/km Ma Label H/km Ma Label H/km Ma
1 0.00 0.00 11 8.53 1.25 21 12.95 2.20 31 16.76 2.10
2 0.00 1.20 12 7.62 1.75 22 12.50 2.00 32 17.98 2.00
3 3.05 0.30 13 10.67 0.80 23 12.50 2.30 33 19.81 1.20
4 3.05 0.75 14 9.14 2.00 24 13.72 2.50 34 19.81 1.80
5 6.10 0.75 15 10.67 1.60 25 15.24 1.30 35 19.81 2.50
6 4.57 1.25 16 10.67 2.20 26 15.24 1.80 36 21.34 2.10
7 4.57 1.60 17 9.75 2.20 27 14.94 2.30 37 21.34 0.85
8 6.10 1.50 18 10.67 2.50 28 15.24 2.30 38 22.86 1.20
9 6.10 1.90 19 13.72 0.90 29 16.00 0.65 39 22.86 2.30

10 9.14 0.60 20 12.95 1.80 30 17.07 2.00 40 22.86 2.50

In the dynamic performance solution process, even when the HP and LP rotor shaft
speeds are the same, the engine’s characteristics can vary under different fuel flow rates.
Therefore, based on the engine’s steady state, by fixing the state variables of the HP and LP
rotor shaft speeds of the engine and changing the fuel flow rate, we can simulate a broader
range of the engine’s dynamic characteristics. This enables us to obtain the variation in the
inverse Jacobian matrix elements under different dynamic conditions.

Based on the forty flight states listed in Table 3, for each flight condition, multiple
operating points where the LP rotor shaft speed ranges from 70% to 100% were considered.
A quasi-steady-state point was selected every 5%, resulting in a total of seven state points.
For each state point, ten different engine working states were selected by adjusting the
steady-state fuel flow rate up and down by +40%. This provides sufficient dynamic
excitation for the inverse Jacobian matrix elements. The total average value of the elements
of the inverse Jacobian matrix from all seven state points, obtained by averaging the values
across seventy states, represents the result of the elements of the inverse Jacobian matrix for
that flight state point. Applying the aforementioned method, the Jacobian inverse matrix
elements for forty flight states were obtained. Figure 7 shows the variation in the average
values of the elements of the inverse Jacobian matrix across forty flight state points.

From Figure 7, it can be observed that the average values of the elements in the second
and third rows of the inverse Jacobian matrix exhibit little variation within the bounding
envelope. Therefore, fixed-gain residual feedback can be employed to correct the initial
estimates of values Sypc and 7typr.

Regarding the elements in the first row of the inverse Jacobian matrix, although their
average values fluctuate within the bounding envelope, fixed-gain residuals can still be
selected to correct the initial value estimate Br,,. Since the magnitudes of the three elements
are comparable, three fixed-gain residuals are ultimately chosen for the correction of the
initial value estimate Br,,. The current correction for the initial value estimates is provided
by Equation (16).

v =y ey le g, (16)

In the formula, V = [Bra Burc anT]T is the initial guess value matrix, c is the
damping coefficient, and ]! is the fixed inverse of the Jacobian matrix, as shown in
Equation (17).

0.544 0.620 0.943
Jt=1307 0 0 |, (17)
0 -101 O

The inverse of the regular Jacobian matrix is summarized from empirical rules derived
from statistical analysis of the variation trends of the inverse elements of the Jacobian
matrix under forty typical flight conditions within the envelope.
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Figure 7. Variation regularity of average values of each element in the inverse Jacobian matrix under
typical flight states for full flight envelope: (a) average value of the elements in the first row of the
Jacobian matrix inverse; (b) average value of the elements in the second row of the Jacobian matrix
inverse; and (c) average value of the elements in the third row of the Jacobian matrix inverse.

6. Simulation and Analysis

To systematically verify the reliability, engineering feasibility, and robustness of the
three proposed methods, this section establishes a multi-operating-condition comparative
validation framework, conducting a quantitative comparative analysis between the three
proposed methods and the regular N-R method in terms of real-time calculation accuracy
and dynamic performance.

The validation experiments are divided into two core dimensions based on operating
condition complexity and practical applicability: First, baseline validation is carried out
within the rated operating conditions of the aero-engine—under this operating condition,
all core components of the engine operate in a state of steady equilibrium, and both
the load characteristics and environmental parameters are strictly consistent with the
design baseline variables. This setup effectively eliminates extreme interference factors,
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enabling an objective evaluation of the method’s basic performance and stability under
ideal operating conditions. Furthermore, to replicate the dynamic performance degradation
characteristics of aero-engines during actual service, which are induced by factors such as
component wear, fouling, and erosion, the validation scenario is extended to more stringent
off-design operating conditions for supplementary verification.

In the real-time validation of turbofan engine performance simulation, the nozzle area
undergoes continuous variation throughout the process. Figure 8 depicts the variation in
the nozzle throat area with HP rotor shaft speed under open-loop control conditions.

40 [ L L L
60 70 80 90 100
1ny(%)

Figure 8. Open-loop control law of the nozzle throat area A8 with respect to HP rotor shaft speed.

6.1. Reverse Flow Method
6.1.1. Rated Operating Conditions

This section aims to validate the feasibility of the RF N-R method under rated operating
conditions. To this end, we compare the RF N-R method with the regular N-R method,
focusing on the accuracy and calculation time of steady-state, regular transient, and small-
step transient calculations, in order to assess the method’s effectiveness and applicability.

Figures 9 and 10 present a comparison of the engine’s steady-state and regular transient
performance simulation results using the regular N-R method and the RF N-R method.
Among them, Figures 9a and 10a, respectively, show the fuel changes during steady-state
and regular transient acceleration processes, while the other figures depict changes in
engine performance parameters.

To further verify the feasibility of this method, small-step transient performance
simulations of the engine are performed. As shown in Figure 11, a direct comparison is
drawn between the small-step transient simulation results obtained via the regular N-R
method and the RF N-R method. In detail, Figure 11a characterizes the fuel supply variation
during the small-step transient process, while other subplots exhibit the dynamic responses
of critical engine performance metrics. Notably, the MRE associated with the core engine
gas path parameter calculations in the transient processes is limited to 1.6%, well within
the acceptable range for engineering practice.

The performance tests are conducted on a computer equipped with an 11th-generation
Intel Core i5-11400 processor (manufactured by Intel Corporation, headquartered in Santa
Clara, CA, USA; clock speed: 2.60 GHz) under Sea-Level International Standard Atmo-
sphere conditions (H = 0 km, Ma = 0), covering steady-state processes, regular transient
processes from the idle state to the mid-state (as shown in Figures 9 and 10), and small-step
transient processes cycling from the idle state to the mid-state and back to the idle state (as
shown in Figure 11), with each process repeated 10,000 times to ensure test reliability.
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Figure 9. Comparison of regular N-R method and RF N-R method steady-state performance sim-
ulation: (a) fuel flow rate; (b) LP and HP rotor shaft speeds; (¢) HPC and internal duct outlet total
pressure; and (d) combustion and internal duct outlet total temperature.

Figure 12 compares the number of steady-state, regular transient, and small-step

transient simulation iterations between the two methods. The specific calculation time

comparison is presented in Table 4. It can be noted that, compared to the steady-state

performance simulation process, the ratio of components that do not require calculation

to those that do is higher during the engine transient performance simulation process.

Therefore, the proposed RF N-R method significantly reduces the number of dynamic

model iterations and enhances the real-time performance of engine transient calculations.

During the transient process, the real-time performance is optimized to the greatest extent,

with the improvement magnitude reaching as high as 33.9%.
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Figure 10. Comparison of regular N-R method and RF N-R method regular transient performance

simulation: (a) fuel flow rate; (b) LP and HP rotor shaft speeds; (c) HPC and internal duct outlet total
pressure; and (d) combustion and internal duct outlet total temperature.

Table 4. Comparison of calculation time for steady-state, regular transient, and small-step transient
performance simulation between regular N-R method and RF N-R method.

Calculation Time

Method Steady-State Regular Transient Small-.Step
. . . . Transient
Simulation Simulation . .
Simulation
Regular N-R 190 s 2640 s 10,237 s
RF N-R 138 s 1744 s 7077 s
Compare —27.6% —33.9% —30.8%
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Figure 11. Comparison of regular N-R method and RF N-R method small-step transient performance
simulation: (a) fuel flow rate; (b) LP and HP rotor shaft speeds; (c) HPC and internal duct outlet total
pressure; and (d) combustion and internal duct outlet total temperature.

6.1.2. Off-Design Operating Conditions

To validate the feasibility of the RF N-R method under off-design operating conditions,
we first focus on the engine performance degradation process, clearly defining the degrada-
tion levels. Subsequently, we compare the RF N-R method with the regular N-R method,
with a particular emphasis on the accuracy and calculation time of small-step transient
calculations, to evaluate the method’s applicability under off-design operating conditions.

This study focuses on the extreme scenario of aero-engine performance degradation,
whose core characteristic is manifested as the regular deviation of key parameters in the
component performance map. Guided by the thermodynamic principles and component
degradation mechanisms of aero-engines, the constraint conditions are explicitly defined as
follows: as gas compression components, the fan and HPC exhibit a monotonic decreasing
trend in the flow rate with the occurrence of degradation phenomena such as wear and
fouling; as power output components, the HPT and LPT experience a monotonic increase
in the flow rate due to the change in flow capacity, which is induced by factors including
blade erosion and clearance enlargement; and the adiabatic efficiency of all core compo-
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nents decreases continuously with performance degradation, reflecting the loss of energy
conversion efficiency [38].
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Figure 12. Comparison of regular N-R method and RF N-R method number of iterations: (a) steady-
state simulation number of iterations; (b) regular transient simulation number of iterations; and
(c) small-step transient simulation number of iterations.

Within this constraint framework, combined with the typical fault modes and degra-
dation laws of aero-engines, the degradation levels of health parameters are classi-
fied into three categories, as presented in Table 5, namely, slight, intermediate, and

extreme degradation.

Table 5. Classification of degradation levels of core component health parameters.

Degradation Level

Health Parameter

Slight Intermediate Extreme
Efficiency of fan and HPC —1.5% —3% —5%
Flow rate of fan and HPC —1.5% —3% —5%
Efficiency of HPT and LPT —1.5% —3% —5%
Flow rate of HPT and LPT +1.5% +3% +5%

To accurately reproduce the real operating conditions associated with engine perfor-
mance degradation, the degradation characteristic parameters of different severity levels
listed in Table 5 are injected into the rotating components of the engine under boundary
conditions identical to those adopted in the small-step transient performance simulations,
including the fuel input scheduling, initial state settings, and environmental parameters.
Based on this configuration, multi-scenario simulation models covering slight, intermediate,
and extreme degradation levels are established.
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Figure 13 provides an intuitive illustration of the distribution characteristics of the
MRE of six key engine performance parameters obtained using both the regular N-R
method and the RF N-R method under the three aforementioned degradation levels, with
the results visualized in the form of a quantitative heatmap.

MRE
1.0

Slight

Intermediate

Degradation level
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ny ng Py Py Ty T
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Figure 13. Heatmap of MRE of performance parameters for regular N-R method and RF N-R method
under three degradation levels.

Analysis of the numerical distribution patterns in the heatmap reveals that the MRE
values exhibit no significant correlation with the aggravation of degradation levels. This
finding confirms that the RF N-R method can maintain stable parameter estimation accuracy
even under extreme degradation conditions, demonstrating excellent robustness. Further
quantitative statistical results indicate that the MRE of the RF N-R method is consistently
and strictly constrained within 1.0%. This fully verifies the high-precision estimation
capability of the method in engine performance degradation scenarios, providing reliable
data support for its potential engineering applications.

To systematically evaluate the real-time performance of the proposed method, 1000 in-
dependent repeated simulation experiments are conducted under both the regular N-R
method and the RF N-R method frameworks. The average computational time per simula-
tion for the two methods is statistically analyzed and compared, with the results presented
in Table 6. Quantitative analysis indicates that compared with the non-degraded oper-
ating condition, the real-time performance improvement margin of the RF N-R method
only exhibits slight attenuation under degraded operating conditions, and the attenua-
tion degree is strictly constrained within 6%, while maintaining a significant calculation
efficiency advantage.

Table 6. Comparison of simulation calculation time for small-step transient performance between
regular N-R method and RF N-R method under three degradation levels.

Degradation Level

Method Slight Intermediate Extreme
Regular N-R 1035 s 1025 s 1035 s
RF N-R 783 s 770's 775s

Compare —24.3% —24.9% —25.1%

In conclusion, regardless of whether the aero-engine is in a healthy state or subject to
performance degradation of varying degrees, the RF N-R method can significantly improve
the real-time calculation efficiency of engine performance simulation while ensuring the sta-
ble and controllable accuracy of parameter estimation, which fully verifies the engineering
practicability and operating condition adaptability of this method.
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6.2. Dimensionality Reduction Method for Equations
6.2.1. Rated Operating Conditions

This section aims to evaluate the feasibility of the DR N-R method under rated operat-
ing conditions. To this end, we compare the DR N-R method with the regular N-R method,
focusing on the accuracy and calculation time of steady-state, regular transient, and small-
step transient calculations, in order to assess the method’s effectiveness and applicability.

Figures 14 and 15 present a comparison of the steady-state and regular transient
performance simulations of the engine using the regular N-R and DR N-R methods. Among
them, Figures 14a and 15a, respectively, show the fuel changes during steady-state and
regular transient processes, while the other figures depict changes in engine performance
parameters. Owing to the utilization of the interpolation characteristic diagram of the total
pressure at the LPT inlet and the static pressure ratio at the outlet section, errors occur when
compared with the regular N-R method. The steady-state performance calculation MRE of
the engine’s main gas path parameters is within 0.6%. The regular transient performance
calculation MRE of the engine’s main gas path parameters is within 1.4%, which can satisfy
the engineering usage requirements.

Given the concerns associated with the elimination of the corresponding static pressure
balance equation, small-step transient performance simulations are further conducted to
validate the feasibility of the proposed method. Figure 16 presents a comparative analysis of
engine small-step transient performance predictions derived from the regular N-R method
and the DR N-R method. Specifically, Figure 16a illustrates the variation in the fuel supply
rate throughout the small-step transient process, whereas the remaining subfigures depict
the dynamic evolutions of key engine performance parameters.

Notably, the acceleration and deceleration processes encompass operating points under
low-speed conditions, where the LPT operates in a subcritical state. As clearly observed
from the figures, the relative errors at these low-condition points are comparatively large.
Thus, the removal of the static pressure balance equation exerts a non-negligible influence
on the model calculations at low-condition operating points. Nevertheless, quantitative
results indicate that the MRE of the predicted core engine gas path parameters during
small-step transient operations is within 1%, which satisfies the stringent requirements of
engineering applications.

To further demonstrate the performance of the DR N-R method, the real-time per-
formance of the following processes was tested on a computer equipped with an 11th-
generation Intel Core i5-11400 processor (manufactured by Intel Corporation, headquar-
tered in Santa Clara, CA, USA; clock speed: 2.60 GHz), under Sea-Level International
Standard Atmosphere conditions (H = 0 km, Ma = 0), by running the process 10,000 times:
the steady-state and regular transient acceleration processes from the idle state to the
mid-state (as shown in Figures 14 and 15) and the small-step transient acceleration and
deceleration processes from the idle state to the mid-state and back to the idle state (as
shown in Figure 16).

Figure 17 compares the number of steady-state, regular transient, and small-step
transient simulation iterations between the two methods. The specific calculation time
comparison is shown in Table 7. It can be observed that, since the DR N-R method is
utilized in each flow path calculation, the number of model iterations will decrease, thereby
improving the real-time performance of engine dynamic calculations. During the transient
process, the real-time performance is optimized to the greatest extent, with the improvement
magnitude reaching as high as 36.6%.
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Figure 14. Comparison of regular N-R method and DR N-R method steady-state performance
simulation: (a) fuel flow rate; (b) LP and HP rotor shaft speeds; (c) HPC and internal duct outlet total

pressure; and (d) combustion and internal duct outlet total temperature.

Table 7. Comparison of calculation time for steady-state, regular transient, and small-step transient
performance simulation between the regular N-R method and the DR N-R method.

Calculation Time

Steady-State Regular Transient Small-.Step
. . . . Transient
Simulation Simulation . .
Simulation
Regular N-R 190 s 2640 s 10,326 s
152 s 2340 s 9111 s
Compare —20.1% —11.4% —11.8%
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Figure 15. Comparison of regular N-R method and DR N-R method regular transient performance
simulation: (a) fuel flow rate; (b) LP and HP rotor shaft speeds; (c) HPC and internal duct outlet total
pressure; and (d) combustion and internal duct outlet total temperature.

6.2.2. Off-Design Operating Conditions

To verify the effectiveness of the DR N-R method, this section conducts simulation
tests under off-design operating conditions, with a focus on analyzing the calculation time
reduction ratio and relative error of small-step transient calculations. To investigate the
applicability and accuracy characteristics of the DR N-R method under engine performance
degradation scenarios, the degradation characteristic parameters of different levels listed
in Table 5 of Section 6.1.2 were injected into each rotating component of the engine under
the identical fuel supply strategy and boundary constraints adopted in the aforementioned
small-step transient performance simulation, thereby constructing an engine performance
degradation simulation model covering multiple typical operating conditions.
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Figure 16. Comparison of regular N-R method and DR N-R method small-step transient performance
simulation: (a) fuel flow rate; (b) LP and HP rotor shaft speeds; (c) HPC and internal duct outlet total
pressure; and (d) combustion and internal duct outlet total temperature.

Figure 18 systematically presents the distribution characteristics of the MRE of the
regular N-R method and the DR N-R method for six core performance parameters of the
engine under three degradation levels in the form of a quantitative heatmap. Quantitative
analysis of the evolution law of error values in the heatmap reveals that the MRE exhibits
a significant positive correlation with the aggravation of degradation levels. Critically,
under extreme degradation conditions, the parameter estimation accuracy of the DR N-R
method deteriorates remarkably, with its peak MRE reaching as high as 23%—far exceeding
the 5% error tolerance threshold in engineering applications and thus failing to meet the
requirements for precise estimation of performance parameters.

To reveal the intrinsic mechanism underlying the aforementioned error deterioration
phenomenon, an in-depth analysis was conducted on the core flow path aerodynamic
characteristics during the engine degradation process. The results indicate that in the
course of engine performance degradation, the Mach number of the air flow in the throat
section of the inlet guide vane of the LPT can no longer reach 1.0, meaning that the air
flow in this section has transformed from the critical state under design conditions to a
subcritical state. However, the establishment of the DR N-R method is based on an explicit
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Number of iterations

premise: the throat section of the inlet guide vane of the turbine component operates under
critical flow conditions. This assumption constitutes the core basis for achieving equation
dimensionality reduction and improving solution efficiency. When the throat section of the
LPT inlet guide vane enters a subcritical state, the core premise of the DR N-R method is
no longer valid. Consequently, the static pressure equilibrium equation eliminated based

on this assumption becomes a key constraint equation affecting the matching between the

flow field and performance parameters under subcritical flow conditions.

A
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Figure 17. Comparison of regular N-R method and DR N-R method number of iterations: (a) steady-
state simulation number of iterations; (b) regular transient simulation number of iterations; and

(c) small-step transient simulation number of iterations.
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Figure 18. Heatmap of MRE of main performance parameters for regular N-R method and DR N-R

method under three degradation levels.

One thousand independent repeated simulation experiments are conducted for each
of the two methods, and the average calculation time per simulation is summarized, with
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the specific data presented in Table 8. The results demonstrate that the DR N-R method
exhibits a certain advantage in computational efficiency compared with the regular N-R
method, with a time reduction ranging from 11.0% to 13.0%, which indicates a noticeable
improvement in real-time performance.

Table 8. Comparison of simulation calculation time for small-step transient performance between
regular N-R method and DR N-R method under three degradation levels.

Degradation Level

Method Slight Intermediate Extreme
Regular N-R 10255 1026 s 1031s

DR N-R 892's 920's 918s

Compare —13.0% —11.2% —11.0%

In summary, under off-design operating conditions induced by degradation, especially
deep degradation conditions, the simplification of removing the static pressure equilibrium
equation exerts a non-negligible negative impact on the calculation accuracy of the model,
ultimately leading to a significant expansion of parameter estimation errors. It can be
concluded that within the full operating condition range of engine performance degra-
dation, although the DR N-R method can improve the real-time performance of engine
performance simulation to a certain extent, its parameter estimation accuracy decreases
sharply with the deepening of the degradation degree, making it difficult to meet the
engineering application requirements of high-precision simulation.

6.3. Constant Jacobian Matrix Inversion Method
6.3.1. Rated Operating Conditions
Based on the inverse of the regular Jacobian matrix, a dynamic performance simulation

of the engine for the 34 min flight trajectory [39] shown in Figure 19 was conducted to test
the real-time performance and accuracy of the model using the Jacobi Invers N-R method.

Figure 19. Dynamic testing flight trajectory. Note: The arrows in the figure indicate the direction of
the flight path.

Figure 20 shows a comparison of the engine’s dynamic performance simulation using
the regular N-R method and the Jacobi Invers N-R method. Among them, Figure 20a shows
the fuel changes during the flight process, while the other figures depict changes in engine
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100

performance parameters. The MRE in the main engine parameters is within 1.6%, which

meets the accuracy requirements for engine model calculations.
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Figure 20. Comparison of regular N-R method and Jacobi Invers N-R method dynamic performance
simulation: (a) fuel flow rate; (b) LP and HP rotor shaft speeds; (c) HPC and internal duct outlet total
pressure; and (d) combustion and internal duct outlet total temperature.

The performance of the Jacobi Invers N-R method is evidenced using a computer
equipped with an 11th-generation Intel Core i5-11400 processor (manufactured by Intel
Corporation, headquartered in Santa Clara, CA, USA; clock speed: 2.60 GHz), under
Sea-Level International Standard Atmosphere conditions (H = 0 km, Ma = 0), based on
the flight process shown in Figure 19, with the process repeated 100 times to ensure test
reliability. Figure 21 compares the number of iterations between the two methods. The
specific computational time comparison is shown in Table 9. It can be observed that after
incorporating the DR N-R method, the Jacobi Invers N-R method significantly reduces
the number of iterations, with the calculation time decreasing by 50.9%, which markedly
improves the real-time performance of engine dynamic calculations.
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Figure 21. Comparison of regular N-R method and Jacobi Invers N-R method number of iterations.

Table 9. Comparison of calculation time for dynamic performance simulation between regular N-R
method and Jacobi Invers N-R method.

Calculation Time

Method Dynamic Performance Simulation
Regular N-R 2337 s
Jacobi Invers N-R 1147 s
Compare —50.9%

6.3.2. Off-Design Operating Conditions

To systematically evaluate the applicability and parameter estimation accuracy of the
Jacobi Invers N-R method under aircraft engine performance degradation conditions, a
comparative simulation study is conducted in this work under identical fuel scheduling,
flight condition variations, and boundary constraints corresponding to the previously
described 34-min flight trajectory. According to the degradation characteristic parameters of
different severity levels listed in Table 5 of Section 6.1.2, three performance degradations are
injected into the efficiency and flow capacity parameters of the engine rotating components.
In this manner, an engine degradation simulation model covering multiple representative
operating conditions and capable of capturing the evolution characteristics of performance
deterioration is established.

Figure 22 presents a quantitative comparison, in the form of a heatmap, of the MRE
distributions of six key engine performance parameters obtained using the regular N-R
method and the Jacobi Invers N-R method under the three degradation levels. Quantitative
analysis of the error magnitudes and their variation trends with increasing degradation
severity indicates that the MRE increases significantly as engine degradation intensifies,
demonstrating that performance degradation generally deteriorates the parameter estima-
tion accuracy of the Jacobi Invers N-R method. In particular, under extreme degradation
conditions, the estimation accuracy of the Jacobi Invers N-R method degrades markedly,
with the peak MRE reaching approximately 17%, which substantially exceeds the commonly
accepted 5% error tolerance in engineering applications and therefore fails to meet the
requirements for accurate engine performance parameter estimation and health monitoring.

To further elucidate the underlying mechanism responsible for the observed accuracy
degradation, an in-depth analysis is performed on the variations in the aerodynamic and
thermodynamic characteristics of the core flow path during the engine degradation process.
The results indicate that, as component efficiencies decrease and flow characteristics dete-
riorate, the flow matching relationships and energy coupling among engine components
undergo significant changes, leading to a pronounced increase in system nonlinearity.
Under such conditions, the Jacobi Invers N-R method, which relies on a fixed Jacobian
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matrix to approximate local system sensitivities, is unable to accurately capture the con-
tinuously evolving nonlinear mapping between state values and performance parameters.
Consequently, the direction and magnitude of the iterative corrections gradually deviate

from the true optimal solution.

Slight- 38 14 13 35 24 6.0

Intermediate- 88 29 23 48 49 101

Degradation level

Extreme| 47 3.3 [0 EEE

Main performance parameters

Figure 22. Heatmap of MRE of main performance parameters for regular N-R method and Jacobi
Invers N-R method under three degradation levels.

For each method, 100 independent repeated simulation runs are conducted, and
the average calculation time per simulation is recorded. The corresponding results
are summarized in Table 10. The results indicate that the Jacobi Invers N-R method
exhibits higher calculation efficiency than the regular N-R method, with a calculation
time reduction of approximately 48-51%, demonstrating a certain degree of real-time

performance improvement.

Table 10. Comparison of calculation time for dynamic performance simulation between regular N-R
method and Jacobi Invers N-R method under three degradation levels.

Degradation Level

Method

Slight Intermediate Extreme
Regular N-R 2441s 2377 s 2388 s
Jacobi Invers N-R 1208 s 1154 s 1233 s
Compare —50.5% —51.5% —48.4%

Therefore, although the Jacobi Invers N-R method offers a noticeable advantage
in calculation efficiency, its applicability is inherently constrained to weakly nonlinear
operating conditions. When the engine operates under moderate-to-severe performance
degradation, the system nonlinearity increases significantly, making it difficult for this
method to simultaneously maintain high calculation efficiency and estimation accuracy,
thereby limiting its engineering applicability.

7. Conclusions

This paper conducts a systematic study on the real-time optimization of dynamic
models for aircraft engines. Taking a specific twin-spool mixed-exhaust turbofan engine as
the research object, three innovative computational methods aiming to improve real-time
performance are proposed. The main research findings are as follows:

(1) The RF N-R method is proposed: By constructing the Jacobian matrix along the inverse
flow path, it avoids redundant calculations and reduces iteration times. Compared
with the regular N-R method, the steady-state, regular transient, and small-step tran-
sient performance calculation time is reduced by 27.6%, 33.9%, and 30.8%, respectively,
and the MRE of major parameters is within 1.6%.
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(2) Interms of solving the nonlinear coupled equations, dimension reduction optimiza-
tion of the equations is achieved based on aerodynamic thermodynamics principles.
This reduces one complete flow path calculation and enhances real-time performance.
Compared to the regular N-R method, the steady-state, regular transient, and small-
step transient performance calculation time is reduced by 20.1%, 11.4%, and 36.6%,
respectively, and the MRE of major parameters is within 1.4%.

(3) The Jacobi Invers N-R method is proposed: Utilizing the property of small changes in
the Jacobian inverse elements within the full flight envelope, fixed gains are substi-
tuted to simplify dynamic performance calculations. Compared with the regular N-R
method, the dynamic performance simulation process within the full flight envelope
can reduce the calculation time by 50.9%, while the MRE of major parameters is
within 1.6%.

In summary, compared with current state-of-the-art methods, the proposed approaches
exhibit distinct trade-offs in computational demand, implementation complexity, and
applicability. The Broyden and quasi-Newton method approaches rely on approximate
Jacobian updates and may suffer from reduced robustness under wide-envelope operation
and performance degradation, whereas the Jacobi Invers N-R method is computationally
efficient but restricted to weakly nonlinear conditions. The DR N-R method decreases online
computation at the expense of substantial offline effort and reduced accuracy under off-
design and deeply degraded conditions. In contrast, the proposed RF N-R method enhances
real-time performance without Jacobian approximation or model simplification while
maintaining stable accuracy across the full operating envelope and varying degradation
levels, thereby demonstrating superior engineering applicability.

It is worth mentioning that the methods proposed in this paper for enhancing the
real-time calculation performance of onboard models are applicable to various types of
aircraft engines. In the future, we will apply the real-time enhancement methods proposed
in this paper to structurally complex variable cycle engines to further verify the reliability
of the methods.
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Abbreviations

Gas mass flow rate
Pressure

Rotor shaft speed
Current moment
Moment of inertia
Mechanical efficiency

R R~

Component power
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T Pressure ratio

e Residual

Ma Mach number

v Initial guess value matrix
c Damping coefficient

J Jacobian matrix

B Component operating point auxiliary parameter
K Amplification factor

A Area

T Temperature

k Gas adiabatic index

R Gas constant

H Altitude

RF N-R Reverse flow

MRE Maximum relative error
DR N-R Dimensionality reduction for equations
Jacobi Invers N-R  Constant Jacobian matrix inversion
subscript

g Gas

a Air

f Fuel

fb Combustor fuel

fa Afterburner fuel

s Static

H High-pressure rotor shaft
HPT High-pressure turbine
HPC High-pressure compressor
EXT Attachment extraction

L Low-pressure rotor shaft
LPT Low-pressure turbine

t Total

cor Corrected
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