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Abstract: This paper proposes a dynamic encircling cooperative guidance (DECG) law to enable
multiple interceptors to cooperatively intercept a superior target, considering low velocity, limited
overload, impact angle and simultaneous arrival constraints. First, the feasible escaping area of the tar-
get is analyzed and a dynamic encircling strategy for the target is established. This strategy efficiently
provides virtual escaping points, allowing interceptors to dynamically encircle the target without
excessive energy consumption, ultimately leading to a successful interception. Second, to enhance
the physical feasibility of the kinematic equations governing the interaction between interceptors
and target at the virtual escaping points, the independent variable is substituted and the kinematic
equations are remodeled. Convex optimization is employed to address the multi-constraint optimal
guidance problem for each interceptor, thereby facilitating simultaneous interception. Compared
with the existing guidance laws, DECG has a more practical and feasible cooperative strategy, is able
to handle more constraints including the interceptor’s own constraints and cooperative constraints,
and does not rely on the precise calculation of explicit remaining flight time in the guidance law
implementation. Lastly, the effectiveness, superiority and robustness of the DECG law are evalu-
ated through a series of numerical simulations, and its performance is compared with that of the
cooperative proportional navigation guidance law (CPNG).

Keywords: cooperative guidance; dynamic encircling; superior target; convex optimization

1. Introduction

The threat to fighter aircraft in the air is often a single superior target; therefore,
the traditional self-protection methods such as maneuvering evasion, dropping decoys
or launching a single inferior interceptor for interception are no longer sufficient to address
such threats, so it has become particularly important to study the strategies and control
methods for cooperative interception with multiple inferior interceptors. A number of
studies have explored this issue at different levels.

Among the studies addressing the fighter self-protection problem, a portion of the
research explores how a fighter and a single inferior interceptor can cooperate and game the
interception of a threatening target, while some studies explore how multiple interceptors
can cooperate to intercept a target, including the cooperation strategy and control methods.
Garcia et al. laid the groundwork by introducing the three-body model, providing initial
insights into this problem [1]. Building upon this conceptual foundation, subsequent
research contributions have further explored various facets of cooperative interception.
Garcia et al. established a confrontation model involving the target, aircraft and interceptor,
effectively transforming the interception problem into a pursuit and evasion problem [1].
Subsequent contributions extended this framework, with [2] pioneering the application
of the differential game method to address the problem. However, Von Moll et al. delved
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into pursuit and evasion game problems involving multiple entities and utilized the
differential game approach, noting that the differential games problem may lead to optimal
outcomes for both sides, which might not align with the dynamics of the cooperative
interception problem [3–6]. Notably, Yan et al. respectively derived analytical guidance
laws for aircraft and interceptors based on the relationship between remaining flight
time and miss distance, meeting specific performance indicators [7–9]. Sinha investigated
cooperative guidance laws within time constraints to achieve salvo attack, but the method
was tailored for stationary targets [10]. Departing from controlling remaining flight time,
the modified model predictive control (MPC) is adopted to make state variables converge
over time, aiming for the simultaneous interception [11]. In a three-dimensional scenario,
the model predictive static programming (MPSP) method is used to explore guidance laws
incorporating remaining flight time and attack angle constraints [12]. Moreover, cooperative
guidance laws incorporating both attack angle and line-of-sight constraints were separately
focused, with limited-time convergence guidance laws proposed [13,14]. Guidance laws
grounded in line of sight were applied to address this scenario, emphasizing the geometric
concept of line of sight [15,16]. Addressing the interception of highly maneuverable
attacker by less maneuverable interceptors, the concept of acceleration coverage was
employed [17,18]. Similarly, for the coverage-based cooperation, the flight path angle
controlling method was adopted for practical effectiveness [19]. Yan et al. investigated
using an analysis of interceptors’ reachability, extending it to cover the defender’s escaping
area [20,21]. Exploring the leader–follower method within the cooperative protection, it
was applied it to cluster research [22]. Shifting towards advanced methodologies, Chen et
al. investigated the application of deep reinforcement learning and other machine learning
techniques in interception [23–26], showcasing the research potential of machine learning
in this domain, though underscoring the need for enhanced generalization. Computational
guidance, such as the convex optimization method, is used to control the trajectory of
interceptors, which can satisfy complex constraints [27]. Finally, Zhou et al. conducted an
analysis of confrontation outcomes when interceptors and the target employed different
guidance laws, deriving launch area and command accelerations for interceptors under
various conditions [28].

These collective contributions represent a substantial advancement in the compre-
hension of cooperative interception in the aircraft’s self-protection, addressing its diverse
challenges across theoretical frameworks, practical implementations, and machine learning
methodologies. Nevertheless, it is imperative to emphasize that the majority of the pre-
vailing laws of cooperative orientation present three recurrent limitations: (1) Insufficient
strategic practicality: Numerous studies fail to formulate a practical strategy that takes
into account the likelihood that interceptors will require substantial maneuvers, leading to
notable energy depletion [13–16]. (2) Insufficient ability to manage constraints: Cooperative
interception is a multi-constraint problem, with constraints not only on the individual
interceptor but also on the cooperative constraints of the group of interceptors. Most of
the current research can only deal with some of the constraints [2,7,16,29], the fundamental
reason for which being that cooperative constraints are often interrelated with cooperative
strategy, and a reasonable cooperative strategy can only take into account maneuverable
cooperative constraints. In addition, the approach to the cooperation problem will also
determine whether some constraints can be handled or not; for example, it is difficult
to handle the constraints of the acceleration process by the proportional guidance-based
cooperation method. This oversight becomes especially critical when considering the
potential limitations of interceptor maneuverability. (3) Dependence on the precise explicit
calculation of the “departure time”: Some studies that considered the simultaneous arrival
time constraints have relied on the flight remaining explicit tgo time calculations [7,10],
but since it is difficult to calculate tgo precisely during the guidance law design process,
as well as during actual interceptor flight, it is necessary to consider the realization of
simultaneous arrival time constraints by other variables.
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Motivated by the aforementioned research, this paper studied the fighter aircraft
self-protection problem with multiple interceptors to cooperatively and simultaneously
intercept the target to safeguard the fighter aircraft, considering the interceptor’s lower
velocity, limited overload and impact angle constraints. To address the above problem,
the DECG guidance law is proposed in this work, and its main contributions are as follows
below:

(1) Different from the approaches outlined in refs. [13–16], the introduced DECG law is
based on a feasible dynamic encircling strategy, considering the physical ability of
all flight vehicles involved, which can offer a more practical cooperative strategy for
the cooperative guidance and ensure the precise interception of the target by at least
one interceptor being restricted to low velocity, limited maneuverability and desired
impact angle. Noteworthy is the low ability of a single interceptor; the DECG can
thereby leverage the group advantage of interceptors and significantly enhance their
overall interception performance.

(2) Compared with refs. [11,23], the DECG law employs successive convex optimization
to address the guidance problem, which is also tightly coupled with the cooperative
strategy. This approach offers improved constraints processing capabilities, con-
trol precision and also has good computational efficiency in comparison to existing
methodologies. Compared with refs. [30], the proposed DECG improves the time
calculation strategy and adopts a more precise solving method.

(3) Compared with refs. [10,22,31], this paper remodels the interception mathematical
model using the independent variable of distance, a parameter directly measured
by the interceptor’s sensor, thereby enhancing practicality. Furthermore, the chosen
independent variable exhibits a monotonically decreasing trend, underscoring the
rationale and physical feasibility of the newly proposed interception model. This
modification no longer requires the precise calculation of explicit tgo and also aligns the
interception model more closely with real-world scenarios, which brings convenience
to simultaneous control and realization.

The subsequent sections of this paper are structured as follows: Section 2 addresses
the problem of multiple interceptors intercepting a superior target in the planar scenario
and outlines the design of the DECG law. Numerical simulations are presented in Section 3,
and conclusions are drawn in Section 4.

2. Dynamic Encircling Cooperative Guidance Law Design

In this section, the cooperative interception problem is established and the develop-
ment of the DECG is presented to address the cooperative interception challenges within
the fighter aircraft self-protection scenario. The DECG consists of two main components: a
dynamic encircling interception strategy for the target by the interceptors, and a solving
method based on successive convex optimization. Subsequent sections provide a detailed
exposition of the DECG methodology.

2.1. Problem Formulation

This paper focus on cooperative guidance strategy for intercepting high-speed and
strongly maneuverable target within the planar scenario. The relative geometry between
interceptors and the target is illustrated in Figure 1. It is assumed that interceptors are
launched simultaneously. In the scenario of cooperative guidance for multiple interceptors,
this paper adopts some assumptions, as follows:

Assumption 1. Both interceptors and the target are treated as ideal mass points, ignoring their
shapes, the influence of the rotation of the earth, and the interference of the external environment.

Assumption 2. Both the interceptors and the target keep maneuvering at a constant velocity.
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Figure 1. Multiple interceptors intercepting a target.

where (X, O, Y) denotes the inertial coordination system; the subscripts Ii and T represent
the ith interceptor and target, respectively. r is the relative range, θ is the line-of-sight (LOS)
angle, γ is the look angle, λ is the flight path angle, V is the velocity and a is the acceleration.

As can be seen from Figure 1, when multiple interceptors intercept a moving target,
the velocity and acceleration of the moving target need to be considered. At this time,
the relative kinematic equations between the interceptors and the target are shown in
Equation (1). Since the acceleration and velocity of the target are changing all the time,
it is difficult to predict the interception point, so it is necessary to consider and design a
suitable cooperative strategy, and utilize the number advantage of the interceptors to cover
the possible escaping zone of the target in order to realize the purpose of interception.

dṙIi = VT cos γT − VIi cos γIi

rIi θ̇Ii = VT sin γT − VIi sin γIi

λ̇Ii = aIi/VIi

λ̇T = aT/VT

γIi = λIi − θIi

γT = λT − θT

(1)

2.2. Dynamic Encircling Strategy and Escaping Points Design

In the fighter aircraft self-protection scenario involving a target attacking the aircraft
and an interceptor intercepting the target, particularly in the terminal phase of intercep-
tion, the target will maneuver to attack the aircraft. During the maneuvering process,
the target’s maneuvering area will form a reachable zone, and the maximum reachable
zone is characterized by a fixed overload, transitioning from −amax

T to amax
T over a finite

time. For the interceptors, the target’s reachable zone transforms into its escape area. If the
maximum escape area can be covered by the interceptors, then the effective interception can
be guaranteed, which in the key of the cooperative interception strategy. The escape area of
the target is delineated in Figure 2a,b, and the difference between them is how long the
escaping time lasts. In Figure 2a, the target’s escaping time is relatively short, not enough
to form a whole 1/4 arc; conversely, the escaping time in Figure 2b is not less than the time
it takes to form the 1/4 arc, so the escape area can be considered as a combined escape area
formed by the 1/4 arc and the length of the escaping straight line. Here, R represents the
minimum turning radius of the target, while L represents the distance traversed by the
target along a straight path following a 90◦ turn. In realistic combat scenarios, the target’s
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decision to turn either left or right is oriented towards maximizing its lateral distance
perpendicular to the line of sight.

(a) (b)

Figure 2. Escaping area of the target with different escaping time, which includes (a) less escaping
time; (b) more escaping time.

In this study, the target’s escape area is discretized into n sub-escape areas, where n
represents the number of interceptors involved. Each sub-escape area is centered around
a virtual target Tvi, (i = 1, 2, . . . , n). The cooperative guidance aims to ensure that the
reachable sets of these n interceptors effectively cover their respective sub-escape areas.
Figure 3 shows the how the dynamic encircling guidance strategy works combined with
the definition of the target’s escaping area above. H denotes the escape area formed
by Tvi within the planar XOY scenario; T0 to Ti represent the positions reached by the
target in different escape directions, while I0 to Ii are the corresponding interceptors.
As depicted in Figure 3, the dynamic encircling guidance strategy is structured as follows:
(1) Assume the escape distance H is divided into n sub-intervals, with each spanning H/n.
The midpoint of each sub-interval, denoted as Tvi, signifies the predicted interception
point. Each interceptor is assigned the responsibility of covering one of these sub-escape
intervals. (2) As the remaining flight time diminishes, the virtual predicted interception
points Ti gradually converge towards the actual position of the target. (3) Eventually,
interceptors progressively approach the real target. This sequential process encapsulates
the dynamic encircling and convergence of the interceptors toward the target, culminating
in the successful interception of the target. The dynamic encircling strategy, devoid of
pre-set LOS angle constraints, is realized by setting multiple virtual targets. These virtual
targets are dynamically computed based on the movements of the real target, progressively
converging upon the real target from various directions.

Given that each interceptor is tasked with dynamically intercepting its corresponding
predicted interception point and facilitating the process of dynamic cooperative encircling,
it becomes imperative to initially compute the virtual escape points of the target, denoted
as the predicted interception points Tvi. The virtual escape points geometry is depicted
in Figure 4, Tu1 and Tu2 are the points in the upper part of the corresponding escape
area in Figure 4, Td1 and Td2 are the corresponding points in the lower area. When the
target T escapes, the time required to form a 1/4 arc trajectory is tqc, the arc radius is Rqc,
and the escaping straight line distance is L0. In the absence of any maneuver, when the
target escapes, it reaches the escaping point T0 after the escaping time tp, representing the
predicted interception point (x0, y0). Utilizing the geometric relationship inherent in the
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target’s escaping area, the coordinates of the respective predicted interception points can
be calculated as follows: {

x0 = VTtpcosλT + xT

y0 = VTtpsinλT + yT
(2)

where λT is the flight path angle, (xT , yT) is the initial position of the target, VT is the
velocity of the target.

T1

T v1

T i

T vi

T v0

T0

I0

I 1

I i

I0

I 1

I i

H/2

−H/2

Figure 3. Dynamic encircling strategy.

T

Tu1

Tu2

Td1

Td2

T 0

λ T

Figure 4. Virtual targets’ escaping points geometry.
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When tp ≤ tqc, according to the geometric relationship, the two predicted escap-
ing points of the target can be obtained as (xu1, yu1) and (xd1, yd1) shown in Figure 4,
the coordination calculation equations are:{

xu1 = −Rqc[1 − cosα]sinλT + RqcsinαcosλT + xT

yu1 = Rqc[1 − cosα]cosλT + RqcsinαsinλT + yT
(3)

where α is a geometric angle in the escape area.{
xd1 = Rqc[1 − cosα]sinλT + RqcsinαcosλT + xT

yd1 = −Rqc[1 − cosα]cosλT + RqcsinαsinλT + yT
(4)

When tp > tqc, according to the geometric relationship, the two predicted escaping
points of target can be obtained as (xu2, yu2) and (xd2, yd2) shown in Figure 4, the coordina-
tion calculation equations are:{

xu2 = −(Rqc + L0)sinλT + RqccosλT + xT

yu2 = (Rqc + L0)cosλT + RqcsinλT + yT
(5)

{
xd2 = (Rqc + L0)sinλT + RqccosλT + xT

yd2 = −(Rqc + L0)cosλT + RqcsinλT + yT
(6)

In accordance with the aforementioned geometric relationship and calculation equa-
tions, presuming the presence of n interceptors tasked with dynamically encircling and
intercepting the target, the coordinates of the ith virtual predicted interception points can
be calculated as follows:

When tp ≤ tqc
xvi = −n − 2i + 1

n
(Rqc + L0)sinλT + RqccosλT + xT

yvi =
n − 2i + 1

n
(Rqc + L0)cosλT + RqcsinλT + yT

(7)

When tp > tqc
xvi = −n − 2i + 1

n
Rqc[1 − cosα]sinλT + RqcsinαcosλT + xT

yvi =
n − 2i + 1

n
Rqc[1 − cosα]cosλT + RqcsinαsinλT + yT

(8)

The Rqc represents the radius of the escaping circle formed when the target adopts the
maximum acceleration to escape, and it is calculated as follows:

Rqc = V2
T /amax (9)

The time required for a target to form a 1/4 escape arc is tqc, and it is calculated
as follows:

tqc = πRqc/2VT (10)

The geometric angle α can be calculated as follows:

α = πtp/2tqc (11)
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The term L0 can be calculated as follows:

L0 = VT(tp − tqc) (12)

The escaping time tp determines the value of the arc radius and the straight line
distance. However, in scenarios where the distance between the target and the interceptors
is considerable, aggressive maneuvers by the interceptors can result in significant energy
wastage. To mitigate this, when the distance is substantial, it becomes essential to design
a rational tp. This term ensures that the interceptors refrain from aggressive maneuvers,
conserving energy for subsequent precise interception. Consequently, the term tp can be
strategically designed as follows:

tp(t) =


tgo − tmax

p t < ts

t0
go − t − δt ts ≤ t ≤ te

0.1 ∗ tgo t > te

(13)

The parameters tmax
p and δt are the specified parameters, te and ts can be calculated

as follows: {
ts = t0

go − δt − tmax
p

te = t0
go − δt

(14)

where tgo is the remaining flight time of the target.
After the dynamic encircling (DE) strategy, the problem of multiple interceptors

intercepting a moving target is transformed into the problem of multiple interceptors
intercepting the corresponding virtual ‘fixed’ target points, and the DE strategy not only
simplifies the original interception problem, but also makes the cooperative constraints eas-
ier to address. The transformed problem scenario is shown in Figure 5 and the kinematics
between an interceptor and a virtual target point are shown in Equation (15):

ṙIi = −VIicosθIi

rIi θ̇Ii = −VIisinθIi

γ̇Ii = λ̇Ii − θ̇Ii

λ̇Ii = aIi/VIi

(15)

where (X, O, Y) denotes the inertial coordination system; Ii denotes the ith interceptor; Tvi
denotes the ith virtual target at the predicted escaping point, which is the position that the
target may reach when escaping; and a and v denote the acceleration and speed, respectively.
γ, λ and θ denote the look angle, the flight path angle and LOS angle, respectively; r denotes
the relative range between an interceptor and a target.

At this point, the problem of multiple interceptors cooperating to intercept a target
can be summarized as the following guidance problem, which is to find the acceleration
control input while satisfying the kinematics, terminal angle constraints, acceleration
path constraints, and simultaneous arrival time constraints needed for the cooperative
dynamic encircling.
obj.

f ind aIi (16)

s.t. 
Equation (15)

θi(t f ) = θ∗i

|ai(t)| ≤ amax
i

t f i = t f j i, j ∈ n

(17)
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where i and j represent the interceptors, θ∗i is the desired terminal LOS angle, amax
i is the

maximum acceleration, t f is the final interception time.

I2

I i

T via Ii

v Ii

Ii

Ii

r Iiγ Ii

a I2

v I2
r I2

λ I2
γ I2

θ I2

I1

a I1

v I1

λ I1

γ I1

θ I1
r I1 T v1

T v2

Figure 5. Multiple interceptors intercepting virtual targets.

2.3. Simultaneous Interception Using Convex Optimization

In order to facilitate the practical engineering application, most of the interceptors
adopt the proportional guidance law. In order to make the results of the study more
relevant to practical applications, this paper takes the proportional guidance law as the
basis and adopts the convex optimization method to obtain the proportionality coefficient
that satisfies the cooperative objective. Assuming a proportional guidance law for the
interceptor, it is expressed as follows:

dλi
dt

= Ni(t)
dθi
dt

(18)

The kinematic equations can be modified as follows:

dri
dt

= −Vi(t)cosγi(t)

r(t)
dθi
dt

= −Vi(t)sinγi(t)

dγi(t)
dt

= −[(Ni(t)− 1)Vi(t)sinγi(t)]/ri(t)

(19)

The acceleration of the interceptor can be calculated as follows:

ai = Vi
dγi(t)

dt
= Vi Ni(t)

dθi
dt

= −Ni(t)(Vi(t)2sinγi(t))
ri(t)

(20)

Building on the previously kinematics and acceleration expressions, it is evident that
identifying an appropriate proportional guidance coefficient can effectively address the
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kinematics while adhering to acceleration constraints. The states of the interceptor changes
continuously during its flight, the proportional guidance coefficient also needs dynamic
adjustment for achieving the desired objectives. To address this dynamic requirement,
this paper adopts an optimization approach to determine the most effective proportional
guidance coefficients for the interceptor. Initially, the optimization problem P0 is formulated
based on the design requirements as follows:
obj.

f ind ui = Ni(t) (21)

min Ji(t) =
∫ tt f

tt0

a2
i (t)dt (22)

s.t. 
Equation (19)

θi(t f ) = θ∗i

|ai(t)| ≤ amax
i

t f (i) = t f (j) i, j ∈ n

(23)

Within the aforementioned constraints, the acceleration constraint serves to satisfy
the limited overload for the interceptors, while the LOS angle constraint works to enhance
the overall interception effectiveness. To facilitate the cooperative dynamic encircling by
multiple interceptors, it is imperative to control the remaining flight time of each interceptor,
ensuring simultaneous interception. Flight time constraints need to be incorporated for
this purpose:

ti
go(t f ) = t∗ (24)

where t∗ is the expected cooperative time. The time control strategy for the cooperative
interception is illustrated in Figure 6, and the strategy works as follows: (1) by solving
problem P0, the optimal interception time of each interceptor can be calculated; (2) obtain
the cooperative and simultaneous interception time t∗ of the interceptors through the
principle of average distribution; (3) use the convex optimization method to solve problem
P2 based on t∗ to obtain the cooperative interception proportional coefficients for the
interceptors; (4) by substituting the proportional coefficients that satisfy the constraints into
the kinematic equations of the interceptors, the cooperative interception trajectories of the
interceptors can be produced.

The cooperative time strategy underscores the importance of precise control over flight
time tgo; however, the accurate calculation of tgo is often a challenge. Existing methods for
calculating tgo often rely on the assumption that the vehicles’ velocity remains constant
throughout the flight, an assumption that may not hold true as the velocity will change.
Consequently, it is reasonable to consider treating the independent variable, time t, as a state
variable and employing optimization techniques to iteratively determine the accurate value.
Furthermore, since the flight distance r can be precisely measured by interceptors and
adheres to a monotonically decreasing pattern, aligning with the principles of kinematics,
it can also be treated as an independent variable. By redefining t as a state variable and r as
an independent variable, Equation (19) can be modified as follows:

dti
dri

= 1/(
dri
dti

) = − 1
Vicosγi

ri
dθi
dri

= ri
dθi
dri

∗ dti
dri

= tanγi

ri
dγi
dri

= ri
dγi
dri

∗ dti
dri

= (ui − 1)tanγi

(25)
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To eliminate the trigonometric functions in Equation (25) and to facilitate the convexi-
fication process, let ϵ = tanγ, to obtain the following equations:

1
cosγi

=
√

1 + tanγ2
i

(tanγi)
′ =

1
cosγ2

i
= sinγ2

i

(26)

Calculate mean of time-to-go for all interceptors as

Slove    with     to obtain optimal  
       over

Apply the first control input            on each interceptor over              to 
obtain optimal predicted control trajectory and update states

Interceptor Interceptor 

Synchronous the clock of all 
interceptors          

Successive Convex Optimization Solver

Solve to obtain optimal         

 and time to go over

Solve to obtain optimal         

 and time to go over

Slove with     to obtain optimal  
 ove

t0 tc�1 tc tc+1

Figure 6. Cooperative time control strategy.

Then Equation (25) can be simplified as follows:

dti
dri

= −
√

1 + tanγ2
i /Vi = −

√
1 + ϵ2

i /Vi

ri
dθi
dri

= ϵi

ri
dϵi
dri

= ri
dϵi
dγi

dγi
dri

=
1

cosγ2 (ui − 1)tanγi = −ϵi(1 − ϵ2
i ) + ϵi(1 + ϵ2

i )ui

(27)

Following the aforementioned procedure, the optimization problem P0 can be modi-
fied to P1:
obj.

min Ji(ri) =
∫ tt f

tt0

((−Ni(t)Vi(t)2sinγi(t)
ri(t)

))2dt ∗ dt
dr

=
∫ rr f

rr0

−
V3

i ϵ2
i u2

i

r2
i

√
1 + ϵ2

i

dr (28)
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s.t. 
Equation (27)

θi(r f ) = θ∗i

|ai(ri)| ≤ amax
i

(29)

Meanwhile, the cooperative time constraint is modified as follows:

tgo,i(r f ) = t∗ (30)

Define the state variable x(k)i = [t(k)i θ
(k)
i ϵ

(k)
i ], the kinematics of the interceptor are

modified as follows:

ri
dxi
dri

= f(xi) + g(xi)ui (31)

f(xi) =

 −ri

√
1 + τ2

i /Vi

ϵi
−ϵi(1 + ϵ2

i )

 g(xi) =

 0
0

ϵi(1 + ϵ2
i )

 (32)

The state space equation is as follows:

ri
dxi
dri

= A(xk
i ) + B(xk

i )ui + ∆(xk
i ) (33)

Where the coefficients matrix can be calculated by the following Equation (34):
A(xk

i ) =
∂ f
∂xi

(xk
i ) +

∂g
∂xi

(xk
i )u

k
i

B(xk
i ) = g(xk

i )

∆(xk
i ) = f (xk

i )− A(xk
i )

(34)

To improve the convergence, precision and computational efficiency of optimization
problem P1, convex optimization is adopted. Non-convex elements within P1 are solely
present in the performance objectives, necessitating the convexification of these objectives

in P1. For performance metrics structured as J =
∫ tt f

tt0
a2dt, the following transforming

methods in Equation (35) can be applied to convexify them:
J =

∫ tt f

tt0

ζdt

a2 ≤ ζ

(35)

The objective function Equation (28) can be expressed as a linear function after dis-
cretization. This transformation method introduces a new inequality constraint Equation (35),
but Equation (35) is a second-order cone constraint that is convex and thus retains con-
vexity. Therefore, the non-convex terms in the performance index are addressed through
convexification using the equivalent transformations outlined above, as described in the
following Equation (36):

Ji =
∫ ri f

ri0

a2
i dri =

∫ ri f

ri0

−
V3

i ϵ2
i u2

i

r2
i

√
1 + ϵ2

i

dri (36)
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LetJi =
∫ ri f

ri0
−ξidri, where ξ is the transformation variable and satisfies the follow-

ing equation:

V3
i ϵ2

i u2
i

r2
i

√
1 + ϵ2

i

≤ ξi (37)

The nonlinear term on the left-hand side of Equation (37) necessitates a further con-
vexification process. Define the variable ς, which satisfies the following equation:

ς(k) =
(r(k)i )2

√
1 + (ϵ

(k)
i )2

(V(k)
i )3(ϵ

(k)
i )2

(38)

Then Equation (37) can be modified as follows:

(u2
i )

(k) ≤ ξ
(k)
i ς

(k)
i

(39)

Finally, Equation (28) is transformed to a second-order cone constraint, which is convex
and enables its solution through convex optimization methods.

With a variety of lossy convexification techniques applied to tackle optimization
problem P1, in order to attain an optimal solution closely approximating the original
problem, it becomes imperative to utilize successive convex optimization methods for
iteratively optimizing P1. Consequently, the iteration termination condition needs to be
defined as follows:

|x(k)i − x(k−1)
i | ≤ δi (40)

where δ is the control parameter to stop the iteration.
Finally, the original nonlinear optimization problem P0 is transformed into a convex

optimization problem P2 in the form of second-order cone programming (SOCP) with r as
the independent variable and t turned into a state variable, and the optimization problem
P2 is formulated as follows:
obj.

min Ji =
∫ ri f

ri0

−ςi + ω ∗ (tgo,i − t∗)dri (41)

s.t. 
Equations (30) and (33)

Equations (38–40)

θi(r f ) = θ∗i

|ai(ri)| ≤ amax
i

(42)

where the ω is the coefficient to adjust the cooperative time in the objective function, in this
work, its value is 102.

The calculation process of the dynamic encircling cooperative guidance for the inter-
ceptors is illustrated in Figure 7. The DECG calculation process is as follows: (1) obtain
the virtual target positions by calculating the DE strategy and establish the problem P0;
(2) reconstruct the problem P0 to obtain the new problem P1 through the substitution of
independent variables; (3) use the convex optimization method to process the problem
P1 to obtain the problem P2 with convex form; (4) solve the problem P2 to obtain the
control input and flight trajectory of the interceptors and judge whether the interception is
successful or not; if it is unsuccessful, then continue the above guidance calculation.
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Figure 7. The DECG calculation process.

3. Numerical Simulation

In this section, the effectiveness of the DECG law is evaluated through a series of
numerical simulations. Throughout the simulations, it is assumed that multiple inter-
ceptors endeavor to intercept the target from the same initial relative range, with the
target positioned at the center of the field of view (FOV) of the interceptors. Additionally,
the simulations disregard both the angle of attack and sideslip angle of the interceptors,
considering the velocity direction of the interceptors to be coincident with their symmetry
axis. The initial conditions for the interceptors, target and fighter aircraft are detailed in
Table 1, with the gravitational coefficient g = 9.81 m/s2. In this work, the number of
interceptors is n = 3.

The computational environment is configured as follows: the CPU computing fre-
quency is 2.6 Ghz, the programming platform is matlab 2023 b, and the convex optimization
solver is ECOS. The average time consumed to compute the control input of the DECG
guidance law in Cases 1, 2, and 3 is less than 10 ms, and the average time consumed to com-
pute the robustness verification calculation in Case 4 is less than 20 ms. The computational
time consumed can be further reduced when the programming language is changed to C.
Therefore, the computational efficiency of DECG has certain value for practical application.

Table 1. Numerical simulation parameters

Par Values Units Par Values Units

XT [8000 8000] m XA [0 0] m
X I1 [0 0] m X I2 [0 0] m
X I3 [0 0] m vA 1000 m ∗ s−1

vA [300 300] m ∗ s−1 vIi 600 m ∗ s−1

amax
A 5 g amax

T 30 g
amax

Ii 20 g λT −180 deg
λIi [45 100 0] deg λA 45 deg
NT 4 / NA 4 /

tmax
p 12 s δt 2 s
δ [0.01 0.01 0.01] / θ∗ 1.57 rad
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3.1. Case 1: Fighter Aircraft Makes No Maneuvers

In this subsection, simulation experiments are conducted to validate the effectiveness
of the proposed DECG law for interceptors while the aircraft executes no maneuvers when
facing the attacking threat of the target. The results of the simulations are presented in
Figure 8a–g. From Figure 8a,b, it is evident that when the fighter aircraft executes no
maneuvers, the target also follows more direct and rapid trajectories, as illustrated by the
real and virtual targets. Meanwhile, the interceptors successfully execute dynamic encir-
cling maneuvers for both the real and virtual targets. Finally, the interceptors successfully
intercept the real target, with at least one interceptor accurately intercepting the target.
Furthermore, as the real and virtual targets do not create extensive escape areas due to
the fighter aircraft’s lack of maneuvers, the interceptors execute minimal surrounding ma-
neuvers throughout the process to conserve energy. This result also suggests that, in some
cases, fighters can fly without maneuvering, thus indirectly assisting the interceptors in
conserving energy consumption during intercepting the target. As depicted in Figure 8c,d,
the values of the LOS angles and the azimuth angles remain within a reasonable range with
the LOS angles changing smoothly and gradually converging to the designated values,
which means the encircling is successful. In Figure 8e,f, it is observed that under the guide
of the DECG law, the overload adopted by the interceptors remains below the maximum
safe value, indicating adequate capabilities. The DECG law effectively controls the overload
of the interceptors, maintaining it at a low and reasonable level, especially in the early stage
of the interception process. Regarding the time control aspect, Figure 8g illustrates that
although the tgo values for the interceptors may differ due to varying initial conditions,
the three tgo values swiftly converge to the t∗ under the time control strategy. The time
control strategy proves crucial for achieving successful encircling interception, and the
DECG law has effectively implemented this strategy.

3.2. Case 2: Fighter Aircraft Makes Evasion Maneuvers

In this subsection, simulations are conducted to verify the effectiveness of the proposed
DECG law when the aircraft makes designated maneuvers under the law in Equation (43).
The simulation results are presented Figure 9a–g.{

ax
A = 4g

ay
A = 1.5g

(43)

From Figure 9a,b, it is observed that when the fighter aircraft employs designated
maneuvers, the target’s trajectories are more curved and sharper compared to case 1. Ad-
ditionally, due to the aircraft’s maneuvers, both the real and virtual targets create larger
escape areas, prompting the interceptors to execute broader encircling maneuvers initially
to establish the encircling situation for the target. Meanwhile, due to overload control,
the interceptors still maintain reasonable and feasible acceleration. Eventually, the intercep-
tors successfully complete the encircling process and intercept the real target even with a
longer time. This result also shows that, in some cases, the fighter’s maneuvering flight
for a safe withdrawal can indirectly lead to the need for the interceptors to make greater
maneuvers to intercept the target during the interception and longer interception time.
As depicted in Figure 9c,d, the values of the LOS angles and the azimuth angles also remain
within a reasonable range with LOS angles changing smoothly and gradually converging
to the designated values. In Figure 9e,f, it is observed that under the guide of the DECG
law, the overload adopted by the interceptors also remains below the maximum safe values.
Figure 9g illustrates that the three tgo values for the interceptors also converge under the
time control strategy. However, compared to Case 1, this process takes longer because the
interceptors require more time to adjust their trajectories for encircling the targets due to
the target’s evasion maneuvers.
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Figure 8. Dynamic encircling interception with fighter aircraft making no maneuvers: (a) trajectory
of the ‘targets’; (b) trajectory of the interception; (c) LOS angle; (d) azimuth angle; (e) acceleration;
(f) proportional coefficient; (g) remaining flight time.
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Figure 9. Dynamic encircling interception with fighter aircraft making maneuvers: (a) trajectory
of the ‘targets’; (b) trajectory of the interception; (c) LOS angle; (d) azimuth angle; (e) acceleration;
(f) proportional coefficient; (g) remaining flight time.
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3.3. Case 3: Comparison to the CPNG Guidance

In this subsection, to further validate the superiority of the DECG law, comparative
simulations are performed with the CPNG law, which is illustrated in Equation (44) [31].
t̄go is the expected interception time given in advance. The simulation conditions remain
the same as those in case 2. The results of the simulations are presented in Figure 10a–e.
From Figure 10a, it is evident that, in accordance with the terminal requirements, only the
DECG law has successfully achieved dynamic encircling interception for the target and
all the interceptors can achieve the successful miss distance by the DECG law. However,
the dynamic encircling interception cannot be achieved and only one interceptor can
intercept the target with more energy consumed under the CPNG law. The reason for
these results is that the DECG law can dynamically update the precise cooperation time
and provides more optimal control inputs, it enables the three interceptors to reach the
assigned point in less time and with less energy. It is noteworthy that the CPNG law, with a
constant proportional coefficient, requires high overload at the final interception point,
representing a vulnerability for the interceptors. As shown in Figure 10b,c, the values of the
LOS angles and the azimuth angles remain within a reasonable range under both guidance
laws. However, it is apparent that the change rates and maximum values under the DECG
law are smoother and more moderate. In Figure 10d,e, it is observed that the maximum
overload values are considerably smaller than those under the CPNG law throughout the
process. Moreover, at the beginning and the final period, the overload required by the
CPNG law exceeds the available value, significantly surpassing that demanded by the
DECG law. The DECG law can compute the optimal proportional coefficient during the
interception process, rendering it more feasible and reasonable than the constant values
used in the CPNG law.

t̂go,i(t) =
ri(t)
Vi

(
1 +

θ2
i (t)

2(2Ni − 1)

)
ai = NiViλ̇i(t) + Kiri(t)

(
t̄go(t)− t̂go,i(t)

) (44)

3.4. Case 4: Robustness Analysis

In this subsection, to further validate the robustness and superiority of the DECG law,
200 Monte Carlo runs are conducted. The initial positions are set as normal distributions
with zero means and standard deviations of 100 m. The state feedback deviation and
control inputs are set with a 5% deviation. The simulation conditions are the same as those
of the Section 3.3. The simulation results are presented in Figure 11a–f. It can be observed
that the interceptor 1 can always, intercept the target with an average miss distance of
0.59 m and 1.59 m under the DECG and CPNG law, respectively, which means the DECG
law has more precise control. Moreover, compared to the CPNG law, the DECG law
controls all the interceptors to achieve a shorter miss distance, indicating better interception
effectiveness. What is more, the average maximum overload of interceptors by DECG
is 12 g, while the value of the successful interceptor under CPNG is 18 g. CPNG uses
higher control overloads, often exceeding the effective overload, in order to regulate the
time it takes for the interceptors to reach the point of interception, which is unrealistic in
practice. Moreover, due to the existence of disturbance, CPNG cannot dynamically update
the accurate cooperative time, resulting in its interceptor group not being able to achieve a
simultaneous interception time, so it is difficult to realize dynamic cooperative encircling.
Therefore, the DECG law demonstrates higher robustness in the presence of errors and
noise than the CPNG law.
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Figure 10. Comparison with the PNG with fighter aircraft making maneuvers: (a) trajectory of the
interception; (b) LOS angle; (c) azimuth angle; (d) acceleration; (e) proportional coefficient.
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(c) (d)
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Figure 11. Monte Carlo experiment results: (a) miss distance of D1 with DECG; (b) miss distance of I1
with CPNG; (c) miss distance of I2 with DECG; (d) miss distance of I2 with CPNG; (e) miss distance
of I3 with DECG; (f) miss distance of I3 with CPNG.

4. Conclusions

To address the threats for the fighter aircraft posed by the emergence of superior
target, a DECG law addressing multiple constraints is established to provide reference for
enhancing the existing fighter aircraft self-protection system. The following conclusions
are derived:

(1) The proposed dynamic encircling interception strategy of the DECG law is able to
simply and effectively utilize the numerical superiority of the inferior interceptor
group, and able to well accomplish the contractual encircling and interception for
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the superior target. In addition, this strategy can also make the cooperative time
constraints easier to process.

(2) The remodeled kinematics and the convex optimization method can satisfy multiple
constraints and have better control precision with good computational efficiency,
which also makes the guidance problem more practical.

(3) The proposed DECG law has better robustness than the CPNG law in the same
simulation conditions, and the interceptors consume less energy under the DECG
law, which gives full play to the advantages of the inferior interceptors. What is more,
DECG is able to satisfy multiple constraints and still have high control accuracy.

Future work will be focused on the three-dimensional DECG law considering the
constraints of the FOV angle and the presence of multiple superior targets.
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29. Pachter, M.; Moll, A.V.; Garcia, E.; Casbeer, D.; Milutinović, D. Cooperative Pursuit by Multiple Pursuers of a Single Evader. J.

Aerosp. Inf. Syst. 2020, 17, 371–389. [CrossRef]
30. Wang, Z.; Fu, W.; Fang, Y.; Wu, Z.; Wang, M. Cooperative Guidance Law against Highly Maneuvering Target with Dynamic

Surrounding Attack. Int. J. Aerosp. Eng. 2021, 2021, 6623561. [CrossRef]
31. Zhao, J.; Zhou, R. Unified Approach to Cooperative Guidance Laws against Stationary and Maneuvering Targets. Nonlinear Dyn.

2015, 81, 1635–1647. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1016/j.ast.2018.06.026
http://dx.doi.org/10.2514/1.G006504
http://dx.doi.org/10.1016/j.ast.2020.106057
http://dx.doi.org/10.1016/j.automatica.2021.109696
http://dx.doi.org/10.1109/TAES.2020.2974044
http://dx.doi.org/10.3969/j.issn.1000-1093.2021.08.008
http://dx.doi.org/10.16182/j.issn1004731x.joss.19-0434
http://dx.doi.org/10.1016/j.dt.2023.11.013
http://dx.doi.org/10.1016/j.dt.2022.09.014
http://dx.doi.org/10.1016/j.ast.2018.06.001
http://dx.doi.org/10.1002/asjc.2685
http://dx.doi.org/10.2514/1.I010739
http://dx.doi.org/10.1155/2021/6623561
http://dx.doi.org/10.1007/s11071-015-2096-z

	Introduction
	Dynamic Encircling Cooperative Guidance Law Design
	Problem Formulation
	Dynamic Encircling Strategy and Escaping Points Design
	Simultaneous Interception Using Convex Optimization

	Numerical Simulation
	Case 1: Fighter Aircraft Makes No Maneuvers
	Case 2: Fighter Aircraft Makes Evasion Maneuvers
	Case 3: Comparison to the CPNG Guidance
	Case 4: Robustness Analysis

	Conclusions
	References 

