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Abstract: This paper proposes a novel convex optimization framework for two-stage launch
vehicle (TSLV) ascent trajectory planning from liftoff to orbit insertion, featuring two ground-
breaking advancements over existing convex optimization methodologies: (1) an innovative
second-order Birkhoff pseudospectral (BPS) method is developed that reduces the number
of dynamic equality constraints by 50% compared to traditional PS methods, meanwhile,
an augmented variable transcription technique is used to formulate inequality constraints;
therefore, the sparsity ratio of the inequality matrix is reduced to less than 1%; (2) a new
iterative solution strategy initialized by a few guesses is proposed to efficiently obtain the
optimal solution. The framework is rigorously supported by theoretical convergence guar-
antees and validated through comprehensive numerical experiments. The numerical results
demonstrate around a 50% reduction in computational time compared to the differential PS
baseline method. With the significantly reduced computational cost, the proposed method
exhibits strong potential for real-time onboard implementation in the future.

Keywords: ascent trajectory optimization; second-order Birkhoff pseudospectral method;
two-stage launch vehicle; sequential convex optimization

1. Introduction
At present, launch vehicles (LVs) are the main tool for access to space. The payload

is only a small fraction of the LV’s initial mass, hence the expensive launch cost. The
ascent trajectory optimization, a complex nonlinear optimal control problem (OCP) in
nature, can provide a feasible way to increase the launcher capacity and reduce the overall
launch cost. However, it is difficult to solve the ascent trajectory optimization problem with
strong nonlinear dynamics as well as complex constraints. Historically, the offline-designed
trajectory using the gravity turn technique is often used to open-loop guide the endo-
atmospheric flight, while the closed-loop guidance strategies for the exo-atmospheric flight
have been well developed, resulting in a non-optimal ascent flight and significant reduction
in the payload mass [1]. In recent years, with the rapid development of computer science
and space technologies, the need for reliable and efficient optimization methods is not
only in the preliminary design phase but also in the optimization-based real-time guidance
algorithms, where computational efficiency and robustness are primary considerations [2].

In general, OCPs can be solved by direct and indirect methods. As for the ascent
exo-atmospheric trajectory optimization problem, indirect methods, usually based on
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Pontryagin’s Maximum Principle, have been used for decades, mainly resulting in near-
optimal guidance algorithms, such as the iterative explicit guidance algorithms, and the
closed-loop guidance strategies for LV [1,3–5]. Among these algorithms, many special
techniques should be used to simplify the resulting Hamiltonian boundary value problem,
therefore capable of real-time implementations [6]. The direct methods transcribe an
OCP into a finite-dimensional nonlinear programming (NLP) problem by discretizing
the states and the controls at a set of mesh points, which should be carefully designed
to compromise the computational burden and the solution’s accuracy. In general, the
larger the number of mesh points, the more accurate the solution, as well as the larger the
computational cost, including CPU time and memory [7]. Many numerical methods have
been developed for the transcription of OCPs, and the most common method is by using a
Pseudospectral (PS) collocation scheme, which is an optimal choice of mesh points in the
reason of well-established rules of approximation theory [8]. There exist several mature
optimal control toolkits based on the PS methods, such as DIDO and GPOPS [9,10]. The
resulting NLP problems can be solved by well-known algorithm packages, such as IPOPT
or SNOPT [11,12]. However, these NLP algorithms are sensitive to the choice of initial
guess, and the obtaining of a global optimal solution cannot be necessarily guaranteed for
complex NLP problems with multiple local minima; furthermore, these methods cannot
provide a priori guarantees on the convergent rate [13].

In recent years, because of the polynomial-time complexity and the unique theoretical
advantages, convex optimization methods have been widely used for rapidly solving
complex ascent trajectory optimization problems [14–17]. The convex programming for
trajectory optimization originates from the reference [13], in which the original OCP is often
converted into a second-order conic programming (SOCP) problem by using the lossless
convexification technique proposed in and discretization on uniformly distributed points.
For complex nonlinear ascent trajectory optimization problems, the sequential linearizing
techniques are used for the nonlinear dynamics constraints along the given trajectory;
therefore, a series of SOCP problems can be iteratively solved through a sequential convex
programming scheme. In general, a large number of discretizing points should be chosen for
necessary accuracy, and this leads to extra computational burden [18]. To further accelerate
the solving speed, therefore achieving the goal of online implementation, researchers
have made a lot of effort. One way is to improve the solving procedure as well as the
convex solver itself. In the study of [19], a warm-start of the interior-point method is
applied to the sequential convex programming, and a GPU-based parallel preconditioned
conjugate gradient method is reported in the study of [20]. Another way is to reduce
the scale of the resulting SOCP problems by using PS methods for the transcription of
the dynamic constraints in OCPs [2,21–24]. Due to the unique collocation strategy and
global approximation characteristics, PS methods can achieve the same accuracy as uniform
discretization with fewer collocation points.

In conventional PS methods, the differential matrix resulting from different collocation
methods is used for the transcription of the dynamic equations, and this may lead to
ill-conditioned SOCP problems when increasing the number of collocation points for
a better accuracy of the solution [25]. Unfortunately, the ill-conditioned problem will
arouse numerical instabilities and undermine the computational efficiency of the solver. To
overcome the ill-conditioned problems in PS methods, hp schemes are proposed to divide
the total collocation interval into several segments, and then, pseudospectral discretization
is implemented in each segment [21,22]. Recently, by combining the PS collocation method
and the Chebyshev Picard iteration, a more efficient semidefinite convex programming
(SCP) algorithm is proposed in the study of [26], in which the OCP is transcribed into
a sequence of finite-dimensional SCP subproblems suiting parallel implementations for
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further speedup. From the perspective of reducing the scale and the condition number of
the resulted SOCP problems for the typical cascaded integral systems, the authors of [27]
proposed a Birkhoff PS (BPS) method based on the second-order Birkhoff interpolation
polynomials to formulate well-conditioned SOCP problems even with a large number of
collocation points. In the second-order BPS case, the number of decision variables as well
as equality constraints are significantly reduced, therefore enhancing the computational
efficiency. The proposed BPS methods are used for the rescue orbit search of launch vehicles
in the study of [27] and the proximity operation of spacecraft in [28]. The results show that
the BPS method can improve the numerical stability and the computational efficiency.

It is to be noted that only the vacuum flight motions are considered, and the com-
plex path constraints and free-final time problems are not considered in the works [27,28];
consequently, the feasibility of the BPS method for solving the more general trajectory
optimization problems with the strong nonlinear constraints still requires further research.
Among launch vehicles, two-stage launch vehicles (TSLVs) present a unique set of chal-
lenges due to their complex dynamics during endo- and exo-atmospheric flight and the
need for optimal ascent trajectories to achieve orbit insertion. In this paper, the ascent tra-
jectory optimization problems constrained by the strong nonlinear dynamics of TSLVs and
the maximum heat flux during the endo-atmospheric flight are considered for exploring the
feasibility of the second-order BPS method in solving the complex multi-phase OCPs with
free final time. Differing from the methodology reported by [15], in which the sequential
linearization on the trajectory resulted from the last iteration solution for dealing with the
dynamic constraints, the pseudo-linear system with state-depended coefficient matrices is
used for the modeling of sequential convex optimization problems, therefore, avoiding the
computational cost of linearization. Meanwhile, the trust region constraints imposed on
the position and velocity vectors are not required in the proposed method, thus reducing
the scale of the inequality constraints. The main contributions of this paper lie in two
aspects: (1) proposing a new well-conditioned BPS transcription strategy for better sparsity
patterns of the resulted SOCP problems, which will improve the algorithm’s efficiency; and
(2) proposing a sequential convex-solving procedure for the two-phase trajectory optimiza-
tion problem with free-final time that can be initialized not by a three-dimensional reference
trajectory, but a few guess values.

The remainder of this paper is organized as follows. Section 2 formulates the ascent
trajectory optimization problem of a TSLV; then, the original problem is transcribed into its
convexified version in Section 3. In Section 4, the sequential convex optimization problems
are discretized via the well-conditioned Birkhoff PS method. The solution strategy and the
numerical results, respectively, are presented in Sections 5 and 6. Finally, we conclude the
paper in Section 7.

2. Problem Formulation
2.1. Ascent Dynamics

In this paper, a two-stage launch vehicle (TSLV) with liquid propellant rockets is
considered, and its ascent flight consists of two phases: (1) the first phase is from launch
firing to the stage separation, and (2) the second phase is from the separation to orbit
insertion. For TSLVs, the stage separation height is around 60 km, and the atmosphere
above 60 km is so rare that it can be approximated as a vacuum. Consequently, we assume
that the first phase is endo-atmospheric flight, and the second phase is vacuum flight;
therefore, the aerodynamics can be ignored. For the convenience of problem formulation,
the following reasonable assumptions are made.

Assumption 1. The thrust magnitude, as well as the mass flow rate of the rocket, are constant
within a stage during the flight.
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Assumption 2. The Earth’s gravity is modeled using a Newtonian central gravity field, with the
assumption that the Earth is a sphere [1].

Remark 1. Assumption 1 simplifies the propulsion model by neglecting variations that occur in
real-world scenarios. While this assumption provides a reasonable approximation for the majority
of the ascent trajectory, it may introduce minor inaccuracies during critical phases such as stage
separation or throttle adjustments. However, these deviations are typically small and can be mitigated
through post-processing refinement or the use of a higher-fidelity propulsion model. Similarly,
Assumption 2 neglects higher-order gravitational perturbations, which may become significant
during high-altitude or orbital phases. For preliminary trajectory optimization, the spherical gravity
model provides a computationally efficient approximation, with higher-fidelity models recommended
for final verification or missions requiring high precision.

It is worth noting that the thrust magnitude of a liquid propellant rocket is dependent
on the throttle setting. For a specific throttle value, the mass flow rate can be approximated
by a constant [1]. Furthermore, the variation in the thrust magnitude resulting from changes
in ambient atmospheric pressure is relatively so minor, allowing the thrust magnitude to
be treated as nominally constant.

Based on the assumptions, the centroid motion of the TSLV is modeled in the Cartesian
Earth-Centered Inertial (ECI) coordinate, and then the ascent flight dynamics including
two phases are governed by the following model [17,29]:

.
Ri.
V i
.

mi

 =

 V i

− µ

r3
i

Ri +
Di
mi

+ Ti
mi

ui

−qi

, i = 1, 2, (1)

where the subscript i represents the flight phase i, Ri = [x, y, z]T ∈ R3 and
V i = [vx, vy, vz]

T ∈ R3, respectively, are the position and velocity vectors of the launch
vehicle in phase i, mi is the mass of phase i, ri = ∥Ri∥ is the geocentric radius of the
vehicle, µ = 3.986012 × 1014 m3/(kg · s2) is the gravitational constant of the Earth, Ti is the
thrust magnitude of phase i, qi is the mass flow rate of phase i, and ui is the unit vector
defining the thrust direction, i.e., the vehicle’s body longitudinal axis. Similar to the studies
of [14,29], for the TSLV with a slender rod structure, we ignore the aerodynamic lift force,
and only the drag force Di is considered as

Di = −1
2

CDSre f ρvi relV i rel, (2)

where the coefficient of drag CD is assumed to be a constant, Sre f is the vehicle’s reference
area, and the atmospheric density ρ depends on the current altitude h = r − RE, and can be
approximated by

ρ = ρ0e−h/Hs (3)

with ρ0 = 1.225 kg/m3 and Hs = 7200 m. V i rel is the relative velocity vector given by

V i rel = V i −ωE × Ri (4)

where ωE is the angular rate vector of the earth. Correspondingly, vi rel is the magnitude
of V i rel.

To facilitate the subsequent numerical calculations, it is necessary to normalize the vari-
ables in Equation (1): the distances are normalized by the earth’s radius RE = 6378.145 km,
the velocity by

√
REg0, and the time by

√
RE/g0, where g0 = 9.807 m/s2 is the gravi-
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tational acceleration magnitude at the earth’s radius RE, and the mass by the vehicle’s
initial launch mass m0. According to Assumption 1, the vehicle’s mass can be treated as
an algebraic function of time instead of a state. Then, the dimensionless motion of ascent
flight is given by [

R′
i

V ′
i

]
=

[
V i

− µRi
r3

i
+ Di

mi
+ Ti

mi
ui

]
, i = 1, 2 (5)

mi(t) = mi0 − qi(t − ti0), i = 1, 2 (6)

where (·)′ = d(·)/dt with dimensional time t. To avoid confusion, the dimensionless
variables in Equations (5) and (6) are denoted by the same symbols in Equation (1).

2.2. Ascent Trajectory Optimization Problem

The objective of the launch vehicle problem is to find the optimal thrust direction of
the vehicle to accurately send the payload into the prescribed target orbit while minimizing
fuel consumption. In this paper, the exhaustion cutoff strategy is utilized in the first flight
phase of the TSLV, i.e., the flight time of phase 1 is determined by the total propellant of the
first stage. Since the mass flow rate is assumed to be constant, and the rocket of phase 1
will shut down after the propellant is exhausted, the flight time t1 f is fixed. The flight time
t2 f of phase 2 is free because the orbit insertion time cannot be determined in advance. We
ignore the stage separation time duration and assume the start time of phase 2 t20 = t1 f .

The objective of minimizing fuel consumption is equivalent to minimizing flight time
t2 f ; therefore, the cost function is to minimize.

J = t2 f (7)

The boundary constraints at the initial time t0 are determined by coordinates of the
launch site, so that

R1(t0) = R0, V1(t0) = V0 (8)

The linkage between the two phases is constrained by

R1(t1 f ) = R2(t20), V1(t1 f ) = V2(t20) (9)

The terminal states are constrained by the orbital insertion conditions, which are
determined by the prescribed orbital elements, i.e., the semi-major axis a, eccentricity
e, inclination i, right ascension of ascending node Ω , and argument of perigee ω. In
light of [30,31], the final position R2 f and velocity V2 f are constrained by the following
conditions: 

a(t2 f ) = ψa(R2 f , V2 f ) = a f

e(t2 f ) = ψe(R2 f , V2 f ) = e f

i(t2 f ) = ψi(R2 f , V2 f ) = i f

Ω(t2 f ) = ψΩ(R2 f , V2 f ) = Ω f

ω(t2 f ) = ψω(R2 f , V2 f ) = ω f

≜ Ψ(R2 f , V2 f ) = Ψ f (10)

where the functions ψa, ψe, ψi, ψΩ, and ψω are the relations between the inertial position
and velocity and the respective orbital elements. The details of these functions can be found
in Appendix C of [30].

To guarantee the thrust direction ui is of the unit vector, a path constraint is imposed
on the control input as

∥ui∥ = 1. (11)
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Another path constraint is that the heat flux must not exceed a given value, such
that the TSLV can safely undergo severe thermal conditions during the atmospheric flight.
Hence, the following heat flux constraint is imposed only in phase 1 [2]:

.
Q =

1
2

ρv3
i rel ≤

.
Qmax, i = 1, (12)

The ascent trajectory optimization problem of the TSLV is formulated as the following
two-phase optimal control problem P1 with free final time:

P1 : minJ = t2 f

s.t (5), (6), (8), (9), (10), (11), (12)
(13)

3. Convex Transcription
A convex programming problem is defined in a convex feasible convex set by a

convex objective function, linear equality constraints, and inequality constraints. The
ascent trajectory optimization problem P1 is nonlinear and non-convex. To use the convex
programming method, the equivalent convex version of P1 is formulated in this section.

3.1. Constraints Relaxation

The path constraint Equation (11) is a nonlinear equality constraint that can be relaxed
as the following inequalities:

∥ui∥ ≤ 1 (14)

which is a convex constraint, particularly a SOCP constraint. Then, we henceforth have the
following relaxed problem P2:

P2 : minJ = t2 f

s.t (5), (6), (8), (9), (10), (12), (14)
(15)

Although the above convex relaxation renders a larger feasible set than the original
one, the resulting optimal control problem P2 has the same solution as the original problem,
and this can be guaranteed by the following proposition under a mild assumption:

Assumption 3. Constraint (12) is assumed to be inactive a.e. (almost everywhere) in [t10, t2 f ].

Remark 2. Assumption 3 demonstrates that the heat flux constraint is typically active only at finite
points in time during atmospheric flight. Actually, this assumption almost always holds for the
ascent problem [2].

Proposition 1. If {R⋆
i , V⋆

i , u⋆
i , t⋆i f }(i = 1, 2) is a solution of P2, then it is also a solution of P1

and
∥∥u⋆

i

∥∥ = 1 holds a.e. in [t10, t2 f ].

Proof of Proposition 1. Proposition 1 is proved by contradiction following [32] by Liu et al.

Rewrite the objective function of minimizing flight time as J =
∫ t f

0 1dt, then according to
the optimal control theory, the Hamiltonian H is given by

H = 1 + λT
RV + λT

V

(
−µR

r3 +
D
m

+
T
m

u
)

(16)
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where λ =
[
λT

R λT
V λt f

]T
is the costate vector, and here we omit the subscript i repre-

senting the phase in Equation (5) for convenience, and such an omission does not affect the
problem. Taking into account the path constraints, the Lagrangian L is

L = H − λQ(
.

Q −
.

Qmax)− λu(∥u∥ − 1) (17)

where λQ and λu are the Lagrange multipliers corresponding to the constraints
Equations (11) and (12), respectively. The optimal solution should satisfy the following
complementary slack conditions:

λQ ≥ 0, λQ(
.

Q −
.

Qmax) = 0 (18)

λu ≥ 0, λu(∥u∥ − 1) = 0 (19)

The costate equations are given as

.
λR = − ∂L

∂R
=

(
µ

r3 I3 −
1
m

∂D
∂R

)
λV + λQ

∂
.

Q
∂R

(20)

.
λV − ∂L

∂V
= −λR − 1

m
∂D
∂V

λV + λQ
∂

.
Q

∂V
(21)

According to Pontraygin’s minimum principle, the optimal control u⋆ must be

u⋆ = argmin
u∈U

H(R⋆, V⋆, u, λ, t) (22)

where U = {u : ∥u∥ ≤ 1}. To minimize the Hamiltonian over u ∈ U , the following
condition should hold:

∂L
∂u

=
T
m

λV − λu
u

∥u∥ = 0 (23)

Because the terminal time t f is free, the Lagrangian is null at the final time:

L(t f ) = 0 (24)

Now, we start the proof by contradiction. Supposing there exists a finite interval where
∥u∥ < 1 holds, Equation (19) implies λu = 0; then, we henceforth have λV = 0. Meanwhile,
the heat flux constraint is a.e. inactive based on Assumption 3, i.e.,

.
Q <

.
Qmax, then, λQ = 0

holds in Equation (18). From the costate equations in Equations (20) and (21), we have

.
λR = 0,

.
λv = −λR (25)

Then, we henceforth have λR = 0, thus L = 1, and this violates Equation (24).
Based on the above analysis, we can conclude the

∥∥u⋆
i

∥∥ = 1 holds almost everywhere
on the time interval [t10, t2 f ]. □

3.2. Linearization

Since the dynamic constraints in Equation (5) are control-affine but still nonlinear [2],
the linearization techniques should be used to obtain their corresponding convex con-
straints. To avoid the linearization computations on the aerodynamic terms during the
sequential iterations, we can rewrite (5) as the following pseudo-linear form:

x′i = f (xi, ui, t) = Ãi(ri)xi + B̃ui + C̃i (26)
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where xi = [RT
i , V T

i ]
T

, Ãi(ri) =

[
03×3 03×3

A(ri) 03×3

]
with Ai(ri) = − µ

r3
i

I3×3, B̃i =

[
03×3

Bi

]

with Bi =
Ti
mi

I3×3, and C̃i =

[
03×1

Ci

]
with C = Di/mi. Here, 0m×n and Im×n denote the

zero and identity matrix of size m × n, respectively. In Equation (26), we use the state-
dependent coefficient matrix Ãi(ri) instead of Ã(x,u) = ∂ f /∂x in the classical linearization
method for preserving the nonlinear characteristics. This makes the trust-region constraints
unnecessary for guaranteeing that the linearized system sufficiently approximates the
original nonlinear system [33]. The influence of the aerodynamic term C̃i will be discussed
in the latter.

In the framework of sequential convex optimization, we assume a reference solu-
tion {x(k)i , u(k)

i , t(k)i f }(i = 1, 2) has been obtained by the kth iteration; then, the param-

eter matrices Ãi, B̃, and C̃i can be calculated and treated as constant matrices, thus
a pseudo-linear constraint.

Considering the free-time problem in phase 2 of TSLV and the necessity of the pseu-
dospectral method utilized in the latter of this paper, we use an independent variable τ

defined over a fixed domain [−1, 1] to replace time t for each phase by using the mapping
ti = (ti f − ti0)τ/2 + (ti f + ti0)/2, (i = 1, 2). Thus, the time dilation si between ti and τ is
given by

si =
dti
dτ

=
ti f − ti0

2
, (i = 1, 2) (27)

Then, the pseudo-linear Equation (26) can be expressed in terms of τ and approximated
around a reference solution {x(k)i , u(k)

i , t(k)i f }(i = 1, 2) as follows:

x′i :=
dxi
dτ

= si f (xi, ui, τ) ≈ s(k)i

[
Ã
(k)
i (r(k)i )xi + B̃

(k)
i ui + C̃

(k)
i

]
+ (si − s(k)i )Σ (28)

where s(k)i = (t(k)i f − t(k)i0 )/2, and Σ = Ã
(k)
i (r(k)i )x(k)i + B̃

(k)
i u(k)

i . Note that C̃
(k)
i is treated as a

constant term and can be calculated from the known previous iteration solution and the
reasonability of this small trick will be detailed by Proposition 2 at the end of this section.

The linearization formula in Equation (28) differs from the method of [2] due to the

utilization of the pseudo-linear system. In Equation (28), Ã
(k)
i (r(k)i ) and B̃

(k)
i do not depend

on the reference solution control input u(k)
i , this provides enhanced robustness to the

successive linearization sequences as intermediate controls can change significantly among
the iterative solving [34].

In this paper, the final time of phase 1 is fixed so that s1 = s(k)1 ; then, Equation (28)
reduces to

x′1 ≈ s1

[
Ã
(k)
1 (r(k)1 )x1 + B̃

(k)
1 u1 + C̃

(k)
1

]
(29)

which is equivalent to Equation (26) in essence, and has no instability issues during the
iterations. While the final time of phase 2 is free such that

x′2 ≈ s(k)2

[
Ã
(k)
2 (r(k)2 )x2 + B̃

(k)
2 u2 + C̃

(k)
2

]
+ (s2 − s(k)2 )

[
Ã
(k)
2 (r(k)2 )x(k)2 + B̃

(k)
2 u(k)

2

]
(30)

when s2 = s(k)2 , Equation (30) reduces to a similar form as Equation (29), but when s2

diverges excessively from the reference value s(k)2 , some extra constraints should be imposed
to ensure convergence. In particular, a further trust region constraint is imposed on the
duration of phase 2 to ensure the Taylor expansion around s(k)2 is effective; therefore,∣∣∣s2 − s(k)2

∣∣∣ = 1
2

∣∣∣t2 f − t(k)2 f

∣∣∣ ≤ ∆t (31)
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In our experience, a suitable choice for ∆t may guarantee iterative convergency, and
the sequential convex optimization procedure will autonomously determine the optimal
final time.

The terminal insertion conditions in Equation (10) are nonlinear and can be
linearized as

Ψ(R(k)
2 f , V (k)

2 f ) +
∂Ψ

∂R2
(R(k)

2 f , V (k)
2 f )(R2 f − R(k)

2 f ) +
∂Ψ

∂V2
(R(k)

2 f , V (k)
2 f ) · (V2 f − V (k)

2 f ) = Ψ f (32)

The analytical formulas of partial derivatives of the orbital elements Ψ with respect
to the position and velocity vectors can be found in Appendix B of [35]. In this paper the
Jacobian matrices ∂Ψ/∂R2 and ∂Ψ/∂V2 are obtained by numerical computation instead of
complicated analytical derivations.

Another constraint to be linearized is the heat flux constraint in Equation (12), which
can be approximated by

.
Q(R(k)

1 , V (k)
1 ) +

∂
.

Q
∂R1

(R(k)
1 , V (k)

1 ) · (R1 − R(k)
1 ) +

∂
.

Q
∂V1

(R(k)
1 , V (k)

1 ) · (V1 −V (k)
1 ) ≤

.
Qmax (33)

where the partial derivatives of the heat flux can be calculated by

∂
.

Q
∂R1

=
1
2

dρ

dR1
v3

1rel +
3
2

ρv1relωE × V1rel ,
dρ

dR1
= − 1

Hs
ρ0e−h/Hs

R1

r1
(34)

∂
.

Q
∂V1

=
3
2

ρv1relV1rel (35)

After the linearization, problem P2 can be transformed as the following sequential
convex optimization problem P3:

P3 : minJ = t2 f

s.t (29), (30), (6), (8), (9), (14), (31), (32), (33)
(36)

In problem P3, we replaced the constraints in Equations (10) and (12) with their first-
order Taylor expansion forms Equations (32) and (33), respectively. Such replacements
have been proven to guarantee that the solution of P3 is also the solution of P2 by Liu,
X. et al. in [36]. As for the replacements of the dynamic constraints in Equation (5) by
Equations (29) and (30), we have the following proposition:

Proposition 2. If the sequential convex iteration stopping criteria

max
τ

∥∥∥xi(τ)− x(k)i (τ)
∥∥∥ ≤ δ, i = 1, 2 (37)

where δ is a sufficiently small positive number, and is satisfied while solving problem P3, and the

aerodynamics force terms in Equations (29) and (30) satisfy
∥∥∥C̃

(k)
i (τ)− C̃i(τ)

∥∥∥ ≤ δCi , where δCi is
also a small positive number and depends on the choice of δ.

Proof of Proposition 2. Since Equation (37) is satisfied and δ is a sufficiently small num-
ber, max

τ

∥∥∥Ri(τ)− R(k)
i (τ)

∥∥∥ ≤ δ and max
τ

∥∥∥V i(τ)− V (k)
i (τ)

∥∥∥ ≤ δ hold for i = 1, 2. Note

that the aerodynamic force Di continuously depends on the position Ri and the veloc-
ity V i according to Equation (2), which is Lipschitz continuous. We henceforth have∥∥∥Di(τ)− D(k)

i (τ)
∥∥∥ ≤ δD where δD is a small positive number that relates to δ, and this

means
∥∥∥C̃

(k)
i (τ)− C̃i(τ)

∥∥∥ ≤ δCi = δD. □



Aerospace 2025, 12, 141 10 of 23

Remark 3. In ascent trajectory optimization, the strong coupling of the aerodynamic forces with
the thrust direction and other path constraints makes the convergence of any algorithm difficult to
achieve [4]. In this paper, we proposed a small trick using the drag force profile rendered from the
solution of the last iteration as the current drag force profile, and linearizing the drag force around
the reference trajectory is not required. The reasonability of this trick is theoretically demonstrated by
Proposition 2, and the effectiveness will be validated in Section 6 by the convincing numerical results.

4. Discretization via Well-Conditioned Second-Order Birkhoff PS Method
As the final step, the convexified problem P3, which is still a continuous-time problem,

must be transcribed into a convex programming problem with a finite set of decision
variables and convex constraints to solve by numerical algorithms. Considering that
the dynamics constraints in Equations (29) and (30) are second-order cascaded systems,
the second-order pseudospectral method is used to transcribe the problem P3. In this
section, a brief of the second-order Birkhoff interpolation is presented, and then, the
well-conditioned convex programming problem is formulated by using the second-order
Birkhoff pseudospectral method.

4.1. Brief of the Second-Order Bikrhoff PS Method

In the conventional PS optimal method, any continuous-time signal f (τ), τ ∈ [−1, 1]
can be approximated by

f (τ) =
N

∑
i=0

fi(τi)Li(τ) (38)

where τi, i = 0, 1, . . . , N are the discretizing collocation points, −1 ≤ τ0 < τ1 < · · · <
τN−1 < τN ≤ 1, and the orthogonal Lagrange interpolation polynomials Li ∈ PN is at the
freedom of degree N satisfying the Kronecker relationship:

Lj(τi) = δij (39)

There are several choices for Li, and the Chebyshev polynomials are used in this paper
based on the works [27,28], in which, the Chebyshev–Gauss–Labotto (CGL) PS method
performs with a better accuracy and efficiency than the Legendre–Gauss–Labotto (LGL)
PS method in dealing with sequential convex optimization problems. When the discrete
point set is the type of Gauss–Labotto (GL), the boundary points ±1 are included such that
−1 = τ0 < τ1 < · · · < τN−1 < τN = 1.

Differentiating (26) with respect to time τ and evaluating
.
f (τ) on the discrete

points yields
.
f (τi) =

N

∑
j=0

f j
.
Lj(τi) ≜

.
f = Df, i = 0, 1, . . . , N (40)

where D ∈ R(N+1)×(N+1), defined by the entry dij =
.
Lj(τi) for 0 ≤ i, j ≤ N, is the PS

differentiation matrix (PSDM). By using Equation (28), one can transcribe the dynamic
constraints in problem P3 into finite-dimensional constraints.

Differing from the above classical PS method, the second-order Birkhoff PS method is
derived from the second-order Birkhoff interpolation polynomials as follows:

f (τ) = f (τ0)B0(x) +
N−1

∑
i=1

..
f (τi)Bi(τ) + f (τN)BN(τ), τ ∈ [−1, 1] (41)
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where Bi(i = 0, . . . , N) is the counterpart of the Lagrange basis polynomials {Li}N
i=0.

According to Theorem 3.1 in [37], we henceforth have

B0(τ) =
1 − τ

2
Bi(τ) =

1 + τ

2
∫ 1
−1 (τ − 1)L̃i(τ)dτ +

∫ τ
−1 (τ − t)L̃i(t)dt, j = 1, . . . , N − 1

BN(τ) =
1 + τ

2

(42)

where L̃i(i = 1, . . . , N − 1) are the Lagrange basis polynomials at the freedom of
degree N − 2.

Evaluating Equations (40) and (41) at the given GL points yields

f = B f̃
(2)

(43)

where f̃
(2)

= [ f (τ0),
..
f (τ1), · · · ,

..
f (τN−1), f (τN)]

T
, f = [ f (τ0), f (τ1), · · · , f (τN−1), f (τN)]

T ,
and the second-order Birkhoff PS integration matrix (BPSIM) B is given as

B = [Bj(τi)]|0≤i,j≤N ∈ R(N+1)×(N+1)

Bin = [Bj(τi)]|1≤i,j≤N−1 ∈ R(N−1)×(N−1) (44)

Differentiating both sides of Equation (43) with respect τ and combining
Equation (40) yields

.
f = D f = DB f̃

(2)
= B(1) f̃

(2)
(45)

and differentiating again results in

..
f = DD f = D(2) f = D(2)B f̃

(2)
= B(2) f̃

(2)
(46)

Note that the above relation between the BPSIM B and DPSM D provides an easy
way to calculate B. Replace the first row and the last row of D(2) by e1 = [1, 0, . . . , 0] and

eN = [0, . . . , 0, 1], respectively, therefore a matrix denoted by D̃(2), so that D̃(2) f = f̃
(2)

;
further we have

D̃(2)B = I(N+1)×(N+1), D(2)
in Bin = I(N−1)×(N−1) (47)

Thus, B can be obtained by the inverse of D̃(2).

4.2. Second-Order Birkhoff PS Transcription

To use the second-order Birkhoff PS method to transcribe the problem P3, we rewrite
Equations (29) and (30) as the following second-order form:

R′′
1 =

d2

dτ2 R1 ≈ s2
1

[
A(k)

1 (r(k)1 )R1 + B(k)
1 u1 + C(k)

1

]
(48)

R′′
2 =

d2

dτ2 R2 ≈
(

s(k)2

)2[
A(k)

2 (r(k)2 )R2 + B(k)
2 u2 + C(k)

2

]
+ (s2 − s(k)2 )

[
A(k)

2 (r(k)2 )R(k)
2 + B(k)

2 u(k)
2

]
(49)
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Denote the unknown optimization decision variables over the discrete point set as

Vi =



RT
i0

..
R

T
i1
...

..
R

T
i(Ni−1)

RT
iNi


=



RT
i (τ0)

..
R

T
i (τ1)

...
..
R

T
i (τNi−1)

RT
i (τNi )


∈ R(Ni+1)×3, i = 1, 2 (50)

where Ni + 1 is the number of collocation points of the phase i. Let

V in
i =


..
R

T
i1
...

..
R

T
i(Ni−1)

 ∈ R(Ni−1)×3 (51)

and Vi0 = RT
i0,ViNi = RT

iNi
. According to Equations (42), (44), and (45), we have

Ri =



RT
i0

RT
i1
...

RT
i(Ni−1)

RT
iNi


=


RT

i (τ0)

RT
i (τ1)

...
RT

i (τNi−1)

RT
i (τNi )

 = BiVi = Bi

 Vi0

V in
i

ViNi

 (52)

B(1)
i Vi = DiBiVi = DiRi =

.
Ri = siV i (53)

B(2)
i Vi = D2

i BiVi = D2
i Ri =

..
Ri (54)

where the PSDM Di and the BPSIM Bi are decided by the prescribed Ni for the discretization
of phase i. From Equations (51) and (52), the vehicle’s position and velocity vectors
can be algebraically represented by the decision variables Vi. Thus, the constraints in
Equations (8) and (9) can be transformed as

V10 = RT
10, B(1)

10·V1/s1 = V T
10 (55)

V1N1 = V20, B(1)
1N1·V1/s1 = B(1)

20·V2/s(k)2 (56)

The final position and velocity vectors are given as

V2N2 = RT
2 f , B(1)

2N2·V2/s(k)2 = V T
2 f (57)

Note that B(1)
i0· and B(1)

iNi · stand for the first row and the last row of B(1)
i .

Let U i = [ui0, ui1, . . . , uiNi ] = [ui(τ0), ui(τ1), . . . , ui(τNi )] ∈ R3×Ni (i = 1, 2) be the
control variables to be optimized. Then, the dynamic constraints in Equation (48) can be
transcribed by

B(2)
10·V1 = F10(R10,

.
R10, u10) = s2

1

[
A(k)

10 R10 + B(k)
10 u10 + C(k)

10

]T

V in
1 = F1in(R1in,

.
R1in, u1in) = s2

1


[

A(k)
11 R11 + B(k)

11 u11 + C(k)
11

]T

...[
A(k)

1(N1−1)R1(N1−1) + B(k)
1(N1−1)u1(N1−1) + C(k)

1(N1−1)

]T


B(2)

1N1·V1 = F1Ni (R1N1 ,
.

R1N1 , u1N1 ) = s2
1

[
A(k)

1N1
R1N1 + B(k)

10 u1N1 + C(k)
1N1

]T

(58)
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where B10· and B1N1 , respectively, are the first and the last row of B1, and A(k)
1j = A1(r

(k)
j )

for (j = 0, . . . , N1) can be obtained by using the solution of the kth iteration. Similarly, the
dynamics of phase 2 in Equation (49) is transcribed by

B(2)
20 V2 = F20(R20,

.
R20, U20) = (s(k)2 )

2[
A(k)

20 R20 + B(k)
20 u20 + C(k)

20

]T
+ (s2 − s(k)2 )

[
A(k)

20 R(k)
20 + B(k)

20 u(k)
20

]T

B(2)
20 V2 = F2in(R2in,

.
R1in, U1in)

=


(s(k)2 )

2[
A(k)

21 R21 + B(k)
21 u21 + C(k)

21

]T
+ (s2 − s(k)2 )

[
A(k)

21 R(k)
21 + B(k)

21 u(k)
21

]T

...

(s(k)2 )
2[

A(k)
2(N2−1)R2(N2−1) + B(k)

2(N2−1)u2(N2−1) + C(k)
2(N2−1)

]T
+ (s2 − s(k)2 )

[
A(k)

2(N2−1)R
(k)
2(N2−1) + B(k)

2(N2−1)u
(k)
2(N2−1)

]T


B(2)

2N2.V2 = F2Ni (R2N2 ,
.

R2N2 , U2N2 ) = (s(k)2 )
2[

A(k)
2N2

R2N2 + B(k)
2N2

u2N2 + C(k)
2N2

]T
+ (s2 − s(k)2 )

[
A(k)

2N2
R(k)

2N2
+ B(k)

2N2
u(k)

2N2

]T

(59)

The linearized orbital insertion conditions in Equation (32) can be reformulated as

Ψ(R(k)
2 f , V (k)

2 f ) +
∂Ψ
∂R2

(R(k)
2 f , V (k)

2 f )
(
(B2N2·V2)

T − R(k)
2 f

)
+ ∂Ψ

∂V2
(R(k)

2 f , V (k)
2 f ) ·

((
B(1)

2N2·V2

)T
− V (k)

2 f

)
= Ψ f

(60)

Similarly, the linearized heat flux constraint in Equation (33) can be rewritten as

.
Q(R(k)

1j , V (k)
1j ) +

∂
.

Q
∂R1

(R(k)
1j , V (k)

1j ) ·
((

B1j·V1

)T
− R(k)

1j

)
+ ∂

.
Q

∂V1
(R(k)

1j , V (k)
1j ) ·

((
B(1)

1j· V1

)T
/s1 − V (k)

1j

)
≤

.
Qmax, j = 0, . . . , N1

(61)

Collecting the above relevant equations, the convexified problem P3 is discretized as
the following problem BPSC2:

Decision variables : Vi ∈ R(Ni+1)×3, U i ∈ R3×Ni

Temporal variables : Ri = BiVi, V i = B(1)
i Vi

BPSC2 : min J = −t2 f

s.t. (58), (59), (6), (55), (56), (14), (31), (60), (61)

(62)

where the temporal variables can be algebraically represented by the decision variables Vi,
and facilitate us in establishing problem P4.

In problem BPSC2, the decision variables are not directly the states of the dynamic
system at the collocation points as in the conventional PS method, but the variables relating
to the half of states. Thus, the number of decision variables is dramatically reduced.

In the works [27,28], the discretization techniques DPSC1 by using the differential
matrix D and BPCS1 by using the first-order Birkhoff PS method in the framework of
sequential convex optimization have been well studied, and the readers can find the details
in these works. To conduct comparison studies in Section 6, we briefly present the DPSC1
here. Let

X i =


RT

10 V T
10

...
...

RT
1Ni

V T
1Ni

 ∈ RNi×6

and U i ∈ R3×Ni (i = 1, 2) be the decision variables to be optimized, then we can directly
use Equation (40) to transcribe Equations (29) and (30) as



Aerospace 2025, 12, 141 14 of 23

D1X1 = s1


[

Ã
(k)
10 XT

10 + B̃
(k)
10 u10 + C̃

(k)
10

]T

...[
Ã
(k)
1N1

XT
1N1

+ B̃
(k)
1N1

u1N1 + C̃
(k)
1N1

]
 (63)

D2X2 = s(k)2



[
Ã
(k)
20 XT

20 + B̃
(k)
20 u20 + C̃

(k)
20

]T

...[
Ã
(k)
2N2

XT
2N2

+ B̃
(k)
2N2

u2N2 + C̃
(k)
2N2

]T

+ (s2 − s(k)2 )


[

Ã
(k)
20 x(k)20 + B̃

(k)
20 u(k)

20

]T

...[
Ã
(k)
2N2

x(k)2N2
+ B̃

(k)
2N2

u(k)
2N2

]T

 (64)

and the path constraints in Equation (61) can rewritten as

.
Q(R(k)

1j , V (k)
1j ) +

∂
.

Q
∂R1

(R(k)
1j , V (k)

1j ) ·
(

R1j − R(k)
1j

)
+ ∂

.
Q

∂V1
(R(k)

1j , V (k)
1j ) ·

(
V1j − V (k)

1j

)
≤

.
Qmax, j = 0, . . . , N1

(65)

Then, the DPSC1 is formulated as follows:

Decision variables : X i ∈ R(Ni+1)×6, U i ∈ R3×Ni

DPSC1 : min J = −t2 f

s.t. (63), (64), (6), (55), (56), (14), (31), (32), (65)
(66)

where the constraints in Equations (55)–(57) only need a slight change to accommodate the
decision variables X i.

4.3. Sparsity Analysis of Convex Programming Problem

Problem BPSC2 as well as DPSC1 can be formulated as the following standard
SOCP problem:

min cTx
s.t. Ax = b

Gx + s = h, s ∈ K
(67)

where x are decision variables to be optimized, s are the slack variables, A, G, c, b, and h
depend on the problem, and K are conic constraints. The matrices A and G are often sparse,
and their numerical condition and sparsity patterns will dramatically affect the efficiency
of any solver algorithms. In [27], the condition number of A rendered by BPSC2 is much
smaller than that by DPSC1, thereby giving a better performance on computational cost.

In this paper, since the heat flux constraints are introduced in BPSC2, the sparsity
pattern of G rendered by BPSC2 becomes more complex as shown in Figure 1a,b, in
which the discretization collocation point numbers are set as N1 = N2 = 30. Figure 2a,b
present the sparsity patterns of A rendered by DPSC1 and BPSC2, respectively. The
number of nonzero elements of A rendered by BPSC2 only is nearly half of that by DPSC1.
Unfortunately, the BPSC2 method leads to a great increase in the number of nonzero
elements of G. This seriously deteriorates the sparsity pattern of G. In fact, the more
nonzero elements, the more storage and computation cost. According to our numerical
experiments in Section 6, the sparsity patterns of G impose a great effect on the algorithm’s
efficiency, and the more dense G is, the longer the solving time, although the number of
nonzero elements of A reduced by nearly half.
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Comparing Equations (61) and (65), it can be found that the temporal variables
Ri = BiVi and V i = B(1)

i Vi make that the dense matrices Bi and B(1)
i are the neces-

sary parts of G; to overcome this shortage of BPSC2, we introduce new decision variables
Ri, V i ∈ R(Ni+1)×3 to formulate the path constraints in Equation (65); meanwhile, the
algebraical relations Ri = BiVi and V i = B(1)

i Vi become additional equality constraints,
thereby giving an augmented BPSC2, namely A-BPCS2, as follows:

Decision variables : Vi ∈ R(Ni+1)×3, U i ∈ R3×Ni ; Ri, V i ∈ R(Ni+1)×3

A − BPSC2 : min J = −t2 f

s.t. Ri = BiVi, V i = B(1)
i Vi

(58), (59), (6), (55), (56), (14), (31), (32), (65)

(68)

Remark 4. In problem A-BPSC2, the augmented decision variables Ri and V i make the nonzero
elements of A slightly increase, but the nonzero elements of G dramatically decrease (shown in
Figures 1c and 2c). Thus, A-BPSC2 makes the matrix G sparser at a small cost, compromising the
size of A and the sparsity pattern of G. The advantages of A-BPSC2 over BPSC2 will be validated
by the latter numerical results.

5. Solution Strategy
After convexification and discretization, the original non-convex trajectory optimiza-

tion problem of TSLV becomes a series of SOCP problems, which can be iteratively solved
by the efficient convex optimization toolbox, such as ECOS and Mosek. In fact, the iterative
solving procedure should start from an initial reference trajectory, and its choice apparently
affects the convergence of the algorithm. However, it is hard to guess an appropriate
three-dimensional reference trajectory including the profile of three-dimensional position
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and velocity, especially for the complex flight trajectory of TSLVs. To overcome this issue,
we propose the solving procedure, which consists of two sub-procedures:

1. In the first iteration, taking no account of the aerodynamic drag, the simplified version
of A-BPSC2 (or BPSC2, or DPCS1) with fixed final time is formulated based on the
two guesses about the insertion time t2 f and the radius of the separation point r1 f of
the vehicle as well as the known initial radius r10 and the final radius r2 f ; then, by
using a convex solver, we have a vacuum solution;

2. Based on the vacuum solution provided by the above sub-procedure, the complete
problem of A-BPSC2 (or BPSC2, or DPCS1) can be formulated, and then, the formal
sequential convex iterative solving procedure begins until the iteration stopping
criteria (26) are satisfied.

Using P stands for the three methods in this paper, i.e., A-BPSC2, BPSC2, and DPCS1,
the above procedure is summarized in Algorithm 1.

Algorithm 1. SC Algorithm for ascent flight trajectory optimization

Algorithm parameters setting:
• The number of collocation points Ni(i = 1, 2);
• The iteration-stopping criteria δ;
• The trust region ∆t;
• The number of max iterations Kmax

Problem initialization:
• The initial state x10 =

[
RT

0 , V T
0
]T

;

• The terminal state x2 f =
[

RT
2 f , V T

2 f

]T
;

• The separation time t1 f = t20;

• The guess of the radius of the separation point r(0)1 f = r(0)20 ;

• The guess of the orbital insertion time t(0)2 f

Sub-procedure 1:
1. Calculate the initial radius profile r(0)ij (i = 1, 2, j = 1, . . . , Ni) via linear

interpolation on [r(0)10 , r(0)1 f ] and [r(0)20 , r(0)2 f ];

2. Formulate the problem P(0) based on r(0)ij (i = 1, 2, j = 1, . . . , Ni) disregarding the
aerodynamic drag D;

3. Solving the problem P(0) yields the reference trajectory {x(1)i , u(1)
i , t(1)i f }(i = 1, 2)

Sub-procedure 2:
Set k = 1;
While k ≤ Kmax

Formulate the complete problem P(k) along
{

x(k)i , u(k)
i , t(k)i

}
(i = 1, 2);

Solving the problem P(k) yields
{

x(k+1)
i , u(k+1)

i , t(k+1)
i f

}
(i = 1, 2);

If max
τj

∥∥∥x(k+1)
i (τj)− x(k)i (τj)

∥∥∥ ≤ δ (i = 1, 2, j = 0, . . . , Ni)

Output the optimal solution
{

x⋆i , u⋆
i , t⋆i

}
=

{
x(k+1)

i , u(k+1)
i , t(k+1)

i f

}
(i = 1, 2);

Break;
Else

Let k = k + 1, and
{

x(k)i , u(k)
i , t(k)i

}
=

{
x(k+1)

i , u(k+1)
i , t(k+1)

i f

}
(i = 1, 2)

Continue;
End If

End While
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6. Numerical Results
In this section, the numerical results are presented to demonstrate the effectiveness of

the proposed algorithm by using the second-order Birkhoff PS scheme as well as the sequen-
tial convex programming method, denoted by BPSC2. YALMIP [38], a MATLAB R2021b
toolbox, is used for modeling the sequential convex problems, and the light-embedded
toolkit ECOS [39,40] based on the popular primal-dual interior-point algorithm is employed
to solve the SOCP programming problem. The following numerical results including the
graphics are obtained by MATLAB R2021b running on a desktop computer with Intel Xeon
Gold 5218R CPU@2.10 GHz and 128 GB RAM. It is to be noted that the required memory
for solving such trajectory optimization problems is much smaller than 128 GB.

According to the public data of China’s Long March 7, the parameters used to model
the TSLV are given in Table 1. The latitude and the longitude of the launch site, respectively,
are N19.61◦ and E110.95◦; therefore, the initial position is R10 and the velocity is V10. The
target orbit is a low earth orbit (LEO) of 200 km × 400 km, and the perigee is chosen as the
insertion point for the precision control of the orbital plane and altitude. The prescribed
inclination, right ascension of ascending node, and argument of perigee, respectively,
are 42◦, 312.9◦, and 168.3◦, the desired orbital semi-major axis is 6.6781399 × 106 m, and
eccentricity of the target orbit is 0.015.

Table 1. TSLV data.

Quantity Stage 1 Stage 2 Unit
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Initial mass mi0 575,637 111,181 kg
Thrust Ti 7195 720 kN

Mass flow rate qi 2447 215 kg/s
Reference area Sre f 12.5 12.5 m2

Drag coefficient CD 0.5 0.5 /
Max heat flux

.
Qmax 4.0 × 107 / W/m2

The algorithm parameters are set as the iteration-stopping criteria δ = 10−5, the
trust region ∆t = 5s, and the max iteration Kmax = 30. The flight time of phase 1 is
t1 f = t20 = 166s, which is fixed, and the guess of the insertion time is t(0)2 f = 590s. The

height of the separation point is guessed as 56 km, i.e., r(0)1 f = r(0)20 = RE + 56(km).
To verify the proposed method denoted by BPSC2, the famous NLP trajectory opti-

mization toolbox GPOPS [41] is used as a baseline method; meanwhile, comparison studies
between the proposed A-BPSC2, BPSC2, and DPSC1 are conducted. Figure 3 shows the
height and velocity profile of the optimal ascent trajectory of TSLV resulting from GPOPS,
DPSC1, BPSC2, and A-BPSC2, and Figure 4 illustrates the 3D position profile and the 3D
velocity profile in the ECI frame. The optimal thrust directions are presented in Figure 5,
and it can be observed that ∥u∥ = 1 holds almost everywhere in the time interval [t10, t2 f ]

while the relaxed constraint ∥u∥ ≤ 1 is used in A-BPSC2, BPSC2, and DPSC1. Although
the strict equality constraint ∥u∥ = 1 is used in GPOPS, the resulting control inputs do not
strictly satisfy the constraints. On the contrary, the results of the three SC algorithms reveal
a better performance, and this well-verified Proposition 1.



Aerospace 2025, 12, 141 18 of 23

Aerospace 2025, 12, 141 18 of 24 
 

 

Reference area refS  12.5 12.5 2m  

 

Drag coefficient DC  0.5 0.5 / 

Max heat flux maxQ  4.0 × 107 / W/ 2m  

The algorithm parameters are set as the iteration-stopping criteria 510δ −= , the trust 
region 5stΔ =  , and the max iteration max 30K =  . The flight time of phase 1 is 

1 20 166sft t= = , which is fixed, and the guess of the insertion time is (0)
2 590sft = . The height 

of the separation point is guessed as 56 km, i.e., (0) (0)
1 20 56(km)f Er r R += = . 

To verify the proposed method denoted by BPSC2, the famous NLP trajectory 
optimization toolbox GPOPS [41] is used as a baseline method; meanwhile, comparison 
studies between the proposed A-BPSC2, BPSC2, and DPSC1 are conducted. Figure 3 
shows the height and velocity profile of the optimal ascent trajectory of TSLV resulting 
from GPOPS, DPSC1, BPSC2, and A-BPSC2, and Figure 4 illustrates the 3D position 
profile and the 3D velocity profile in the ECI frame. The optimal thrust directions are 
presented in Figure 5, and it can be observed that 1=u  holds almost everywhere in the 

time interval 10 2, ][ ftt  while the relaxed constraint 1≤u  is used in A-BPSC2, BPSC2, 

and DPSC1. Although the strict equality constraint 1=u   is used in GPOPS, the 

resulting control inputs do not strictly satisfy the constraints. On the contrary, the results 
of the three SC algorithms reveal a better performance, and this well-verified Proposition 
1. 

In Figure 6, the profiles of the local flight path angles are presented. The local flight 
path angle is defined as arcsin( / )T

Hθ = R V V‖ ‖  according to [31]. In this work, the flight 
path angle Hθ  is not a direct constraint, and it is constrained by the prescribed 2 fR . 

 
Figure 3. Optimized ascent trajectory of TSLV when 1 2 31N N= = : (left): height profile; (right): 

velocity profile. 

he
ig

ht
(k

m
)

ve
lo

ci
ty

(m
/s)

Figure 3. Optimized ascent trajectory of TSLV when N1 = N2 = 31: (Left): height profile;
(right): velocity profile.
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In Figure 6, the profiles of the local flight path angles are presented. The local flight
path angle is defined as θH = arcsin(RTV/∥V∥) according to [31]. In this work, the flight
path angle θH is not a direct constraint, and it is constrained by the prescribed R2 f .
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The iterative procedure of the three SC algorithms is shown in Figure 7, in which the
normalized height profiles are presented. The blue dotted lines h(0) resulted from the linear
interpolation of three points r10, r1 f , and r2 f in the sub-procedure 1 of SC algorithms, and
the height profiles h(1) denote the vacuum solution; then, the height profiles h(k)(k > 1)
denote the iterative solutions coupling with aerodynamic force in the sub-procedure 2. It
can be seen that after a few iterations, the optimal trajectories are obtained even though
we only provide three points as the initial input. We use the optimized control variables
in A-BPSC2 as the input and then integrate the system dynamics in Equation (1) by using
the 4-order Runge–Kutta algorithm, thereby providing the integral trajectory of TSLV.
The optimized height and velocity profiles of A-BPSC2 and the corresponding integral
trajectories are shown in Figure 8, which perfectly verified Proposition 2 in Section 3, i.e.,
we can use the drag force along the previous trajectory to formulate the next iterative
problem. To avoid redundancy, the similar results from other methods are not presented
here. The satisfactions of the heat flux constraints are shown in Figure 9, in which the
heat flux profiles are calculated based on the integral trajectories that resulted from the
optimized control inputs.
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Figure 7. Iterative procedure of SC algorithm.
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Figure 8. The optimized height and velocity profile versus to the integral results from the optimal
control input via the 4-order Runge–Kutta algorithm.
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Figure 9. The heat flux history: (a) without heat flux constraint; (b) with heat flux constraints.

Table 2 lists the statistical results of the four mentioned methods. In the numerical
experiments, let N1 = N2; meanwhile, other conditions used in the SC algorithms are
completely identical for DPSC1, BPSC2, and A-BPSC2. It can be seen that the objective
indices of BPSC2 and A-BPSC2 are identical for the same collocation points; meanwhile,
they are smaller than that of DPSC1 and GPOPS. In addition, we calculated the condition
numbers of A and the sparsity ratios of G in Equation (67) rendered by the three SC
algorithms. Here, the sparsity ratio is the ratio of the non-zero elements’ number and the
total elements’ number of the matrix. In the two BPS methods, the increase in the condition
number of A is approximately proportional to Ni, while in the DPSC1, the condition
number of A is much larger and is proportional to the cube of Ni. The well-conditioned
A benefits the subsequent numerical solving [27]; however, the computational cost of
BPSC2 has not been reduced, despite the improvement in the condition number of A; on
the contrary, the A-BPSC2 reveals the best computational efficiency among the three SC
algorithms. From Table 2, the sparsity ratios of G resulting from BPSC2 exceed 14%, while
the sparsity ratios rendered by A-BPSC2 are less than 1%. We henceforth conclude that the
main reason for the decrease in computational efficiency for BPSC2 lies in the deteriorated
sparsity pattern of G. The results in Table 2 validate the effectiveness of A-BPSC2 for
leveraging the sparsity pattern and the number of equality constraints. In addition, the
parity of collocation point number Ni also affects the solving time; from our experience, the
solution time for choosing an odd Ni is less than that when choosing an even Ni. Compared
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with GPOPS, the proposed A-BPSC2 has greatly improved the computational efficiency in
the case of the same collocation point number Ni = 20.

Table 2. Statistical results of GPOPS, DPSC1, BPSC2, and A-BPSC2.

Methods Ni Iterations Solving
Time(s) t*

2 f Condition of A Sparsity Ratio
of G

DPSC1

20 8 0.3215 587.1776 3.1092 × 105 1.04%
31 8 0.5203 587.1265 3.5520 × 105 1.00%
61 8 1.3297 587.1551 1.0888 × 106 0.75%
91 8 8.8953 587.1466 2.6153 × 107 0.43%

BPSC2

20 8 0.5341 588.9779 1.3843 × 104 14.46%
31 8 0.6142 588.9623 1.3804 × 104 14.68%
61 8 2.5494 588.9700 1.3590 × 104 16.27%
91 8 38.6264 588.9677 1.4905 × 104 18.41%

A-BPCS2

20 8 0.2605 588.9779 8.1242 × 103 0.80%
31 8 0.2445 588.9623 8.2634 × 103 0.77%
61 8 0.6263 588.9700 9.5622 × 103 0.58%
91 8 4.3581 588.9677 1.2722 × 104 0.33%

GPOPS 20 / 6.1670 589.1500 /

Remark 5. In our numerical experiment, when the equilibration method is closed in ECOS, the
DPSC1 cannot converge, but our two BPS methods still can obtain the converged solution. Actually,
the equilibration function in ECOS is used to make sure the matrices A and G are well conditioned
before the application of the interior point method [39]. This reveals that our methods can improve
the condition of the resulting SOCP problem, and avoid the equilibrating manipulations in the
solver, therefore enhancing the computational efficiency. In Table 2, we enabled the equilibration
function in ECOS to obtain the solutions of the three methods. The results demonstrated not only
the condition number but also that the sparsity pattern of the resulting SOCP problems dramatically
affects the solving efficiency. The proposed A-BPSC2 takes into account both the problem’s condition
number and sparsity pattern, and is therefore the most outstanding among the three methods.

7. Conclusions
In this paper, a new sequential convex optimization scheme is presented, based on the

second-order Birkhoff PS method for efficiently solving the ascent trajectory optimization
problem with free final time, taking account of strong nonlinear dynamic constraints as
well as the heat flux constraints. By using the second-order BPS method, we can reduce
the decision variables as well as the number of equality constraints resulting from the
transcription of nonlinear dynamics. However, the introduction of the state-dependent
constraints will result in a dramatic increase in the nonzero elements of G in the SOCP
problems, and this seriously affects the solving efficiency. Hence, we originally augment
the decision variables in SOCP problems, and combine the advantages of DPSC1 and
BPSC2, allowing the slight increase in nonzero elements in A and the dramatic decrease
in the nonzero elements in G. Such a compromise renders an excellent performance in
the efficiency of A-BPSC2. In our numerical experiments, since the generalized modeling
tool Yalmip is used, the time cost of modeling accounts for almost the majority of the total
solution time. Hence, it is necessary to develop a specific modeling tool as well as a solver
tightly coupling with the SC algorithm in the future.
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