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Abstract


Hall thrusters are plasma-based devices that have established themselves as one of the most attractive and mature electric propulsion technologies for space applications. These devices often operate in a regime characterized by low frequency, large amplitude oscillations of the discharge current, which is commonly referred to as the ‘breathing mode’. The intensity of these oscillations depends on the thruster’s design and operating conditions and can reach values of the order of the average discharge current, posing issues for the thruster’s performance and for coupling with the driving electronics. A 0D model of the thruster discharge was developed to investigate the core physical mechanisms leading to the onset and sustenance of the breathing mode. The model was found to be capable of reproducing oscillations with characteristics in line with those observed in the breathing mode. In this work, we extend the use of the 0D model to investigate the effect of the magnetic field intensity and of different propellants on the system stability.






Keywords:


electric propulsion; Hall thruster; plasma oscillations; breathing mode; ionization instability; alternative propellants












1. Introduction


Hall thrusters are plasma-based electric propulsion devices that have been employed for a wide range of space applications, from satellite orbit raising and station keeping to deep space missions. An overview of these devices can be found, for instance, in [1,2,3].



Hall thrusters are mainly composed of a ceramic annular discharge channel, a magnetic circuit that generates and shapes the magnetic field, which has a predominant radial component and peaks in the vicinity of the channel exit, and two electrodes, an anode, and a cathode. The anode, which also serves as a gas distributor, is placed at the bottom of the channel and is biased a few hundred volts above the external cathode. During operation, a flux of propellant gas is injected into the discharge chamber through the anode, while the electrons emitted by the cathode are attracted toward the anode and energized due to the increasing electric potential. In the region where the radial component of the magnetic field is large enough, the crossed electric and magnetic fields force the electrons to perform an   E × B   drift in the azimuthal direction. When the neutral flux reaches the region of high electron density, it becomes ionized quickly by electron impact, generating plasma. If the magnetic field is properly tailored, the ions thus generated are not forced to drift azimuthally (due to their large inertia compared to the electrons) and are accelerated outside of the channel by the axial electric field, generating the thrust. The new electrons generated by the ionization of the propellant join the primary population coming from the cathode and drift through successive collisions until they are collected by the anode. The ion beam is then neutralized by part of the electrons emitted by the cathode, preserving the overall charge neutrality of the system.



The use of crossed electric and magnetic fields in these devices allows for the effective ionization and acceleration of the propellant gas but is also the source of rich and complex plasma physics that leads to the formation of a variety of unsteady modes [4]. The characteristics of these instabilities, which span a wide range of length and time scales, depend on the thruster’s magnetic field intensity and topology, geometry, and operating conditions, defined in terms of a propellant mass flow rate and discharge voltage.



One of the most prominent modes, known as the breathing mode, is recognized as a relatively low frequency (5–30 kHz), large amplitude (of the order of ∼100% of the DC value) oscillation of the discharge current, which is generated by a correspondent longitudinal fluctuation of the plasma parameters in the thruster’s channel and near plume. These fluctuations, when particularly violent, can have a detrimental impact on the thruster’s performance and cause issues for the coupling with the driving electronics. Thus, their onset is largely avoided, typically by limiting the operating envelope of the thruster. This has justified extensive research efforts in recent decades that encompassed both experimental and numerical approaches.



From an experimental perspective, since the 1970s [5], several works aimed at characterizing the discharge oscillations for different thrusters and operating conditions. A relevant example is the work of Sekerak et al. [6,7], who identified two different operating regimes for a fixed operating point, depending on the magnitude of the magnetic field: a more quiescent “local” mode at high magnetic field intensities and a “global” mode at low intensities, characterized by a sudden increase of both the DC and AC components of the discharge current. The transition was observed to shift towards higher magnetic fields when the voltage and/or the mass flow rate were increased. More recently, Giannetti et al. [8] presented the results of the processing of a large amount of thrust and current trace measurements to derive general data-driven scaling laws for current oscillations and thruster performance when the channel geometry and operating conditions of the thruster are varied. Different types of intrusive [9,10,11] and nonintrusive [12,13,14,15] diagnostic have also been used to characterize the longitudinal plasma dynamics in the channel and near plume during the breathing mode cycles.



On the numerical side, the pioneering research of Fife et al. [16] and Boeuf et al. [17] brought to light the nature of the breathing mode as an ionization instability, characterized by the cyclic ionization and depletion of the propellant gas in the chamber, followed by the plasma expulsion through the electrostatic acceleration of the ions and the subsequent replenishment of the chamber from the propellant flux incoming from the anode. Since then, a variety of numerical models, particularly 0D [18,19,20] and 1D [21,22,23,24,25,26,27], have been developed with the ultimate goal of increasing our understanding of the breathing mode. However, a comprehensive and unanimously accepted picture of the mechanism responsible for the onset and growth of this instability is still missing in the literature, limiting our ability to predict and mitigate it across different geometries, propellants, and operating conditions.



In Ref. [25], a series of numerical experiments performed with a 1D model of the discharge (which was calibrated against the experimental discharge current signal of a 5 kW-class Hall thruster operating with xenon in global mode [28]) allowed the authors to identify the core physical mechanism behind the growth of the observed breathing oscillations. The analysis orbited around the identification of the base state, i.e., the unsteady equilibrium solution upon which the breathing mode develops. Results showed that a linear dependence for oscillations of electron mobility with variations in neutral density is necessary and sufficient for triggering the instability in the proposed model, by inducing fluctuations in the electric field in phase opposition. The electric field, in turn, makes the ion velocity fluctuate in phase with it, favoring the accumulation and subsequent convection of plasma, thus fueling the instability. In this process, electron temperature fluctuations only play a secondary role and are not fundamental for the growth of the oscillations. Moreover, the proportionality coefficient with which variations in neutral density are reflected in changes in electron mobility (which was referred to as the “rigidity” coefficient) was observed to play a fundamental role in the system stability, controlling the rate at which the oscillations grow or are damped.



Based on these results, an original 0D formulation was proposed in [20] to investigate the same thruster geometry and operating conditions. The 0D model, which basically consisted of a modified predator–prey formulation in which the ions are convected outside with a velocity that fluctuates in phase opposition with the neutral density, was shown to undergo a stability transition in correspondence with a threshold value of the rigidity coefficient, exhibiting self-sustained oscillations with the typical characteristics of the breathing mode, even when the electron temperature was kept constant. In order to investigate the stability of the model in a general sense, the electron mobility at the base state and the rigidity coefficient were treated as free parameters throughout the analysis, neglecting their dependence on the magnetic field strength and the plasma parameters.



In this paper, the 0D model presented in [20] is developed to provide further demonstration of the capabilities of the formulation to reproduce the salient features of the breathing mode, as well as to investigate general behaviors and qualitative trends concerning the effect of different operating parameters on the thruster stability. First, we focus on the intensity of the magnetic field, which is known to strongly affect the onset of the breathing mode [6,7]. In order to carry this out, we expand the model equations with the introduction of a closure model for the variations of the electron mobility and rigidity coefficient with the plasma parameters and the magnetic field intensity. Then, we investigate the sensitivity to the use of different propellants, namely krypton and argon, by introducing in the model the corresponding reaction rates. The choice of analyzing these propellants is motivated by the following reasons: first, they are gaining momentum as valid alternatives to xenon, which is extremely expensive and difficult to procure; second, they cover a wide range of atomic masses, which results in very different neutral and ion inertia; and third, they are noble gases, allowing us to avoid further complications due to different chemical reactions that would necessarily have to be considered, for instance, in the case of iodine. Furthermore, there is little information in the literature regarding thruster stability with alternative propellants. Finally, we perform a parametric analysis to investigate the effect of the anode temperature, which can provide useful information about the thermal transient after the thruster ignition.



The geometry and operating conditions under consideration are consistent with those described in earlier publications [20,28]. This allows us to perform a direct comparison between the 0D model and the higher-order experimentally calibrated 1D solution and to tune the 0D model accordingly. The stability properties of the model for varying operating parameters are characterized using a linear stability analysis. Given the lack of a dedicated set of experimental data to perform a direct comparison, the observed stability trends when moving away from the reference experimental calibration point are only discussed in the context of literature experimental observations. Ultimately, this work presents a numerical framework that demonstrates the capabilities of 0D formulations to reproduce the breathing mode in Hall thrusters and provides insight into the sensitivity of the thruster stability to magnetic field strength and different propellants.



The paper is organized as follows: In Section 2, the equations and assumptions of the numerical model are briefly revised and expanded to introduce a direct dependence on the magnetic field intensity. In Section 3, the results of the stability analysis for varying magnetic field strength are shown and discussed; the effect of different propellants (namely xenon, krypton, and argon) and anode temperature on the thruster’s stability is also investigated. Finally, Section 4 summarizes the conclusions of the present work.




2. Method


In this section, we briefly review the main model assumptions and equations. For a more formal derivation, the reader is kindly referred to [20].



The 0D formulation was derived from the 1D model detailed in [28] that was calibrated on the experimental discharge current trace of a 5 kW Hall thruster operating with xenon and exhibiting large breathing mode oscillations. The calibrated 1D model was shown to be effective in reproducing the characteristic features of the breathing mode, with the simulated discharge dynamics exhibiting remarkable agreement with the experimental reference data. The main 1D model assumptions and parameters were retained in the derivation of the 0D formulation [20].



In particular, the model considers three species, namely neutrals, electrons, and singly charged ions. Plasma is assumed to be quasineutral, thus the electron and ion densities are the same. Neutrals have constant and uniform velocity, ions are cold and unmagnetized, and the electron inertia is neglected. The neutral and plasma dynamics are assumed to be purely axial, while the radial diffusion and plasma–wall interactions are taken into account through appropriate source/sink terms. The 0D equations were derived by integrating the correspondent 1D equations and averaging over the selected control volume, which comprises the whole thruster discharge chamber, thus extending over a length L enclosed between the anode (A) and the channel exit section (E) of the thruster and the lateral walls. A schematic representation of the control volume is shown in Figure 1.



Several assumptions were then made to express the integral as analytical functions of the averaged plasma parameters. In particular, neutral (  n n  ) and plasma (n) densities, electron temperature (  T e  ), and electron mobility ( μ ) are considered to be uniform inside the control volume, while electron (  u e  ) and ion (  u i  ) velocities are assumed to vary linearly. The neutral velocity (  u n  ) is constant and uniform. Moreover, the current is assumed to be carried only by electrons at the anode and only by ions at the channel exit section. As a consequence,    u  i A   =  u  e E   = 0  ,    u  e A   = −  u  i E   = −  2   u ¯  i     and     u ¯  e  = −   u ¯  i   , where the subscripts A and E indicate the anode and channel exit sections, and the over-bar represents the mean value operator in the considered control volume. The resulting set of equations is as follows:


    d   n ¯  n    d t   +    u n  L   (   n ¯  n  −  n  n A   )   −  2 α    n ¯    u ¯  B    Δ R    =  −   n ¯  n   n ¯    k ¯  I    ,  



(1)






    d  n ¯    d t   +   2  n ¯    u ¯  i   L  +  2 α    n ¯    u ¯  B    Δ R    =    n ¯  n   n ¯    k ¯  I    ,  



(2)






   d  d t    (  n ¯    u ¯  i  )  +   4  n ¯    u ¯  i 2   L  +  2 α    n ¯    u ¯  B    u ¯  i    Δ R    =   e  m i    n ¯   E ¯    ,  



(3)






   d  d t    (  3 2   n ¯   k B    T ¯  e  )  =   e  m i    n ¯   E ¯    u ¯  i   −   n ¯    n ¯  n   K ¯   −   n ¯   W ¯    .  



(4)







In the previous equations, t denotes the time, e is the elementary charge,   m i   is the mass of the propellant atoms, respectively,   k B   is the Boltzmann constant,   Δ R   is the width of the discharge channel,   u B   is the Bohm velocity at the lateral walls,   n  n A    is the neutral density at the anode section, E is the electric field, W represents the electron power loss at the lateral walls, and  α  is a coefficient modulating the plasma wall interactions, which was introduced in [28] as a calibrating parameter of the model to address the unresolved radial variations in plasma profiles and the uncertainties in the semi-empirical description of the plasma–wall interaction. Coefficients    k ¯  I   and   K ¯   are the (averaged) ionization rate and collisional energy loss coefficients, respectively. Since the electron temperature is assumed constant throughout the channel, these quantities can be expressed as functions of the averaged electron temperature,


    k ¯  I  =   k I   (   T ¯  e  )    ,  



(5)






   K ¯  =  K (   T ¯  e  )   ,  



(6)




and computed using the LXCat database [29] and the Bolsig+ solver [30]. The quantities accounting for the plasma–wall interaction are described following the classical formulation of Hobbs and Wesson [31] for a 1D planar sheath in the presence of secondary electron emission:


    u ¯  B  =     k B    T ¯  e    m i     ,  



(7)






   W ¯  = α    u ¯  B   1 − σ    2  k B    T ¯  e  +  ( 1 − σ )  e   ϕ ¯  w    2  Δ R    ,  



(8)






    ϕ ¯  w  =    k B    T ¯  e   e    l n   ( 1 − σ )     m i   2 π  m e        ,  



(9)




where   m e   is the electron mass,   ϕ w   is the sheath potential drop at the lateral walls, and  σ  is the effective secondary emission yield.



Equation (1) represents the conservation of neutral mass. The neutral density within the thruster channel, which is assumed to be uniform, is the result of a balance between different contributions: the flux going out from the channel exit, the propellant injected from the anode, the ion neutralization at the lateral walls (second, third, and fourth terms on the lhs, respectively), and the propellant ionization (on the rhs). The flux of neutrals coming from the anode is related to the operating condition of the thruster through the injected propellant mass flow rate as follows:


   n  n A   =   m ˙    m i   u n   A  c h      ,  



(10)




where   m ˙   and   A  c h    are the injected propellant mass flow rate and the channel area. The neutral velocity is related to the anode temperature   T A  :


   u n  =    8  k B   T A    π  m i      .  



(11)







The ion continuity equation (Equation (2)) is similar to the neutral mass balance, but we have used    u  i A   = 0   and    u  i E   =  2   u ¯  i    . Moreover, the ion velocity is allowed to vary according to an appropriate momentum conservation equation (Equation (3)). In particular, the ion momentum is the result of a balance between the momentum lost through the boundaries of the control volume (second and third terms on the lhs of the equation) and the electrostatic acceleration.



Equation (4) represents the conservation of electron internal energy. Basically, Equation (4) states that part of the energy gained through resistive heating is spent to ionize the propellant, while another part is lost at the lateral walls (convective and heat flux terms have been neglected).



Concerning the electric field, the 1D Ohm’s law provides


  E = −   u e  μ  −  1  e   n e      ∂  p e    ∂ z   ,  



(12)




where   p e   is the electron pressure, and z is the axial coordinate. Within the assumptions previously made, the effect of the pressure gradient is neglected, while the electron mobility and velocity are uniform and linearly varying, respectively. Thus, the averaged electric field can be expressed as


   E ¯  = −    u ¯  e   μ ¯   =    u ¯  i   μ ¯    ,  



(13)




where we have used     u ¯  e  = −   u ¯  i   .



In [25], the authors showed that a linear dependence of the electron mobility on the neutral density is necessary and sufficient to trigger the breathing mode. In that paper, a simplified expression for  μ  was derived by linearizing it around the base state while neglecting contributions of electron temperature variations, which were demonstrated to be of secondary importance for the onset and sustenance of the instability, obtaining


  μ ≈  μ b  + γ  (  n n  −  n  n b   )  ,  



(14)




where the subscript “b” denotes the base state, and the coefficient  γ  plays the role of a rigidity which linearly relates fluctuations in the neutral density to variations in the electron mobility. Basically, variations in neutral density induce fluctuations in the electric field in phase opposition through electron mobility. The electric field, in turn, acts on the ion dynamics, making the ion velocity fluctuate in phase with it. Compared to pure predator–prey dynamics, when the neutral density is high (and so is the ionization rate), the ion velocity is low, which favors the accumulation of plasma, making the subsequent neutral depletion more violent. The opposite happens in the other half of the cycle: when the neutral density is low (and so is the ionization rate), the ion velocity is high, and the plasma is quickly convected outside, favoring the subsequent accumulation of neutrals. This process strengthens the classical predator–prey dynamics, and if  γ  is sufficiently large, it can lead to the growth in fluctuations and the onset of instability.



Without altering this physical mechanism, which is believed to be the core of the onset of the breathing mode [25], the averaged electron mobility in the 0D formulation can then be expressed as follows:


   μ ¯  =   μ ¯  b  +  γ ¯   (   n ¯  n  −   n ¯   n b   )  .  



(15)







The purpose of the analysis conducted in [20] with the presented model was to support the conclusion that the mechanism described above is sufficient to trigger the breathing mode in Hall thrusters. Thus, in order to study the system more generally,   μ ¯   and   γ ¯   were considered as free parameters throughout the study, and the stability of the system was assessed for a plausible parameter space. However, as shown in [25], the electron mobility at the base state and the rigidity coefficient are, in principle, both functions of the radial magnetic field intensity along the thruster channel (   B r   ( z )   ) and plasma quantities (neutral density and electron temperature) evaluated at the base state through the following relations:


   μ b  =  e   ν  e b    m e     1  1 +   (   ω e   ν  e b    )  2    =  μ b   (  n  n b   ,  T  e b   ,  B r  )   



(16)






  γ =  e   m e   (  ν  e b  2  +  ω e 2  )     1 −   2  ν  e b  2    (  ν  e b  2  +  ω e 2  )     k m  = γ  (  n  n b   ,  T  e b   ,  B r  )   



(17)




where   ω e   is the electron cyclotron frequency,   ν e   is the total electron scattering collision frequency, which is the sum of the classical (  ν c  ), wall (  ν  e w   ), and anomalous (  ν a  ) collision frequencies, and   k m   represents the reaction rate for momentum transfer collisions occurring between electrons and neutrals. We remind you here that, in principle,  μ  would depend also on the plasma density through the elastic Coulomb collisions and, potentially, on the other plasma parameters through the anomalous collision frequency. Here, however, as well as in [25,28], we neglect the Coulomb scattering collisions, and we assume that   ν a   obeys a Bohm-like scaling, meaning that it is only proportional (through a coefficient  β ) to the magnitude of the radial magnetic field through the electron cyclotron frequency and is therefore independent on time.



By maintaining the same functional relations, it is possible to incorporate the magnetic field intensity into the model by introducing corresponding closures for the averaged electron mobility and rigidity coefficient. In particular, based on Equations (16) and (17), we can define


    μ ¯  b  =   μ (   n ¯   n b   ,   T ¯   e b   ,  B r  )  ¯   



(18)






   γ ¯  =   γ (   n ¯   n b   ,   T ¯   e b   ,  B r  )  ¯  ,  



(19)




where    B r   ( z )    is the radial magnetic field profile along the thruster channel, and the overbars again indicate the spatial average within the thruster channel. This will enable us to examine how the thruster’s stability is altered when the magnetic field intensity is varied over a plausible range, as well as to perform a more direct comparison among the propellants. In particular, it is possible to scale the field strength while maintaining the same shape by defining the profile as    B r   ( z )  =   B  m a x    B  0 , m a x     B 0   ( z )   , where    B 0   ( z )    and   B  0 , m a x    are the experimental magnetic field profile used in the calibrated 1D solution and its peak value, and   B  m a x    replaces    μ ¯  b   and   γ ¯   as the input parameter of the model. In this way, the 0D formulation considers the variation in the radial magnetic field intensity along the thruster channel, even though the magnetic field gradient does not explicitly appear in the equations after averaging.



The stability properties of the model for varying magnetic field intensity are assessed by employing a linear stability analysis. This was carried out by linearizing the model numerically, as proposed in [32], and by coupling the linearized model with an eigenvalue solver based on Krylov methods.



More in detail, we can express system 1–4 as follows:


    d u   d t   = R  ( u )   



(20)




where   u ∈  ℜ n    is the vector of variables, and  R  represents the discrete residuals. If    u  k   is the vector of variables at the time   t k  , the numerical scheme derived upon time discretization of system 20 allows the computation of    u   k + 1   , where    t  k + 1   =  t k  + Δ t  .



The steady-state solution of 20, which we will refer to also as the “base-state”, can be defined as the vector   u b   such that


  R (  u b  ) = 0 .  



(21)







The stability of the base state is then investigated by a numerical stability analysis. In particular, the linearized dynamics of a generic disturbance, which is at the basis of the linear stability analysis, is approximated numerically as follows.



First, we express the generic perturbation as   ϵ  u p   , with   ϵ < < 1  , such that


    u  k  =  u b  + ϵ  u p k  ,  



(22)






    u   k + 1   =  u b  + ϵ  u p  k + 1   .  



(23)







Thus, given   u p k  , it is possible to define an operator  N  such that    u p  k + 1   = N  (  u p k  )    according to the following logical scheme:




	1.

	
Define     u  k  =  u b  + ϵ  u p k   ;




	2.

	
Compute    u   k + 1    with the numerical scheme obtained from the time discretization of system 20;




	3.

	
Compute    u p  k + 1   =     u   k + 1   − −  u b   ϵ   









If  ϵ  and   Δ t   are sufficiently small,  N  can be approximated with a linear operator, with the corresponding associated matrix  L  such that


   u p  k + 1   = L  u p k  .  



(24)







If we consider a perturbation in the form of    u p  =   u ^  p   e  λ t    , where    u ^  p   is its spatial form and   λ ∈ C  , then


   u p  k + 1   =  e  λ Δ t    u p k  .  



(25)







Combining 24 and 25, it follows that    u ^  p   shall be an eigenvector of  L , i.e.,


  L   u ^  p  = σ   u ^  p   



(26)




with  σ  being its corresponding eigenvalue. Therefore, it is possible to relate the eigenvalues of  L  with  λ  through


  λ =  1  Δ t   ln σ .  



(27)







The real and imaginary parts of  λ  correspond to the growth rate and frequency of the corresponding eigenmode, respectively. Thus, system 1–4 will be unstable if   ℜ ( λ ) > 0   for at least one of the eigenvalues  σ  of  L . In particular, the dominant mode is defined as the mode with the largest real part.



The investigation is conducted on the same thruster’s geometry (L and   Δ R  ) and operating condition (discharge voltage   V d   = 300 V, xenon mass flow rate   m ˙   = 8 mg/s, and reference magnetic field profile   B 0  ) of the calibrated 1D simulation [28]. In particular, the thruster is a 5 kW class device, and the operating condition is characterized by a well-developed breathing mode, with a frequency of approximately 25 kHz and an average discharge current of about 8.6 A. This particular configuration was extensively investigated both experimentally [11] and numerically [28], thus representing an optimal reference for the following analysis.



We highlight here that values of the calibrating parameters employed in the 1D formulation, namely, the neutral velocity (  u n  ), the parameter modulating the plasma–wall interaction ( α ), and the scaling coefficient of the Bohm-like anomalous collision frequency ( β ), are kept constant throughout the entire analysis, independently of the simulated value of the magnetic field and propellant. In particular, we set   u n   = 395 m/s,  α  = 0.115, and  β  = 0.075, which are the values resulting from the calibration process presented in [28] for the same thruster and operating condition.




3. Results


3.1. Effect of Magnetic Field


The results of the linear stability analysis are presented in Figure 2, which shows the growth rate and frequency of the resulting dominant mode for a representative range of magnetic field intensities. Interestingly, the implementation of functional relations with magnetic field intensity consistently yields stable outcomes. However, it is possible to identify two distinct regimes: for low magnetic fields, the growth rate increases (i.e., the system tends to become less stable) when   B  m a x    is lowered; for large magnetic fields, instead, the contrary happens, i.e., the growth rate reaches a minimum beyond which it starts growing for increasing   B  m a x   . Concerning the frequency, the linear stability analysis yields values in the range of 5–30 kHz, which are in line with those typically observed for the breathing mode instability in Hall thrusters. Moreover, the frequency tends to grow with   B  m a x   , in agreement with previous experimental observations [6,8,33,34] and higher-order simulations [23] carried out by different authors and with different thrusters.



The fact that the growth rate increases at low magnetic fields is promising and requires further investigation. In particular, the range of magnetic fields reported in Figure 2 is limited at the lower end because, below a certain value of   B  m a x   , the electron temperature becomes too low to sustain the plasma. Moreover, as suggested in Ref. [20], the magnetic field strength has two simultaneous effects on the model stability: on one side, a reduction in   B  m a x    leads to an increase in   γ ¯   that tends to destabilize the system; on the other hand, the lower the magnetic field strength, the higher the electron mobility, the higher the value of   γ ¯   that is required for the system to become unstable. Thus, one possible reason for the lack of unstable outcomes is that the model does not properly estimate the averaged plasma properties at the base state.



As mentioned in Section 2, the present 0D formulation has been derived by taking the average of the 1D equations of Giannetti et al. [28] within the thruster channel. Several assumptions have been made while passing from the integrated 1D equations to the 0D formulation. In particular, to express the integrals as analytical functions of the average properties, the various quantities have been assumed to have constant or linear profiles. In general, this is not true and the integrals of the products of the various quantities are not exactly equal to the product of the respective integrals. This leads to an error associated with each term of Equations (1)–(4). For instance, without losing generality, we can write


  −  1 V   ∫ V   n n  n  k I  d V =    n n  n  k I   ¯  = c    n ¯  n   n ¯    k ¯  I   



(28)




where V is the control volume (corresponding in our case to the channel interior), and c is a coefficient quantifying the discrepancy between the two quantities, which can be evaluated for any specific condition. In our case, the reference condition is the base state associated with the experimentally calibrated 1D solution detailed in [25,28], from which the 0D model was derived. Equations (1)–(4) can thus be reformulated by introducing a correction coefficient   c n   for every instance in which this approximation was carried out, and the value of these coefficients can be evaluated on the results of the experimentally calibrated 1D simulation base state to obtain a more representative 0D model of the discharge. It is important to note that the resulting coefficients are exact and representative of the experimentally calibrated higher-order simulation only for this specific reference condition. In principle, when investigating different operating points, the 1D model would need to be re-calibrated on new experimental data, and the coefficients would have to be re-computed considering the new reference condition. Here, however, we compute the coefficients only once, and we extrapolate the results for other operating points from this calibrated reference state. In this way, we expect the tuned 0D model to be less representative far from the calibrated point. Nevertheless, the proposed model is not intended to provide predictive simulations but rather to be a useful numerical tool to investigate the main trends and the sensitivity of the stability of the discharge to the main thruster parameters in these regimes. The resulting equations are


    d   n ¯  n    d t   +    u n  L   (  c 1    n ¯  n  −  n  n A   )   −  2 α  c 2     n ¯    u ¯  B    Δ R    =  −  c 3    n ¯  n   n ¯    k ¯  I    ,  



(29)






    d  n ¯    d t   +  c 4    2  n ¯    u ¯  i   L  +  2 α  c 2     n ¯    u ¯  B    Δ R    =   c 3    n ¯  n   n ¯    k ¯  I    ,  



(30)






   c 5   d  d t    (  n ¯    u ¯  i  )  +  c 6    4  n ¯    u ¯  i 2   L  +  2 α  c 7     n ¯    u ¯  B    u ¯  i    Δ R    =  c 8    e  m i    n ¯     u ¯  i   μ ¯     ,  



(31)






   c 9   d  d t    (  3 2   n ¯   k B    T ¯  e  )  −  c 10     5 2   n ¯   k B    T ¯  e    u ¯  i   L  =  c 11    e  m i    n ¯     u ¯  i 2   μ ¯    −  c 12    n ¯    n ¯  n   K ¯   −  c 13    n ¯   W ¯    ,  



(32)






   μ ¯  =   μ ¯  b  +   γ (  n n  −  n  n b   )  ¯  =  c 14    μ (   n ¯   n b   ,   T ¯   e b   ,  B r  )  ¯  +  c 15   c 16    γ (   n ¯   n b   ,   T ¯   e b   ,  B r  )  ¯   (   n ¯  n  −   n ¯   n b   )  .  



(33)







Coefficients   c 14  ,   c 15   and   c 16   come from the following relations:


    μ ¯  b  =   μ (  n  n b   ,  T  e b   ,  B r  )  ¯  =  c 14    μ (   n ¯   n b   ,   T ¯   e b   ,  B r  )  ¯  ,  



(34)






    γ (  n n  −  n  n b   )  ¯  =  c 15   γ ¯   (   n ¯  n  −   n ¯   n b   )  ,  



(35)




and


   γ ¯  =   γ (  n  n b   ,  T  e b   ,  B r  )  ¯  =  c 16    γ (   n ¯   n b   ,   T ¯   e b   ,  B r  )  ¯  .  



(36)







The values of the coefficients computed from the experimentally calibrated 1D reference simulation are reported in Table 1. In the original 0D formulation, all the coefficients were implicitly set to be equal to 1, except for   c 10  , which was 0 since we were neglecting the convective transport of electron energy across the channel. Coefficient   c 10   is also the result of two contributions, the energy flux entering the channel from the exit section, and the one exiting the channel from the anode. The negative sign in the equation indicates that the former contribution is larger, and overall, convection introduces energy into the system. The terms with the higher associated error are mostly related to the neutral density at the channel exhaust (  c 1  ), ion acceleration (  c 8  ), electron energy absorption (  c 11  ), and energy losses to the walls (  c 13  ). Moreover, in the original formulation, the value of   γ ¯   was underestimated by a factor of 2 (  c 15  ).



It is possible now to repeat the linear stability analysis to verify whether the tuned model is capable of reproducing unstable solutions. The results are shown in Figure 3, where growth rate and frequency resulting from the linear stability analysis are again reported as a function of the magnetic field intensity. Unlike the previous case, now the growth rate tends to rapidly decrease with the magnetic field intensity, which is an indication that stronger magnetic fields tend to suppress the breathing mode. Interestingly, the tuned 0D model identifies a minimum value of   B  m a x    below which the system becomes unstable. This behavior is coherent to the local-to-global mode transition that is typically observed in Hall thrusters operating at low magnetic fields, both in the experiments and in higher order simulations (see, for instance, [6,7,8,23]). Unfortunately, in the absence of dedicated experimental data for different magnetic field intensities, we could not perform a quantitative validation of these results. However, the fact that the same qualitative behavior was observed for different devices and operating conditions suggests that the observed trends are a general feature of the operation of these devices, which our simplified model was shown to be able to reproduce. Moreover, to the best of the authors’ knowledge, this is the first time a transition in the operating mode of a Hall thruster at low magnetic fields has been predicted through a 0D model, which further supports the conclusion that the core physical mechanisms involved in the onset of the instability are correctly captured by the presented formulation. However, at the same   B  m a x    of the reference 1D simulation, which was characterized by a well-developed breathing mode, the tuned 0D model yields a comparable frequency but a negative growth rate. This could suggest that the onset and development of the breathing mode, even though they are regulated by the identified feedback mechanism, are a more localized phenomenon, which also depends on the local plasma parameters and gradients and on the interplay between the ionization and acceleration regions, which are overlapped in the 0D model.



Concerning the frequency, the tuned model yields results similar to the original one, with values in the order of 5–30 kHz and an increasing trend with respect to the magnetic field intensity.



Figure 4 reports the steady-state solution of the tuned system as a function of the magnetic field. The orders of magnitude of the resulting plasma quantities are in line with those typically observed in higher-order simulations. As expected, when the magnetic field is enhanced, the mobility monotonically decreases as a consequence of the stronger electron trapping in the channel. This determines an increase in the electric field and, in turn, in the ion velocity and electron temperature. We can also see that the temperature is more susceptible to variations in the magnetic field at lower values, while the curve flattens at larger   B  m a x   . A similar trend can be observed for the frequency of the instability (Figure 3). This behavior can be related to the predator–prey cycle which is the basis of the breathing mode dynamics: when the electron temperature in the ionization region increases, the neutrals are consumed faster, lowering the time between the higher and the lower peaks of the oscillation.



The resulting plasma density is determined by a balance between plasma generation due to ionization and ion convection outside of the channel due to the electric field. The fact that    n ¯  b   decreases for increasing   B  m a x    seems to indicate that the latter mechanism is dominant. The neutral density, instead, presents a non-monotonic behavior because, on one side, the ionization rate increases with the magnetic field, while on the other side, the plasma density is lowered.



The discharge current displays little sensitivity to fluctuations in the magnetic field, exhibiting small variations with a peak occurring at low magnetic field intensities.



The potential drop within the thruster channel,   Δ V =  E ¯    L  c h    , is an output of the model and can be computed by considering that    1 V   ∫ V  n E d V =  c 17   n ¯   E ¯  =  c 8    n ¯     u ¯  i   μ ¯     , where from the comparison with the 1D calibrated solution,    c 17  = 0.73  . Thus, the average electric field within the channel can be approximated as    E ¯  =   c 8   c 17      u ¯  i   μ ¯    . As expected,   Δ V   increases with the intensity of the magnetic field, due to the higher resistivity within the channel. This is the main difference compared to previous 0D formulations, such as the one of Hara et al. [18], where it was assumed that the whole discharge voltage was applied between the anode and the thruster exit section, and thus, the electric field was fixed and constant in time. Note that the potential drop can exceed   300 V  , which is the discharge voltage for the operating condition of reference. This is a consequence of the fact that a variation in the operating conditions (in this case, the magnetic field strength) would require the 1D reference condition to be re-calibrated by varying the free parameters (  u n  , α ,  β ), resulting in different values of both the coefficients reported in Table 1 and the plasma parameters at the base state. Finally, Figure 4 shows that the rigidity coefficient   γ ¯  , as well as the electron mobility, decreases monotonically with   B  m a x   . It is possible to explain this behavior by looking at Equation (17): since    ω e  > >  ν  e b    , then   γ ∝  1  ω e 2    , which decreases with the magnetic field to the second power. This is the reason why, at least in the present model, the breathing mode is suppressed when the strength of the magnetic field is enhanced.




3.2. Effect of Propellant and Anode Temperature


In order to investigate how the use of different propellants can affect the thruster’s stability, we expanded the model’s reaction database to account for krypton and argon. The reaction rates for the new propellants (   k I   (   T ¯  e  )   ,   K (   T ¯  e  )  ) are again derived from the Biagi database [29] by using the Bolsig+ [30] solver. Table 2 reports the atomic mass and ionization energy of each propellant.



As a first approximation, we consider the 0D model tuned with the same value of the coefficients reported in Table 1. The propellant mass flow rate is also the same as in the previous section, as well as the values of  α  and  β . We highlight that, since we considered the thruster to operate at the same mass flow rate for each of the propellants under investigation, the resulting operating power is different.



Figure 5 compares the results of the linear stability analysis for xenon, krypton, and argon. Each propellant exhibits a similar behavior, with the growth rate and frequency, respectively, decreasing and increasing monotonically with the magnetic field intensity. For most of the considered range of   B  m a x   , the use of krypton and argon resulted in higher growth rates compared to xenon. Krypton, however, shows a more gradual increase at low magnetic fields, and the transition value is approximately coincident with that observed for xenon. Argon, instead, clearly shows a larger growth rate compared to the other two propellants for the same   B  m a x   , with a transition point at stronger magnetic fields. Overall, these results suggest that the thruster tends to lose stability more easily when operating with lighter propellants.



Regarding the frequency, xenon and krypton again display comparable trends, with krypton consistently showing higher values than xenon. Argon seems to be more susceptible to variations in the magnetic field, especially at lower values, where the curve is steeper. In general, the results seem to indicate that the lighter the propellant, the higher the frequency tends to be, even though the displayed trend is not univocal at low magnetic fields.



These results are again coherent with the proposed physical interpretation of the breathing mode: the lighter the propellant, the lower the inertia of the ions, which are more susceptible to variations in the electric field in response to variations in neutral density. As a consequence, the feedback mechanism is stronger, and the time needed to empty and refill the chamber is lower, resulting in stronger and more frequent plasma surges.



Lastly, we employed the tuned model to investigate the effect of the anode temperature on the thruster stability. Figure 6 displays the growth rate and frequency for each of the propellants under investigation for an anode temperature ranging from 300 K to 900 K. In general, higher anode temperatures correspond to lower growth rates and frequencies, independently of the propellants. The stability threshold is shifted towards lower values, especially for argon, which is the lightest of the propellants considered in this study. Ultimately, these results indicate that increasing the anode temperature has a beneficial effect on the thruster’s stability. A similar implication was also suggested in [35], where the authors showed that decreasing the residence time of neutrals can improve the thruster’s stability. These results seem to suggest that, during the initial phase after ignition, the thruster is more susceptible to the onset of breathing mode oscillations, while it tends to stabilize after the thermal transient when the anode is hot.



Finally, it is worth highlighting again the role of the rigidity coefficient in the onset of the instability. Figure 7 displays the growth rate and frequency of the dominant eigenvalue for varying   B  m a x    when   γ ¯   is artificially increased by a factor of k. It is shown that increasing   γ ¯   artificially leads to consistently higher growth rates, shifting the transition to higher values of the magnetic field and confirming its key role in the onset of the instability.





4. Conclusions


In this paper, we have investigated the effect of several operating parameters on the thruster’s stability by using the 0D model of the discharge developed and characterized in [20]. To carry this out, we have introduced a closure for the average mobility and rigidity coefficient, which are related to the magnetic field strength within the thruster channel. The results of the linear stability analysis for varying magnetic field intensities yielded only stable solutions but frequencies comparable to the experimental observations. We argued that a possible reason for the lack of unstable results was that the approximations made in the model derivation were not fully representative of the system behavior. Thus, to obtain a more representative formulation of the thruster discharge, we relaxed the model assumptions by introducing a set of constant coefficients in the model equations. The coefficients were calculated by comparing term-by-term the 0D equations with the 1D formulation from which they were derived and taking the base state associated with the 1D experimentally calibrated solution as a reference state. The linear stability analysis applied to the tuned model showed a decreasing trend for the growth rate for increasing magnetic field intensity. Interestingly, the system exhibited a stability threshold at low magnetic fields, below which the growth rate becomes positive and the system loses stability. This behavior was coherent with the local-to-global mode transition typically observed in experiments from other authors and with other thrusters. Nevertheless, a discrepancy between the values of the growth rate of the 0D and the 1D model was observed for the same value of the magnetic field, indicating that localized plasma behavior could play an important role in the onset and development of the instability.



The tuned model was then employed to simulate the behavior of the thruster with the same mass flow rate of different propellants, namely, krypton and argon. Overall, the results suggest that the lighter the propellant, the more unstable the system tends to be, and the larger the frequency of the oscillations. Finally, we analyzed the effect of the anode temperature, showing that an increase in this parameter could have beneficial effects on the thruster stability, especially for lighter propellants.



In conclusion, in this work we presented a numerical framework that further demonstrates, contrary to prior beliefs, that breathing mode in Hall thrusters can be reproduced by pure 0D formulations. Moreover, the presented results indicate how the magnetic field intensity and the type of propellant affect the development of the instability. The proposed 0D formulation incorporated insight from higher-order 1D simulations calibrated on experimental data for a reference condition, and it was employed to extrapolate the main trends in discharge stability when moving away from the calibrated operating point. In the absence of a wider dedicated set of experimental data to perform a direct comparison of the the results, they were discussed in light of the existing literature. The general trends reproduced by the proposed formulation agree well with previous experimental observations, such as the local-to-global mode transition for low magnetic field intensities. These works considered different thrusters and operating conditions, so they are not suitable for a direct comparison with our results. However, the fact that similar trends were observed for different configurations seems to indicate that this behavior represents a general feature of Hall thrusters, which our simplified model was able to reproduce. We acknowledge, however, that the results of the present numerical study would greatly benefit from a direct quantitative comparison with dedicated experiments, which is a future activity that we are planning to perform.
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Figure 1. Schematic representation of the control volume, highlighted in blue. 
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Figure 2. Result of the linear stability analysis: growth rate (left) and frequency (right) of the dominant mode for varying magnetic field intensity. 
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Figure 3. Result of the linear stability analysis applied to the tuned model: growth rate (left) and frequency (right) of the dominant mode for varying magnetic field intensity. 
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Figure 4. Steady-state solution of the model for varying magnetic field intensity: neutral and plasma densities (top-left), ion velocity and electron temperature (top-right), mobility and rigidity coefficient (bottom-left), and discharge current and potential drop within the channel (bottom-right). 






Figure 4. Steady-state solution of the model for varying magnetic field intensity: neutral and plasma densities (top-left), ion velocity and electron temperature (top-right), mobility and rigidity coefficient (bottom-left), and discharge current and potential drop within the channel (bottom-right).
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Figure 5. Growth rate (left) and frequency (right) of the dominant mode resulting from the linear stability analysis applied to the tuned equations, under varying magnetic field intensity: comparison between xenon, krypton, and argon. 
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Figure 6. Effect of the anode temperature on the growth rate (left) and frequency (right) for xenon (top), krypton (middle), and argon (bottom). 
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Figure 7. Growth rate (left) and frequency (right) of the dominant mode resulting from the linear stability analysis when   γ ¯   is artificially modulated by a factor of k. The transition point is shifted toward higher magnetic field intensities when   γ ¯   is increased. 
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Table 1. Values of the tuning coefficients of Equations (29)–(32) obtained by comparing the calibrated 1D solution to the correspondent 0D integrated equations.






Table 1. Values of the tuning coefficients of Equations (29)–(32) obtained by comparing the calibrated 1D solution to the correspondent 0D integrated equations.





	Coefficient
	Value
	Coefficient
	Value





	   c 1   
	0.17
	   c 9   
	0.9



	   c 2   
	0.94
	   c 10   
	0.25



	   c 3   
	0.73
	   c 11   
	2



	   c 4   
	0.65
	   c 12   
	0.73



	   c 5   
	0.72
	   c 13   
	2.74



	   c 6   
	0.75
	   c 14   
	1.3



	   c 7   
	0.8
	   c 15   
	2



	   c 8   
	1.86
	   c 16   
	0.88










 





Table 2. Atomic mass and ionization energy for xenon, krypton, and argon.






Table 2. Atomic mass and ionization energy for xenon, krypton, and argon.





	Propellant
	Atomic Mass
	Ionization Energy (eV)





	Xenon
	131.3
	12.13



	Krypton
	83.8
	13.99



	Argon
	39.95
	15.76
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