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Abstract: The increasing demand for image quality in aerospace remote sensing has led
to higher performance requirements for inertial stabilization platforms equipped with
image sensors, particularly in terms of bandwidth. To achieve wide-bandwidth control in
optical stabilization platforms, engineers employ magneto-hydrodynamic (MHD) sensors
as key components to enhance system performance because of their wide measurement
bandwidth (5–1000 Hz). While MHD sensors offer a wide-frequency response, they are
limited by a narrow measuring range and low sensitivity at low frequencies, making them
unsuitable as standalone sensors. To address the challenges of over-range measurement
and the loss of low-frequency signals, in this study, we developed a soft-switching adaptive
Kalman filter method, which enables us to dynamically adjust the fusion weights in the
Kalman filter so we can obtain wide-band measurement signals even when the MHD
sensor experiences over-range conditions. The proposed method was validated with fusion
experiments involving a fiber-optic gyroscope and an MHD sensor; the results demonstrate
its ability to expand the sensing bandwidth, regardless of the operating conditions of the
MHD sensor.

Keywords: MHD; adaptive law; Kalman filter; inertial sensors; data fusion

1. Introduction
Aerial remote sensing imaging technology has numerous applications in modern

fields, such as environmental monitoring, disaster management, agricultural analysis,
and urban planning [1–3]. However, the complex aviation environment introduces multi-
source interference, significantly affecting the stability and tracking accuracy of aerial
remote sensing systems [4,5]. To achieve high-resolution, high-precision imagery, engineers
employ aerial remote sensing stabilization platforms to connect photoelectric sensors to
the carrier so that the aiming line of the sensor remains stable relative to the imaging area
in inertial space [6]. As the key components of the inertial stabilization platform, inertial
sensors provide essential feedback signals that help stabilize the optical sensor’s aiming
line by detecting attitude changes in the stabilization platform [7].

Traditional inertial angular velocity sensors operate on various principles, but they
all have inherent limitations as shown in Table 1 [8]. Magneto-hydrodynamic (MHD)
inertial sensors represent a valuable supplement to traditional inertial measurement tech-
nologies [9]. Based on MHD principles, MHD sensors detect acceleration and angular
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velocity without mechanical wear, and they offer a wide-frequency response and high
impact resistance [10]. Nevertheless, because of limitations in inertial sensor hardware and
technology, existing standalone angular velocity sensors struggle to measure small angular
vibrations and cover the full frequency range simultaneously [11,12]. As a result, these
sensors are often insensitive to high-frequency external disturbances, limiting the control
system’s ability to suppress high-frequency interference [13]. To address this, expanding
the measurement bandwidth is crucial without compromising imaging stability. Combining
sensors with different frequency band characteristics through data fusion has proven to be
an effective solution [14–17].

Table 1. Limitation and measurement frequency band of traditional sensors.

Type Limitations Common
Frequency Band

MEMS Gyroscope Low accuracy and Weak anti-interference. 0∼200 Hz
Fiber optic Gyroscope Low frequency drift exists. 0∼400 Hz
Accelerator Measuring linear acceleration only. 0∼5 kHz
MHD sensors Low frequency cannot be measured. 2∼1 kHz

Note: The term “common frequency band” refers to products that are widely used and does not include specially
made items. The content above encompasses applications across various fields. In the field of aerial imaging, the
cut-off frequency of commonly used IMUs (which integrate gyroscopes and accelerometers) typically ranges from
100 to 200 Hz.

In aerospace optical imaging or inertial navigation fields, stable platforms commonly
use inertial angular velocity sensors such as Micro-Electro-Mechanical Systems (MEMS)
gyroscopes and Fiber-Optic Gyroscopes (FOGs) [18,19]. However, due to the nature of
gyroscopes, the integration angular measurement tends to drift. To address this drift,
engineers typically use the Extended Kalman Filter or other method to combine gyroscopes
with accelerators or magnetometers to achieve a multi-axis Inertial Measurement Unit
(IMU) [20–22]. For this fusion, the measurement bandwidth is usually not considered,
but bandwidth matching is necessary, meaning that multiple sensors should have similar
bandwidths. Especially long-focus photography is highly sensitive to vibration, it is
essential to suppress the high-frequency vibration of the optical stabilization platform.
In response to this issue, this paper focuses on the expansion of the bandwidth of MHD
sensors and explores a sensor fusion scheme to extend their low-frequency measurement
capabilities.

Sensor fusion algorithms can be broadly categorized into time- and frequency–domain
methods [23]. Complementary and closed-loop control filtering are classical frequency–
domain data fusion approaches. Complementary filtering is simple. It does not involve
complex matrix operations, but it heavily depends on the accurate modeling of the transfer
function of the sensors being fused, and its weights cannot be adapted dynamically to envi-
ronmental noise or motion states [24]. Closed-loop control filtering, which fuses controller
outputs, feedback signals, and setpoints, effectively reduces noise influence and prevents
overshoots or oscillations caused by sudden changes [25]. However, traditional closed-loop
control filters lack a clear design method, making parametric design challenging.

In contrast, Wiener filters [26], Kalman filters [27], and similar algorithms are time
domain-based fusion methods that allow for the optimal estimation of signals containing
noise. Kalman filtering is a classical signal fusion technique suitable for linear systems [28].
It features simple iterative operations and uses residual state predictions for signal correc-
tion, effectively filtering out both white noise and colored noise. Many filtering algorithms,
such as the extended Kalman filter [29] and the unscented Kalman filter [30], have been
developed based on the basic Kalman filter. The Kalman gain determines the balance
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between the predicted states and the actual measurements, and process noise covariance Q
and measurement noise covariance R directly influence the size of this gain. The proper
selection and adaptive adjustment of Q and R are key to ensuring stable Kalman filter
performance in complex environments, thereby providing accurate estimations [31,32].

Regarding the optimization and parameter tuning of the Kalman filtering method, re-
searchers have proposed various adaptive Kalman filtering approaches. Adaptive Kalman
filters can be used to dynamically adjust the filtering parameters according to real-time
signal characteristics, adapting to varying noise levels under different working conditions
to enhance system stability [33]. The recursive least squares method is often used to calcu-
late the variance of system residuals, with improvements such as removing the rounding
operations of the original algorithm to increase sensitivity to errors [34]. Additionally, a
noise covariance adaptive update mechanism based on covariance matching can be used to
correct process noise covariance Q and measurement noise covariance R in real time [35].
By adjusting Q and R based on residuals derived from application scenario feedback, we
can update the noise covariance matrix dynamically, ensuring the filter provides optimal
state estimation under the current dynamic conditions [36]. The adaptive Kalman filtering
approach based on model parameter ratios further enhances filter robustness in uncer-
tain environments, though it requires the balancing of noise estimation accuracy with
computational complexity [37,38].

Given that FOGs offer higher precision than MEMS gyroscopes and exhibit low-pass
characteristics in the frequency domain, this study implements the fusion of MHD sensors
with a FOG using a Kalman filter scheme. However, the measurement range of MHD
sensors is constrained by the secondary amplification coil and operational amplifier circuit,
resulting in a trade-off between measurement range and sensitivity. During the sensor
fusion process with the Kalman filter, saturation caused by the limited measurement range
can introduce errors in the fusion results. To address this issue, we propose an adaptive
Kalman filtering method with a soft-switching function. With this method, one can detect
the saturation state of the measurements with an adaptive function, using a soft-switching
adaptive function to adjust the R matrix, altering the weight of the measurements in the
fusion process, and ensuring the accuracy of the fusion results under different operating
conditions.

The structure of this paper is as follows: In Section 2, we describe the measurement
principle of the MHD sensor and discuss the associated issues. In Section 3, we present
the proposed SSAKF fusion scheme designed to address previous issues. In Section 4, we
provide the simulation results. In Section 5, we report on the validation of the superiority
of the proposed method based on comparisons with two other fusion methods in four
different experiments. In Section 6, we present our conclusions.

2. MHD Sensor Principle and Limitations
This section explains the measurement principle of MHD sensors, along with the trans-

fer function for MHD measurement and the significance of its corresponding parameters.
The limitations arising from this measurement principle and the issues that need to be
addressed are also discussed.

2.1. Measuring Principle of MHD

Figure 1 delineates the operational mechanism of an MHD sensor. The fundamental
constituents of this sensing arrangement consist of an annular vessel containing an elec-
trically conductive fluid, a permanent magnet, and a set of electrodes positioned on both
the inner and outer walls of the annular vessel. When the support structure on which the
sensor is mounted rotates at an angular velocity ω, the conductive fluid remains relatively
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static in relation to the inertial frame of reference because of inertia and the fluid’s viscous
properties. This results in a relative velocity v between the fluid and the rotating magnetic
field. Consequently, as the conducting fluid traverses the magnetic field, it produces an
induced electromotive force (EMF) E at the electrodes. By measuring E, the angular velocity
ω of the inertia can be derived [39,40].

Figure 1. The mechanism of an MHD sensor.

2.2. Limitations in Measurement with MHD Sensors

MHD sensors cannot measure low-frequency signals because, at lower motion frequen-
cies, the viscous forces within the conductive fluid prevent them from staying completely
stationary relative to the inertial system. As a result, the fluid becomes synchronized with
the motion of the surrounding container, causing a decrease in relative velocity and the
induced EMF E. Based on the dynamic properties of the fluid and its operational principles,
the transfer function of the induced EMF can be expressed as [41]

E(s)
ω(s)

=
BWrs

s + ν(1+H2)
h2

, (1)

where the parameters in Equation (1) are defined in Table 2, and s means a complex variable
in the Laplace transform.

Table 2. Parameter definitions for the MHD measurement equation.

Parameter Definition Unit

B Magnetic induction generated by permanent magnets T
W Width of ring container, W = ro − ri , ro and ri represents m

the inner and outer radius.

r Radius Root Mean Square of ring container, r =
√

r2
o + r2

i m
ν Viscosity coefficient of conductive fluids m2/s
h Height of ring container m
H Hartmann’s constant, H = Bh/

√
ρνη

ρ Density of conductive fluids kg/m3

η Resistivity of conductive fluids Ω·m

The cutoff frequency ωc of the MHD sensor is given by

ωc =
ν(1 + H2)

h2 =
ν

h2 +
B2

ρη
. (2)
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By analyzing Equation (2), we see that the only way to reduce the cutoff frequency
without modifying the magneto-fluidic material is to either increase the height h of the ring
container or decrease the magnetic field strength B of the permanent magnet. However, the
design parameters of MHD systems are constrained by strict size and sensitivity require-
ments in aerospace applications, making adjustments to the MHD design challenging. As a
result, expanding the low-frequency bandwidth of MHD sensors is difficult. This limitation
is why MHD sensors cannot be used standalone and must be integrated with other sensors
to extend their low-frequency measurement range.

In addition, the MHD sensor’s backend requires the design of a secondary amplification
circuit. To balance measurement accuracy and amplification range, the MHD sensor’s mea-
surement range is limited to ±0.5 rad/s. When the sensor’s measurement range exceeds its
capacity, the measurement results become distorted, making it impossible to reflect the true
data. Therefore, this issue must be carefully considered in the fusion measurement scheme.

As a complementary solution in both temporal and frequency domains, FOG serve as
an optimal choice. Based on the Sagnac effect, FOG perform interference measurements to
detect the angular velocity of rigidly connected platforms. In the frequency domain, they
exhibit low-pass characteristics, with typical commercial products offering bandwidths
of 100–400 Hz, while high-performance variants can reach nearly kHz levels. Beyond
frequency–domain advantages, FOG demonstrate a temporal measurement range of 400◦/s
to 1000◦/s, effectively avoiding over-range issues in aviation imaging stabilization plat-
forms. These attributes make FOG the selected low-frequency extension scheme for MHD
sensors in this study.

3. SSAKF Design
Kalman filters are widely used in sensor fusion problems. In this section, we present a

low-frequency expansion scheme for MHD sensors based on the traditional Kalman filter. We
also demonstrate, based on the conducted simulations, the issues that arise when the MHD
sensor exceeds its range. To address the problem of over-range measurement, we propose an
improved adaptive Kalman filtering equation and provide corresponding simulation cases.

3.1. Traditional Kalman Filter Design

We define a discrete linear systemx(k) = Ax(k) + Bu(k) + w(k)

z(k) = Hx(k) + v(k),
(3)

where k is the moment of sampling, x(k) is the state of the system, z(k) is the measurement,
A is the state transfer matrix, B is the input matrix, u(k) is the input quantity, H is the
measurement matrix, w(k) is random noise in the system, and v(k) is the measurement noise.

The traditional Kalman filter consists of five classical equations, which can be divided
into two parts: a priori prediction, given byx̂−(k) = Ax̂−(k − 1) + Bu(k)

P−(k) = AP(k − 1)AT + Q,
(4)

and a posteriori correction, given by
K(k) = P−(k)HT(HP−(k)HT + R)−1

x̂(k) = x̂−(k) + K(k)[z(k)− Hx̂−(k)]

P(k) = (I − K(k)H)P−(k).

(5)
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In these equations, (·)− denotes prior data, and Q and R represent the covariance
matrices of system noise and measurement noise, respectively, P means the posteriori
estimate covariance matrix, and I is a unit matrix of suitable dimension.

For the low-frequency extension of the MHD, an FOG with low-pass characteristics is
used for data fusion. The transfer functions of the two sensors areGFOG(s) =

ωFOG
s+ωFOG

GMHD(s) = s
s+ωMHD

,
(6)

where ωFOG and ωMHD are the cutoff angular frequencies for the FOG and MHD, respec-
tively. Then, the equation of state in its continuous domain is obtained as[

ẋ1(t)
ẋ2(t)

]
=

[
−ωFOG 0

0 −ωMHD

][
x1(t)
x2(t)

]
+

[
1
1

]
ω(t) (7)[

z1(t)
z2(t)

]
=

[
ωFOG 0

0 −ωMHD

][
x1(t)
x2(t)

]
+

[
0
1

]
ω(t), (8)

where z1(t) is the FOG measurement value, and z2(t) is the MHD measurement value.
Now, we also expand the angular velocity as a state variable in x(k), then discrete it

according to the backward Euler method with a sampling time of ts:ω(k)
x1(k)
x2(k)

 =

 1 0 0
ts/(ωFOGts + 1) 1/(ωFOGts + 1) 0
ts/(ωMHDts + 1) 0 1/(ωMHDts + 1)


ω(k − 1)

x1(k − 1)
x2(k − 1)

 (9)

[
z1(k)
z2(k)

]
=

[
0 ωFOG 0
1 0 −ωMHD

]ω(k)
x1(k)
x2(k)

. (10)

We see that matrix H in the measurement in Equation (10) is not square. Therefore,
when solving for the Kalman gain, we need to ensure that the singularity problem does not
arise by computing the generalized inverse of the matrix. Since matrix H has full column
rank, the Kalman gain (K(k)) can be recalculated as

K(k) = P−(k)HTS(k)−1 = P−(k)HTS(k)T [S(k)S(k)T ]−1, (11)

where S(k) = HP−(k)HT + R.
However, when the MHD sensor is under an over-range measurement condition, the

measured value does not conform to the dynamic characteristics of the sensor. Therefore,
a new solution must be proposed for this condition to avoid fusion errors caused by
over-range measurement issues.

3.2. Soft-Switching Adaptive Method

We analyze the estimation results (x̂(k)) to the Kalman filter equation from another
perspective. Based on the matrix inversion lemma (A+BCD)−1 = A−1 −A−1B(DA−1B+

C−1)−1DA−1, Equation (5) can be rewritten asP(k) = [(P−(k))−1 + HTR−1H]−1

x̂(k) = Cp(k)x̂−(k) + Cm(k)z(k),
(12)

where the predictive coefficient is given by Cp(k) = P(k)(P−(k))−1, and the measurement
coefficient is Cm(k) = P(k)HTR−1. A detailed derivation process can be found in Ap-
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pendix A. State x̂(k) can be expressed as a linear combination of a priori state x̂−(k) and
measurement (k). From the expression of the linear combination, the elements in matrix R
directly affect the weight of measurement z(k) in the estimation result. Based on this, by
increasing the values in matrix R, the influence of z(k) can be reduced, thereby suppressing
the effect of the MHD measurement on the fusion result.

Based on this idea, a soft-switching adaptive method, with which one can adjust the
corresponding parameters in matrix R based on whether the measurement value exceeds
the range, is proposed: 

R̄(k) = DckΩ(k)DT
ck

R = DckDT
ck

Ω(k) = diag[ f (z1(k)), · · · , f (zn(k))]

f (z) = (tanh(α(|z| − τ)) + 1)β + 1.

(13)

In the adaptive function in Equation (13), employing the Cholesky decomposition
ensures that transformed matrix R̄(k) retains its symmetry; thus, Dck is the Cholesky
decomposition of matrix R. The function f (·) is the adaptive function, where τ denotes
the threshold, α represents the rate at which the function increases above the threshold, β

affects the function maximum, and zi denotes the ith measurement. The function plot is
shown in Figure 2.

-30 -20 -10

z (°/s)

1

21

f(
z)

 = 0.5
 = 1.5
 = 10

- 0

2 +1

Figure 2. Adaptive function f (z).

Notably, when the variable is less than τ, the function value approaches 1. However,
as the variable approaches τ, the function value increases, reaching a maximum value of
2β + 1, with the rate of increase depending on α. Using this method, we can adaptively
adjust matrix R̄(k) based on whether the measured value is out of range. At the same time,
the symmetry of matrix R̄(k) is ensured, and this matrix replaces matrix R in Equation (5).

Additionally, it should be noted that, when the SSAKF method fuses measurements,
all measured values cannot be potentially become saturated, at least one of the signals
always needs to be used as the fusion reference. This conclusion is self-evident: when
neither of all values is accurate, the fused result cannot be reliable.
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Above all, the soft-switching of the parameters in matrix R̄(k) is achieved with the
asymptotic form of the tanh(·) function, which avoids the undesirable abrupt dynamic
behavior in the estimation results caused by direct parameter changes.

4. SSAKF Simulations
This section reports the simulated fusion results of the traditional Kalman filter and

the SSAKF under different conditions. The effectiveness of the proposed method is verified
through simulations.

4.1. Traditional Kalman Filter Simulation

This simulation focused on the effectiveness of the conventional Kalman filter when the
MHD sensor measures whether the signal exceeds the range. The practical nominal transfer
function of the sensor was used in the simulation (the detailed model identification is
displayed in Section 5.1). The cutoff frequency of the FOG measurement was approximately
100 Hz (ωFOG ≈ 200π), while that of the MHD measurement was approximately 5.3 Hz
(ωMHD ≈ 10.6π). The measurement range of the MHD was consistent with the actual
range of ±0.5 rad/s, and the sampling time was 0.5 ms.

The actual velocity signal (ω(t)) was obtained from a series of the sine signals (u(t))
passing through a motor model Gmotor(s) = 1/(0.0005s + 0.0125). The u(t) signal also
includes white noise n(t), which follows a Gaussian distribution:

u(t) = A · [sin(2π · 0.2t) + sin(2π · 4.5t) + sin(2π · 20t) sin(2π · 400t)] + n(t). (14)

According to Equation (14), u(t) includes different frequency components. The ampli-
tude A was used to adjust the signal magnitude to produce the saturation of the measure-
ment. We assumed that noise n(t) ∼ N(0, 0.01). The measurement noise (nFOG) was as-
sumed to satisfy nFOG ∼ N(0, 0.01), and nMHD was assumed to satisfy nMHD ∼ N(0, 0.05).

According to the above input condition, the matrix in Equation (3) can be calculated as

A =

 1 0 0
0.0004 0.7609 0
0.0005 0 0.9836

 H =

[
0 628.3185 0
1 0 −33.3009

]
. (15)

Considering that the simulation model of the sensor is accurate, covariance matrices
Q and R were designed as

Q =

10 0 0
0 0 0
0 0 0

 R =

[
0.0001 0

0 0.0025

]
. (16)

In the first simulation, we assumed that the MHD measurement signal was not over-
range, and the amplitude (A) of Equation (14) was set to 0.2.

Figure 3a shows that the FOG measurements were inadequate for ensuring measurement
accuracy in the middle- and high-frequency ranges, whereas the MHD sensor failed to capture
low-frequency motion. Figure 3b presents the result obtained after Kalman filter fusion, with
the fused output aligning well with the original velocity. Figure 3c compares the measurement
and fusion errors, revealing that the latter remained nearly constant, while the measurement
errors contained multiple frequency components. A statistical analysis of the fusion error was
conducted, and Figure 3d demonstrates that the fusion result follows a normal distribution,
effectively preserving the individual frequency components of the signal.

For comparison, the second simulation involved making the MHD measurements
exceed the range. The amplitude A in Equation (14) was set to 2.
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Figure 3. Simulation results for fusion of sensor measurements without over-range. (a) Original
velocity and measurement results, (b) fusion results, (c) comparison of fusion error and measurement
error, and (d) statistics of fusion error.

Figure 4a shows that the measurement range of the MHD sensor was limited to
0.5 rad/s, and when the signal exceeded this range, accurate measurements were no longer
possible. Figure 4b,c present the results and errors, respectively, obtained after Kalman
filter fusion, showing significant errors in the fused results due to the distortion caused
by measurement saturation. Figure 4d demonstrates that the error included all frequency
components of the signal, in contrast to the fusion results, where no over-range signal was
produced, indicating that the fusion results were severely distorted.
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Figure 4. Simulation results for fusion of sensor measurements with over-range. (a) Original velocity
and measurement results, (b) fusion results, (c) comparison of fusion error and measurement error,
and (d) power spectrum of fusion errors.
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4.2. Soft-Switching Adaptive Method Simulations

To verify the effectiveness of the SSAKF method when the MHD measurements
exceeded the range, the amplitude in Equation (14) was set to 1, clearly distinguishing
between over-range and non-over-range intervals. Compared with the fusion distortion
results in Figure 4, Figure 5a,b show that, when measurements exceeded the range, with the
proposed SSAKF method, the value of matrix R̄(k) was adaptively adjusted, reducing the
weight of the MHD measurement in the fusion process and preventing overall distortion in
the fusion results. On the other hand, when the measurements were within the range, the
implementation of the SSAKF method effectively reduced fusion errors, ensuring that the
error remained low.
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Figure 5. Simulation results for SSAKF of sensor measurements with over-range. (a) Fusion results
and (b) comparison of fusion error and measurement error.

5. Experimental Validation
This section presents the frequency–domain models for both sensors. We then present

the verification of the fusion algorithm based on a series of experiments, including static
tests, composite–frequency assessments, random motion verification, and full-band sweeps.
Throughout the experiments, the performance of the fusion algorithm is also compared
with several traditional fusion methods.

5.1. Sensor System Identification

The Kalman filter requires obtaining the frequency–domain model of the sensor.
Therefore, to acquire the transfer function for both sensors, we used a turntable with
a bandwidth of 1000 Hz as the excitation source for the frequency sweep signal. This
turntable does not belong to our team, so further experiments will not employ it on this
platform.

The blue lines depicted in Figure 6a,b represent the identification results, while the
fitting results of the frequency–domain curve are illustrated in green. The fitting results of
the FOG model can be expressed as the following:

GFOG(s) =
200π(3000π)2

(s + 200π)(s + 6000π + (3000π)2)
. (17)

For the MHD model,

GMHD(s) =
25.5s(200002)

(s + 10.6π)(s + 40000 + (20000)2)
. (18)

Because of the intricate nature of the high-order model, adjusting the Kalman filter
parameters is challenging. Consequently, by disregarding the high-frequency components



Aerospace 2025, 12, 192 11 of 21

arising from the backend amplification circuit, the low-order transfer function model,
indicated by the red line, is approximated by

GFOG(s) ≈
200π

s + 200π
, GMHD(s) ≈

25.5s
s + 10.6π

. (19)

Equation (19) represents the corresponding transfer functions for the two sensors
and serves as the basis for the simulations presented earlier. The state-space model of the
Kalman filter is given by Equation (15).
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Figure 6. Frequency identification result. (a) FOG frequency response and (b) MHD frequency
response.

5.2. Comparison Method

To verify the superiority and advancement of the proposed method, we used two
traditional fusion schemes with different measurement frequency bands for experimental
comparison.

5.2.1. Complementary Filtering Method [24]

The complementary filtering method is shown in Figure 7.



Aerospace 2025, 12, 192 12 of 21

Figure 7. Complementary filtering method.

GL(s) and GH(s) are the transfer functions of the sensors. KL and KH are the scale
factors. The complementary filter used to eliminate the amplitude bulge in the overlapping
frequency band of the two sensors is designed as follows:

GCom(s) =
1

GL(s) + GH(s)
. (20)

However, the complementary filtering method necessitates a high degree of accuracy
in the transfer function model. But owing to the model’s significant complexity or high
order, its physical achievement cannot be guaranteed. Consequently, a reduced-order
approximation is required, which inevitably impacts the fusion outcome.

5.2.2. Closed-Loop Control Filtering [25]

Compared with the complementary filtering method, the closed-loop control filtering
method does not require an accurate transfer function model (Figure 8). This method
requires the design of a controller Gc(s) to ensure that the closed-loop output tracks the
low-frequency measurement results. The fusion output angular velocity ω̂(s) can be
expressed as

ω̂(s) = KLGCL(s)GL(s)ω(s) + KH(1 − GCL(s))GH(s)ω(s). (21)

Figure 8. Closed-loop control filtering method.

By designing the transfer function GCL(s) = GLP(s)GC(s)/(1 + GLP(s)GC(s)) to en-
sure that GLP(s) ≈ 1 in the low-frequency band and GLP(s) ≈ 0 in the high-frequency
band, we can fuse the signal automatically.

This method also has flaws. Specifically, when the signal frequency falls within the
range defined by the cutoff frequencies of the two sensors, the scale factor of the combined
signal undergoes significant fluctuations. This happens because the transfer function
must have a transition band, which cannot strictly guarantee that GLP(s) ≈ 1 in the
low-frequency band and GLP(s) ≈ 0 in the high-frequency band.

5.3. Experimental Setup and Parameters

The experimental setup shown in Figure 9 consisted of a PC, a microprocessor STM32
board, a servo turntable, an MHD sensor, and a FOG. The turntable generates the required
motion. The two sensors measured the angular velocity of the turntable. Moreover, the
STM32 board was employed for turntable control, data acquisition, and fusion processing.
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Figure 9. Experimental setup diagram.

Considering the discrepancies between the actual and nominal models, some parame-
ters used in the experiments differed from those in the simulation. The specific parameter
settings are shown in Table 3.

For the FOG measurements, the measurement range can reach up to more than 1000◦/s,
which is significantly higher than the upper limit of practical applications. Therefore,
for R(1, 1), we do not employ the adaptive method, meaning f (z1(k)) is always 1 and
f (z2(k)) uses the SSAKF method. This approach ensures that the FOG measurements
are consistently considered in the estimation process, while the MHD measurements are
adaptively adjusted based on the system’s dynamic behavior.

Table 3. Parameter definitions of SSAKF.

Parameter Value Parameter Value

Q [10, 0, 0; 0, 0, 0; 0, 0, 0.008] Initial P [1, 1, 1; 1, 1, 1; 1, 1, 1]
R [0.001, 0; 0, 0.01] α 0.6 s/◦

β 249,999.5 τ 29 ◦/s

5.4. Experimental Results

The complete experiment consisted of four parts: static noise analysis, composite–
frequency signals, random motion, and full-band sweeping. The results of each part are
compared with those of the other two methods.

5.4.1. Static Fusion Test

In this part of the experiment, the data from the two sensors were measured statically.
The static noise distribution was determined based on statistical analysis, and the power
spectral density (PSD) of the noise was obtained.

Figure 10 shows the static noise PSD of different methods. The noise PSD of the SSAKF
method transitioned smoothly from the low-frequency FOG noise level to the high-frequency
MHD noise, remaining relatively flat. Moreover, the noise of the SSAKF method consistently
remained between the MHD and the FOG, with its time–domain RMS being lower than that
of other fusion methods. Because of model inaccuracies, the complementary filtering method
exhibited higher noise power density at low frequencies compared with other methods, and
the high-frequency also presented higher noise levels. The closed-loop combined filtering
method produced peaks when transitioning to the high-frequency band, leading to an increase
in the noise level. Table 4 also shows that the mean values of the methods were almost at the
same level, while the RMS and mean values of the SSAKF were lower than those of the other
two methods, indicating the superiority of this method under static conditions.
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Figure 10. Static noise PSD analysis.

Table 4. Statistic information of static noise.

Methods FOG MHD SSAKF Complementary Closed-Loop

Mean −1.09 × 10−8 2.72 × 10−7 −4.60 × 10−8 −9.81 × 10−8 9.60 × 10−8

RMS 0.0012 0.0072 0.0052 0.0132 0.0075

5.4.2. Composite-Frequency Assessments

In the composite–frequency part of the experiment, three signals were chosen to
overlap and were located in the passband of the FOG (0–5 Hz), the passband of the MHD
(100–1000 Hz), and the common passband (5–100 Hz).

The input function (u(t)) of the motor was designed as

u(t) = sin(5 · 2πt) + sin(20 · 2πt) + 5 · sin(100 · 2πt). (22)

The experimental results are shown in Figure 11. The velocity signal revealed certain
differences in the fusion results produced by different methods. However, these differences
could not be effectively compared directly from the velocity signal. Therefore, the measure-
ment and fusion results were integrated to obtain the corresponding angles, which were
then compared with the encoder value.
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Figure 11. Composite–frequency signal fusion. (a) General view. (b) Details of each signal.
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As shown in Figure 12, the pink line representing the integral of the Kalman filter fusion
result closely follows the trend of the encoder measurement curve (comparison with the actual
value limited by the encoder resolution), while the other two methods show varying degrees
of error. The comparison verified that the SSAKF method provides a better measurement of
the actual inertial angular velocity than the sensor alone and other fusion methods.
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Figure 12. Integration of composite–frequency signal fusion.

5.4.3. Random Motion Verification

Unlike the previous two parts, in the random motion experiment, the structure re-
mained mounted on the turntable, but instead of using a motor excitation source, we
applied manual force to drive the shaft’s motion, and its angular velocity was measured.

Figure 13a and Figure 13b present the velocity fusion results under two conditions: when
the MHD sensor did not experience over-range and when its measurements exceeded the
range. In the absence of over-range conditions, both the SSAKF and traditional Kalman filter
methods were capable of providing accurate velocity estimates, and the fusion result showed
consistency. However, when the MHD sensor measurements exceeded the range, the fusion
result obtained by using the traditional Kalman filter exhibited significant errors, and the
fused data even failed to be as accurate as with the FOG individual measurements. In contrast,
the proposed SSAKF method effectively mitigated the influence of the MHD data during
fusion, thereby producing a fused result that more closely approximated the true velocity.
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Figure 13. Random signal fusion. (a) Normal condition. (b) Over-range condition.

5.4.4. Full-Band SWEEP

In the sweep frequency experiment, a pseudo-random white noise signal was used
as the motor excitation source. By comparing the time–domain fusion results of each
sensor with the Bode diagram in the frequency domain, the frequency–domain relationship
between various fusion methods and the two sensors was compared.

The time–domain experimental results with a pseudo-random noise excitation source
passing through the motor are shown in Figure 14, and the frequency is shown in Figure 15.
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Figure 14. Time–domain response signal of noise sweep.

Of note, the sweep results indicate the angular velocity of the experimental plat-
form, and the Bode diagrams are related to the mechanical structure, so the low-frequency
collapse caused by friction and the high-frequency resonance and anti-resonance prob-
lems occurred.

By ignoring the influence of the mechanical structure and using the frequency–domain
response results of the FOG and MHD as the benchmark, we see that the complementary
filtering method had some errors in the frequency domain due to an inaccurate model.
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Because of the existence of the transition band of the closed-loop filter, the closed-loop
combined filtering method produced unexpected results in the middle band.

Compared with these two methods, the Kalman filter method demonstrated superior
performance in extending the low-frequency bandwidth and maintaining accuracy. In the
low-frequency band, the fusion result of the SSAKF overlapped with the low-frequency
band of the FOG and with the measurement result of the MHD in the high-frequency
band. The transition from low to high frequencies was smooth, with no resonance issues.
Compared with the passbands of the two sensors, the amplitude fluctuation was less than
2 dB, and the phase fluctuation was less than 10◦. This shows that the SSAKF method can
effectively extend the low-frequency band of the MHD sensor and has high accuracy.

According to the analysis of the above experimental results, both the time- and
frequency–domain outcomes demonstrate that the SSAKF method can be effectively used to
obtain fusion measurement results under various operating conditions. Its implementation
significantly extends the measurement bandwidth and allows one to obtain more accurate
data for the closed-loop feedback of the platform.
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Figure 15. Frequency–domain Bode plots. (a) Magnitude response. (b) Phase response.
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6. Conclusions
This study developed a Kalman filter with a novel soft-switching adaptive law for

signal fusion. The fusion method can be used to effectively combine and measure two
signals with different frequency bands, ensuring the correctness of the fusion result even
when one signal exceeds its measurement range. The proposed method was validated
through a series of experiments, demonstrating its effectiveness and advanced capabilities.
However, to simplify parameter adjustment, the model was simplified to some extent. For
the model uncertainties caused by simplification and non-ideal characteristics, we will
further quantify the relationship between these uncertainty and the Q matrix. This will
enable more precise tuning of the Q matrix, ultimately improving fusion performance and
reducing errors.
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Appendix A. Derivation of Linear Combination Rewriting of
Kalman Filter

According to the matrix inversion lemma

(A + BCD)−1 = A−1 − A−1B(DA−1B + C−1)−1DA−1, (A1)

the a-posteriori estimate covariance P(k) can be rewritten as

P(k) = [(P−(k))−1 + HTR−1H]−1, (A2)

so rewriting the Kalman gain K(k) equation, we can get

K(k) = P−(k)HT [R−1 − R−1HP(k)HTR−1]. (A3)

https://github.com/sky9785/SSAKF_data.git


Aerospace 2025, 12, 192 19 of 21

Now, by modifying Equation (A3) and substituting Equation (A2) into it, we obtain
the following result:

K(k)R(HT)−1 = P−(k)− P−(k)HTR−1HP(k)

= P−(k)− P−(k)[HTR−1HP−(k)−1 + P−(k)−1]P(k) + P(k)

= P(k),

(A4)

which also means
K(k) = P(k)HTR−1. (A5)

Finally, according to Equations (A5) and (5), the estimate state x̂(k) can be re-expressed
as a linear combination:

x̂(k) = x̂−(k) + K(k)[z(k)− Hx̂−(k)]

= [I − K(k)H]x̂−(k) + K(k)z(k)

= P(k)[P−(k)]−1x̂−(k) + P(k)HTR−1z(k)

= Cp(k)x̂−(k) + Cm(k)z(k),

(A6)

where
Cp(k) = P(k)[P−(k)]−1

Cm(k) = P(k)HTR−1.
(A7)
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