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Abstract

The aerodynamic optimization of airfoil shapes remains a critical research area for en-
hancing aircraft performance under various flight conditions. In this study, the RAE 2822
airfoil was selected as a benchmark case to investigate and compare the effectiveness
of surrogate-based methods under an Efficient Global Optimization (EGO) framework
and an adjoint-based approach in both single-point and multi-point optimization set-
tings. Prior to optimization, the computational fluid dynamics (CFD) model was validated
against experimental data to ensure accuracy. For the surrogate-based methods, Kriging
(KRG), Kriging with Partial Least Squares (KPLS), Gradient-Enhanced Kriging (GEK), and
Gradient-Enhanced Kriging with Partial Least Squares (GEKPLS) were employed. In the
single-point optimization, the GEK method achieved the highest drag reduction, outper-
forming other approaches, while in the multi-point case, GEKPLS provided the best overall
improvement. Detailed comparisons were made against existing literature results, with the
proposed methods showing competitive and superior performance, particularly in viscous,
transonic conditions. The results underline the importance of incorporating gradient infor-
mation into surrogate models for achieving high-fidelity aerodynamic optimizations. The
study demonstrates that surrogate-based methods, especially those enriched with gradient
information, can effectively match or exceed the performance of gradient-based adjoint
methods within reasonable computational costs.

Keywords: surrogate-based methods; partial least square; efficient global optimization;
aerodynamic shape optimization; computational fluid dynamics

1. Introduction

Aerodynamic shape optimization has gained increasing attention in complex engineer-
ing fields such as aerospace, automotive, and energy industries. Although aerodynamic
optimization can be computationally expensive due to the evaluation of cost functions, it is
often preferred because it leads to more efficient systems overall. Methods, techniques, and
algorithms developed for this purpose are primarily driven by leading research institutes
and industrial R&D centers. Today, these approaches are widely adopted and continue to
attract interest from a growing number of users, companies, and researchers.

The AIAA Aerodynamic Design Optimization Discussion Group (ADODG) [1] pro-
poses various benchmark cases with different flow conditions to guide researchers working
in aerodynamic optimization. In this study, the results and performance of a surrogate-
based optimization framework are investigated for the ADODG’s Test Case 2, which focuses
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on drag minimization of the RAE 2822 airfoil under transonic flow conditions. One of the
main reasons for selecting surrogate-based methods is their high potential for application
in aerospace engineering, combined with their flexibility and adaptability.

Tables 1 and 2 present literature reviews on the single-point optimization of the RAE
2822 airfoil, focusing based on gradient-based and gradient-free methods, respectively.
Similarly, Table 3 presents a literature review on the multi-point optimization of the RAE
2822 airfoil. In these tables, references that strictly follow the ADODG-defined test case
setup are marked as “Yes”, while those adopting different conditions are marked as “No”
(i.e., although the conditions of these studies are slightly different than ADODG Test Case 2,
they do not reflect the exact conditions as this case). Furthermore, these tables are updated
with the corresponding results and the achieved improvements, as will be discussed in the

Results section.

Table 1. Single-point gradient-based optimization literature review for RAE 2822 airfoil.

Study ADODG Test Case 2 Number of Cells Optimization Method
Poole et al. [2] Yes 99,072 Adjoint
Yang and Ronch [3] Yes 24,960 Adjoint
Abergo [4] Yes 40,050 Adjoint
Carrier et al. [5] Yes 499,004 Adjoint
He et al. [6] Yes 131,072 Adjoint
Lee et al. [7] Yes 47,824 Adjoint
Ren et al. [8] Yes 32,396 Adjoint
Marques and Hewitt [9] No 22,842 Adjoint
Table 2. Single-point gradient-free optimization literature review for RAE 2822 airfoil.
Study ADODG Test Case 2 Number of Cells Optimization Method
Zhang et al. [10] Yes 130,305 Kriging + EI
Nagawkar et al. [11] Yes 128,000 GENN
Wang et al. [12] Yes 130,305 EGO + EI
Zhang et al. [13] Yes 73,728 MFEI + MHK
Nagawkar et al. [14] Yes 525,096 MM
Xue et al. [15] Yes 861,424 GPR + AKC
Han and Zhang [16] No Not reported Kriging + RSM + EI
Tesfahunegn et al. [17] No Not reported MLO
Ozkaya and Gauger [18] No 22,842 Primal-Dual Aggregation
Koratikere [19] No 128,000 cEGONN
Koratikere and Leifsson [20] No 128,000 cEGO

Table 3. Multi-point optimization literature review for RAE 2822 airfoil.

Study Flow Condition Number of Cells Optimization Method
Koratikere and Leifsson [20] Transonic, viscous flow 128,000 cEGO
Nagawkar et al. [14] Euler flow 403,052 MM

Toal and Keane [21]

Transonic, viscous flow 19,800 Kriging
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Adjoint-based methods have traditionally been the backbone of gradient-based aerody-
namic shape optimization due to their ability to compute gradients efficiently, particularly
when dealing with a large number of design variables. This capability has made them the
preferred approach in several studies focusing on the RAE 2822 airfoil, especially with the
ADODG Test Case 2. Numerous studies have utilized the SU2 open-source CFD suite in
conjunction with adjoint solvers [3,4,8,9], while others have applied industrial solvers such
as elsA [5]. Despite their theoretical elegance, these methods are not without limitations.
Challenges such as the sensitivity of gradient accuracy to shock-separation interactions [6],
difficulties in optimization convergence due to non-unique flow solutions [7], and the
complexity of robust parameterization [5] have been frequently reported. For instance,
Poole et al. [2] employed a gradient-based FSQP optimizer with a control point-based
deformation strategy and demonstrated reasonable performance with a modest number
of design variables. Yang et al. [3] compared two different geometry parameterization
approaches and highlighted their insensitivity to parameterization settings. Abergo [4]
presented a robust adjoint-based optimization in his thesis and acknowledged that while
the final result was not the best, it was comparable to existing benchmarks. Other works
have echoed similar concerns: Carrier et al. [5] emphasized that achieving both robustness
and efficiency in adjoint methods is nontrivial and often dependent on best-practice con-
solidation; He et al. [6] noted sensitivity to shock-induced instabilities, while Lee et al. [7]
demonstrated that mesh resolution and deformation method can significantly impact
convergence behavior. These accumulated challenges underscore the growing interest
in alternative strategies such as surrogate-based optimization methods. In contrast to
adjoint techniques, surrogate models—particularly those embedded in global optimization
frameworks—offer robustness against numerical instabilities, flexibility in handling multi-
fidelity or multi-point problems, and a natural capacity for global exploration without
requiring gradient information. The gradient-free methods require a lot of computational
resources when scanning globally. This is indeed a general disadvantage of gradient-free
methods. The present study leverages this potential by adopting an EGO [22] framework
enhanced with gradient-informed surrogate models to address the limitations encountered
in adjoint-based approaches, especially in transonic, multi-point aerodynamic design.

Surrogate-based optimization strategies have increasingly been explored as robust
alternatives to gradient-based methods, especially in aerodynamic shape optimization
problems involving costly CFD simulations. These methods aim to reduce computational
expenses by approximating the true objective function using inexpensive surrogate models.
Notably, Zhang et al. [10] compared a multi-round surrogate-based optimization strat-
egy with adjoint-based methods for the RAE 2822 airfoil and demonstrated competitive
performance. Neural-network-based surrogate approaches have also gained attention:
Nagawkar et al. [11] utilized multifidelity neural networks and further enhanced them
through gradient-enriched versions (GENN). While promising, such black-box surrogates
often lack interpretability and can suffer from instability in high-gradient regions. A more
systematic class of approaches, centered on Kriging and Gaussian Process Regression (GPR),
have formed the foundation of many EGO frameworks. For example, Wang et al. [12],
Zhang et al. [13], and Koratikere et al. [20] employed EGO variants, often coupled with
Expected Improvement (EI) criteria or neural network surrogates. However, standard
Kriging models can face challenges when handling high-dimensional (high number of
design variables) or ill-conditioned design spaces, and typically lack built-in mechanisms
to account for gradient information. To mitigate these issues, more advanced surrogate
formulations have been proposed. Xue et al. [15] incorporated automatic kernel con-
struction to adaptively improve GPR models, while Ozkaya and Gauger [18] proposed
a gradient-informed aggregation strategy. Still, many of these methods remain limited
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in their ability to generalize across multi-point or high-fidelity design requirements, or
to effectively integrate gradient data in a stable manner. In contrast, the present study
adopts and systematically compares four advanced surrogate models KRG, KPLS, GEK,
and GEKPLS within an EGO framework. These models offer complementary strengths:
KPLS enhances Kriging’s scalability in high-dimensional spaces through dimensionality
reduction; GEK exploits available gradient data to increase local accuracy; and GEKPLS
combines both strategies for improved robustness and convergence efficiency. By incorpo-
rating these advanced surrogates into a unified optimization framework, this study aims
to bridge the gap between global exploration and local refinement, addressing limitations
observed in earlier surrogate-based efforts. This structured approach forms the cornerstone
of the proposed methodology and highlights the novelty of the current contribution in the
aerodynamic shape optimization of transonic airfoils.

While surrogate-based methods have shown promise in single-point aerodynamic
optimization, their extension to multi-point scenarios remains relatively underexplored,
largely due to increased modeling complexity, conflicting design requirements, and the
need for global consistency across multiple operating conditions. Only a limited number of
studies have attempted to address the multi-point optimization of the RAE 2822 airfoil. For
instance, Koratikere and Leifsson [20] extended their cEGO-based single-point framework
to accommodate three flight regimes by varying the Mach number, representing takeoff,
cruise, and landing. Their approach remained confined to a neural-network surrogate
and did not explicitly address the scalability and generalizability issues associated with
more physically-informed surrogate models. Nagawkar et al. [14], on the other hand,
employed manifold mapping under Euler assumptions to reduce computational costs, but
the lack of viscous effects and gradient exploitation limits the practical applicability and
local accuracy of the resulting designs. Similarly, Toal and Keane [21] applied Kriging
models to multi-point problems, but scalability with respect to increasing design variables
and the integration of gradient information remained unresolved.

The design framework employed in this study incorporates EGO [23] along with
EI as the infill sampling criterion [23,24]. Initially, the surrogate model within EGO was
integrated with the Kriging method [25], one of the most frequently encountered surrogate
models in literature [21,26,27]. However, there are concerns about the performance limi-
tations of Kriging, and several studies aim to address and improve its capabilities [28,29].
Boubhlel et al. [30] proposed the Kriging with Partial Least Squares (KPLS) method, inte-
grating PLS with Kriging to enable optimization with higher numbers of design variables,
although their validation was limited to mathematical analytic functions.

Despite its advantages, Kriging has been reported to suffer from issues such as slow
convergence and limited accuracy [31]. To improve Kriging’s accuracy, GEK [32] was
developed, which incorporates gradient information during surrogate model construc-
tion. Finally, Bouhlel et al. [33] proposed the Gradient-Enhanced Kriging with Partial
Least Squares (GEKPLS) method, addressing challenges associated with inverting large
gradient-augmented datasets by combining the benefits of KPLS and GEK. Although still
relatively new and less widely adopted in the literature, GEKPLS theoretically combines
the advantages of PLS in reducing the number of Kriging hyperparameters and the en-
hanced accuracy of GEK through gradient information, making it particularly effective for
high-dimensional optimization problems.

In light of the limitations observed in both adjoint-based and surrogate-based aerody-
namic optimization approaches—particularly in the context of multi-point problems—this
study aims to advance the state-of-the-art by developing and evaluating a unified surrogate-
based optimization framework with gradient-enhancement. The framework is applied to
the RAE 2822 airfoil for both single-point and multi-point transonic viscous flow conditions.
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The proposed approach systematically integrates advanced surrogate models with robust
geometry parameterization and CFD-based gradient information, offering a scalable and
physically grounded design methodology. The novelty and key contributions of this study
can be summarized as follows:

¢  Gradient-informed surrogate modeling: Implementation and comparison of four surro-
gate types—KRG, KPLS, GEK, and the combined GEKPLS under a single framework—
to enable more accurate local approximations and global search.

¢ Multi-point optimization in viscous transonic regime: Extension of the surrogate-based
EGO framework to a multi-point setup, addressing multiple operating conditions
with viscous CFD, a task rarely attempted in the literature.

*  Consistent parameterization and FFD-based shape control: Use of a stable and flex-
ible geometry control mechanism compatible with high-fidelity solvers, ensuring
robustness across diverse flight regimes.

*  Systematic evaluation and benchmarking: Direct comparison of surrogate strategies
under identical CFD settings and design objectives, offering practical insights into
model performance and reliability in realistic aerodynamic scenarios.

¢ These contributions not only address key gaps in previous works but also demonstrate
the feasibility of reliable and efficient aerodynamic shape optimization in complex,
multi-point design environments.

¢ Extensive comparisons with benchmark literature results are provided to validate the
methodology and highlight the competitiveness of the proposed surrogate-assisted
strategies in drag reduction.

2. Methods
2.1. FFD Box View and Mesh Deformation

An important step in aerodynamic shape optimization is the parametrization of the
design to be modified. Once the boundary of the design is mathematically represented
by a set of parameters using various methods, these parameters are then passed to the
subsequent steps of the optimization process. Free-Form Deformation (FFD) is the shape
parametrization technique employed in this study and is frequently used in aerodynamic
shape optimization due to the flexibility it provides [34,35].

More specifically, FFD allows smooth and continuous deformations of the surface by
manipulating a set of control points placed around the design boundary. This enables the
generation of a wide variety of shape modifications while maintaining control over the
number of design parameters. An illustration of these details can be seen in Figure 1. In this
figure, the baseline geometry of an airfoil and its surrounding FFD box are depicted. The
FFD box includes 18 control points, shown in blue, which are referred to as either control
points or design variables, while the baseline geometry is highlighted in red. Although the
design variables are, in principle, allowed to move in both the x and y directions, in this
study their motion is restricted to the y direction, allowing only upward and downward
movements. In this particular case, since the all corners of the FFD box are defined as fixed,
in total there are 14 design variables.

S S——

Figure 1. A two dimensional FFD box (blue lines) example around baseline geometry (red line).
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Following shape modification via FFD, the volume mesh surrounding and covering
the design boundary must also be deformed to ensure consistency between the shape and
the mesh. This deformation is critical for maintaining the accuracy of the aerodynamic
analysis. In this method, where an inverse volume-based mesh deformation technique is
adopted, the computational mesh is modeled as a fully elastic solid, and the linear elasticity
equation is solved over this domain. The modulus of elasticity for each cell in the mesh
is assigned inversely proportional to its volume, such that smaller cells experience less
deformation and larger cells undergo greater deformation.

2.2. Surrogate-Based Methods
2.2.1. Kriging (KRG)

Kriging is a powerful surrogate-based modeling technique commonly used to approx-
imate unknown functions, particularly in computationally expensive engineering design
problems. The Kriging model provides not only predictions of function values but also
an estimate of the uncertainty associated with these predictions. These capabilities offer a
significant advantage when selecting new sampling points. The Kriging model [36] can be
expressed as shown in Equation (1).

J(x) = p+Z(x) (1)

where 7(x) is the predicted function value, y is a constant mean, and Z(x) is a Gaussian
process with zero mean, constant variance, and a specified covariance structure. The
correlation between two sample points is generally defined as shown in Equation (2).

d .
Corr (Z(x(i)),Z(x(j))) = Rjj =exp <— Z Gk(xlic - xi)2> )
k=1

where d is the number of design variables, and 6 are the correlation parameters. The
prediction at a new point x* is calculated as shown in Equation (3).

0 TR-1

J) =p+r R (y —p1) 3)
where r is the correlation vector between x* and the existing samples, R is the correlation
matrix among the existing samples, y is the vector of existing outputs, and 1 is a vector
consisting entirely of ones. The predicted variance (uncertainty) is expressed as shown in
Equation (4).

Tp—
1-1"R 1r)2> @

AvFY) 42 Tpr-1 (
Var(9(x*)) = o (1—1‘ R 'r+ TTR-11

where ¢ is the process variance estimated by the model. The Kriging model is an efficient
tool for achieving high accuracy with a low number of samples and is widely used in
various fields such as optimization, design exploration, and uncertainty quantification.

2.2.2. Kriging with Partial Least Squares (KPLS)

The Kriging with Partial Least Squares (KPLS) method is an enhanced approach
developed to overcome the performance challenges faced by classical Kriging models in
high-dimensional problems. Specifically, when the design space is highly dimensional and
the dataset is relatively small, the accuracy and computational cost of traditional Kriging
models can be significantly impacted [33]. The KPLS method employs the Partial Least
Squares (PLS) algorithm to identify the most influential combinations of input variables,
similar to principal component analysis. As a result, the Kriging model is constructed over
a lower-dimensional subspace rather than the original high-dimensional space [30]. In the
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PLS step, the latent directions that maximize the covariance between the input and output
variables are identified, and subsequently, the Kriging model is built upon this reduced-
dimensional representation. With the KPLS method, the number of hyperparameters is
reduced from d to h, where h < d, providing significant improvement in computational
time. As shown in Equation (5), this reduction can be easily observed when compared to
the formulation described in Equation (2).

d h ‘ 2
Rjj = exp (— Z Z 0, (wi(x;( — x{()) ) (5)
=1

1=1k=
The general structure of the KPLS algorithm consists of the following steps [30]:

1. Input and output data are collected.

2. The input space is projected onto a lower-dimensional space by applying the PLS
method.

3. A Kriging model is constructed on the reduced input space.

This approach enhances model accuracy while reducing the computational burden
in high-dimensional problems. It has proven to be particularly effective in complex engi-
neering applications such as aerodynamic shape optimization. In this study, alongside the
conventional Kriging method, the KPLS method is also investigated, and its results are
incorporated into the optimization problem.

2.2.3. Gradient-Enhanced Kriging (GEK)

The Gradient-Enhanced Kriging (GEK) model aims to construct a more accurate surro-
gate model by incorporating not only function values but also gradient information into
the modeling process, unlike classical Kriging [37]. In engineering applications, gradients
obtained through techniques such as adjoint methods or automatic differentiation (AD)
can significantly improve the model’s predictive accuracy [38]. The primary advantage of
GEK is its ability to achieve high accuracy even with a limited number of sample points, as
gradient information provides direct insight into the local behavior of the function, thereby
enabling the model to better learn its global characteristics [39]. In the GEK model, for input
variables x € R? and an objective function f(x), the dataset can be extended as shown in
Equation (6).

D = {(xi, f(xi), V() | i=1,...,n} ©®)

where Vf(x;) = (%, ceey aa—f) represents the d-dimensional gradient vector of the function.
1 Xd
The GEK correlation matrix R consists of three main components: namely, correla-
tions between function values, correlations between function values and gradients, and
correlations between gradients.

For instance, the correlation between two points is defined as:

d
R;j = exp <— kz O (X — xj,k)z) 7)
—1

The gradient correlations are derived from the derivatives of the correlation function
with respect to the partial derivatives of the function:

BRZ-]-
P =20k (xix — xj 1) R 8)
0°R;;
L = 46,6 (x;x — x) (i) — Xj,1)Rij — 20660 R )

axi,kaxj/,
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where Jy; denotes the Kronecker delta function. Consequently, by integrating both the
function values and gradient information, the GEK model constructs a richer dataset
and typically achieves faster and more accurate convergence compared to the classical
Kriging model.

2.2.4. Gradient-Enhanced Kriging with Partial Least Squares (GEKPLS)

The Gradient-Enhanced Kriging with Partial Least Squares (GEKPLS) method lever-
ages the strengths of both GEK and Partial Least Squares (PLS) to address high-dimensional
optimization problems that incorporate gradient information [33]. In this approach, a
PLS-based projection is first applied to the input space to reduce its dimensionality by
emphasizing directions most influential on the objective function and its derivatives [40].
This dimensionality reduction helps overcome the challenges typically associated with
high-dimensional surrogate modeling—known as the curse of dimensionality (typically
encountered in GEK)—by enabling the construction of more accurate models using fewer
sample points. Through the integration of gradient information and dimension reduction
techniques, GEKPLS achieves high-fidelity surrogate models for problems with a large
number of design variables while maintaining computational efficiency.

2.3. Adjoint Method

In this study, adjoint optimization is performed using the SU2 code. The steps involved
in adjoint optimization include: shape parametrization, flow analysis, adjoint solution,
gradient computation, and mesh deformation. The Sequential Least Squares Program-
ming (SLSQP) [2] algorithm and a gradient-based optimization method are available in
SU2. For the gradient of the selected objective function required by SLSQP, the Discrete
Adjoint method is employed. The shape parametrization is carried out using Free-Form
Deformation (FFD), and to maintain consistency with surrogate-based methods, the same
design variables (control points on the FFD box) are used. The optimization termination
criteria include two options: namely, satisfying the Karush-Kuhn-Tucker (KKT) condi-
tions [2] or reaching the maximum number of design iterations. Although both are defined
as input parameters, in alignment with the surrogate-based methods, the optimization
process adopted here is terminated upon reaching the predefined maximum number of
design iterations.

2.4. EGO, DoE, and Infill Sampling

Efficient Global Optimization (EGO) is an optimization algorithm specifically devel-
oped for identifying the global optimum in nonlinear problems that exhibit multi-modality,
and it is particularly well-suited for use with surrogate-based models such as Kriging [22].
In EGO, the surrogate model not only provides an accurate approximation of the cost
function but also offers a meaningful estimation of the associated uncertainty, where an
acquisition function effectively balances exploration of the design space and exploitation
of promising regions near the potential optimum. Given the high computational cost
associated with design stages involving CFD, which is one of the main focuses of this
study, the use of EGO becomes a necessity. Furthermore, EGO serves as a fundamental
component of the aerodynamic shape optimization framework developed herein.

As will be discussed in more detail in the description of the framework, the EGO
algorithm consists of two main stages: Design of Experiments (DoE) and Infill Sampling.
The DoE phase involves the selection of sample points and the construction of an initial
dataset to build the surrogate model. Various methods are available for sample selection;
in this study, Latin Hypercube Sampling (LHS) is employed due to its advantages such as
providing high randomness and a strong capability for obtaining information across the
design space [41].
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Once the surrogate model is constructed via the DoE phase, it requires updating in
accordance with the EGO process. During the Infill Sampling phase, the model is enriched
using a pre-defined acquisition function. The Expected Improvement (EI) criterion is
selected as the acquisition function, enabling the surrogate model to perform efficient and
guided search strategies within each optimization cycle. The methodologies described here
are examined in further detail through the developed flowchart.

2.5. Framework and Its Elements: SU2, SMT, and Flowchart

In this section, the proposed framework will be presented by first introducing its con-
stituent elements and then detailing the operations illustrated in the framework flowchart.
Due to the combination of components included within the developed framework, the
acronym HEGOPLS (Hybrid Efficient Global Optimization with Partial Least Squares) has
been adopted, and henceforth, the framework will be referred to as HEGOPLS.

A framework intended for aerodynamic shape optimization must incorporate the fol-
lowing essential components: computational fluid dynamics (CFD), geometric parametriza-
tion, mesh deformation, design of experiments (DoE), sampling, and optimization. The
following open-source codes are utilized here to address these components: SU2 (Stanford
University Unstructured) and the Surrogate Modeling Toolbox (SMT).

Briefly introducing these codes, SU2 is an open-source, multi-physics simulation suite
developed primarily for computational aerodynamic analysis and optimization problems
in the aerospace field [42]. With its Python (version 3.13) interface and flexible configuration
system, SU2 provides users with a high degree of customization. It also offers practical
features for flow constraints, shape parametrization techniques, and mesh deformation
methods, all of which are employed in this study.

On the other hand, SMT is an open-source Python library developed to build surrogate
models across various engineering disciplines for design and optimization purposes [43,44].
Additionally, SMT provides a wide range of surrogate modeling methods, including regres-
sion techniques and artificial neural networks.

All modules of the framework are based on open-source codes and libraries. The
coordination between input/output exchanges and process transitions is managed via
Python scripting. HEGOPLS is equipped to solve both 2D and 3D external and internal
viscous flows. An overview of the HEGOPLS optimization framework is presented in
Figure 2.

2.6. Single and Multi-Point Optimization

Many aerodynamic shape optimization studies in the literature typically consider
a single flight condition, which, although not always explicitly named, can generally be
categorized as single-point optimization. In contrast, optimization cases that incorporate
multiple flight conditions are referred to as multi-point optimization. Studies involving
multiple flight envelopes are relatively rare due to the significant increase in computational
cost and the heightened complexity of the problem [14,20,21].

In this study, the RAE 2822 drag optimization case is investigated under both single-
point and multi-point optimization settings. As mentioned, multi-point optimization
involves multiple flight conditions. The outcomes of both single- and multi-point optimiza-
tions are analyzed and compared with each other, as well as with results available in the
literature, in the Results section.
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Figure 2. Flowchart of the HEGOPLS optimization framework.

3. Case Definitions and CFD Validation
3.1. ADODG Test Case 2 Definition

To test the proposed optimization framework, Test Case 2 from the Aerodynamic
Design Optimization Discussion Group (ADODG) benchmark cases has been selected for
this study [1]. This two-dimensional case is widely adopted by researchers and research
groups working in aerodynamic shape optimization and represents a transonic, viscous,
single-point optimization problem. The baseline shape for this case is the RAE 2822 airfoil,
and the optimization objective is defined as minimizing drag while satisfying constraints
on the lift coefficient, moment coefficient, and surface area.

The flight conditions and the optimization problem definition for the single-point
optimization setup are summarized in Equations (10)—(15). Additionally, a literature
review table, which includes whether each study addresses the ADODG Test Case 2 and
the corresponding cell size, is presented in the Results section along with the optimization
results. Furthermore, for the multi-point optimization conducted in this study, the selected
flight conditions and the problem definition are summarized in Equations (16)—(18). For
the multi-point optimization case, no definition has been provided by the ADODG group;
however, such a definition is available in the work of Koratikere and Leifsson [20]. The
literature review table is updated accordingly by incorporating the flight conditions, and
the comparisons are discussed in the Results section.
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ADODG Test Case 2 (RAE 2822 airfoil single-point optimization) flow conditions and
optimization definition can be expressed as follows:

flow conditions Ma =0.734 (10)
Re = 6.5 x 10° (11)
min Cp(x) (12)
subject to Cr(x) = (CL)paseline = 0.824 (13)
Cm(x) = (Cm)paseline = —0.092 (14)
A(x) > Apaseline (15)

where Ma is Mach number, Re is Reynolds number, Cp is drag coefficient, Cy, is lift coeffi-
cient, Cps is moment coefficient, A is the surface area.

The conditions and corresponding weights (w) of the multi-point optimization are
listed in Equations (16)—(18) and Table 4, respectively.

3 .
min Cp(x) = ZwiCZD (16)
* i=1
subject to Ci(x) = (Cp)paselines Vi=1,2,3 (17)
Ai<x) > Abaseliner Vi=1,2,3 (18)

Table 4. Flight conditions and corresponding weights (w) for the multi-point optimization.

i w Ma Ci A asetine (M)
1 0.25 0.724 0.824 0.0778
2 0.5 0.734 0.824 0.0778
3 0.25 0.744 0.824 0.0778

3.2. Design Variables and DoE

The optimization components of the framework were implemented using the SMT
code. For the Design of Experiment (DoE) phase, 20 samples were selected, while 80 design
iterations were used for Infill Sampling. The correlation function was chosen as the Squared
Exponential (Gaussian), with initial hyperparameter 6 set as 0.01 with lower and upper
bounds for 6 defined as 10~ and 20, respectively. The design space is specified with lower
and upper bounds of —0.01 and 0.01, respectively.

3.3. Three Mesh Levels and Comparison

In this section, the goal is to investigate the flow physics around the RAE 2822 airfoil
under the specified flight conditions using three different mesh levels and to determine the
appropriate mesh level for the subsequent optimization studies. The different mesh levels
were generated using the Gmsh open-source software [45]. All meshes are O-type grids,
featuring a boundary layer mesh near the airfoil to accurately capture the flow behavior
close to the surface, followed by an unstructured mesh in the farfield region.

Table 5 summarizes the key characteristics of each mesh level, including the number
of elements, the elapsed time for the CFD simulation in seconds (s), the obtained Cp value
in drag counts (d.c., i.e., 1 drag count is equal to a C; of 10~%), and the corresponding y*
value, which represents a dimensionless wall distance used to assess the resolution quality
of the near-wall mesh.
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Table 5. Mesh levels and corresponding CFD performance indicators.
Mesh Level Number of Cells Elapsed Time * (s) Cp (d.c.) yt
Coarse 22,824 32 209.14 1.1
Medium 58,668 69 206.97 0.94
Fine 84,316 116 201.52 0.72

* Simulations performed using 16 processors.

By evaluating the overall Cp values, it is observed that the differences among the
three mesh levels are negligible when considering the associated computational costs. The
pressure coefficient distributions around the airfoil for the coarse, medium, and fine mesh
levels are examined, the coarse and medium mesh levels resemble each other. The coarse
and fine mesh levels are plotted in Figure 3, demonstrating very close agreement between
the two.

Given the good agreement with the fine mesh and the significant computational cost
savings, the coarse mesh level is selected as the baseline mesh for the optimization studies
conducted in this work.

—1.5_| T 1 T T L A
— Coarse 1
—— Fine

—

-1.0
-0.5

a
O 0.0

e e  Eumamama

T

0.5r

1.0

T

x/c

Figure 3. Pressure coefficient distributions of the coarse (black line) and fine (blue line) mesh levels.

For a more detailed visualization of the selected mesh, the mesh structure around
the airfoil, including both the farfield region and the vicinity of the airfoil, is illustrated in

Figure 4.
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Figure 4. The mesh structure around the airfoil: (a) The farfield region. (b) The vicinity of the airfoil.
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3.4. CFD Validation with Experiment

In the study conducted by Cook et al. [46], experimental tests were performed
around the RAE 2822 airfoil under the flight conditions listed in Table 6 to investigate the
flow physics.

CFD simulations were carried out here using the coarse mesh under the same experi-
mental conditions, and the results were compared with the experimental data provided by
Cook et al. [46] to validate the accuracy of the mesh.

The comparison is visualized in Figure 5. Upon examining Figure 5, it can be observed
that the CFD results obtained with the coarse mesh are in very good agreement with the
experimental data, thus confirming that the selected coarse mesh is an appropriate choice
for the optimization studies.

Table 6. Flow conditions for experiment.

Variable Value
Mach number (Ma) 0.73
Reynolds number (Re) 6.5 x 10°
Angle of attack («) 2.79°

—1.5_| L L B R S S R ——
3 — Coarse Mesh
e Experiment

-1.0F

| I P I S S T S S I ST |

0 0.2 0.4 0.6 0.8 1
X/c

Figure 5. Comparison of the pressure coefficient distribution between the coarse mesh and experi-
mental data for the RAE 2822 airfoil.

3.5. Cp, Constraint in SU2

This section briefly explains how the lift coefficient (Cr) constraint, mentioned in
the optimization problem definition, is handled in this work. One of the advantages of
using the SU2 code is the Cy, constraint mechanism, which is implemented as follows. To
achieve the target lift coefficient before the solution, the angle of attack of the object under
investigation is adjusted during the CFD simulation by varying it within a predefined
range. This process is summarized in Equation (19).

CL, Target — CL, Current
N =
A
where « is the current angle of attack, Cp, Target is the target lift coefficient, Cr, current is the
current lift coefficient, and A« is the fixed angle increment, which has been set to 0.2.

(19)
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4. Results
4.1. Single-Point Optimization Results and Evaluation

The flight conditions and optimization problem definition for the single-point opti-
mization of the RAE 2822 airfoil were provided in Equations (10)-(15). In this section, the
results obtained from the single-point optimization studies based on this definition are
evaluated. The current study was conducted using 14 design variables, the distribution of
which is illustrated in Figure 1.

As shown in Table 7, the results obtained from the single-point optimization are pre-
sented. In this table, the drag coefficients in drag counts, the percentage improvements
compared to the baseline RAE 2822 airfoil, the corresponding angles of attack, lift coeffi-
cients, and elapsed times in minutes are provided for the optimum airfoils obtained using
the surrogate-based optimization methods and the adjoint-based method discussed within
the scope of this study. Based on the table, it is observed that the highest improvement was
achieved using the GEK method with 50.47%. This can be explained by the enrichment
of the GEK method’s dataset with gradient information alongside y values, leading to
superior performance compared to the other methods. The second-best performance was
achieved using the GEKPLS method with an improvement of 49.41%. A similar explanation
regarding the use of gradient information can be made for the GEKPLS method as well.
The KRG method yielded an improvement of 43.74%, while the adjoint-based method
achieved a 35.79% improvement, indicating that, for this particular case, surrogate-based
methods outperformed the gradient-based approach.

Table 7. Single-point optimization results comparison of drag coefficients (in drag counts) obtained
using different optimization methods for RAE 2822 airfoil.

Baseline KRG KPLS GEK GEKPLS Adjoint
Cp (d.c.) 209.14 117.67 109.33 103.59 105.81 134.28
Impf‘(i;e)me“t - 43.74 47.72 50.47 49.41 35.79
« 2.92° 2.43° 2.65° 2.59° 2.64° 2.44°
CL 0.824 0.824 0.824 0.824 0.824 0.824
Elapsed time * (min.) 0.53 34.63 30.15 48.71 44.62 60.27

* Simulated with 16 processors.

While Table 7 provides an overview of the drag coefficient values and improvements,
a more detailed examination of the optimization results and the underlying physics can be
performed by referring to Figure 6. The figure on the left shows the shapes of the optimum
airfoils, whereas the figure on the right visualizes the Cp distributions over the optimum
airfoils obtained using each method. Upon inspecting the Cp distributions, it is evident
that each optimization method significantly improved the pressure distributions compared
to the baseline geometry, particularly by weakening the shock wave near x/c = 0.5 — 0.6.
It can also be interpreted that the GEK method was more effective in spreading the abrupt
Cp drop over the airfoil surface compared to the other methods.
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Figure 6. Comparison of (a) the airfoil shapes and (b) pressure coefficients obtained from single-point
optimization results using different optimization methods, both with the baseline and among each other.

Figure 7 presents the design iteration versus Cp evolution for each optimization
method. This plot illustrates how the objective function, Cp, evolved throughout the
design optimization process. The graph is plotted by drawing the best minimum value
obtained so far at each iteration, often referred to as a “staircase plot” in some studies. It
is observed that for the surrogate-based methods, the first 20 iterations correspond to the
Design of Experiments (DoE) phase, while the remaining 80 iterations are used for infill
sampling. As expected, improvements continue after the DoE phase for surrogate-based
methods. In contrast, for the gradient-based adjoint method, a rapid initial improvement is
seen; however, it eventually gets stuck at a local minimum.

220 DoE Infill sampling

200

— GEK

= GEKPLS
— Adjoint
==+ Baseline

1801

1601

1404 L‘

1204 ——

Cp (drag counts)

100+
0 20 40 60 80 100
Number of design iterations

Figure 7. Drag coefficient history during optimization process for different optimization methods for
single-point optimization.

Tables 8 and 9 share the results from the present study along with those from the
literature that also focused on RAE 2822 airfoil optimization through single-point opti-
mization. Some of the cases adopted the ADODG Test Case 2 conditions, which were
previously specified in Tables 1 and 2. In these tables, each study’s baseline drag coefficient,
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optimum drag coefficient in drag counts, the corresponding improvement percentage, and
the number of design variables (DV) used are reported.

Table 8. Single-point gradient-based optimization comparison of drag coefficients (in drag counts)
with results reported in the literature for RAE 2822 airfoil.

Result Baseline Optimum Improvement (%) Number of DV
Present study (Adjoint) 209.14 134.28 35.79 14
Poole et al. [2] 174.30 90.40 48.14 6

Yang and Ronch [3] 241.24 150.00 37.82 30
Abergo [4] 188.57 111.18 41.04 16
Carrier et al. [5] 187.70 104.40 44.38 10
He et al. [6] 194.40 108.91 43.98 40
Lee etal. [7] 234.44 131.81 43.78 17

Ren et al. [8] 220.28 131.41 40.34

Marques and Hewitt [9] 132.10 105.10 20.44

Table 9. Single-point gradient-free optimization comparison of drag coefficients (in drag counts) with
results reported in the literature for RAE 2822 airfoil.
Result Baseline Optimum Improvement (%) Number of DV

Present study (GEK) 209.14 103.59 50.47 14
Zhang et al. [10] 195.02 104.27 46.53 18
Nagawkar et al. [11] 177.10 97.60 44.89 12
Wang et al. [12] 197.29 106.63 45.95 18
Zhang et al. [13] 196.64 109.30 44.42 18
Nagawkar et al. [14] 200.57 117.38 41.48 16
Xue et al. [15] 205.16 118.17 42.40 8
Han and Zhang [16] 100 (based) 70.70 29.30 10
Tesfahunegn et al. [17] 200.50 108.40 45.94 8
Ozkaya and Gauger [18] 134.50 110.10 18.14 38
Koratikere [19] 200.55 114.00 43.16 13
Koratikere and Leifsson [20] 200.55 112.96 43.67 12

As stated in the Introduction section in Tables 1 and 2, the results are classified into two
groups: gradient-based and gradient-free methods. A similar classification is made here for
evaluation. The adjoint results from the present study and the best surrogate-based result
obtained using the GEK method are compared against the literature. When examining
the gradient-based results first, it is observed that most studies used more than 16 design
variables, achieving improvements of over 30%. On the other hand, when reviewing the
gradient-free methods, it is noted that the number of design variables used is generally
lower than in gradient-based studies, except for the study by Ozkaya and Gauger [18],
which utilized 38 design variables but only achieved an 18.14% improvement, which is
relatively low compared to others. Other studies employing gradient-free approaches gen-
erally achieved improvements over 40% with fewer design variables. It can be concluded
that the GEK method in the present study, achieving a 50.47% improvement, demonstrated
strong performance compared to the literature.
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To sum up, the single-point optimization results reveal that surrogate-based optimiza-
tion methods, particularly those enriched with gradient information such as GEK and
GEKPLS, outperform the classical gradient-based adjoint method in terms of drag reduc-
tion for the RAE 2822 airfoil under the ADODG Test Case 2 conditions. The GEK method
achieved the highest improvement with a 50.47% reduction in drag counts, followed closely
by GEKPLS with 49.41%, whereas the adjoint method yielded a 35.79% improvement.
The analysis of Cp distributions and design iteration histories further substantiates these
findings, showing a more effective shock control and smoother optimization convergence
for surrogate-based methods. Additionally, the comparative review with literature results
demonstrates that the performance achieved in this study is highly competitive, even
when compared with studies employing a greater number of design variables. These
outcomes underline the capability and efficiency of the proposed HEGOPLS framework for
aerodynamic shape optimization tasks.

4.2. Multi-Point Optimization Results

In this section, the results obtained from the multi-point optimization studies are
analyzed using 14 design variables, and comparisons with similar studies in the literature
are discussed. First, the outcomes obtained by applying the proposed methods to the
problem defined in Equations (16)—(18) are summarized in Table 10. This table presents
the total Cp, the individual Cp and « values for each flight condition (point), as well as the
corresponding Cr, values and the total elapsed time in minutes for each method.

Table 10. Multi-point optimization results comparison obtained by different optimization methods
for RAE 2822 airfoil.

Baseline KRG KPLS GEK GEKPLS Adjoint

213:1 w;iCh 212.47 124.78 121.54 124.13 119.15 138.44
Improvement (%) - 41.27 42.80 41.58 43.92 34.84
C]1D (d.c.) 182.26 126.20 115.59 125.72 120.46 133.41
C2 (d.c.) 209.14 119.18 122.98 121.73 114.46 135.96

C3D (d.c.) 249.34 134.56 124.61 127.34 127.23 148.43

ol 2.87° 2.59° 2.55° 2.67° 3.09° 2.91°

o? 2.92° 2.51° 2.79° 2.53° 2.47° 3.06°

o3 3.03° 2.46° 2.92° 2.57° 291° 3.11°

; :CI}:Z, 3 0.824 0.824 0.824 0.824 0.824 0.824
Elapsed time * (min.) 1.58 86.12 83.42 229.47 208.41 257.52

* Simulated with 16 processors.

Upon examining Table 10, it is observed that the GEKPLS and GEK methods demon-
strate strong performances with overall drag reduction improvements of 43.92% and
41.58%, respectively. Similar to the single-point results, the presence of gradient infor-
mation enhances the performance of these two methods. It is also seen that the KPLS
method achieves a 42.80% improvement, ranking just behind GEKPLS, while the KRG
method provides a comparable performance with a 41.27% improvement. Meanwhile, the
adjoint-based optimization results in a 34.84% drag reduction, indicating that it lags behind
the surrogate-based methods in this case.

A point-by-point analysis reveals that for all methods, the highest drag coefficient
is observed at Point 3, whereas lower drag coefficients are achieved for the other points.
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This is mainly attributed to the higher Mach number at Point 3. Although the conditions
at Point 2 are similar to those in the single-point case, the performance is slightly lower
in the multi-point setup, reflecting the increased complexity due to the larger number of
conditions to be satisfied. As for the elapsed times, it is noted that the KRG and KPLS
methods complete the optimization faster than the gradient-enhanced methods, as they are
constructed without using gradient information.

Figure 8§ illustrates the optimum shapes obtained after multi-point optimization com-
pared to the baseline shape, as well as the Cp distributions over the airfoils for each point.
From the Cp distributions, a noticeable decrease in the shock wave strength is evident,
which aligns with the improvements reflected in the overall results.
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Figure 8. Comparison of (a) the optimized airfoil shapes obtained using different optimization
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methods and the baseline geometry; Pressure coefficient distributions for (b) Point 1, (c) Point 2, and
(d) Point 3, comparing the optimized airfoils with the baseline.

Figure 9 shows the evolution of Cp over design iterations for each optimization
method. It is observed that after the Design of Experiments (DoE) phase, the surrogate-
based methods continue to achieve drag reductions as the process proceeds, whereas the
gradient-based adjoint method experiences a rapid initial improvement followed by limited
further gains.
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Figure 9. Drag coefficient history during optimization process for different optimization methods for
multi-point optimization.

Finally, Table 11 compares the present study results obtained by the GEKPLS method
with three different references from the literature. As mentioned in Table 3 in the Introduc-
tion, Nagawkar et al. [14] focused on an Euler flow problem, while the other references
dealt with transonic and viscous flow cases. The number of design variables (DVs) used
across these studies are similar. In the table, it is noted that the present study, Koratikere
and Leifsson [20], and Nagawkar et al. [14] use the same Mach numbers and weights,
whereas Toal and Keane [21] prioritize a higher weight for w;. Regarding improvements,
Nagawkar et al. [14] report a very high drag reduction of 80.33%, which can be attributed to
the inviscid nature of their Euler-based case. In contrast, the present study, achieving 43.92%
improvement with GEKPLS, demonstrates highly competitive performance compared to
the other viscous flow cases in the literature.

Table 11. Multi-point optimization comparison with results reported in the literature for RAE 2822

airfoil.
Study Weights Mach Numbers  Baseline Optimum Imp. (%) Numberof DV

w; = 0.25 May = 0.724

Presg}‘;g}gy by wy = 0.5 Ma, = 0.734 21247 11915 43.92 14
w3 =025 Mas = 0.744
. w; =025 May = 0.724

Kfriaf“kere[;ad Wy = 0.5 May = 0.734 207.49 119.24 42,53 15
crsson w3 =025 Mas = 0.744
w; =025 Ma; = 0.724

Nagav[?j]‘r etal. wy = 0.5 Ma, = 0.734 79.24 15.59 80.33 16
w3 = 0.25 Maz = 0.744
w1 = 0.6 Mﬂl =0.75

Toal aE]Kea“e wy = 0.3 May = 0.8 171.40 145.10 15.34 10
w3 = 0.1 M(lg =02

Multi-point optimization studies were conducted by considering the problem defined
in Equations (16)—(18). Among the investigated methods, the GEKPLS method achieved the
highest overall drag reduction with an improvement of 43.92%, closely followed by KPLS
(42.80%) and GEK (41.58%). The KRG method also showed a comparable performance
with a 41.27% improvement. In contrast, the adjoint-based approach achieved a 34.84%
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drag reduction, indicating the superior performance of the surrogate-based methods for
this case.

Cp distribution analyses revealed that the optimized designs successfully weakened
the shock strength compared to the baseline, especially at higher Mach numbers. De-
sign iteration plots indicated steady improvements beyond the DoE phase for surrogate-
based methods, whereas the adjoint method showed rapid initial convergence followed
by stagnation.

Compared with the literature, the present study using GEKPLS demonstrated strong
competitiveness, achieving a 43.92% drag reduction for viscous flow conditions, outper-
forming most similar works under comparable optimization setups.

5. Discussion

The present study assessed the performance of surrogate-based and gradient-based
optimization methods for aerodynamic shape optimization using the RAE 2822 airfoil as a
benchmark case. Validation against experimental data confirmed the CFD setup’s ability to
capture critical flow features, providing a solid foundation for subsequent optimization. In
single-point optimization, surrogate-based methods incorporating gradient information
(GEK and GEKPLS) significantly outperformed KRG and KPLS approaches and the adjoint-
based method, consistent with prior findings that highlight the advantages of gradient-
enriched models. Similarly, in multi-point optimization, the GEKPLS method demonstrated
strong performance under transonic, viscous flow conditions, achieving results comparable
to or exceeding those reported in the literature.

These results reinforce the hypothesis that incorporating gradient information into
surrogate models improves both optimization efficiency and final design quality. The
performance gap observed between surrogate-based and gradient-based methods also
suggests that, for problems involving complex flow phenomena and multiple operating
conditions, surrogate models can provide not only competitive but also more robust
solutions with controlled computational resources.

Comparison with literature studies further validated the competitiveness of the present
methods, particularly under viscous flow conditions. These results highlight the advantages
of incorporating gradient information into surrogate modeling and confirm the robustness
of the proposed strategies for both single and multi-point aerodynamic optimizations.

In a broader context, the findings suggest that hybrid frameworks leveraging both
surrogate modeling and gradient information can be critical for future high-fidelity aero-
dynamic optimizations. Future research may explore extensions to three-dimensional
configurations, unsteady flows, and the integration of physics-informed machine learning
approaches to further enhance surrogate model capabilities and optimization robustness
across a wider range of aerodynamic design problems.

6. Conclusions

This study has presented a comprehensive evaluation of surrogate-based and gradient-
based aerodynamic shape optimization approaches applied to the RAE 2822 airfoil under
both single-point and multi-point conditions. Validation against experimental data con-
firmed the accuracy of the CFD setup, providing confidence in the optimization results.
Surrogate-based methods, particularly those enriched with gradient information (GEK and
GEKPLS), consistently outperformed traditional KRG, KPLS and adjoint-based methods
in terms of drag reduction and computational efficiency. These findings highlight the
value of combining surrogate modeling with gradient information to achieve robust and
efficient optimizations, especially in complex aerodynamic design spaces. Work to extend
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these methodologies to three-dimensional and unsteady flow problems to further test their
scalability and effectiveness is underway.
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Abbreviations

The following abbreviations are used in this manuscript:

EGO Efficient global optimization
RAE Royal Aircraft Establishment
CFD Computational fluid dynamics
KRG Kriging

KPLS Kriging with partial least squares
GEK Gradient-enhanced Kriging

GEKPLS Gradient-enhanced Kriging with partial least squares
ADODG AIAA Aerodynamic Design Optimization Discussion Group

SU2 Stanford University Unstructured

FSQP Feasible sequential quadratic programming
RSM Response surface models

MLO Multi-level optimization

EI Expected improvement

MFEI Multi-fidelity expected improvement
MHK Multi-level hierarchical Kriging

NN Neural network

MM Manifold mapping

GPR Gaussian process regression

AKC Automatic kernel construction

cEGO Constrained efficient global optimization
FFD Free-form deformation

AD Automatic differentiation

DoE Design of experiments

LHS Latin hypercube sampling

HEGOPLS  Hybrid efficient global optimization with partial least squares
SMT Surrogate Modeling Toolbox
DV Design variable
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