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Abstract: In this paper, a recently proposed SE(3)-constrained extended Kalman filter (EKF) is
extended to formulate a strategy for relative orbit estimation in a space-based sensor network. The
resulting consensus SE(3)-constrained EKF utilizes space-based sensor fusion and is applied to the
problem of spacecraft proximity operations and formation flying. The proposed filter allows for the
state (i.e., pose and velocities) estimation of the deputy satellite while accounting for measurement
error statistics using the rotation matrix to represent attitude. Via a comparison with a conventional
filter in the literature, it is shown that the use of the proposed consensus SE(3)-constrained EKF can
improve the convergence performance of the existing filter for satellite formation flying. Moreover,
the benefits of faster convergence and consensus speed by using communication networks with
more connections are illustrated to show the significance of the proposed sensor fusion strategy in
spacecraft proximity operations.
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1. Introduction

In recent years, there has been significant interest in satellite formation flying missions
that have close proximity operations. The advantages of such missions over conventional
missions are having higher redundancy as well as increased mission flexibility. Moreover,
such missions have a lower injection payload mass, leading to reduced launch costs [1].
The application of such missions are frequent Earth observations for remote sensing appli-
cations, monitoring geographic regions of interest, telescopic formation for solar or deep
space observations, computer tomography of clouds for better weather modeling, etc.

The spacecraft rotational and translational dynamic estimation is important for close
proximity operations. In the literature, the significance of such estimation schemes for
formation flying missions is documented [2—4]. Conventionally, the translation states
are estimated from linearized models [5], while rotational motion states are estimated
using Euler angles [6], quaternions [7], or other attitude parameterizations. However,
minimal parameterizations such as Euler angles and classical and modified Rodrigues
parameters always have a singularity, while quaternions are not unique and can suffer
from the unwinding phenomenon when used for attitude control and estimation. Because
of these demerits in the conventional approach [8], researchers are interested in estimation
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Licensee MDPL Basel, Switzerland,  lgOTithms using rotation matrices on the Lie group SO(3) [9,10].

A more essential and practical approach is the simultaneous estimation of translational
and rotational motion states. In spacecraft formation flying missions, this is more important
because the different types of torques, including gravity gradient torques, atmospheric
drag, and solar radiation pressure, result in a coupling of the attitude and orbital dynamics.
Thus, in order to have a compact formulation that includes both attitude and translational
40/). dynamics, the special Euclidean group SE(3) [11] is useful. This nonlinear manifold is
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obtained from the semi-direct product of the Lie group of rotational motions SO(3) with
R3 [12]. This formulation results in singularity-free unambiguous global representations of
the rotational system and a compact description of the rigid body pose.

In the literature, a estimation technique based on Lie group SE(3) is proposed by [13]
that guarantees almost global asymptotic stability. Rigid body motion state estimation with-
out known dynamic models is proposed by [14] using the Lagrange—d’Alembert principle.
However, the stochastic properties of measurements are not taken into account in these
techniques, unlike in the Kalman filtering method. Also, these methods are not capable of
handling consensus feedback of the sensor information, which is highly advantageous for
close proximity operations.

Researchers have proposed a few techniques that can handle consensus estimation of
the states during formation flying missions. The initial research direction is in the design
of the consensus Luenberger observer [15] and subsequently the design of a consensus
Kalman filter for linear systems [16-18]. In the literature, the extended Kalman filter has
been proposed by [19-22] in a consensus framework for handling measurements from
multiple sensors within a communication network. However, these methods do not
estimate the rotational and translational states in a single framework, which is crucial for
close proximity operations and in formation flying missions.

Recently, an SE(3)-constrained EKF for rigid body pose estimation was proposed by
the authors [23]. However, the methodology does not handle pose consensus estimation
using information sharing between multiple space-based sensors; moreover, there are very
few papers that address this requirement based on Lie group SE(3). In the literature, using
Lie algebra se(3), a feedback filter with consensus design is available.

The novelty of this paper is in obtaining an SE(3)-constrained extended Kalman
filter using consensus philosophy. It is applicable to any rigid body coupled estimation of
rotational and translational states. To the authors” knowledge, this paper represents the first
attempt on sensor fusion of pose estimation. Moreover, the proposed filter in this paper
is more complex and differs from the existing SO(n)-constrained filter [24] in that only a
subset of configuration states is constrained, while it is not viable for sensor fusion in a
communication network.

This paper is organized in the following manner: The spacecraft dynamics in the
Hill frame along with an introduction to the SE(3) formalism is provided in Section 2.
The measurement architecture along with the assumed mathematical sensor models are
provided in Section 3. The proposed consensus SE(3)-constrained extended Kalman filter
in a continuous-discrete time framework (SE(3)-DEKEF) is derived in Section 4 and the
discretized variational integration used for numerical simulation is provided in Section 5.
The proposed algorithm is validated in Section 6. Finally, the concluding remarks are
provided in Section 7.

2. Spacecraft Dynamics on SE(3)

Consider an inertial frame O (XY Z) in which spacecraft are orbiting around Earth, as
shown in Figure 1. For simplicity, consider that the chief and deputy satellite are defined
in a Hill reference frame H centered on a chief satellite. The x axis of this frame, i.e., ey, is
oriented along the radius vector of chief satellite r., which is from the center of Earth to
the center of this frame. The z axis, i.e., e, points in the direction along the orbital angular
momentum vector, which is perpendicular to the plane of the chief satellite orbit. Finally,
the y axis, i.e., e;, completes the triad [25-28]. Also, consider a body-fixed frame B (xyz), as
shown in Figure 1, attached to the body of the deputy satellite.
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Chief Satellite Orbit
~< -7 - Deputy Satellite Orbit

Figure 1. Hill reference frame for satellite relative motion.

2.1. Pose Kinematics

The rotation matrix C is defined to be the rotation matrix from the H frame to the B
frame. It belongs to real special orthogonal group SO(3) = {R**3;CTC = I33;detC = 1}.
Let p € R3 denote the co-ordinates of the origin of B with respect to origin of H resolved in
the H frame.

The special Euclidean group SE(3) = R3 x SO(3) is a six-dimensional Lie group
representing the configuration space of a deputy satellite pose, which is given by the
4 x 4 matrix, as follows:

s=| 5 Uyt e st M

The translational and rotational kinematics are
C=-w*C, pl=9d'C @)

where w is the angular velocity and v is the translational velocity of the deputy satel-
lite expressed in the B frame. We define the cross product operator for the vector x =
[ X1 X2 X3 ] as

0 —X3 X2
=1 x3 0 —x; | €s0(3) 3)
—X2 X 0

The kinematics in Equation (2), using Equation (1), can be rewritten as
g=-Vv'g @

where the augmented velocity is definedas V 2 [ w! 0T ] " and the wedge operator is
defined as

VY= { @ B } € 5¢(3) 5)

Define the following mathematical terminology for the sake of brevity: Consider the ma-
tix A=[a; ... ay | € RV witha; € R". Then, definingvec(A) = [ al ... al ]T €
R as the vector with stacked columns of A, the converse operation is defined such that
mat(vec(A)) & A € R"™". Hence, the 4 x 4 matrix g in Equation (1) is rewritten as

§=[& & & 8] (6)
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where g; denote the ith column of g. Since the last column of g does not need to be estimated,
the other desired 12 x 1 vector is defined as

Svec = ?JEC([ 81 &2 &3 D ()

Hence, the gyec and g relations can be written as

8vec
ga(gvec) émat([ 03%1 ]) =9 8)
1

Finally, the vectorized pose kinematics, using Equation (7) in Equation (4), are as follows:
Svec = —diﬂg{Vv, Vv; v }gvec )

2.2. Satellite Dynamics

The rotational and translational dynamics of the deputy satellite of mass m and inertia
matrix | are expressed as

Jo=—-wJw+T, MO=—-—w mv+¢ (10)

where T € R° and ¢ € R represent the gravitational torque and force acting in the body
frame of the deputy satellite, respectively.

While there are multiple possible sources of orbit/attitude coupling, only the gravity
gradient coupling effects are present in the simulation in this paper, while the effects of not
including it are also illustrated. The gravity gradient torque acting on the deputy satellite
is approximated to the second order as [29]

3
||7’d#||5 (’_’d X ]’_’d) (11)

The effect of rigid body inertia and attitude on the gravitational acceleration of the deputy’s
center of mass location 7; is also approximated to the second order as [29]

3 T 3 -
ﬁd:—};<<1+2W2<f7(])—57§]Vd)>13x3+nir‘%])m (12)

d

T =

where 7; = 7;/r; and the standard two-body gravity is obtained if the inertia (which is fixed
only in the spacecraft body frame) vanishes. Noting that the chief has position vector 7. and
does not experience gravity gradient torque, the relative position defined by A7 = 7; — 7.
has the dynamics obtained by subtracting the chief’s (unperturbed) acceleration from the
deputy’s acceleration, yielding

2 H = - Ho
ANF = —— 5 (F 4+ AF)+ T
|7C+A7\3( e A7) r3c
31 1 5 p .
—— | = | tr —7T+Ar r+A7 I + r+Ar 13
m|?C+A75<2( ) |17C—&-A?|2(c A )) 33 ]>(C ) 13

Using the binomial expansion, this can be linearized as

(1+ W( r(J) - 5VT]7c))I3x3
AP = _r% —3(1+ 2( 7rT]rC))rch AT
to (= 5(] c? +7:21]))

mre \ 2

I CIGURE AL PRl 1)
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Using the transport theorem A7 = H%f + 2wy X (H%T’) + @y x (@wy x 7) for the rotating

Hill frame of the chief and resolving all terms into this frame, where n2 = y/r.3, yields the
perturbed relative force as

, 20 e 3n2 (1 + 5 (tr(]) — 7?2]?C))x
(Pperturhed = *chx +ne Y + 0
0 0 0

Cof (e () =57 ) I \ [
N\ 4522 (1= 57T +77T)) ,

mre2 z
3u 1 T s Te
S omrd (2(tr(1) =52 JFe) s +] ) | O (15)
c
0

It can be seen that if all inertias are set to zero, the standard HCW equations

2n.y + 3nZx
H .
(punperturbed = —2n.x (16)
—n?z

are obtained. The terms f’CT Jie, ] ?C?CT, ?C?CT], and | are attitude-dependent terms, where
the rotation matrix C is used explicitly as ?CT CTjc#., CTy C?C?;[, ?C?;[CT JC,and CT]JC. The
dominant effect of the perturbed version is to change the deputy’s orbital rate from that of
the unperturbed case.

Define the 6 X 6 mass tensor as

Hé I: ] 03><3 :| (17)

O3x3 Mml3x3

Thus, the deputy satellite dynamics in Equation (10) are rewritten as
IV=ady,1V+u (18)

whereu = [ 1 ¢T ]T and the co-adjoint operator is defined as

X

ad’ ——[ w* o o” } (19)

O3x3 w

Hence, the above-mentioned 12-dimensional tangent bundle TSE(3) = SE(3) x R is the
state space associated with the six degrees of freedom model. Note that ¢ is resolved
in the Hill frame, which has to be transformed into the deputy’s body frame B in order
to be used in Equation (18) using ¢ = C¢™. While certain relevant perturbations may be
included based on the orbital regime and mission requirements, they were not included in
this paper since only gravity gradient torque was assumed in the relative orbital model.

2.3. Communication Graph

Let us assume that there are N spacecraft in a network defined by undirected commu-
nication links. To model this communication topology, a connected undirected graph is
used,ie, ¢ 2 (7,&), where 7 = {1,...,N} is the node setand & C 7" x 7 is the set of
edges. Here, the edge of ¥ is denoted by ¢;; = (¢, ) € &, which implies an undirected
communication link between nodes i and j. Let o = [«;] € RN*N be the adjacency matrix
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associated with €, in which the element ajj=1 if agents i and j are connected; otherwise,
«jj = 0. The degree matrix of the graph ¥ is a diagonal matrix &, where

N
dii= Y. e (20)
k=Lk#i

Accordingly, the graph Laplacian matrix is written as & = @ — &. The representation
of line and complete graphs for a four-node undirected network is shown in Figure 2.

LZ Lg

. L Ly

Line graph Complete graph

Figure 2. Representation of graphs for a four-node undirected network.

3. Problem Statement for Proximity Operations

Without a loss of generality, assume the following consensus estimation scenario of
multiple chief spacecraft cooperatively estimating the state of the deputy satellite:

(i) Four chief satellites and one deputy satellite is in formation, as shown in Figure 3.

(if) Chief satellite orbital elements and its attitude are known perfectly at all times.

(ili) The objective is to estimate the deputy satellite—SE(3) information—using the filters
that are running in each chief satellite.

(iv) The deputy satellite has attitude sensors for estimating C in Equation (1). This in-
formation along with its velocities is shared with each chief satellite for running the
filter.

(v) Chief satellites have a LIDAR sensor, which measures its range from the deputy
satellite. This is used to estimate the p in the g-matrix.

(vi) For consensus estimation, each chief satellite SE(3) state is shared in the communica-
tion network.

y ® Chief satellite
Deputy satellite

Inertial

Figure 3. Consensus estimation scenario.
The dynamic model can be expressed as

¥ = f(x)+'Gw (21)
iy = n(x)+iGh (22)
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where ‘¥ denotes the state of the deputy satellite relative to the i frame (Hill frame corre-
sponding to the chief satellite i);  f(x) corresponding to the terms explained in Section 2.1;
‘w denotes the corresponding process noise with E['w(t)'n’ (¢')] = 1Qs(t — t'); 6(t — t') is
the Dirac delta function; 'Q is the process noise covariance matrix; and iG denotes the
input matrix associated with ‘n. In addition, 'y denotes the measurement for chief satel-
lite as explained in Section 3, and ‘v denotes the corresponding measurement noise with
El'o(t)'sT(#')] = 'R 6(t — t'), in which 'R is the measurement noise covariance matrix.

One must note that there is only one deputy; however, its state is expressed in the
different Hill frames of each chief. Hence, these states are transformed to the corresponding
Hill frame by using the following equation:

ic = 'cfiglc (23)
‘ol i ip+icf (r=Tr) (24)

iP

where !Cy is the known rotation matrix from the inertial frame I to the Hill frame H of the
ith chief spacecraft, /Cy is the known rotation matrix from the inertial frame I to the Hill
frame H of the jth chief spacecraft, and the vectors /7, 'r, 'p, and /p are defined in Figure 4.

o Chief satellite
Deputy satellite

Inertial

»

Figure 4. Consensus estimation scenario.

Measurement Model

Assume that the deputy satellite is equipped with attitude sensors, which need a
minimum number of vector measurements, i.e., >2, for the attitude to be determined
uniquely at any instant [30].

isp, ='CiC Si+y (25)

where iS]%’flni is the vector measured by the n; attitude sensor in the body frame correspond-
ing to the vector Sy in the inertial frame, with 7 being additive measurement noise.

Additionally, consider that the chief satellite is mounted with a LIDAR sensor, which
measures the range to the deputy satellite in the Hill frame. Range measurements can be
represented by the magnitude of the relative position vector, i.e.,

" = 'pl| +¢ (26)

where ¢ is measurement noise [31]. Note that the velocity is assumed to be known for the
sake of brevity. However, the proposed estimation architecture can be easily augmented
with the velocity measurement, as demonstrated in the [23].

4. Consensus Continuous-Discrete SE(3)-Constrained Extended Kalman Filter

In this section, a practical consensus SE(3)-constrained extended Kalman filter in
continuous-discrete time fashion (i.e., continuous dynamics and discrete measurements)
is proposed. The consensus extended Kalman filter techniques can be categorized into
two general types. The first type which includes the feedback of both estimated state and
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covariance matrix is known as the optimal consensus EKF, while the second one includes
only the estimated state and is therefore suboptimal [19]. However, it must be noted that
the exchange of covariance in the optimal filter type leads to a high computational burden
in the communication network [32]. Hence, though the performance of the optimal filter is
slightly better than in a suboptimal case, the latter one is recommended and adopted in
this paper for satellite formation flying.

4.1. Continuous-Discrete Time SE(3)-EKF Structure
The vector measurements at time instant k is
) ) ) T
, T m
ye=| Shwi PE ] (27)

where i represents the chief satellite under consideration, and the computed a priori
estimates is

T = "H'Seex (28)
where

, Sty 03x1 S;(2)Bx3 0xa S;(8)Bx3 031
'Hy = Sﬂz,k(l>13><3 031 S]Iz,k (2)I3x3 031 S]Iz,k(3)13><3 031 (29)
03x3 Iys(:,1) 033 I3x3(:,2) 03x3 I3y3(:,3)

represents the output Jacobian matrix derived based on the measurement model explained
in Section 3. Note that Sy (1), Sy x(2), Sy x(3) are the components of the vector Sy € R in
the inertial frame at time instant t;.

The time update for the estimates is

B = —diag{'VV, VY,V Lig,, (30)
and the consensus measurement update equation [19] for the a posteriori estimates in terms

of the residual error f;yk = [iyk - ’?,Z } is

l' —

. A+ . a . . . ] k . A . A

lgm,k = nggc/k + 'Ky Zyk - 'Ykl ||l ol Z (lgvec,k ;’gvgck) (31)
+ k i~ !

where K € R12x(31:13) ig the gain matrix to be determined, v, > 0 denotes the scalar

consensus feedback gain, and j ~ i are the neighbors of i in the network.

4.2. Continuous-Discrete Time SE(3)-EKF Error Dynamics

The estimation state vector is

i_x = ig?}EC (32)

and the corresponding estimated state vector is £, with the estimation error being defined
as'% = 'x —'%. The linearized estimation error dynamics are

¥="A'%+'G"n (33)

The matrices ‘A € R12¥12 and IG € R12%3 can be derived. The error covariance is
defined as

ip— E{ififT} (34)
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and the covariance propagation is carried out as follows:
‘P="AP+'PAT +'G'Q'G" (35)
For more details on the filter, one can refer to [33,34].
4.3. Discrete Time SE(3)-EKF Gain Selection
The gain for an SE(3)-constrained filter is found by
1& ;
min | = 5 Z trace {’P]:“ } (36)

iKk i=1

and is subjected to the orthogonality constraint and determinant constraint. In other words,
the a posteriori estimate of ' gyec should satisfy the following constraint:

‘gt €SE() (37)
The a posteriori covariance matrix can be derived [35] as
ipr & Elgl g7
_ (1 - lKlek)lPk_ (1 - lKlek> + K RKT
- (1 - iKkin)ip,; (38)

. P P . f o . s T . . . .
where P £ E[lxk %, ’T} = E{(lxk —20) ("we— %) } is the a priori covariance
matrix. At measurement time t, the a priori state estimate and the estimated state error

covariance matrix for the ith SE(3)-constrained EKF are denoted by ', = %(t) and
iP]: = 1P(t). The transformation of variables is defined as
'K = K™+ AKy (39)

where ’K;”C is the unconstrained optimal gain, which can be derived as
i punc ip—igT|igg ip—igT i -1
K" = 'p tHE [THPHT 4Ry (40)

where 'Ry is the measurement noise covariance matrix. Note that !AK; becomes the
new design variable for a constrained SE(3) formulation. Substituting Equation (39) in
Equation (38) gives the a posteriori covariance matrix as

‘B =Pt K, ("H P HE + 'Ry ) 'AK] (41)
where
iPl:lnC,Jr _ <I _ iK}I:nC in) lpl: (42)
is a posteriori covariance. One can see from Equations (38) and (41) that the terms —IK ' H, kiP,:
and 'AK; ("HkiPk_ "HI + 'Ry )'AK] are equivalent. Moreover, substituting Equation (39) in
Equation (31) gives the a posteriori estimate as

‘G = e+ IAK (43)

vec,k
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where

ip- -

k is
B 44
Yk 7"1+|I’Pk_||;(gm'k ]ng) ()

iaunc,+

gveck gveck+

ZU’lC i~

Using the covariance Equation (41), the optimal A-constrained gain is found with the
following minimization problem:

minAJg = = ) trace [iAKk (iniP,; ‘HT + iRk>iAK,(T ]

1
iAKy 2

IIM:

subject to g% (¢ " € SE(3 (45)
) 8 gvec,k

Note that the cost function Equation (45) is convex; however, the feasible set IAK;
is non-convex due to the fact that SE(3) is nonconvex. Therefore, it is difficult to find a
globally minimizing solution. To solve this problem, the filter gain was restricted to a
special form, for which there is an analytical global solution. Moreover, the restriction of the
form of gain provided no loss of generality for the Kalman filter state-estimate correction
step, in the sense that all points in SE(3) were accessible in the correction step with this
form of gain. As said, an alternate approach [36] is taken to find the optimal A-constrained
gain ‘AKj by restricting its form to
AR T (H P, THT + iRk)*l

AK = —— ok
19{(1szpk— 1HIZ"+1Rk) l]?k

(46)

where ‘AK; becomes the design variable, and the a posteriori estimate in Equation (43)
becomes

'gveck - 'gz:cck-i_ + AKk (47)
or, equivalently,
8" ("8her) = 8" ('8l ) + mat('aKy) (48)

It has to be noted that the term gAZ:CC,j or ¢* ( gzgcc,j) has the consensus term for sensor

fusion as in Equation (44). Moreover, by using Equation (46) in Equation (45), the cost
function is rewritten as

Ay = A trace [AR(ART] = A Y AR AR,
i=1 i=1
= A i trace {mat (iAKk) Tmat (iAKk)] (49)
i=1

1 . . . . .
—— —— Using Equation (48), the cost function in Equation (49)
2T (H P HT +iRy) iy &4 q

can be rewritten as

where ‘A £

Al = A i trace {’g“ T’g“} (50)
i=1
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where§® £ {g” (i - k) — ¢ (i g;’g;fﬂ . Hence, the minimization problem in Equation (45)
is equivalent to

. 1¢ i ~a,T i~

_ min AJg" = 3 Z trace {lg“' lg”} (51)
g (‘gvec’k)GSE(E}) i=1

This is recognized as a Procrustes-type problem, and the optimal constrained estimate

g (i A k) is the least-square projection of the unconstrained update comprising the con-

sensus term, i.e., g (i gz:&*) onto SE(3). However, it is known that
. i éunc,+ 0
g (‘i) = [ e ] (52)
Pk
The solution for Equation (51) can be obtained as

i A U diag(Ir«, det Vdet 31 ur 03%1
g (lgz—;c,k) = [ 82 isT ) f (53)
Pk
where the singular value decomposition of ‘C}"“" is calculated as Y47, in which
7,4 € R"*" are the orthogonal matrices and ¥ is diagonal matrix containing the singular

values of Ci’”c’Jr in descending order. The optimal A-constrained gain can be calculated
using Equation (47) in Equation (46) as

_ i iy[(iniP]: inT_FiRk)_l
gT (HdP HT +7Ry)

i

(54)

where i§ £ (i [aPEL gzg’:;:'). Finally, using Equation (54), the a posteriori covariance

matrix Equation (41) becomes

, , isisT
iph = ipumet 4 diag{ : 8§38 (55)

T (HP THT Ry }
As was mentioned at the start of this section, the covariance propagation algorithm of the
optimal consensus Kalman filter has a high computational burden and is not scalable in
n with an all-to-all communication topology [32]. Hence, a suboptimal filter was utilized
in terms of the approximate covariance update of Equation (38) by neglecting the right-
most term in Equation (31). This approximation of the suboptimal filter assumes a small
consensus gain 7, as explained in [19]. For more details on the appropriate choice of the
consensus gain based on Lyapunov-based stability analysis, as well as the full covariance
update without this approximation, one can refer to [19].

5. Discretized Variational Integration

Lie group variational integrators preserve the structure of the configuration space.
Variational integration obtained from the discrete Langrange—d’Alembert principle [37] is
used to obtain the states at time k + 1 in terms of time k as

3 = %tTlZCEU]Ig,X:g—]
X i x _ rT
Jwo)* = —(BS—9H) (56)
T
Cenn = [ClH]

Wiy = diag(Fl, EDIV + At diag(FL, F )uy



Aerospace 2024, 11, 762

12 of 17

where & is the modified inertia matrix in terms of the inertia matrix J, and At is the time
step used for the simulation. Note that Equation (56) is an implicit equation, and it is solved
for F; using the Newton—-Raphson method. Moreover, the propagation of position and the
covariance matrix is carried out using Runge-Kutta 78 method. These equations are used
to compute the evolution of the pose and the velocities of the rigid body in Equation (18).

6. Numerical Simulation

In this part of this paper, the proposed filter is validated via a numerical simulation
by considering the simulation setup explained in Section 3. One of the common ways to
represent the state of the satellite is by using six orbital elements, namely semimajor axis 4,
eccentricity ¢, inclination 7, the argument of ascending node (), the argument of periapsis w,
and true anomaly v. Moreover, in the case of satellite formation flying, there exist various
ways to denote the relative orbits between the chief and deputy satellites. One option is to
use orbit element differences, i.e., the difference of the orbital elements between the space-
craft. Close proximity operations are generally carried out in low Earth orbits of altitudes in
the range of 500-1000 km [38]. Hence, without a loss of generality, it is assumed that there
exists a reference chief spacecraft with the following orbital elements for the simulation:
a=7100km,e=0.0,i=1.0°, 2 =0.0°, w =90°, v = 0.0°. Furthermore, the orbital element dif-
ferences of the other three chief satellites and a deputy satellite assumed from the reference
chief spacecraft are tabulated in Table 1. Note that the initial mean anomaly difference 6 My
is adopted in Table 1 instead of the true anomaly difference dvg for the sake of convenience.
It is assumed that there exists a communication network using the line graph topology, as
shown in Figure 2, and the configuration of the deputy and the four chief satellites in the
inertial frame is shown in Figure 3.

Table 1. Orbital element differences for the simulation scenario.

Satellite Ja, km Je 0i° s0° Sw° oMy
Second, chief 0 0 0.16 0 0 0.8
Third chief 0 0 0.2 0 0 0.7

Four chief 0 0 -0.2 0 0 -0.7

Deputy 0 0.004 -0.2 0 0 -0.7

The mass of the deputy satellite is m = 100 kg and its inertia tensor is given by
] = diag(51.2,60.2,59.6) kg-m> (57)
The initial attitudes of the deputy satellite in each Hill frame are assumed as

7T X
lCO = expmso(3)<(8><[; _76 %]T) >

T 3

2C, = expmso(3)<(10 x[3 =6 2 }T)X> (58)
e = e (5203 # 317))
G = exvmsom((gx [ & %]T)X>
Similarly, the initial angular velocity of the deputy satellite is
wp = [00 00 00]" rad/s (59)

Using these conditions, the nominal scenario was simulated as shown in Figure 5.
These figures show the relative trajectory of the same deputy satellite in the Hill frame of
each chief satellite considered. Figure 5a represents the trajectory propagation for nearly
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two orbital periods using the model in Equation (16) without gravity gradient torque. To
visualize the effect of gravity gradient torque, trajectory propagation was carried out with
Equation (15). As shown in Figure 5b, the deputy satellite relative trajectory was deviated
within half of the orbital time period. Next, the trajectory was considered with gravity
gradient torque in order to simulate conditions close to reality.

For the simulation, the attitude sensor measurement noise covariances are assumed
as E{ililT} = 11343, E{izizT} = 19l343, E{ilizT} = 033, respectively, where r; = 1m
and r, = 1 m. The noise covariance in the LIDAR sensor measurement is assumed as
E{p1pl} = r3I3x3, where r3 = 100 m?. Finally, the process noise in position is assumed as
E {wpwg} = gpl3x3, where g, = 1 m? [39]. The initial estimation error covariance matrix
is Py = diag(5 x 107%I353,1 x 1071,5 x 107*I353,1 x 1071,5 x 107*I343,1 x 10~ !). The
initial estimates of the states are assumed with 10% error with respect to their corresponding
nominal values. Note that the filter propagation is carried out using the linear HCW model
in Equation (16). For the simulation, the measurement rates for all the sensors are assumed
to be available at every 0.1 s. The setup of each EKF for the following simulations is the
same as the above-mentioned scenario, unless otherwise noted. Moreover, for plotting, the
errors between the true and estimate states are represented as

: [ trace(iCCT) -1
‘P = cos 1( ( 5 ) ) (60)

iperr = ||ip_iﬁ||2 (61)

Without a loss of generality, the numerical simulation is carried out in the MATLAB
R2024a platform. For comparison, the same problem is solved using the SO(3) filter from
ref. [24] for attitude estimation and a Kalman filter for position estimation, which are
the conventional techniques adopted for proximity operations. Hence, the results are
categorized as two sets—nominal and consensus. The nominal solution corresponds to the
existing SO(3) and position filter in the literature, while the latter corresponds to the novel
consensus SE(3)-constrained filter proposed in Section 4.

0.4 Hill Frame #1 Hill Frame # 2 Hill Frame # 1 Hill Frame # 2

100
-5 1000
100 500 -1000 % 00 - 200 400 0 1000 20001008
y
Hill Frame # 3 Hill Frame # 4 Hill Frame # 3 Hill Frame # 4
50
4} l/(/ S - V
*58 1000
-5 0 '00 50 50
1000 -100 %00 1000 -1000 -2000 1000 -500 0
(a) (b)

Figure 5. Relative trajectory of deputy satellite in kilometers (a) without gravity gradient torque
(blue) for 14,000 s and (b) with gravity gradient torque (black) for 6500 s.

First, the overall summary of the results is discussed, which were obtained using the
filters running in the continuous-discrete time domain. These results, which are shown in
Figure 6, are based on the nominal as well as the line graph network topologies. Using
Equation (60), the principal rotation angle (PRA) of the attitude error for the nominal as
well as consensus design were plotted, as shown in Figure 6a. From Figure 6a, one can
observe that the continuous-discrete time filter for the nominal design has satisfactory filter
performance. However, the filter in each chief satellite converges to its true value as per
its own characteristics. Next, the significance of the proposed sensor fusion design via
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the SE(3) filter’s performance is shown in Figure 6a. As seen, the PRA error in each filter
changes to a consensus value before that of the nominal design, as indented. Next, the
position loop in the SE(3) estimator, which is shown in Figure 6b, is discussed. One can
notice the significance of the sensor fusion architecture in the proposed SE(3) filter very
clearly here. The position error history reaches a consensus value and approaches zero
faster than the nominal design. More importantly, the increase in computational load is only
103 s greater in each time step than in the nominal design for each satellite. Note that this
performance comparison was generated in the HP Z840 workstation with the following
specifications: Intel(R) Xeon (R) CPU E5-2609 V4 processor (Intel, Santa Clara, CA, USA) of
1.7 GHz speed using 64 GB RAM. The novelty of these results lies in the fact that although
various estimation strategies are widely available in the literature, they were addressed in
the consensus SE(3) framework for the first time in this paper.

= Hill's frame # 1 10 =—Hill's frame # 1
=4 ===Hill's frame #2| | = 8r =Hill's frame # 2|
g Hill's frame # 3 S 6F Hill's frame #3 | |

g = Hill's frame # 4 _E, = Hill's frame # 4
Z 2y Z 47 1

A

120 140 0 20 40 60 80 100 120 140

0 20 40 60 80 100

6
10
= Hill's frame # 1 = Hill's frame # 1
3 4 ==Hill's frame # 2| | 4 8 = Hill's frame # 2| 7
Z Hill's frame # 3 £ 6 Hill's frame #3 | |
2 —— Hill's frame #4 2 —— Hill's frame # 4
3 S 4 1
O o
o 1
i . PP i
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
Time (s) Time (s)
(a) PRA (deg) estimation error history. (b) Position (km) estimation error history.

Figure 6. Line graph SE(3) network sensor fusion.

Effects of Additional Communication Links

In this section, the objective is to study the effects of using line and complete graph-
connected topologies in the consensus estimation of relative spacecraft orbits as in Figure 2.
To achieve this objective, the performance in terms of filter convergence speed and consen-
sus speed is studied for the relative orbit scenarios explained in Section 3.

To comprehensively understand the effects of using the consensus estimation system
along with the additional communication links, the root mean square of the SE(3) state
error is used, which is defined as follows:

N

1 . )
rmsfperr = N 2 Hlfperr_]gberrH (62)

ij=T;j#i

N

1 ) )
rmspew = ﬁ Z Hlperr_]perrH (63)
i j=Tj#i

Since the communication topology based on the line graph is already discussed, the
results based on the complete graph topology are assessed in Figure 7. The PRA and
position error of the consensus relative orbit scenario is presented in Figure 7a. The filter’s
performance based on the complete graph topology is significantly better than the line
graph topology. In order to appreciate this, the root mean square error calculated using
Equation (62) based on both topologies is plotted in Figure 7b. One can easily appreciate the
filter convergence speed and consensus speed, which is notably faster for a complete graph
because of the additional communication links among the satellites.
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Figure 7. Complete graph SE(3) network sensor fusion.

7. Conclusions

The advantages of SE(3)-based estimation are seen primarily in the presence of or-
bit/attitude coupling effects (gravity gradients, SRP, drag, thrust vector misalignments,
etc.) and in the control or estimation design in which a single controller or estimator is
required rather than two separate ones, as is normally the case. For handling such practical
applications, a novel consensus SE(3)-constrained extended Kalman filter was proposed
in this paper, allowing for the coupled estimation of the pose (rotational and translational
configurations) while accounting for measurement error statistics and using the rotation
matrix instead of attitude parameterization. The performance of the filter was validated
through the modeled environment using numerical simulations for satellite formation
flying. Moreover, a comparison with a conventional estimation strategy provided cre-
dence to the importance of the proposed filter. Hence, the proposed SE(3)-constrained
extended Kalman filter is an essential option where the coupling between the rotational
and translational dynamics is of utmost importance.
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