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Abstract: High-fidelity computations are often used in predicting the tonal and broadband noise of
propellers and rotors associated with Advanced Air Mobility Vehicles (AAMVs). But LES is both
CPU and storage intensive. We present here an investigation of the feasibility of reduction methods
such as Proper Orthogonal Decomposition as well as Dynamic Mode Decomposition for reduction of
data obtained via LES to be used further to obtain additional parameters. Specifically, we investigate
how accurate reduced models of the high-fidelity computations can be used to predict the far-field
noise. It is found that POD is capable of accurately reconstructing the parameters of interest with
15–40% of the total mode energies, whereas the DMD can only reconstruct primitive parameters such
as velocity and pressure loosely. A rank truncation convergence criterion > 99.8% is needed for better
performance of the DMD algorithm. In the far-field spectra, DMD can only predict the tonal contents
in the lower and mid frequencies, while the POD can reproduce all frequencies of interest.

Keywords: POD; DMD; FWH; propeller noise

1. Introduction

A great deal of research has been performed on the prediction of open rotor/propeller
noise. These methods range from low-fidelity simplifications to high-fidelity computations.
Some of the earliest theories in this field include Gutin’s theory of the noise produced by the
rotating pressure field of propellers, developed in 1937 [1], and that by Deming [2]. These
approaches could predict some tonal noise but missed higher harmonics and the broadband
noise entirely. Some advances have been seen in the hydroacoustic prediction of propeller
noise using solutions coupled with acoustic analogies [3,4]. The higher-fidelity methods
such as LES or Hybrid LES better predict the broadband, but they are computationally
expensive.

Once LES is obtained, it is expensive to run it again and it is expensive to store for
subsequent use. As such, approaches have been explored to find ways to replace the
original set of data with a reduced model, to enable easy use of the data. Recently, advances
in data science and machine learning have provided opportunities to apply these relatively
new technologies to CFD. Using modal decomposition, we can approximate the resulting
flow field using Proper Orthogonal Decomposition (POD) [5,6], Spectral POD [7], and
Dynamic Mode Decomposition (DMD) [8]. Traditionally, such methods have been used to
reconstruct flow fields with inputs either from experiments or CFD. Several researchers
have utilized POD methods to understand the physics of various flows such as cavity
flows [9] and pitching airfoils [10], to name a couple. Towne and Schmitz utilized Spectral
POD methods to investigate the coherent structures of a jet. Countless researchers have
utilized DMD for various studies. Rowley and Dawson [11] provide an extensive review
of these models and their utilization in great detail. Generally, reduced-order models
are used for either an interpolation-type case, usually PODs [12,13], or an extrapolation
type case, usually DMDs, with very few extensions of POD for extrapolation over the
years [14,15]. In this work, we attempt to investigate the capabilities of both POD and DMD
in aeroacoustics.
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Currently, little work has been performed using these reduced-order methods in
predicting the acoustics of rotor systems. In this work, we consider the aeroacoustics field
of an isolated airfoil as obtained by Hybrid LES [16]. Our objective is to represent the
resulting aeroacoustics field by applying a reduced-order method and assess the feasibility
of this method, the trade-off errors, and the computational cost benefits.

2. Modeling Approach

As mentioned in the introduction, several options for model reduction are available in
the literature. We explore two of these methods for their level of accuracy after reduction of
the original data has been performed:

2.1. Proper Orthogonal Decomposition (POD)

POD originates from the field of turbulence and was first introduced by Lumley [5,6].
This technique attempts to decompose a random vector field into a set of deterministic
functions that capture some fractions of the original data. It essentially reduces the order of
the fidelity while attempting to retain the “important” features of the flow. POD attempts to
find spatial correlations in the flow and to find a low-rank number of modes to reconstruct
the original data. One of the advantages of POD is the ability to provide a straightforward
ranking of the weight of each mode of the dataset. However, this method typically struggles
to resolve heavy time-dependent structures of the flow. The general formulation is to
decompose a field vector u′(x, t) into a set of spatial functions Φr(x) and its random set of
time coefficients ar(t):

u′(x, t) =
∞

∑
r=1

ar(t)Φr(x) (1)

We implement the snapshot method of the POD, which allows us to interchange the
temporal and spatial variables, such that we have deterministic temporal modes with
random spatial coefficients. The general algorithm is as follows, when setting u′(x, t) = X:

1. We extract the fluctuating components of the flow by subtracting the mean: X′ =
X − Xmean;

2. We then find the correlation matrix of the snapshot matrix C = X′X′T ;
3. We then find the eigenvalue and vectors of the correlation matrix such that

[ar λ] = eig(C) (2)

where ar are the temporal modes;
4. The spatial modes are reconstructed as Φr(x) = X′ ∗ ar;

5. The reconstructed field
∼
Xr = ar ∗ Φr(x).

Another approach to the algorithm involves the use of the singular value decomposi-
tion (SVD) method, where the correlation matrix and eigenvalue steps can be replaced by

C = UΣVT (3)

And ar is redefined as
ar = ΣrVT

r & Φr = Ur (4)

2.2. Dynamic Mode Decomposition (DMD)

DMD is a data-driven reduction algorithm developed by Schmitz [17]. DMD computes
the set of dynamic modes, which are each associated with a frequency and a decay/growth
rate. It is useful for finding correlations with coherent structures in the domain and has the
ability to consider the temporal dimension as well in the form of an FFT (see Figure 1). We
first start the algorithm by splitting the snapshot matrix into two—the first runs from t = 1
to t = n − 1, and the second matrix is from t = 2 to t = n.
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Next, the following equations are used for the development of the DMD:

a. The equation that relates each snapshot to the next:

X′ = AX (5)

b. We then take a singular value decomposition of X:

C = UΣVT or in MATLAB, [U, S, V] = svd(X) (6)

c. Given the rank or number of modes for reconstruction, r, [U, S, V] are truncated from

1 to r. The low-rank subspace matrix
∼
A = UT

r ∗ X′ ∗ Vr ∗ S−1
r .

d. Next, the eigenvalues λ and eigenvectors ω are obtained:

[ω, λ] = eig(Ã) (7)

e. The real-space DMD mode is computed as

Φ = X′ ∗ Vr ∗ S−1
r (8)

f. The reconstructed reduced-order model is then given as

x(t) =
r

∑
j=1

Φje
ωjtbj = Φ exp(Ωt) ∗ b; where b = Φ−1 ∗ X1 (9)

Here, x(t) represents the variables of interest, say pressure or velocity. With this
reconstruction, we can extend the dataset for different variables.

2.3. Choice of Mode Truncation

The general goal of these reduction methods is to identify the minimum number of
modes that can describe a system without significant loss of information. This usually
requires a metric for specifying the truncation. For the POD case, the algorithm allows for
a simple method of ranking the weights of each mode by comparing the singular values to
the original data. For DMD, however, this is not so straightforward as there is no longer a
singular matrix for comparison. To remedy this, two approaches can be utilized. The first is
to define a hard limit called the optimal hard threshold, τ, for the singular value truncation
such that [18]

1. If X ∈ Rn×n, then

τ =
(

4/
√

3
)√

nγ (10)
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2. If X ∈ Rm×n and m ≪ n, then
(

4/
√

3
)

is replaced by the aspect ratio β = m
n :

τ = λ(β)
√

nγ (11)

λ(β) =

(
2(β + 1) +

8β

(β + 1) + (β2 + 14β + 1)
1
2

) 1
2

(12)

where γ is a known noise magnitude of the system. If the noise of the system is not
known, as in most real-world applications, the median singular value can be used
to estimate the system. The equation for this estimation is discussed by Gavish and
Donoho [19].

The second, more common approach is the energy truncation method. In the singular
value decomposition approach, the singular value matrix Σ is used to gain insights into the
total energy of the system, such that

σr =
diag(Σr)

sum{diag(Σr)}
∗ 100% (13)

We define the truncation value r to be the minimum of (σr > convergence value),
where we specify for the POD case that there is a convergence value of 95% of the total
energy of the system.

3. Inputs and Data to Be Reduced

We consider here the flow and acoustic fields associated with an isolated propeller of
a UAV. In the computational domain, the unsteady flow field and the acoustic near field
are directly resolved numerically. A Hybrid LES-URANS (HLES) approach is adopted
here, like the one used previously by Mankbadi et al. [16], in which URANS is used near
the solid surfaces, while LES is used elsewhere. The governing equations for the entire
computational domain are the compressible, unsteady Favre-averaged Navier–Stokes
equations [20]:

∂ρ

∂t
+

∂

∂xi

[
ρ
∼
ui

]
= 0 (14)

∂

∂t

(
ρ
∼
ui

)
+

∂

∂xj

[
ρ
∼
uj

∼
ui + pδij −

∼
τ ij

]
= 0 (15)

∂

∂t

(
ρ
∼
eo

)
+

∂

∂xj

[
ρ
∼
uj

∼
eo + p

∼
uj +

∼
qtot

j − ∼
uj

∼
τ ij

]
= 0 (16)

where eo is the total energy, qj is the heat flux, and τij is the total laminar and turbulent

stresses, with the turbulence kinetic energy defined as k = 1
2

∼
ukuk. The Spalart–Allmaras

turbulence model with rotation/curvature correction is utilized [21–23]. For this study, we
use the two-bladed-type 9450 propeller of the DJI Phantom III drone.

OpenFOAM open-source finite volume code is used in the HLES computation. Mesh
rotation is achieved using the arbitrary mesh interface (AMI) method. Using baffles
(duplicate mesh interfaces), the flow variables are translated from the rotating interface to
the static nonrotating interface at the boundary of the rotating cell zone.

The transient compressible PIMPLE solver is employed. The PIMPLE algorithm is a
combination of the pressure implicit with splitting of operator (PISO) and semi-implicit
method for pressure-linked equations (SIMPLE) algorithms. The PIMPLE solver is used
with five corrector loops per time step and three pressure corrections per loop, allowing for
convergence of flow parameters per time step.

Spatial differencing is performed using the second Gauss linear scheme, which is a
second-order central differencing scheme with low dissipation. A second-order accurate
Crank–Nicolson temporal discretization scheme is used. The Crank–Nicolson scheme
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includes an off-centering coefficient that can be modified to increase stability at the cost
of the overall scheme order. For numerical stability, an off-centering coefficient of 0.4
is employed. A physical time step of 1.5 × 10−6 s, corresponding to about 0.05◦ rotor
rotation at 6000 RPM, is performed. This is used to initialize the URANS solution. After
~10 rotor revolutions, the HLES turbulence model is switched on. The time step is re-
duced to 7.5 × 10−7 s. To ensure solution convergence, a convergence criterion is specified
(∼1 × 10−9), and inner corrector loops are run until convergence is achieved. This ensures
convergence of the LES section of the computation, as well as accurate resolution of the
fluctuations in the flow and the acoustic field. More details on the computational setup can
be found in Mankbadi et al. [16].

Inputs

Our overarching goal is to explore the feasibility of these decomposition methods to
predict the far-field noise. Since resolving the acoustic field requires high resolution, it is
more practical to compute the near-field unsteady flow and acoustic solution and then
use another technique to extend the near field to the far field. Therefore, we use the FWH
formulation [24] as the acoustic extension technique in the current work. Farassat’s 1A
formulation of the FWH equation developed by Brentner and Farassat [25] is utilized in this
study. The far field noise is computed using Farassat’s 1A formulation of Ffowcs–Williams–
Hawkings equations (FWHs) [26]:

4πp′T(x, t) =
∫

f=0

ρo

( .
Un + U .

n

)
r(1 − Mr)

2


ret

dS +
∫

f=0

ρoUn

(
r

.
Mr + c

(
Mr − M2))

r2(1 − Mr)
3


ret

dS (17)

4πp′L(x, t) = 1
c
∫

f=0

[ .
Lr

r(1−Mr)
2

]
ret

dS +
∫

f=0

[
Lr−LM

r2(1−Mr)
2

]
ret

dS

+ 1
c
∫

f=0

[
Lr

(
r

.
Mr+c(Mr−M2)

)
r2(1−Mr)

3

]
ret

dS
(18)

where

Li = (p − p0)δijn̂j + ρui(un − vn) & Un =
(

1 − ρ/
ρo

)
vn +

(
ρ /

ρo

)
un (19)

Note that for permeable surfaces in hover, vn = un.
So, Equation (19) reduces to

Li = (p − p0)δijn̂j & Un = vn (20)

To solve this, we interpolate values of pressure, velocity, and their time derivatives
onto a porous top-capped control surface, as shown in Figure 2.
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The interpolation process is carried out in OpenFOAM v1912, and data are output
as a series of VTK files. These are then imported into MATLAB v2019a using the vtk
toolbox [27].

For validation, we choose the case with an rpm of 6000 [16]. Spectral results are
compared with experimental work by Intaratep et al. [28], with the observer point shown
in Figure 3.
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4. Results
4.1. High-Fidelity Data

We utilized high-fidelity computations of a single rotor in hover, at 6000 rpm. We
show results from the computation of the near-field dilatation rate of the single isolated
propeller [16] in Figure 5.

It can be seen that there are contributions both from the blades and the wake. To
compute the far-field noise, we utilize a top-capped control surface encompassing both
blade and wake noise sources (see Figure 2). Next, we show the far-field noise spectra
when compared with the experiments in Figure 6. A frequency resolution of (∆ f ) of 8 Hz,
which corresponds to 214 samples, was utilized in charting the power spectral density plot.

The spectral data above required about 600 CPU hours on an HPC with 360 processors
using OpenFOAM. This is prohibitively expensive as it takes a lot of computational time
and storage without an option to re-run for a different observer location after the fact.
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4.2. Near-Field Data Reduction

As mentioned earlier, the data are extracted and interpolated onto a cylindrical surface
in OpenFOAM. The desired primitive variables of interest for the eventual FWH compu-
tations are velocity, pressure, and their time derivatives. Data are collected at a sample
rate of 1 × 10−5 s, where 6755 samples were collected in this case and utilized for the
reduced-order analyses.

To verify the performance of the models, we utilize an integral metric:

∼
X =

∫
XdS (21)

where X is the variable of interest.

i. POD Results

For the POD case, we elected to use the energy truncation method to define the mode
cut-off needed for the singular value decomposition. A convergence criterion of σr > 95%
was selected.

In the contour plots in Figure 7, there is a great reconstruction of the near-field pa-
rameters. The results show that the velocity can be reconstructed with the first 15% of the
modes, which corresponds to over 95% of the total energy of the system. For pressure,
however, due to the increased fluctuations, significantly more modes are required to prop-
erly represent the system at about 40% of the energy. Inherently, POD in its native form
is a sort of linearization of a system and can struggle to represent higher-order systems.
With the optimization approach for selecting the truncation modes, we note that the time
derivatives of velocity and pressure both require a significantly larger number of modes to
properly represent the system, at about 46–50% of the total number of modes.
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Using the integral metric specified in Equation (21), we investigated the accuracy of
the POD reconstruction over the entire time history.

Overall, great reconstruction of the data was seen across all timesteps. Looking at the
pressure plot (Figure 8a), it can be noted that there was a slight underprediction, with a
room mean square error (rmse) of 3.25× 10−5. Similarly, for velocity magnitude (Figure 8b),
there was an rmse of 4.08× 10−5. There were larger deviations for the time derivatives, and
the pressure derivative (Figure 8c) had the largest rmse of 223.93, while acceleration had
the lowest (Figure 8d) with an rmse of 0.3564. One merit of the POD method is that it can
be used to model the parameters of interest as an input to a neural network architecture for
control within the specified design space. It can also be used as a quick interpolation for
different sampling times, for comparison with any experimental result. The major demerit
of this method is that it cannot, in its default form, be used as an extrapolation or future
prediction method, and thus it cannot be used to extend the time series for a better FFT
resolution.
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ii. DMD Results

For the DMD case, we first elected to use the optimal hard threshold approach for the
mode truncation. We utilized case #2 (Equations (11) and (12)) for the computation of the
mode truncation.

Looking at the contour plots in Figure 9, it can be noted that there was a good recon-
struction of the velocity magnitude, as well as the pressure, though the results from the
POD case were not as good. In particular, there was a loss of fluctuation in the case of the
pressure contours, which may have affected the broadband aspect of the noise. Also, we
can see that there was a very poor reconstruction of the time derivatives. The reconstruction
of the time coefficients is based on an initial estimate of the original data rather than all the
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modes like in the POD, and this causes severe deviations from the original data if mode
truncation is not performed well. We took a closer look by plotting the integral metric for
the desired parameters (see Figure 10).
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Figure 10. Integral metric for performance of DMD reconstruction (optimal hard threshold). (a) Metric
for pressure; (b) Velocity magnitude; (c) Derivative of pressure; (d) Derivative of velocity magnitude.

Here, we can see a good trend for the pressure, although there was some loss of
unsteadiness, which may have translated into a loss of broadband content in the far-field
noise. A reported rmse of 0.0033 was obtained for pressure. The velocity magnitude shows
there was a good reconstruction in the first few time steps, but it deviates quite significantly
afterwards, with an rmse of 0.0074. Both the time derivatives were predicted extremely
poorly and were not usable for further computations. To remedy this, we applied the energy
truncation approach with a convergence criterion of σr > 99.8% (Figure 11). Comparable
improvements were seen in the pressure and velocity time derivatives at the expense of
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a significantly increased number of modes required. It is important to note that using all
of the modes does not automatically improve the reconstruction accuracy and does cause
the mode amplitudes for the time coefficients to grow exponentially to unreasonably large
values. As such, the cut-off criterion has to be chosen carefully. In this study, the root mean
square error of the initial mode was used as a tuning parameter, such that the error was
minimized for a given convergence criterion.
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A merit of the DMD approach is that it can be used for future prediction or forecasting
of the time series via the time coefficient reconstruction in the algorithm. However, the
accuracy of the prediction may need to be investigated, and a predictor–corrector method
could be used to increase its fidelity. This could then be implemented in a control system
for active noise control of rotors.

4.3. Far-Field Acoustic Pressure and Spectral Reconstruction

The reconstruction parameters were used as inputs to the Ffowcs–Williams–Hawkings
equations [24] (Equations (17) and (18)). The resulting far-field acoustic pressure time
history was compared with the original HLU computations, as shown in Figure 12. For
clarity, we show the results for only one blade rotation, that is, for a 6000 rpm case, with a
time window of 0.01 s.
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Very good reproduction was seen in the POD case when compared with the HLU
results, with some slight underpredictions in the fluctuations (an rmse of 0.0018). For
the DMD case, however, there were notable variations in the pressure, with some under-
resolution of the fluctuations seen, which may again have resulted in poor broadband
reproduction. The general peaks and troughs were, however, captured quite well. A
reported rmse of 0.0145 was obtained.

Spectral Reconstruction

The resulting power spectral density (PSD) plot from the HLU computations (Figure 6)
was obtained using a frequency resolution (∆ f ) of 8 Hz. The reduced-order models could
only be resolved to (∆ f ) of 16 Hz due to the smaller sample size. To better compare them,
we first re-computed the PSD of the HLU to match that of the reduced-order models, for
better comparison of their performance. In Figure 13, we compare the two resolutions of the
HLU case with the experimental data [28]. We note that there is a slight overprediction of
the low-frequency broadband, mainly because there is a low resolution there and thus the
prediction misses those points. However, the general trends are sufficient for comparison
with the reduced-order models.
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Next, we compare the results of the POD and DMD spectral reconstructions with those
of the comparably resolved original HLU dataset. Figure 14 shows that unsurprisingly the
POD is able to reproduce the spectra quite well, almost matching those of the original data.
With the DMD case, it can capture the tonal levels for the first few harmonics perfectly, but
it completely misses the broadband content. Additionally, it does not capture the shaft rate
harmonics or the sub-harmonics, which indicates that it does not capture the contribution
of the wake sources, which have been proven to be the source of the sub-harmonics [16].

Also, note that the cut-off frequency for the DMD case seems to drop off sooner than
that of the original dataset. This may be due to the linearization performed in the time
coefficient reconstruction.
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5. Conclusions

In sum, two data reduction techniques have been explored, and their application to
acoustic pressure prediction has been discussed. The input parameters were pressure,
velocity, and their time derivatives. The test case selected was an isolated UAV rotor [16],
with a rotational rate of 6000 rpm. Snapshots of the data mapped onto a cylindrical surface
were utilized in the POD and DMD reconstructions, with an eventual FFT performed
to ascertain their spectral performance. A critical step in the development of the data
reduction was the choice of the mode truncation. Two methods were mentioned—the mode
energy truncation approach, and the optimal hard threshold method.

The POD method utilized was the snapshot method using the singular value decom-
position approach. The truncation method used was mode energy truncation. The results
showed near-perfect data reconstruction, with as low as only 15% of the mode energies
needed in the case of the velocity magnitudes, while the time derivatives needed slightly
higher percentages for good reconstruction. The spectral performance showed matching
reproduction with the original dataset. The POD reduced model can be utilized for interpo-
lation of the dataset for various sampling times, for FFT computations at a significantly
lower computational cost.

The model can also be used for multiple acoustic computations at different observer
locations without re-running high-fidelity computations. An added benefit of this model
is that multiple cases can be made and used as inputs into a more sophisticated neural
network architecture for acoustic predictions.

The DMD method is the significantly more complicated of the two methods. Because
it attempts to reconstruct the time coefficients using an initial guess from the modes, the
mode truncation becomes critical to the success of the model. The optimal hard threshold
method was first tested with some successes when using the primitive variables pressure
and velocity, but it failed in the time derivatives. Using the mode energy truncation method
with a convergence >99.8% increased the accuracy of the predictions significantly. However,
this resulted in a very large number of modes needed for reconstruction.

A look at the spectral performance showed that it is only capable of reconstructing
and predicting the tonal content, while completely misses out on the broadband. This is in
part due to the algorithm not being able to resolve fluctuations in the data, as evident in
Figure 14. However, for frameworks requiring only tonal predictions, this model would
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work excellently, and it can be used for forecasting data, which may be useful for active
control applications.

In the future, there is a need to investigate more novel DMD approaches such as the
extended DMD [29] and the forward–backward DMD [30], with some extensions to account
for control systems [31]. Additionally, extensions to the POD method can be investigated
for extrapolation of the data, such as the Krylov-based POD [32]. These approaches show
promise in terms of using a reduced-order-model-based acoustic prediction system, which
may result in a faster turnaround time for design.
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