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Abstract: The flight of a migratory bird-like flapping-wing aircraft is characterized by a low Reynolds
number and unsteadiness. The selection of airfoil profiles is critical to designing an efficient flapping-
wing aircraft. To choose the suitable airfoil for various wing sections, it is necessary to calculate the
aerodynamic forces of the unsteady two-dimensional airfoil with a Reynolds number in the range of
105. While accurate, calculating this by solving the Navier–Stokes equations is impractical for early
design stages due to its high consumption of computing resources and time. The computational
demands for extending it to 3D aerodynamic calculations are even more prohibitive. In this paper,
a relatively simple method is proposed. The two-dimensional unsteady panel method is utilized
to derive the inviscid flow field, the unsteady integral boundary layer method is utilized to solve
the boundary layer viscous flow, and the eN transition model is adopted to predict the position
of the transition. These models are coupled with the semi-inverse interaction method to solve
the aerodynamics of the unsteady low-Reynolds-number two-dimensional airfoil. The unsteady
aerodynamics of the symmetric and cambered airfoils at different wing sections are calculated
respectively by the proposed method. Mechanism analysis of the calculation results is conducted,
and a symmetrical airfoil or a slightly cambered airfoil is recommended for the wing tip, a moderately
cambered airfoil is suggested for the outer-wing section, and a highly cambered airfoil is suggested
for the inner-wing section.

Keywords: flapping-wing airfoil; unsteady; low Reynolds number; integral boundary layer; panel
method

1. Introduction
1.1. Characteristics of the Problem

There are some differences between a flapping-wing and a fixed-wing aircraft. Since
there is no special device to generate thrust, the flapping wing relies on the wing’s flapping
motion to generate thrust and lift at the same time. The airfoil of a bird-like flapping wing
is constantly changing from the root to the tip of the wing. As shown in Figure 1, the airfoil
of the outer wing mainly produces thrust to balance the drag produced during flight, via
unsteady motion; the airfoil of the inner wing mainly provides lift during flight [1]. It is a
challenging problem to design a highly efficient bird-like flapping-wing aircraft with its
own characteristics. In order to achieve this goal, the airfoil needs to be carefully selected
and the principles of airfoil selection need to be understood.

The first characteristic is the relatively low Reynolds number. For large, manned
aircraft, the Reynolds number is relatively high, and the transition often occurs very
quickly; the laminar flow section does not maintain too long a distance on the wing. When
considering the flow characteristics, the full turbulence model of the wing surface is often
utilized. For migratory bird-like flapping-wing aircraft or general migratory birds, by
combining their size and flight speed, we find that their Reynolds numbers in the cruising
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state are generally on the order of 105 [2]. This is very low compared to the Reynolds
number of more than 106 for ordinary manned aircraft, so the common practices for
manned aircraft cannot be followed when calculating lift and drag. Because the boundary
layer is relatively thick and the laminar flow section is relatively long, inviscid methods or
methods that assume fully turbulent flows tend to have relatively large errors. As shown
in Figure 2, laminar flow separation, transition, and turbulent reattachment are the main
flow characteristics in the Reynolds range of 105 [2].

Aerospace 2024, 11, 46 2 of 25 
 

 

combining their size and flight speed, we find that their Reynolds numbers in the cruising 
state are generally on the order of  10ହ [2]. This is very low compared to the Reynolds 
number of more than 106 for ordinary manned aircraft, so the common practices for 
manned aircraft cannot be followed when calculating lift and drag. Because the boundary 
layer is relatively thick and the laminar flow section is relatively long, inviscid methods 
or methods that assume fully turbulent flows tend to have relatively large errors. As 
shown in Figure 2, laminar flow separation, transition, and turbulent reattachment are the 
main flow characteristics in the Reynolds range of  10ହ [2]. 

 
Figure 1. Velocity-vector diagram at different wingspan locations for fast forward flight during 
downward flapping. Here, the lift and drag are defined based on the effective velocity combining 
forward and local flapping velocities. For the entire vehicle, the lift is defined to be normal to the 
forward velocity and the drag or thrust in the horizontal direction. 

 
Figure 2. Viscous flow characteristics of airfoil surface in the Reynolds range of  10ହ. 

The second characteristic is unsteadiness. The lift and thrust of the flapping-wing 
aircraft are provided by the moving wings, and the wings are always in an unsteady state. 
Due to the influence of unsteadiness, the aerodynamic force generated by the moving air-
foil will be different from that of the steady state [3], so the steady method is not suitable 
for calculation. If the reduced frequency k is utilized to describe the unsteadiness of the 
wing, the reduction coefficient of large birds is below 0.2 [4]. 

  

Figure 1. Velocity-vector diagram at different wingspan locations for fast forward flight during
downward flapping. Here, the lift and drag are defined based on the effective velocity combining
forward and local flapping velocities. For the entire vehicle, the lift is defined to be normal to the
forward velocity and the drag or thrust in the horizontal direction.

Aerospace 2024, 11, 46 2 of 25 
 

 

combining their size and flight speed, we find that their Reynolds numbers in the cruising 
state are generally on the order of  10ହ [2]. This is very low compared to the Reynolds 
number of more than 106 for ordinary manned aircraft, so the common practices for 
manned aircraft cannot be followed when calculating lift and drag. Because the boundary 
layer is relatively thick and the laminar flow section is relatively long, inviscid methods 
or methods that assume fully turbulent flows tend to have relatively large errors. As 
shown in Figure 2, laminar flow separation, transition, and turbulent reattachment are the 
main flow characteristics in the Reynolds range of  10ହ [2]. 

 
Figure 1. Velocity-vector diagram at different wingspan locations for fast forward flight during 
downward flapping. Here, the lift and drag are defined based on the effective velocity combining 
forward and local flapping velocities. For the entire vehicle, the lift is defined to be normal to the 
forward velocity and the drag or thrust in the horizontal direction. 

 
Figure 2. Viscous flow characteristics of airfoil surface in the Reynolds range of  10ହ. 

The second characteristic is unsteadiness. The lift and thrust of the flapping-wing 
aircraft are provided by the moving wings, and the wings are always in an unsteady state. 
Due to the influence of unsteadiness, the aerodynamic force generated by the moving air-
foil will be different from that of the steady state [3], so the steady method is not suitable 
for calculation. If the reduced frequency k is utilized to describe the unsteadiness of the 
wing, the reduction coefficient of large birds is below 0.2 [4]. 

  

Figure 2. Viscous flow characteristics of airfoil surface in the Reynolds range of 105.

The second characteristic is unsteadiness. The lift and thrust of the flapping-wing
aircraft are provided by the moving wings, and the wings are always in an unsteady state.
Due to the influence of unsteadiness, the aerodynamic force generated by the moving airfoil
will be different from that of the steady state [3], so the steady method is not suitable for
calculation. If the reduced frequency k is utilized to describe the unsteadiness of the wing,
the reduction coefficient of large birds is below 0.2 [4].
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1.2. Review of Literature

The research on flapping-wing airfoils has been carried out under low Reynolds
numbers, and unsteady conditions have received comparatively little attention. Shyy
Wei [4] studied the performances of different airfoils at low Reynolds numbers but did
not study the lift and thrust characteristics of airfoils under unsteady conditions. Vest [5]
applied an airfoil with thickness and camber instead of a flat airfoil in the flapping-wing
aircraft model but did not consider the effect of viscosity. Carruthers [6] compared the
performance of an eagle airfoil with the S1223 and the traditional Clack Y airfoil in a
steady state, but research under unsteady conditions was not discussed. Lang [7] utilized
the method of solving N–S equations to compare the performance of an owl airfoil with
NACA0012 and NACA5506 under special laws of motion but did not consider the influence
of transitions and applied a full turbulence model in the calculations. Wu [8] utilized the
method of solving N–S equations to study the impact of the surging motion of the airfoil
on performance, without considering the diverse requirements of the airfoils at different
sections. Ashraf [9] studied the effect of varying airfoil thickness and camber on unsteady
airfoils via numerical simulations for fully laminar and fully turbulent flow regimes,
without considering laminar separation and transition. Chang [10] studied the aerodynamic
characteristics of three-dimensional flapping wings, but the changes in demand for the
airfoils at different sections of the wing were not considered, and the same airfoil was
applied throughout the wingspan. DeLaurier [11] designed a flapping wing with an airfoil
that changed continuously from wing tip to wing root, but the viscosity effect was not
considered during the design, and the method for selecting airfoils was not provided.

Research on flapping-wing airfoils can be considered as an exploration of low-Reynolds-
number unsteady airfoils. Anderson [12] conducted experiments to examine the propulsion
efficiency of low-Reynolds-number airfoils. The study delved into the impact of pitch
angle amplitude, Strouhal number (St), and phase angle on thrust and propulsion efficiency.
He found that the thrust coefficient of the airfoil increases with the St number, but the
propulsion efficiency shows an initial increase followed by a decrease as the St number
increases. Young [13] employed a solver for the Navier–Stokes equations to investigate
the propulsion efficiency of low-Reynolds-number airfoils, discovering that maximum
efficiency is consistently achieved at Strouhal numbers ranging from 0.1 to 0.2. Tuncer [14]
utilized the N–S equations solver to study the propulsion efficiency of the airfoil at low
Reynolds numbers with plunge combined with pitch oscillation motion. The study re-
vealed that efficiency reached its peak when the pitch and plunge phase difference was
approximately 90◦. Tuncer [15] studied the thrust and propulsion efficiency of a moving
airfoil using the N–S equations solver. They found that a maximum propulsion efficiency
and maximum thrust cannot be achieved at the same time, and the propulsion efficiency
needs to be sacrificed to achieve maximum thrust.

The above experiments and simulations were carried out under the condition of a fully
laminar flow or fully turbulent flow. For the problem in this article, the Reynolds number
is in the range of 105, and the influence of the transition should be considered. Badrya [3]
found that, when considering the transition model, the airfoil without thickness has an
advantage over the airfoil with thickness in the Reynolds number range of 104, and the
performance of airfoils with thicknesses in the Reynolds number range of 105 is superior.
Windte [16] studied the propulsion efficiency of moving airfoils at low Reynolds numbers
by solving the Reynolds-averaged N–S equations, in which the transition of the boundary
layer was considered; it was found that the transition would greatly affect the propulsion
efficiency. Radespiel [17] studied the laminar flow separation and rotation of unsteady
airfoils with low Reynolds numbers by using PIV experiments and the N–S equations
solver. The results show that separation and rotation have a considerable influence on the
aerodynamics of unsteady airfoils.
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1.3. Shortcomings with Existing Research

Existing studies on flapping-wing aircraft airfoils have some problems. Regarding
computational models, a majority of the studies overlook the transition, opting for either
a full turbulence model or a full laminar flow model. This choice introduces calculation
errors in friction resistance and pressure resistance, failing to accurately reflect the charac-
teristics within the Reynolds number range of 105 [2,3]. Regarding calculation methods,
the commonly used computational fluid dynamics (CFD) method requires solving the
Navier–Stokes equations at every point in space, ensuring high accuracy but consuming
significant computing resources. For specific issues related to flapping-wing aircraft, such
as unsteady problems and fluid–structure coupling problems, the time required for solu-
tions is often impractical for application in the initial design process. Although the inviscid
method is fast in calculation, it cannot calculate frictional resistance and it cannot capture
low-Reynolds-number characteristics. Additionally, most studies on flapping-wing aircraft
airfoils rely on empirical data and static aerodynamic force calculations, lacking a sys-
tematic investigation into different airfoils at various wing positions during motion [4,18].
Given the distinct performance requirements of airfoils at different wing sections, current
research falls short in effectively explaining the principles and mechanisms governing the
selection of flapping-wing airfoils.

1.4. The Innovations and Work of This Article

This article is the first attempt to apply the integral boundary layer equations com-
bined with the panel method to study the aerodynamic performance of a flapping-wing
airfoil. This article proposes a method that can quickly and accurately calculate the
unsteady two-dimensional low-Reynolds-number aerodynamic forces. The calculation
model adopted is the unsteady integral boundary layer method combined with the two-
dimensional panel method and the eN transition model. The coupling problem of the
boundary layer and inviscid flow is solved by the semi-inverse interaction method. This
method can accurately and quickly calculate unsteady aerodynamic forces without neglect-
ing the characteristics of the 105 range Reynolds number and is suitable for application in
the early design stage.

This is the first time that the problem of airfoil selection at different sections of a
flapping wing has been studied under unsteady conditions and considering transitions
at low Reynolds numbers. The thrust coefficients, lift coefficients, propulsion efficiency,
and moment coefficients of airfoils with different cambers at different sections of the wing
during movement are calculated, respectively. The analysis includes the surface pressure
coefficient, lift coefficient, thrust coefficient, and moment coefficient for a representative
airfoil across different sections of the wing in a complete motion cycle. Results are then
systematically analyzed and compared based on the distinct requirements for airfoils
at various sections of the flapping wing. Ultimately, the study provides an explanation
of the characteristics exhibited by different unsteady airfoils in distinct wing sections,
accompanied by the formulation of principles guiding the selection of flapping airfoils.

2. Theoretical Method

According to Prandtl’s description of the boundary layer, the flow field can be divided
into the boundary layer and the external flow field, enabling separate solutions and sig-
nificantly enhancing calculation efficiency. The boundary layer equation is employed for
solving the boundary layer problem, and the inviscid equation is utilized to calculate the
external flow field. Eventually, the influence of the boundary layer on the external flow
field is considered in a combined solution. This method has sufficient precision and is
particularly suitable for the problem discussed in this paper, given the absence of airflow
separation at the leading edges and the extensive trailing edge separations. In address-
ing the low-speed problem in this article, the incompressible flow assumption is made,
allowing for appropriate simplification of the formulas.
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2.1. Boundary Layer Calculation

Diverging from the comprehensive calculation of the global flow field, which ne-
cessitates the determination of parameters at every point within the boundary layer, the
integral boundary layer method focuses solely on computing parameters along the airfoil
surface. This approach significantly diminishes the number of unknowns, thereby reducing
computational complexity. The simplicity of the integral boundary layer method renders
it widely applicable in engineering [19–21], and it demonstrates adequate accuracy for
various conventional problems.

2.1.1. Momentum and Kinetic Energy Equations

To simulate the laminar flow separation, the two-equation integration method is
employed [22–24]. The integral form of the momentum equation and kinetic energy
equation are obtained by integrating the differential form of the continuity equation and
the momentum equation along the thickness of the boundary layer. In the case of unsteady
conditions, the influence of the time t term should be added. The momentum and kinetic
energy equations for the boundary layer can be ultimately reformulated as [20,25]

∂(Hθ)

∂t
+

∂

∂x
(ueθ) =

C f

2
ue − (θ + Hθ)

∂ue

∂x
− Hθ

ue

∂ue

∂t
(1)

∂(Hθ + θ)

∂t
+

∂

∂x
(ueH∗θ) = CDue − 2H∗θ

∂ue

∂x
− 2

θ

ue

∂ue

∂t
(2)

2.1.2. Laminar Integral Equations

To solve the laminar boundary layer, in addition to the momentum and kinetic en-
ergy equations, it is necessary to introduce the additional relationships of H∗, C f , and
CD. Drela [26] derives the following relationship, employing the Falkner–Skan profile
family [27] for a given shape parameter, for the incompressible flow:

H∗ = 1.515 + 0.076 (4−H)2

H , H < 4

= 1.515 + 0.040 (H−4)2

H , H > 4
(3)

Reθ
C f
2 = −0.067 + 0.01977 (7.4−H)2

H−1 , H < 7.4
= −0.067 + 0.022(1 − 1.4

H−6 )
2, H > 7.4

(4)

Reθ
2CD
H∗ = 0.207 + 0.0205(4 − H)5.5, H < 4

= 0.207 − 0.003 (H−4)2

(1+0.02(H−4)2)
, H > 4

(5)

2.1.3. Turbulence Integral Equations

The turbulent boundary layer similarly encounters separation issues, where the sep-
aration zone expands gradually from the tail of the airfoil under an increase in angle of
attack. To solve this problem, the two-equations model [28–30] is introduced, similar to the
approach applied for laminar flow. In tackling the turbulent boundary layer, it is necessary
to introduce the additional relationships of H∗, C f , CD, and Cτ . For the coefficient of
friction C f , Swafford’s [31] relation for the coefficient of friction under separated flow is
applied here for incompressible flow:

C f = 0.3e−1.33H[
log10(Reθ)

]−1.74−0.31H

+0.00011
[
tanh

(
4 − H

0.875

)
− 1

] (6)
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Drela [26] applied Swafford’s velocity profile to establish the relationship for H∗ − H:

H∗ = 1.505 + 4
Reθ

+

(
0.165 − 1.6

Re1/2
θ

)
(H0−H)1.6

H , H < H0

= 1.505+ 4
Reθ

+ (H − H0)
2
[

0.04
H +

0.007 log Reθ

(H−H0+4/log Reθ)
2

]
, H > H0

(7)

where H0 is defined as
H0 = 4, Reθ < 400

= 3+ 400
Reθ

, Reθ > 400 (8)

According to the concept of slip velocity introduced by Thomas [32], and considering
the influence of the boundary wall surface layer and the outer layer, the equation of the
dissipation coefficient CD is [26]

CD =
C f

2
US + Cτ(1 − US) (9)

The dimensionless slip velocity Us is defined as

US =
H∗

2

(
1 − 4

3
H − 1

H

)
(10)

For Cτ in unsteady cases, following Green’s “lag-entrainment” equation [30], Ye [25]
proposed a relatively simple formula considering unsteady effects:

∂( ue
u Cτ)
∂t + ∂(ueCτ)

∂x = Cτue
δ Kc

(
C0.5

τEQ − C0.5
τ

)
− ue

u
2Cτ
ue

∂ue
∂t − Cτ

∂ue
∂x (11)

CτEQ is the equilibrium shear stress coefficient [25].

2.1.4. Transition

The transfer model is based on the linear stability theory [33,34]. The fundamental
concept involves introducing small perturbations to a stable laminar flow and observing
whether these perturbations diverge or dissipate over time. If the disturbance vanishes,
the flow remains laminar. If the disturbance persists and increases to a threshold of
approximately eN times the initial disturbance (typically N = 9, so about 8000 times), then
the flow may undergo a transition to turbulence.

Provided the overall amplification factor N of the flow is greater than 9, it is considered
that the transition occurs. Under different frequency disturbances and different pressure
gradients, the growth curve of the disturbance based on the Falkner–Skan velocity profile
family can be calculated by the Orr–Sommerfeld equation [35], and the envelope of these
growth curves can be regarded as a straight line [36]. N can be calculated as [26]

N =
∫ Reθ

Reθcr

dN
dReθ

(H) dReθ (12)

Reθcr is the Reynolds number of the boundary layer momentum thickness when the
disturbance begins to appear.

2.2. 2-D Unsteady Panel Method
2.2.1. Panel Method Model

This paper adopts the steady method similar to Hess (HSPM) [37] and improves it, to
make it suitable for computing unsteady situations, as shown in Figure 3.
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The airfoil geometry is represented by short, straight line elements called panels. There
are two types of elements in this method: the source panel and the vorticity panel. The
strength of the source is constant, and the value of each unit is different; the strength of the
vorticity is also constant but uniform across all vorticity panels on the airfoil. For unsteady
flows, the element strength varies with time, so the time step tk is introduced. The line
source strength (σi)k and the line vorticity strength τk need to be solved at each time step.
According to the Helmholtz theorem, the total circulation in the flow field is conserved,
so the change of the circulation Γ on the airfoil surface must cause a change of equal
magnitude and opposite sign in the wake. In unsteady conditions, the wake vorticity panel
will shed from the trailing edge. According to Helmholtz’s theorem,

Γk + lshed(τshed)k = Γk−1 (13)

where lshed is the length of the shed vorticity panel, and τshed is the strength of the shed
vorticity panel. As time progresses, the wake vorticity panel is continuously shed, and
a vorticity line with varying strength is generated behind the airfoil. The strength of the
first wake panel needs to be calculated with the airfoil vorticity. Starting from the second
wake panel, the calculation is carried out according to the total vorticity of the wake, with
the vorticity panels remaining unchanged. In the unsteady viscous case, both the wake
vorticity panels and the wake source panels

(
σwake,j

)
k

should be included to simulate the
boundary layer thickness effect. It is assumed that the viscous wake flows smoothly along
the trailing edge of the airfoil with zero thickness.

2.2.2. Wake Shape

The source panels and vorticity panels on the airfoil surface will affect the wake,
and the wake vorticity panels will also affect themselves. The wake vorticity panels
do not bear forces in the airflow, and each wake node moves with the airflow. This
complexity arises when dealing with unsteady and viscous cases, in contrast to steady and
inviscid scenarios. Generally, knowing the position of the wake node at time k − 1 and
velocity [uwake, wwake]k−1, allows for determination of the position of the wake vortex line
node at time k. The position of the wake source panels is the same as that of the wake
vorticity panels.

2.2.3. Boundary Layer Thickness Effect

In the case of a low Reynolds number, the boundary layer is thick relative to the airfoil.
The displacement effect caused by the influence of the viscous boundary layer will affect
the inviscid flow field, so the influence of the boundary layer on the overall flow field
should be considered in the calculation. The presence of the boundary layer results in a loss
of mass flow compared to the inviscid flow field. In order to maintain the mass continuity
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in the inviscid flow field, it is necessary to move the boundary outward by the displacement
thickness δ∗ of the boundary layer to solve the problem. To simulate displacement effects,
a series of additional source panels of strength σp(s) are added to the airfoil surface, which
generate a virtual wall mass flow wp(s) (s is the line coordinate). The required additional
line source strength is

σp(s) = wp(s) =
1
ρ

dm
ds

=
d(ueδ∗)

ds
(14)

2.3. Equation Creation

The Neumann boundary condition is used here, which assumes that the velocity
does not penetrate the airfoil surface and the normal velocity at the airfoil surface and
viscous wake control points is zero. According to the unsteady Kutta condition [38] at the
trailing edge, [(

Vt
air f oil

)
1

]2

k
−

[(
Vt

air f oil

)
N

]2

k
= 2

[
∂(ϕN − ϕ1)

∂t

]
k

(15)

where
(

Vt
air f oil

)
1

and
(

Vt
air f oil

)
N

are the tangential velocity of the trailing edge of the airfoil
at time k, and ϕ1 and ϕN are the velocity potentials at the trailing edge at time k.

2.4. Viscous/Inviscid Interaction

The method in this paper divides the entire flow field into two parts: the inviscid
flow field region outside the boundary layer and the thin viscous shear layer region. In
order to solve the entire flow field, an appropriate coupling method is required. In order to
solve the Goldstein singularity problem [39] in the coupling problem, this paper adopts
the semi-inverse coupling method [40,41]. This coupled method solves the velocity on the
outer surface of the boundary layer in both the forward solution process and the reverse
solution process, as shown in Figure 4. In the forward solution process, using δ∗ and
Equation (14), the influence of the boundary layer thickness effect on the surface flow
field can be obtained. The forward velocity ueI can be calculated using linear equations
combined with the known panel strength and additional line source strength. In the reverse
solution process, by combining the relationship between δ∗ and θ (H = δ∗/θ) and the
boundary layer equations, Newton’s method [26] can be utilized to solve the nonlinear
equations to obtain the reverse velocity ueV . To ensure the convergence of the calculation,
the Crank–Nicolson [42] method is utilized to discretize the boundary layer Equations (1),
(2) and (11). In the low-velocity boundary layer flow, the boundary layer flow tends to
maintain mass flow conservation: ueδ∗ = constant. According to this concept, after the n-th
iteration in the iterative calculation, the new displacement thickness is

δ∗n+1 = δ∗n
ueV,n

ueI,n
(16)
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In the iteration, the relaxation factor RF can be used to improve the convergence speed
and reduce calculation time:

δ∗n+1 = RF × δ∗n+1 + (1 − RF)× δ∗n (17)

The calculation is iterated until the error between ueV,n and ueI,n is less than the
error limit.

2.5. Performance Parameter

In unsteady flows, according to the unsteady Bernoulli theorem [38],

Cp =
p − p∞

(1/2)ρQ2
∞

=

(
Qmove

Q∞

)2
−

(
Q

Q∞

)2
− 2

Q2
∞

∂ϕ

∂t
(18)

where Qmove is the motion velocity on the airfoil relative to the fixed coordinate system,
Q is the airflow velocity on the airfoil, and ϕ is the velocity potential. The airfoil makes a
pitch motion around the 1/4 chord line and is coupled with plunge motion. The moving
airfoil generates a time-varying horizontal thrust Fx(t), vertical lift Fy(t), and airfoil torque
M(t). Fx, Fy, and M are the time-averaged thrust, lift, and torque within a cycle:

Fx =
1
T

∫ T

0
Fx(t)dt (19)

Fy =
1
T

∫ T

0
Fy(t)dt (20)

M =
1
T

∫ T

0
M(t)dt (21)

P is the average power of a cycle; it incorporates the work done by the plunge motion
and pitch motion:

P =
1
T

(∫ T

0
Fy(t)

dh
dt

(t)dt +
∫ T

0
M(t)

dα

dt
(t)dt

)
(22)

For convenience of discussion and research, dimensioned quantities can be trans-
formed into dimensionless coefficients:

Ct =
Fx

1
2 ρcQ2

(23)

Cl =
Fy

1
2 ρcQ2

(24)

Cm =
M

1
2 ρc2Q2

(25)

Cp =
P

1
2 ρcQ3

(26)

Propulsion efficiency is defined as the ratio of the thrust coefficient to the power
coefficient:

ηP =
Ct

CP
(27)

3. Method Validation

In order to verify the validity of the calculation method, the analysis and verification
of the steady state and the unsteady state are carried out, respectively.
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3.1. Steady State Situation

As shown in Figure 5a, the airfoil surface pressure coefficient of the NACA4415
airfoil at a Reynolds number of 235,000 and an angle of attack of 4◦ is compared with
the experimental and Xfoil [19] calculation results. The experimental data come from
LeBlanc [43]. As shown in Table 1, as the airfoil panel numbers increase, the relative
errors of the force coefficients decrease, which demonstrates convergence. Considering the
calculation accuracy and time cost, the number of airfoil panels is selected to be 144 for all
subsequent simulations in this paper. It can be seen that this method is in good agreement
with the experimental results. It shows that the laminar flow separation occurs on the
upper surface under the adverse pressure gradient, and the position of the transition and
reattachment are predicted. For the area of laminar flow separation, the change of pressure
coefficient is small, forming a shape similar to a step, and the pressure coefficient drops
rapidly after transition. The reverse pressure gradient on the lower surface is very small, to
maintain laminar flow without separation and transition.
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Table 1. The influence of the panel numbers on calculation results.

Airfoil Panel Numbers 48 96 144

Cl 0.835 0.848 0.850
Cd 0.0136 0.0129 0.0127

As shown in Figure 5b, after laminar flow separation, the momentum thickness of the
boundary layer increases significantly in the area where the separation bubble exists. After
the transition occurs, the momentum thickness suddenly decreases when the flow becomes
turbulent and gradually increases until the trailing edge.

In addition to the airfoil surface pressure coefficient, it is also necessary to compare
the boundary layer parameters for the method and experiment. For the NACA4415 airfoil,
when the Reynolds number is 235,000 and the angle of attack is 4◦, the upper airfoil
boundary layer shape parameter H and momentum thickness θ are compared with the
Xfoil and experiments, as shown in Figure 6. It can be seen that there is a sudden change in
the shape parameter H and momentum thickness θ near the transition point, and the result
is in good agreement with the experiment.

In practice, we are more interested in the lift and drag coefficients of the airfoil at
low Reynolds numbers. As shown in Figure 7, for the NACA4415 airfoil at a Reynolds
number of 334,000, the calculation results of the lift coefficient Cl , drag coefficient Cd, and
moment coefficient Cm are compared with the Xfoil, Fluent v18.1 software and experimental
results. Fluent is a general commercial software based on the N–S equations. The settings
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in Fluent are as follows: the turbulence model is the k–ω model, the turbulence model is
the γ− Reθ model; the velocity–pressure coupling algorithm is SIMPLEC; and the space-
specific dissipation rate is discretized with a second-order upwind scheme. The number of
the cells is 69,940. Experimental data are from Jacobs [44].
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It can be seen that the lift–drag characteristics match well when the angle of attack is
not too large. As the angle of attack increases, the calculation error of the lift–drag ratio
gradually increases. This may be because the separation of the trailing edge becomes more
serious as the angle of attack increases.

3.2. Unsteady State Situation

For the unsteady viscous case, the calculation results of Fluent and the experimental
results of Carta [45] are compared with the calculation results. The setup in Fluent is
generally the same as the static case, and the overset mesh is applied to calculate the dy-
namic characteristics. The experiment used the SC1095 airfoil, the experimental Reynolds
number is 315,000, the airfoil makes periodic pitching motions around the 1/4 axis, the
reduction coefficient of pitching motion is k = 0.25, and the law of pitching motion is
α(t) = 9

◦
+ 5

◦
sin(ωt). The experimental values and calculation comparisons of the un-

steady vertical force coefficient on the airfoil are shown in Figure 8a.
It can be seen that the calculations are in good agreement with the Fluent calculations

and experiments. The settings of the present method in the article and Fluent are the
same as the static situation, and the overlapping grids method in Fluent is utilized to
calculate the unsteady aerodynamic force. In Fluent, the calculations are performed with
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200 time steps per cycle, utilizing a total around 105 cells, which is deemed sufficient for
comparison purposes [46]. The lift force coefficients at different time steps are presented in
Figure 8b. Small discrepancies can be seen in the force coefficients between the three time
steps. Considering the calculation accuracy and time cost, 48 steps per period is selected
for all subsequent simulations in this article. The numerical calculations are performed on
a Lenovo Intel(R) Core(TM) i7-4710MQ CPU @ 2.50 GHz. It takes about 100 min for Fluent
to calculate one cycle of airfoil motion, and the method in this article takes less than 5 min.
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4. Results and Discussion
4.1. Wing Model

The flapping-wing aircraft’s original configuration was modeled after the Canada
Goose. As shown in Figure 9, assuming that the half-wing-span of the flapping wing is
0.8 m, the aspect ratio of the wing is 6, and the root-to-tip ratio is 2 with a wing root chord
length of 0.3 m. With a flight velocity during migration of 15 m/s, the corresponding
Reynolds number ranges from 187,500 to 375,000. The reduced frequency k of large migra-
tory birds is below 0.2 [1]. Initially, the reduced frequency k is set to be around 0.15, the
average aerodynamic chord length is used in the calculation of the reduced frequency, and
the flapping period is set to 0.314 s.
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The operational conditions of the airfoil profiles vary at each span of the flapping
wing, necessitating distinct requirements for each airfoil. As shown in Figure 9, three
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characteristic chords are identified: the wing tip chord, the chord at 0.67 times the span,
and the chord at 0.33 times the span of the wing. The suitability of each airfoil for its
corresponding location on the wing needs to be investigated.

Different airfoils are analyzed under the relatively simple sinusoidal motion law. The
airfoils studied are the symmetrical NACA0012, NACA2412 with 2% camber, NACA5412
with 5% camber, and GOE225 with 7% camber, as shown in Figure 10. We discuss the
influence of different motion parameters on the thrust coefficient, lift coefficient, moment
coefficient, and propulsion efficiency at different average angles of attack as a function of
the pitch amplitude. The law of airfoil motion is

α(t) = αaver − αmax × sin
(

2π

T
t + φ

)
(28)

h(t) = hmax cos
(

2π

T
t
)

(29)

where α(t) represents the geometric angle of attack of the airfoil, αmax is the pitch amplitude
of the airfoil, and αaver is the average angle of attack of the airfoil motion. Additionally, h(t)
is the displacement of the plunge motion, hmax is the plunge amplitude, T is the period time
of the motion, and φ is the phase difference between the pitch motion and plunge motion.
The schematic diagram of the combination of airfoil pitch and plunge motions at different
moments is shown in Figure 11a. As shown in Figure 11b, due to the movement of the
airfoil, the resultant aerodynamic force will have a thrust component. The effective angle
of attack of the airfoil is influenced by the combined effect of plunge and pitch motions and
the induced velocity of the wake.
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4.2. Wingtip Airfoil

The thrust of the entire aircraft is predominantly generated by the outer wing. The
forward flight velocity is 15 m/s, the cycle time is T = 0.314 s, and the reduced frequency
is k = 0.1. Assuming the wing-flapping dihedral angle is 30◦ and the plunge amplitude is
hmax/c = 2.75, the Strouhal number is St = 0.143. According to Anderson [12], a pitch phase
lag improves thrust and propulsion efficiency, so we let φ = −15

◦
. The Reynolds number

of the wingtip is Re = 187,500. As shown in Table 2, different airfoils with different average
angles on the wingtip are studied.

Table 2. Different airfoils with different average angles on wingtip chord.

Airfoil

Case 1 NACA0012 αaver = 0
◦

Case 2 NACA0012 αaver = 3
◦

Case 3 NACA2412 αaver = 1
◦

Case 4 NACA2412 αaver = 3
◦

Case 5 NACA5412 αaver = 0
◦

Case 6 NACA5412 αaver = 2.5
◦

Case 7 GOE225 αaver = 0
◦

The variations in thrust, lift, moment coefficient, and propulsion efficiency under
changes in pitching amplitude are shown in Figure 12. It can be seen that the thrust
coefficient increases as the pitch amplitude decreases. The lift coefficient, influenced by the
camber of the airfoil and the average angle of attack, can be roughly categorized into four
levels. The moment coefficient appears to be primarily related to the camber of the airfoil,
exhibiting a rapid increase with higher camber values. The propulsion efficiency initially
increases and then decreases with the pitch amplitude.

It can be seen from Case 1 that the thrust coefficient is large when the airfoil pitch
amplitude is small. The pitch amplitude does not decrease to zero because the calculation
stops when the trailing edge of the airfoil has a relatively large separation (about 1/4 of
the chord length). The effective angle of attack of the airfoil is influenced by the combined
effect of plunge and pitch motions and the induced speed of the wake. With a small airfoil
pitch amplitude, the effective angle of attack of the airfoil is relatively large, resulting in
a large thrust coefficient. The propulsion efficiency has a maximum value, decreasing
if the pitch amplitude is excessively large or small. When the pitch amplitude is overly
small, a substantial effective angle of attack is generated in the airfoil motion, leading to
airflow separation and a reduction in the lift-to-drag ratio. When the pitch amplitude is
excessively large, the effective angle of attack of the airfoil is small, resulting in a very low
lift-to-drag ratio.

Comparing Case 1 with Case 2 and Case 3, it can be seen that when lift generation is
not considered, the thrust coefficient and propulsion efficiency of the NACA0012 airfoil are
highest. Considering the generation of lift, the airfoil with small camber NACA2412 has
advantages in terms of thrust and propulsion efficiency compared with NACA0012. The
moment coefficient changes slightly with the maximum pitch amplitude. The NACA0012
airfoil is symmetrical, so the moment coefficient is almost zero, and the NACA2412 moment
coefficient is well controlled, with only a small moment coefficient. Comparing Case 4 with
Case 3, the lift coefficient is larger but the thrust coefficient and propulsion efficiency are
smaller. In the comparison between Case 4 and Case 5, under similar lift coefficients, the
NACA5412 airfoil demonstrates a better thrust coefficient and propulsion efficiency, but
the moment coefficient is greater than that of the NACA2412 airfoil. Excessive moment
coefficients can increase the trim drag of the entire aircraft, offsetting some of the benefits
in lift and propulsion efficiency. Under the same stability margin, the airfoil with a large
moment has a large trim drag. Case 6 and Case 7 are comparisons of the medium-camber
airfoil NACA5412 and the large-camber airfoil GOE225 for similar lift coefficients. It can be
seen that the thrust coefficient and propulsion efficiency are dominated by GOE225, but
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the moment coefficient of the large-camber airfoil is obviously large, and the maximum
thrust coefficient is small.
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In a comprehensive assessment, the airfoil with a smaller camber exhibits a stronger
ability to generate thrust and has a higher propulsion efficiency. For the same airfoil, as the
lift coefficient increases, the thrust coefficient and propulsion efficiency decrease. When the
thrust coefficient and the lift coefficient are required simultaneously, increasing the camber
of the airfoil is more effective than increasing the angle of attack of the airfoil. Deviating too
much from the average angle of attack of zero degrees results in poor propulsion efficiency.
A higher camber is relatively unsuitable for generating thrust, as cambered airfoils are
designed for positive angles of attack, and the lift-to-drag ratio performs poorly at negative
angles of attack. A larger cambered airfoil means a higher moment coefficient. For the
flapping-wing aircraft, a small camber airfoil should be selected at the wing tip.

To investigate the performance of the airfoil surface, the pressure distribution on the
wingtip NACA2412 airfoil surface, along with the lift coefficient, thrust coefficient and
moment coefficient during one cycle, are presented. The motion parameters are taken from
Case 2, and the pitch amplitude αmax = 17

◦
.

As shown in Figure 13, when t/T = 0.5 and t/T = 1, it can be seen that the effective
angle of attack is within the range of small angles of attack, and the phenomena of laminar
separation and transition occur on the upper and lower surfaces of the airfoil. At t/T = 0.25,
the airfoil is in a high angle of attack, and laminar flow separation and transition occur in a
short distance on the upper surface of the airfoil. There is obviously a section of the trailing
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edge where the pressure coefficient remains unchanged, indicating trailing edge airflow
separation. The lower airfoil maintains laminar flow without transition. At t/T = 0.75, it
is in a state of a large negative angle of attack, and it can be seen that the airflow velocity
on the lower surface of the airfoil increases rapidly at a large negative angle of attack. The
effective angle of attack of the wingtip airfoil undergoes significant changes during motion,
enabling the generation of a large thrust coefficient in both the downward and upward
phases.
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As shown in Figure 14, the lift coefficient during a cycle is generally a sinusoidal 
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during the upstroke. The positive lift coefficient is numerically greater than the negative 
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Figure 13. The pressure coefficient of the upper and lower surface of the NACA2412 airfoil from Case
2 with αmax = 17

◦
on the wingtip at different times during the period.

As shown in Figure 14, the lift coefficient during a cycle is generally a sinusoidal
pattern. It is predominantly positive during the downstroke and predominantly negative
during the upstroke. The positive lift coefficient is numerically greater than the negative
lift coefficient, so the lift coefficient within the entire cycle is positive. The thrust coefficient
is positive in both the upstroke and downstroke motions, with a notably greater thrust
coefficient during the downstroke than in the upstroke. The moment coefficient varies with
the angle of attack, and it seems that the moment coefficient will be larger when the angle
of attack is small.
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4.3. Outer-Wing Airfoil

The current focus is on studying the airfoil performance at the outer section of the wing
at 0.67 times the wingspan. The outer part of the wing needs to generate both thrust and lift,
which meets more requirements than the wingtip. Based on the previous discussion, it is
suggested to select a cambered airfoil for this purpose. The motion of the outer-wing section
is determined by the wingtip, assuming the entire wing adopts a linear twist. Following the
motion laws of wingtips, the period is T = 0.314 s; thus, the reduced frequency is k = 0.133.
The plunge amplitude of the airfoil at 0.67 span is hmax/c = 1.33, and the Strouhal number
is St = 0.113. The phase difference is φ = −15

◦
. The Reynolds number is 250,000. As shown
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in Table 3, different airfoils with different average angles on the outer wing chord were
examined.

Table 3. Different airfoils with different average angles on outer wing chord.

Airfoils

Case 1 NACA2412 αaver = 3
◦

Case 2 NACA5412 αaver = 0
◦

Case 3 NACA2412 αaver = 5
◦

Case 4 NACA5412 αaver = 2
◦

Case 5 GOE225 αaver = 0
◦

Case 6 NACA5412 αaver = 4
◦

Case 7 GOE225 αaver = 2
◦

As shown in Figure 15, the variation laws of parameters such as the thrust coefficient
of the airfoil are generally the same as those obtained at the wingtip airfoil. However, due
to the reduced plunge amplitude, the thrust coefficient and propulsion efficiency are much
smaller compared to the wingtip cases. The lift coefficients are categorized into three levels,
to analyze the performance under different lift coefficients.
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Through the comparison of Case 1 and Case 2, it can be seen that when the average
lift is close, the NACA5412 airfoil exhibits advantages in thrust coefficient and propulsion
efficiency. However, this comes at the cost of an increased moment coefficient compared to
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the NACA2412 airfoil. Comparing Case 3, Case 4, and Case 5, we see that when the average
lift coefficient is moderate, the small-camber NACA2412 airfoil experiences a significant
decrease in propulsion efficiency and thrust coefficient due to excessive deviation from
the average zero angle of attack. The performance of the large-camber GOE225 airfoil is
similar to the medium-camber NACA5412 airfoil in thrust coefficient and lift coefficient,
but the moment coefficient is noticeably increased. The medium-camber NACA5412 airfoil
performs well in terms of thrust coefficient and propulsion efficiency, with a moderately
increased moment coefficient. From Case 6 and Case 7, it can be seen that although the
lift coefficient increases under a higher average angle of attack, the thrust coefficient and
propulsion efficiency decrease substantially, necessitating a trade-off in actual use.

In a comprehensive assessment, the airfoils at the outer-wing section must take into
account thrust and lift requirements simultaneously. At the same time, avoiding an exces-
sively large moment coefficient, which increases trim drag, is essential. It is appropriate to
select a medium-camber airfoil at the outer wing, and to ensure that the average angle of
attack of the airfoil remains small during use.

Similarly, the airfoil pressure distribution of the NACA5412 airfoil at 0.67 of the
wingspan, as well as the lift coefficient, thrust coefficient, and moment coefficient during
the period, are studied. The motion parameters are taken from Case 4, and the pitch
amplitude αmax = 10

◦
.

As shown in Figure 16, when t/T = 0.5 and t/T = 1, the airfoil is in a state of a small
angle of attack, and laminar flow separation and transition have occurred on the upper and
lower surfaces. At this time, the lift force of the airfoil is small and the lift-to-drag ratio is
poor. At t/T = 0.25, the airfoil is in a high angle of attack. Compared with the small-camber
airfoil, the airflow velocity on the upper airfoil surface is not very fast. It can also be seen
that airflow separation has occurred at the trailing edge. At t/T = 0.75, the airfoil is in a
large negative angle of attack. The velocity of the lower airfoil surface increases rapidly at
the leading edge to form a sharp suction peak, and laminar flow separation and transition
occur on the upper airfoil surface near the trailing edge. This indicates that the cambered
airfoil is not suitable for operating under negative angles of attack. Compared with the
wing tip, the effective angle of attack range of the outer wing is not very large, and the
thrust generated is smaller. However, due to the larger camber and average angle of attack
of the airfoil, the overall lift coefficient is also larger.
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As shown in Figure 17, throughout the entire cycle, the airfoil lift coefficient is larger
than that of the wingtip airfoil. The negative lift coefficient during the upstroke is smaller,
but it still produces negative lift coefficients during the upstroke. The thrust coefficient of
the airfoil is smaller than that of the wingtip airfoil in the whole cycle, and almost no thrust
is generated during the upstroke. The law of the moment coefficient is roughly the same as
that of the airfoil at the wingtip, but the absolute value is larger due to the difference of
the airfoil.
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4.4. Inner-Wing Airfoil

Finally, the airfoil performance at the inner section of the wing, located at 0.33 times the
wingspan, is examined. The inner wing primarily generates lift, so a small-camber airfoil is
not considered. The period is still T = 0.314 s, and the reduced frequency is k = 0.167. The
plunge amplitude of the airfoil at 0.33 span is hmax/c = 0.53, and the Strouhal number is
St = 0.0565. The phase difference is φ = −15

◦
. The Reynolds number is 325,000. As shown

in Table 4, different airfoils with different average angles on the inner wing chord are under
examination.

Table 4. Different airfoils with different average angles on inner wing chord.

Airfoil

Case 1 NACA2412 αaver = 8
◦

Case 2 NACA5412 αaver = 5
◦

Case 3 GOE225 αaver = 3
◦

Case 4 NACA5412 αaver = 7
◦

Case 5 GOE225 αaver = 5
◦

Case 6 GOE225 αaver = 7
◦

According to Figure 18, due to the small Strouhal number, the thrust coefficient of
the inner-wing section is very small, and the propulsion efficiency is very low. When the
maximum pitch amplitude is relatively large, the airfoil even creates drag over the entire
motion cycle. In this case, the propulsion efficiency is assumed to be zero. Therefore, the
inner wing should focus on generating lift, leaving the task of generating thrust to the outer
section of the wing.

According to Case 1, Case 2, and Case 3, the lift coefficient and thrust coefficient of
the small-camber airfoil are relatively poor, suggesting that it is entirely unsuitable as an
airfoil for the inner wing. When the lift coefficient is not particularly large, the thrust
coefficient and lift coefficient of the airfoil with medium camber are not as good as those
of the airfoil with a large camber. According to Case 4 and Case 5, the medium-camber
airfoil does not perform well when a large lift coefficient is required. The performance
of the large-camber airfoil is significantly better than that of the medium-camber airfoil
after paying the price of a larger moment coefficient. According to Case 6, the large-camber
airfoil has the potential to increase the lift coefficient. From the perspective of lift-to-drag
ratio, it is not recommended that the inner-wing airfoil have a large range of effective angles
of attack. It is best for the airfoil to work within the range of the angle of attack where the
lift-to-drag ratio is largest. The large camber airfoil has inherent advantages for situations
where lift is mainly required.
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The pressure distribution of the GOE225 airfoil at 0.33 times the span of the wing, as
well as the lift coefficient, thrust coefficient, and moment coefficient during one cycle, are
studied. The motion parameters are taken from Case 5, and the pitch amplitude αmax = 4

◦
.

From Figure 19, it can be seen that when t/T = 0.5 and t/T = 1, the airfoil operates at
an effective medium angle of attack. The upper airfoil surface has a laminar separation
and transition, and the airfoil is near the angle of attack of the maximum lift–drag ratio.
At t/T = 0.25, the airfoil adopts a large angle of attack, and the pressure coefficient on the
upper surface, near the trailing edge, remains unchanged, signifying the occurrence of
airflow separation. At t/T = 0.75, the airfoil is at a small angle of attack, and there is laminar
flow separation and transition on both the upper and lower surfaces. From the pressure
coefficient curve, the airfoil effective angle of attack is always near the best lift–drag ratio
angle of attack, which is beneficial for generating lift.

As shown in Figure 20, the lift coefficient remains positive throughout the entire cycle
and is much larger than that of the airfoil in the outer section of the wing. While the airfoil
exhibits a positive lift coefficient during the upstroke, it is notably smaller than during the
downstroke. Due to the weak unsteadiness, the thrust coefficient remains small throughout
the cycle. The moment coefficient exhibits minimal variation in the whole cycle and is
significantly larger than that of the airfoil with a medium camber at the outer wing.
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Figure 19. The pressure coefficient of the upper and lower surfaces of the GOE225 airfoil from Case 5
with αmax = 4

◦
on the outer-wing chord at different times during the period.
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5. Conclusions

In order to select a suitable airfoil in the early stages of flapping-wing design, a
relatively simple method is developed to calculate the unsteady two-dimensional airfoil
aerodynamic forces with a Reynolds number in the range of 105. The method adopts the
integral laminar and turbulent boundary layer model of the two-equation method, the eN

transition model, and the unsteady two-dimensional panel method. To couple these models,
the semi-inverse interaction method is utilized. Under this method, the thrust coefficient,
lift coefficient, propulsion efficiency, and moment coefficient of different airfoils under
different motion laws are respectively studied. The study delves into flow characteristics
across different wing sections, analyzing the performance of distinct airfoils under unsteady
conditions; the selection principles of flapping airfoils are given. The conclusions of this
article are as follows:

1. The method proposed in this article can quickly and accurately calculate the steady
and unsteady aerodynamic forces of the airfoil in a Reynolds number range of 105.
This method can exhibit typical low-Reynolds-number phenomena, such as laminar
flow separation, transition, and turbulent separation at the trailing edge. Compared
with the inviscid model, it can more accurately calculate the viscous aerodynamic
force. Compared with the method of solving the global N–S equations, it saves a lot
of time and is suitable for the early design stage.

2. The lift coefficient of the unsteady airfoil increases with the increase of the airfoil
camber and average angle of attack, and the thrust coefficient decreases with the
increase of the airfoil camber and average angle of attack. The propulsive efficiency of
the same airfoil increases and then decreases with pitch amplitude, and airfoils with
a small curvature and big plunge amplitude have a high propulsive efficiency. The
moment coefficient only increases with the airfoil camber.

3. The airfoil’s camber significantly impacts the lift coefficient, thrust coefficient, and
propulsion efficiency. To optimize flight efficiency, it is essential to choose airfoils with
varying cambers for different sections of the ornithopter’s wings, aligning with the
distinct requirements of each wing section.

The outer section of the wing is the main source of thrust for the flapping wing. It
is more suitable to adopt a small-camber airfoil at the wingtip, so that a larger thrust
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coefficient and propulsion efficiency can be obtained with a smaller moment coefficient. For
simultaneous requirements of thrust and lift while preserving a high propulsion efficiency,
employing a medium-cambered airfoil on the outer wing section proves advantageous.
This choice allows for the attainment of a favorable thrust coefficient, propulsion efficiency,
and lift coefficient, without incurring an excessive moment coefficient. The inner wing is
the main part of the wing to generate lift, and the large-camber airfoil can generate a large
lift coefficient with a high lift-to-drag ratio, which has inherent advantages.

The airfoils of different wing sections need to operate under the appropriate av-
erage angles of attack and pitch amplitudes, which requires further discussion of the
3-dimensional wing.

Author Contributions: Conceptualization, M.Q., W.Z. and S.L.; methodology, M.Q. and W.Z.; soft-
ware, M.Q.; validation, M.Q. and W.Z.; formal analysis, M.Q.; investigation, M.Q. and W.Z.; resources,
S.L.; data curation, M.Q.; writing—original draft preparation, M.Q.; writing—review and editing,
M.Q., W.Z. and S.L.; visualization, M.Q.; supervision, S.L.; project administration, S.L.; funding
acquisition, S.L. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data can be obtained upon request from the corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest. Author Wenguo Zhu was employed
by the company Norinco Group Institute of Navigation and Control Technology. The remaining
authors declare that the research was conducted in the absence of any commercial or financial
relationships that could be construed as a potential conflict of interest.

Nomenclature

CD =
(
1/ρeu3

e
)∫

τ(∂u/∂η)dη dissipation coefficient
Cf = 2τwall/ρeu2

e skin friction coefficient
Cτ = τmax/ρeu2

e shear stress coefficient
H = δ*/θ shape parameter
H* = θ*/θ kinetic energy shape parameter
Reθ = ρeueθ/µe momentum thickness Reynolds number
ue boundary layer edge velocity
δ boundary layer thickness
δ* =

∫
[1 − (ρu/ρeue)]dη displacement thickness

ξ, η thin shear layer coordinates
θ =

∫
(ρu/ρeue)[1 − (u/ue)]dη momentum thickness

θ* =
∫
(ρu/ρeue)

[
1 −

(
u2/u2

e
)]

dη kinetic energy thickness
µe boundary layer edge viscosity
ρ density
ρe boundary layer density
k= 2πfc/2Q reduced frequency
St = 2fh/Q Strouhal number
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